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Abstract

In this paper, we will discuss the asymptotic behaviour for a class of hyper-
bolic -parabolic type equation with highly oscillatory coefficients arising from the
strong-transient heat and mass transfer problems of composite media. A complete
multiscale asymptotic expansion and its rigorous verification will be reported.
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1. Introduction

Heat transfer theory has systematically been studied based on Fourier’s law on
theoretical analyses, numerical simulations and engineering applications. However,
with rapid development of high-power laser technology, more and more interesting
and surprising physical phenomena in strong-transient heat transfer process have been
discovered(see, e.g. [13]). To interprete accurately these phenomena, non-Fourier’s
law was proposed (ref. [5]). It is interesting and important from both theoretical and
practical points of view.

It is well known that , in the classical heat transfer theories, there exist some im-
portant tools, e.g. wave function expansion method, integral equation method and
integral transform method and so on (see, e.g. [4,14] and references therein). Generally
speaking, these analytic methods cannot be directly used to solve heat transfer prob-
lems of composite media, due to the complicated configurations and rapidly varying
coefficients.

Clearly, being a fixed configuration, in principle it is always possible to choose the
grid-size h small enough to reflect sufficiently local fluctuation of temperature functions.
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However, this is very often unpractical, since one would obtain linear systems having
too many unknown (and actually it may be unfeasible in the higher dimensional case).

To overcome this principal difficulty, homogenization method has previously been
analyzed for the above problems in some papers, see [2,6,9,12]. As we know , ho-
mogenization method based on average technique reflects only the global macroscopic
properties of considering systems, and it is inadequate to describle the local changes of
temperture functions. Thus, it is desirable to find out the macro- and meso-scale cou-
pling formulations that can capture the effect of small scales as well as that of loading
and constraints, which is an open problem presented by J.L.Lions in [9].

Our goal is to obtain the higher-order multiscale asymptotic expansion for a class
of hyperbolic -parabolic type equation with rapidly oscillating coefficients.

The outline of this paper is organized in the following way. In section 2, the physical
model of strong-transient heat and mass transfer problems is introduced. In section 3,
the corresponding mathematical equation and its solvablity are considered . In section
4 | we will obtain a multiscale asymptotic expansion for a class of hyperbolic-parabolic
type equation with highly oscillatory coefficients in higher dimensional cases. (n > 2).
Finally, we will complete the rigorous verification of the main theoretical result of this
paper.

In the following, the Einstein summation convention is used: summation is taken
over repeated indices. Throughout, C' (with and without a subscript) denotes a generic
positive constant, which is independent of ¢ unless otherwise stated.

2. Physical Model
It is well known that the energy equation of heat transfer problems is the following:

0q: O Jq,
_(i_i_&_*_ q)

. Du
= pc—— 2.1
ox dy 0z +Q=pc (2.1)

Dt

where the heat flow density vector-valued function ¢ = {¢s,qy,¢.}, and denotes by Q
a thermal generation rate, p is a density function, c¢ is a specific heat function, v is a
temperature function.

_dz _dy ~_ dz
Ifset w,= dbYy = g Ys = g
Du  Ou ou ou ou
-2 it - — 2.2
Dt = ot T Wegy T, T ;) (22)
% is called the material derivative, which it consists of two terms: the first one

ou ou Ju Ju

of reflects local change of temperature, and the second one (wx% + wyﬁ_y + wzm)
describes convection heat transfer. In particular, if we consider only the simple heat
transfer process, then % reduces

Du  0Ou

Dt~ ot

In contrast to classical Fourier’s law, the non-Fourier’s law needs to be added the
delayed time term, i.e.

(2.3)

. dq
7= —\-gradu — 10— 24
q gradu — 10>, (2.4)
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where X = {\,, Ay, Az} is the heat conductivity vector-valued function.

Remark 2.1. It should be pointed out that, generally speaking, the delayed time
To is changing in strong-transient heat transfer process, and its value is very small, e.g.
10 ~ 107%s, for helium, and 75 ~ 10~ !!s, for aluminum. In this paper, assume that 7o
is a constant. If delayed time 79 ~ 0, at this moment, the non-Fourier’s law reduces
classical Fourier’s one.

It is not difficult to conclude that the energy equation for strong-transient heat
transfer problems is as follows:

ou o0Q

2u u u u -
0 0 [a 0 0 aH%(AZa)]_(QJFE):o (2.5)

PETO 5 + PCo %(Ax%) + B_y()\yﬁ_y

and subject to the appropriate initial conditions and boundary conditions.

3. The Abstract Mathematical Problems

To begin with, let us introduce a small periodic parameter 0 < ¢ = L < 1, where [
and L stand for the sizes of periodic cell and macroscopic domain, respectively, denote
by z and ¢ = e~ 'z the macro- and meso-scale ,respectively.

Let Q C R" be a bounded Lipschitz convex domain, and €2y be union of periodic cells

yle. Qo= U e(z24+Q), T.={2= (21,29, -2n) €EZ": (2 4+ Q) C Q},2; € Z, and
ZETE

Z be integer set, and @ ={¢: 0<¢ <1, j=1,2,---n},and Q) =Q\Qp, I'*=
090 N0y , as shown in Figs.3.1,3.2 | %6 < dist(0Q1,090) < 2e.

2Q

Figure 3.1. subdomain g Figure 3.2. boundary layer €

Counsider the following initial-boundary value problem with the Neumann type
boundary:

( O*Ue (z,t QU (z,t
rap(a, D)e(e, ) T + p(a, el ) 2R
T

£)elz,

5

%(km(xu E)%xxj’t)) = F(:E,t), (th) € x (OuT)
0. (U°) = o(w?) = y,-bij%g—j = p(z,t), (z,t) € 00 x (0,T)
Us(z,t)|t=0 = ¢1(2)

L U (2, 1)]1=0 = ¢2()

(3.1)

where v = (11,19, -+ 1) is the unit outward normal to boundary 0.
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Assume that

O R IO B B

z. | ai(%) T E€Q _Jo (z,t) € Qo x (0,T)

kij (=, g) - { bi; c T € Q(l) ' F(z,t) = { f(z,t) (z,t) € Q(l) x (0,T)
(3.3)

_J 0, xz € Q ) 0, xz € Q
(,251(.’5) = { Wl(x)a reQ ¢2(x) = { (P2(-73)7 zeE (3'4)
. ) uf(z,t) (x,t) € Qo x (0,7T)

Us(w,t) = { o) (o) €0y x (0.7) (35)

where p1, ¢i, and b, i,j =1,---,n are constants, and f(z,t), ¥(z,t), ¢i(z),i =1,2
are some given functions.

Now let us introduce some Sobolev spaces: H™((2) is the completion of C™ () with
respect to the norm

1/2
lullgny = (3 1D%ul20)) (3.6)
lal<m

and H{"(Q2) is the completion of C§°(€2) with respect to the norm (3.6)

For 1 <p < +00, define

T
LP(0, 75 H™ () = {o( 1) : [0,7) » H™ (%), (/ o, £)]2 m(Q)dt)l/p < +o0}
0

(3.7)
V(z,t) € 2 x[0,7] , in particular p = 2.
Suppose that
(A1). Let &£ = e 1z, p(€),c(€),a;;(€) be 1-periodic functions in £ ;
. (Az2). (kij(x,%)) is a symmetric matrix and satisfies the uniform elliptic condition,
Le.
Anf? < kij(z, Z)nimg < plnl?s Inl* = (nf + -+ 115) (3.8)

ae. z€Q 0<A<pu, VYV, -n,) €R"
(A3 ) p(x, %)7 C($, %)a kij(xa %) € LOO(Q)a F, 9e L2(Q X (OaT))a
pilx) € LA(Q), i=1,2;
(Ag). 0<po <p(2, %) <pm 0<co<c(z, %)< cm, Vo € Q
For convenience, consider the initial-boundary value problem with the homogeneous

x
€

Neumann type boundary as follows

[ (e, Dyco, )LL) 4 o, 2o, 2)20(2:1)
OU* (2, 1)

'€
_8%(]%]'(1‘7 %)T],) = F(xat)a (xat) € Qx (OaT)
0. (U?) = o(wf) = uibij%—g =0, (z,t)€0Qx(0,T)
U (z,1)|t=0 = ¢1()

O U (x,t)]1=0 = ¢2(x)

T T BUE (xa t)

(3.9)
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Theorem 3.1. If the above conditions (As) — (A4) are satisfied, then there exists
the following inequality, for 0 < 7 < T

S{{(Ug(x,t))2 + (0 U (z,1))? + VU (2, 1) |*}| 1= d
< C(TI{|1F(z, )IILz ax(1r) T 161(2)IIF o + lld2(2) I3 o}

where C(T) is a constant independent of €, but does depend on 7.
Proof. Multiplying by 0,U® in two sides of (3.9), and integrating by parts in £ x
(0,7), 0<7<T, onecan obtain

(3.10)

ffpc@t Uco,U=dxdt + ffpc(atU5)2dxdt
00
0 ; (3.11)
+ [ J -k U% VOUdadt = [ [ F(z,£)0,U° dwdt
0 9t 00
Since o, (U®) = Vikij%—g,g =0, (z,t) €902 x(0,T), hence
j
Lro [ pe( U2 |—rd QUZOUZ g 4 [ f pe(@,UF)?ded
570 | pe(0U*)?i=rdz + 3 f( dx; Oz, li=rd + [ ] pe(OU%) dwdt
TQ 0 QE € (312)
= [ [Fo,Udzdt + §T0fpc(8t Ni=odz + 5 f( i %U, %U, )|t=0dz
0Q ) Lj OLi
Given [ [ pc(0;U?)%*dxdt > 0, it implies that
00
Loocoto [(OU*)?i=rdz + X [ |VUS|2_ da
Q Q
<y[[ 0,U* [2dtdz + %b[g |F|2dtdz (3.13)
—I—%pmcmms{ |2 |2dx + %ugj; |V 1 |2dw
If choose A\g = mm(lk, 2p0007’0) > 0, and set
- / / (O,U°)2dz + / / VU2 dtde (3.14)
0 7 0 7
then we obtain JE(7)
T 1
dr < {)\_07E(7—) + F’Y(T)} (3.15)
E(0) =0
where
1
Fy(r) = ;//|F| dtdz + pmcng/|¢2| de + u/|v¢1| dz (3.16)
0

It follows from Gronwall’s inequality that
T

E(r) < / TR (1)dt,
0

dE(T)
dr

<[+ %)(ew —1)]F, (7)
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If choose v = %, then

/Q((&:Ug)2 + [VU),—rdz < C(ORIF 72 @y + I2ll60 + I91lT 0} (3.17)

On the other hand

% /(Ug(x,T))zdx = 2/U6 . aaU:dx < 7/(U6)2dx + % /(%U:)?dx
Q Q Q Q
Set
dQ(r) < ~Q
o A1) () + Gy (r)
o) = /Q(U (@), ) o) J(U*(,0)
where G, (1) = %S{(%)de

Using Gronwall’s inequality again, we have

Qr) < Q)7 + [ TG, (e < 20)e + Lo | [ 0wz
Y
0 0 Q

Choosing v = % > 0, one can get

(U= (x, 7))2dx < 3 [(U (2, 0))2de + 37 [ [(0,U°)2dwdt
Q 0Q

IN =

T
3 [ |p1|2dz + 3T [ [(OU)2dzdt (0 <7 <T)
Q 0Q
< COAIFNZ 2050,y F 02050 + 16117 0}

Combining (3.17) with (3.21), we can complete the proof of (3.10).
We can prove the following theorem without any difficulty:

(3.18)

(3.19)

(3.20)

(3.21)

Theorem 3.2. Under the assumptions of Theorem 3.1, problem (3.9) has one and

only one weak solution U (x,t) € L?(0,T; H'(Q)).

4. Multiscale Asymptotic Expansion
For (z,t) € Qp x (0,T), formally set
+o0o

us(x,t)%28l zn: Na, oy (€) DO (i, 1)

=0 a0y =1

(4.1)

In contrast to usual expression, here we use the following notation for convenience

ol

D()ﬁv =
Oxq, - 0xq,

a={a, -qf, (a)=I

(4.2)
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Substituting (4.1) into (3.9), and taking into account that 8?% — a% + %% , we

obtain the formal equality

o0 n 2,0
0= S et 5 p€)el)Nayw (€D LT
(=0 al,-o--,al:1 ot (4 3)
+00 n .
Do 2Ry Y S Hopn (D)
where 5 ON
Hl6) = (o 750 (4.4
9, ON(§),, 90 o ONo(E)
Ha1 (5) - afz (a'z] (5) ag] ) + 8& (a'wu (§)N0(f)) + Gay j (5) 85] (4'5)
For (a) =1>2
Hapoa©) = @is@ 2252) o (010, (€) Vo (€) "
+  Gqyj (g)%!@ + Qo ay (g)Nas---ocl €3]
If assume that
([ Ho(§) =0
HOél (5) =0
Hoéloé2 (5) = a'041042
Ha10¢20¢3(€ = iVay (5)&0203 (47)
\ Hal---al (5) = Na1~~~al,2(€)&al,1ala [ >2
where Gayay,  Nayoa;(§), 7=0,1,---, «a; =1,2,---n, will be defined below, then
holds
too n o2 Pu’ (x,t
5475 N O (OO S5 (48)
0 n 2,0 .
0PG5 a5y =0
Therefore, if let
82 0 7 0 0 , o . 0 0 ,
o6l 55 + €0 T — oo S5 =0 (49)

then we know that (4.8) is an identity equation.
Using the separation of variables with respect to z, £, we can easily verify that (4.9)
is equivalent to the following equation

0%u’ (z,t)
T

oul (x,t a . oul (x,t
(poy 20 (o 2t

To(pc) ) =0 (4.10)

O0rq,_, 0z,
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where {pc) = oy J ple(e)de

From (4.7), we define the periodic functions No(§), Nay-a;(§), 7 2 1, @5 = 1, 2,
--n, in the following ways:

No(©) = 1, £cQ (411)
{ 2O ) - L@@ wa )
Ny, () =0 on 0Q
(6 5222) = (1101 ()N €))
—Qqyj (f)aNaaié(g) — Qajas (5) + CA7'041042 in Q (4.13)
Na1a2 (5) =0 on 8@
where asa; = Jo(tasas () + aaye(@) iz Ehyag
In general, for (o) =1>3
203y PNty — (i, (€N (€)= 06 o)
() Voo (€) + N a5 €t 10 i Q
Nojooy (&) =0 on 0Q
(4.14)

Remark 4.1. Existence and uniqueness of the solutions Ny, (£),- -, Na,..q (§) for
problems (4.12)-(4.14), respectively ,can be easily established by induction with respect
to [ due to the uniform elliptic condition (Asg) - (A4), Poincaré-Friedrichs’ inequality and
Lax-Milgram’s lemma. Then they are extended to the whole R™ by the 1-periodicity.

Remark 4.2. It is worthwhile to notice that the periodic functions Ny, (£), a; =
1,---n, defined in this paper, generally speaking, are different from Nal (&) defined in
classical homogenization books, (ref. [2,6,9,12]), due to the different boundary condi-
tions on d(Q). But we can prove that their homogenized matrices are the same in some
cases, see Appendix A.

The homogenized initial-boundary value problem corresponding to the original
problem (3.1) is the following:

__9?U(x,t) . __0U(x,t - 9U (.t
T )

ot?
— F(z,t), (2,¢) €Qx(0,T)
5(0) = o(d) = viby; g;,v —0, (z,) €0Q x (0,T) (4.15)

ib;
Ul(@,t)]i=0 = ¢1(z)
\ 3ﬁ($ t)]t=0 = ¢2(x)

bij T €N pic1, € 04
~ ul(z,t z,t) € Qo x (0,T
U(x,t):{ (2,8) (2,8) €Dy x (0,7) o
w(z,t)  (z,t) € 2 x(0,T)
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~

Remark 4.3. One can check that (k;;) is a positive definite matrix, see[2,6,9,12].
Therefore, problem (4.15) has one and only one weak solution.

5. Truncation Error Estimates

For any integer s > 2, set

(e, ) = @, ) + X! S Nayeo (D2, 1),

€ _ . =1 ai,-o0=1
Us(z,t) = (2,4) € Qg x (0,T) (5.1)

w(x,t), (x,t) € Oy x (0,7)

Since u:(z,t)|r« = w(z,t)|p+, then Ug(z,t) € L2(0,T; H(Q))NCY0,T; L*(Q)).
(3
But, generally speaking, for any fixed ¢ € [0, 7T, [%%Jﬂaﬂomam # 0. To this end,
we have to treat it with some regularization operator.
At first, let us introduce a set of open covering {V,}?_; of the bounded closed set
QCR"
Vi={eeQ: dist(z,00)> 3}
Vo = {z € (R"\ Q) : dist(z,09%) > §, dist(z,0) < 6} (5.2)
Vs={ze€Q: dist(x,00) < i}

QcC U?:lvl
Using the partitioning of unity theorem, there exist a set of functions {1;(z)}}_,
such that

(1) o) € RV (2) L o) = 1, Yo € 0

Set QFf = Qo \ V3, Qf = Q) \ V3, and choose a sufficiently small § > 0 such that
0<C-e% s>2
Define, for any fixed t € [0, 7]

U (2,8) = () - Ug (@,8) + 92(x) - U (,8) + J5 + (3(2) - U (w,8)  (5.3)

where the regularization J; * u is defined in Section 2.17 of [1].
One can directly verify that Ug(z,t) € L2(0,T; H*(2)) N C°(0,T; L?(Q)), and

G
[8Us (:f’t)ﬂa(zonam =0, for any fixed ¢ € [0,7].

Theorem 5.1. Let U¢(z,t) be the weak solution of problem (3.9), and UZ(z,t),
U, £ (z,t) be the approximate solutions defined by (5.1) and (5.3), respectively . Suppose
that a;;(£) € C(Q), Veaij(¢) € L®(Q), and conditions (Ag) — (Ay) are satisfied. If
u € L%(0,T; H*%2(Qp)), Ou’ € L*(0, T, H57%(Q)), 0 < 7 < T, Qy CC Q C R?,
then it holds

/ {(U° = U +[0,U° = U +|V(U° = US) Y imrdz < C(T)e*C7Y, 5> 2 (5.4)
Q
where C(T) is a constant independent of ¢, but does depend on T'.

Proof. Let

T z. 02 z z. 0 0 z. O
L. = 1op(w, g)C(xa E)ﬁ + p(z, E)C(ffa g)& - a—xi(kij(xa g)%j) (5.5a)
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) (5.5b)

If (z,t) € Q x (0,T)

Lo(Us(x,t) — UL (2,t)) = Lo(u®(x,t) — us(z,t))
s—1 L aN

=c a -—8—0‘2"'0‘5“ D0 (z,t
al;"':%'*—l:l “ 5'] ( )
n
e (i Nayea, ) D0 (e, ) (5.6)

aly"')as-‘rl:l

n
s—1 a,,0
+e > Gay o Nag-ag i DO (2, 1)
aly...,a5+1:1
n

+e° > Gy as Nagay . DOl (2, 1) = 57 Fy (e, 2, 1)

a1y =1
If (z,t) € Q1 x (0,T)
L (U (z,t) = Us(,t) = Low® — Lib = f(,t) — f(z,8) =0 (5.7)
From (5.3), we can write the unified equation as follows :

L (U (z,t) — Usg(x,t)) = F’o(x,t), (xz,t) € 2 x (0,T)
0. (U —=UZ) =0, (z,t) € I x (0,T)

(U%(2,1) — U (2,8))|emo = 0

8t(UE($,t) — Ug(x,t))h:g =0

(5.8)

If a;;(L) € C(Q), Veaij, p, ¢ € L®(R"), f,0,f € L*(0,T;L*(Q)) , then one can

verify that( see, e.g. [7,8])
ug(x,t) € L*(0,T5 H* () () C°(0,T; L? ($0))
w(z) € L*(0,T; WP (1)) () C°(0,T; L* (1))
By (ug(,1)), O(us(x,t)) € L*(0,T; L*())
0;(b(x)), O (b () € L*(0,T; LP (1)),  p <po <2
where Qg, Q;,Q C R? as shown in Figs. 3.1, 3.2.

Using the similar method of [3,11], one can prove that

T

/ / | By, £)[2dzdt < Ce26- ) (5.9)
0 Q

Let W.(z,t) = U(z,t) — US(z,t). Multiplying by 9,W. on both sides of (5.8), and
integrating by parts in  x (0,7) , one can obtain

T

%Tgof(flp(x, %)c(w, %)%(8¢WE)2dxdt+ g(flp(x, %)c(w, %)(@WE)dedt

+g({kij%m? O (9W,)dudt = J [ Fole,, )0, Wedrds

T 3

(5.10)
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(@fﬂ%&)( )W V¢ﬂﬁ+ffp( E)elx, £)(OWe)>dwdt

+35 gat(szg%m%% x)dt b[s{ Fy(e, z,t)0,W.dzdt

1
270

O

N[ —

pc(9;W:)? > 0 implies that

ol E)elar, £)OWo)lirdr + 4 I (b P G e

[ 1FoPdadt)” (] 10w, 2dwdt)"”
; oo OW. OW.
J oo, E)ele, ENOW o + 5 [ (s G G e=os

Q
[P /2,7 1/2
< ([ [ \Folpdwdt) " ([ [ oW [2ddt)
0Q 0Q

70

(

<
+%7‘

N

S o 4R

Choosing a sufficiently small constant v > 0 such that v < %, we have
%pOCOTg f(ath)2|t:de + %)\f |VW5|%:TdLE
0 Q

< Oy [ J |0, Pdads + L | [ |Fo[2dwdt)
(URY) Y00

Choose Ay = mm(l)\, 2,000070) > 0, and set

:/ /(BtWE)2dxdt+/ /|VWE|2dxdt
0 Q 0 Q

{ O < Lo + A, ()]
0

0(0) =

where
1 T
= —//|F0|2dxdt
7 0 Q

It follows from Gronwall’s inequality that

o(r) < Aio /0 TN (1)t
T < e e - 1]a

Choosing v = %, we can conclude that

[ (@) + [FWef?) o < O()207
Q

Similarly, we can prove that

/(W€)2|t:7d$ < C(T)QQ(S_U
Q

015

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)
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By using Theorem 3.16 of [1] again, it is easy to prove that
/ {(U; =05 + [0(U; = U +|V(U; = U;)PHimrda < O(T)> (5.19)
)

From (5.17), (5.18) and (5.19), we complete the proof of (5.4).

Concluding remark. In this paper, a multiscale asymptotic expansion for a class
of hyperbolic-parabolic type equation arising from the strong-transient heat transfer
problems of composite media is obtained , which forms the basis of numerical com-
putation. The multiscale numerical method consists of three parts: the first one is to
compute the periodic functions Ny, ..., (§), | > 1, «; = 1,2---,n in the unit cell
Q; the second one is to solve the homogenized initial-boundary value problem with
piecewise constant coefficients in whole domain 2 by using usual numerical methods;
the last one is to compute any derivatives of the homogenized solution u’(x,t) with
respect to x.

Appendix A. The equivalence of two kinds of homogenization methods :
In [2], we know that Ny, (£) is definded in such a way:

3y (O gt ) = (e (©), i Q

k
Ny, (&) is l-periodic in £ (A.1)
[ Noy (§)d¢ =0
Q

Define
Voer = {v € HY(Q):  w(¢) is l-periodic in ¢}

Then (A.1) is equivalent to, refer to p.14 of [2]

ONg, (€) v B o
Jous Q) 5 Gt = [ ovan (€5 e

Nal € V})era fNal (f)df = 07 VORS Vper
Q

ie.
ON,, (€)Y 99(¢) .
! (ks (6) + i (©) 5 ) o, =0 Y T Vi (4.2)
In practice, if N,, € H?(Q), then one can prove easily that [ VkQj; (5)%5(5)
j

oQ
0 (&) d§ + [ viaka,(§) 0 (§) d€ = 0, since ay;(€),0(§) are 1-periodic functions with
oQ

respect to .
On the other hand, from (4.12), we know

ONg, (5))30(5)

_ 1
5e ) oy L =0 ¥ v € HEQ) (A.3)

JACHGERG
Q

In the appendix, assume that a;;(§) =0, i # j.
For simplicity, we discuss only 2-D problems without loss of generality.
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Let m = (m17m2)7.q = (QIaQQ) € Z27.€ = (51352) € (07 1)23 6(5) = ei27rm-§, (mla
ma) # (0,0), v(§) = ™48 — i2ma2b2 _ 2Tl 4 1 gy #£ 0, go # 0. One can directly
check that #(€) € Vper, v(€) € HE(Q).

Set Aga, (€) = (akm(g)‘i‘akk(g)aj\gaiék(é)) Aga, (§) = (akal(f)ﬂLakk(f)a]\gaigk(g)),
k, o] = 1, 2
Substituting o(£),v(£) into (A.2),(A.3), respectively, we have

2
> m / Ao, ()€™ EdE =0, V(my,mz) #(0,0) € 2° (A.4)
k=1 Q

2 . .
> Gk @f Aoy (€)€P™8dE — g1 [ Avg, ()T D81 dE

k=1 N Q (A.5)
—q2 [ A2a, (§)€?™282dE =0, Vg1 #0,¢2 #0€ Z
Q

From (A.4) and (A.5), and using the Fourier analysis method, one can prove that

Ata, (€) = b1ay (£2), Aza, (€) = daay (61), 00 = 1,2 (A.6)
Alal (5) = ¢1041 (52)7 A2a1 (5) = ¢2a1 (51)7 a1 = 17 2 (A7)
Therefore y
0| Ny, — Ny, B
al ( (5)85 (€)> = P10, (§2) — P10y (€2) (A.8)
1
B O(Na©) - Nas(©) 1 o
5 = o (P () ~ b1, () (4.9)

Integrating on both sides of (A.9) with respect to {; on the interval [0,1], and using
the periodic conditions of N, (£), Ny, (£), we have

Pra, (€2) = 1o, (2), o1 =1,2 (A4.10)
Similarly ]
P20 (§1) = ¢20, (1), 1 =1,2 (4.11)
Therefore
har = [ @ = [ PhardE = gy, kyon =1,2 (4.12)
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