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Abstract

A new mixed Legendre-Hermite interpolation is introduced. Some approximation re-
sults are established. Mixed Legendre-Hermite pseudospectral method is proposed for
non-isotropic heat transfer in an infinite plate. Its convergence is proved. Numerical
results show the efficiency of this approach.
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1. Introduction

Spectral methods have been successfully used for numerical simulations of various problems
in science and engineering, such as the Fourier spectral method for periodic problems, and the
Legendre and Chebyshev spectral methods for bounded rectangular domains, see [2, 3, 5, 7, 9,
10]. Some authors also studied the Hermite spectral method for the whole line and the Laguerre
spectral method for the half line, see [4, 6, 8, 11, 12, 16, 18, 19, 21].

There are three kinds of Hermite polynomial approximations. If the exact solutions grow
fast at the infinity, then we usually take the Hermite polynomials H,(z) as the base functions
as in [11], which are mutually orthogonal associated with the weight function e~* . But in many
cases, such as nonlinear wave equations, the solutions decay to zero at the infinity, and possess
certain conservations which play important role in theoretical analysis. Thereby it seems better

to use the Hermite functions e_éHn(z) as in [13], which form the L?(—o0,00)-orthogonal
system. Accordingly, the numerical solutions also keep certain conservations as in continuous
cases. Furthermore, for some problems, such as heat transfer process, the solutions usually
decay exponentially at the infinity. In this case, we prefer to the generalized Hermite functions
e‘zan(z) , which are mutually orthogonal with respect to the weight function e* , see [8].

In this paper, we consider non-isotropic heat transfer process in an infinite plate. The
simplest way is to confine our calculation to a sufficiently large subdomain with certain ar-
tificial boundary condition. However, it causes additional errors. The authors proposed a
mixed Legendre-Hermite spectral method for solving this problem, see [15]. However, it is
more convenient to use pseudospectral method in actual computation, since we only need to
evaluate unknown functions at the interpolation nodes. Especially, it is much easier to deal
with nonlinear heat transfer process.

The aim of this paper is to develop the mixed pseudospectral method for non-isotropic heat
transfer in an infinite plate, by using the Legendre interpolation in a direction, and the Hermite
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interpolation in another direction. As we know, there have been sharp results on the Jacobi
interpolation, see [14]. Thus it suffices to study the Hermite interpolation precisely. Like the
Hermite polynomial approximations, there have been also two kinds of Hermite interpolations
which have the same interpolation nodes, but d;fferent weights of numerical quadratures, cor-
responding to the base functions H,,(z) and e~ 2 H,,(z), respectively, see [13, 16]. Whereas the
solutions of transfer process decay exponentially at the infinity. Thus we introduce a new Her-
mite interpolation corresponding to the base functions e H, (z), which could fit the asymp-
totic behavior of such solutions properly. Then we propose a new mixed Legendre-Hermite
pseudospectral method for non-isotropic heat transfer in an infinite plate. Numerical results
demonstrate the high accuracy in the space of this approach. We also establish some basic
results on this new mixed Legendre-Hermite interpolation, from which the convergence of pro-
posed scheme follows. These results also play important roles in forming and analyzing other
related spectral methods for an infinite strip.

The paper is organized as follow. In the next section, we introduce the new mixed Legendre-
Hermite interpolation and establish some basic approximation results. Then we describe the
mixed Legendre-Hermite pseudospectral method and its implementation, and present some
numerical results in Section 3. We prove the convergence of proposed scheme in Section 4. The
final section is for concluding remarks.

2. Mixed Legendre-Hermite Interpolation
In this section, we introduce the new mixed Legendre-Hermite interpolation.

2.1 Legendre-Gauss-Lobatto interpolation

We first recall the Legendre-Gauss-Lobatto interpolation. Let I = {xz| || < 1}. For any
integer r > 0, we define the Sobolev space H"(I) as usual, with the inner product (v, w), s, the
semi-norm |u|,; and the norm ||u||, ;. In particular, (u,w);r = (u,w)o,r and ||ullr = ||ullo,r-
Moreover, H}(I) = { u| uw € H*(I) and u(1) = u(—1) = 0}.

Denote by Ly, (z) the standard Legendre polynomial of degree m, m = 0,1, ---. They satisfy
the recurrence relation

(2m 4+ 1)Ly (2) = 0p Lim+1(x) — OpLim—1(x), m > 1, (2.1)

and form the L2(I)-orthogonal system, i.e.,

For any u € L%(I), we have that

— o 1
u(z) = mXZ:OumLm(a:), U, = (M + 5)/Iu(a:)Lm(x)dx. (2.3)

For any integer M > 0, Pjs stands for the set of all polynomials of degree at most M.
Furthermore, P, = {v | v € Py, v(1) = v(—1) = 0}.
The orthogonal projection Pys: L?(I) — Py is defined by

(PM'LL —u, ¢)[ =0, VoePu. (2.4)

For description of approximation results, we introduce the space H’(I) with integer r > 0,
equipped with the following semi-norm and norm

T

r 1

lulrar = 1L =22 05ullr,  Nullrar = Q ulf ap)?
k=0
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Furthermore, let HL(I) = {u | O,u € H;{l(l)}, with the semi-norm |u|, 1 = |0pu|r—1,4,r and
the norm ||ul|y«r = ||0zu||r—1,4,5. By Theorem 2.1 of [14], for any v € H’(I) and integer
r >0,
||PM'LL—U||[ < 61M7T|U|T’A’]. (25)

Hereafter ¢; denotes a generic positive constant independent of any function and M.

We now turn to the Legendre-Gauss-Lobatto interpolation. Let zar; be the roots of (1 —
22)0, Ly (x). The corresponding Christoffel numbers

2 1

., 0<I< M.
M(M + 1) L3, (zar)) -

M=

The related discrete inner product and norm are defined by

M
1
(w,w)avr = Y u(@aw(@a)pags  |ullar = (u,w) iy
1=0
We have that (see [5, 10])
(u, W), = (W, w)r, YV uw € Papr—i, (2.6)
1

10llr < ollarr < y/2+ 77 [19llr, ¥ & € Par. (2.7)

For any u € C(I), the Legendre-Gauss-Lobatto interpolation Ip;u € Py is determined by
Inju(zarg) = u(zar,) for 0 <1 < M. Equivalently,

(IMu—u,(b)MJ:O, V¢€C(f) (2.8)
By Theorem 4.10 of [14], for any v € H](I), integer r > 1 and 0 < p < 1,
Iaw — ||y < et MP7"|ulps s (2.9)

It is also noted that for any w € HL(I), ¢ € Py and integer r > 1,

[(u, @)1 = (u, @)nr1| < LM ™" |ulr s 1[5 (2.10)
Indeed, by virtue of (2.5)-(2.9), we have that

[(w, &)1 — (u, ®)arr| < [(w,d)1 — (Pr—1w, @) 1| + [(Prr—1w, @) a1 — (Inat, &) ar 1
<eci(|lu— Py—rul|r + [|Pr—1w = Daul[ )|l 1
<ecr(|fu— Py—rullr + [lu = Inul| D6l 1 < es M 7" |ulr s 1911

The results (2.9) and (2.10) improve the corresponding results in [5, 10].

2.2 Hermite-Gauss interpolation

We next introduce the new Hermite-Gauss interpolation. Let R = {z] — o0 < z < oo}
and w(z) = ¢**. For any integer 7 > 0, we define the weighted Sobolev space H(R) in the
usual way, with the inner product (u, w), . g, the semi-norm |ul,,, r and the norm ||u|| v, z. In
particular, (u, w)y r = (¥, w)o,w,r and ||ullw,r = ||u|lo,w,r- For any r > 0, we define the space
H](R) and its norm ||u||,w,r by space interpolation as in [1].

Denote by H,(z) the standard Hermite polynomial of degree n. The generalized Hermite
functions are defined by

~ 1 2 (=)™ 2

Hy,(z) = We*z Hy(z) = an!ag(efz ), n > 0. (2.11)

They satisfy the recurrence relation (see [6])

0. H,(2) = —/2(n+ 1) Hyy1(2), n >0, (2.12)
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and form the L2 (R)—orthogonal system, namely,

/R Fn(2) Hy (2o ()2 = /76 (2.13)

For any u € L2(R), we have that
o0 _ 1 _
u(z) = U Hp(2), ﬁnz—/qunzwzdz. 2.14
(2) T;) (2) 7=/ (2)Hy(2)w(2) (2.14)

Remark 2.1. It is shown in [15] that for any integer » > 0, the semi-norm |ul,, g and the
o0
norm ||ul|, .,z are equivalent to (3 n”|éi,|2)?, see Appendix of this paper.

For any integeg N >0, Pn den():tes the set of all polynomials of degree at most N. Further-
more, Vy = { e"% ¢(2) | q(2) € Pn}.
The orthogonal projection Py : L2 (R) — Vi is defined by

(Pvu—u, ¢)ur =0, VoeVy. (2.15)
Due to Theorem 2.2 of [6] and Remark 2.1, for any u € H!(R), integer r and 0 < p < r,
1Pxu = ullw,r < 2N 7 [l 5- (2.16)

Hereafter, co denotes a generic positive constant independent of any function and N.

We now turn to the new Hermite-Gauss interpolation corresponding to the weight w(z). Let
on; (0 < j < N) be the zeros of Hyy1(z), arranged as oy y < oyn_1 < --- < ono. The
corresponding Christoffel numbers

2N N1 /re2o %5
N +1)Hf(on,;)

NG =1 0<j<N. (2.17)

_ * 202, . * :
In fact, o, ; are exactly the same as the zeros of Hy11(2), and wy j = wy ;e77N, wy ; being

the Christoffel numbers of the standard Hermite-Gauss interpolation. Let ay = V2N be the
N —th Mhaskar-Rahmanov-Saff number. According to (2.7) of [16],

WN,j ~ \/LNB”ZZW(1 - % 5 (2.18)
The related discrete inner product and norm are defined by
N
(ww)ovr = Y ulon ) w(onJon, lullo.n = (0)5 y g
j=0
As is well known, for any ¢ € Pany1,
N
/Rq(z)e_zzdz =Y qlon )wi ;- (2.19)
j=0

Now, for any ¢ € V,,, ¥ € Vany1—m and non-negative integer m < 2N + 1, there exist
q1(2) € P and g2(2) € Pani1—m such that ¢(z) = e=* q1(2) and ¥(z) = e~* ¢2(2). Thus we
use (2.19) and the relation between wy ; and wy ; to verify that

N

(6, )i = /R G()p)e " dz = Y a1(onaelon vk, = (6 Vovr (220

J=0
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For any u € C(R), the Hermite-Gauss interpolation Iyu € Vi is determined by Inu(oy ;) =
u(on,j) for 0 < j < N. Equivalently,

(Inu—u, )N =0, V¢cC(R). (2.21)

In order to derive better approximation results, we need the following lemma, which will be
proved in Appendix of this paper.
Lemma 2.1. For any u € HL(R),

_1
l[ullw,n,r < ca(||ullw,r + N7 [ul1,0,r)

The main result on the new Hermite interpolation is stated below.
Lemma 2.2. For any u € HL(R), integer r > 1 and 0 < pu <r,

Inu —ul|pwr < N5+ |ulrw,B-

Proof. We know from Lemma 2.1 of [6] that for any ¢ € Vy, [¢|uw,r < caN'||9||w.r-

Therefore, by using (2.16), (2.20), Lemma 2.1 and the fact Iy Pyu = Pyu, we deduce that
1nu— Pyullyw,r < e2N %[ In(Pyvu —u)llw,r = 2N || (Pyu — u)|lo,n,r
< coN%||Pyu — ul|w.r + caN%~5|Pyu — Ul1,w,r < coNat" s [t]rw. R-

Using (2.16) again yields that
v = ulluw, i < 1Pt = ul . + [ Inu = Pyullw,r < 2N 57 Jul .
It is noted that by (2.21) and Lemma 2.2, for any v € H (R), r > 1 and ¢ € Vy,

|(u, )k — (0, D), n,r| = [(INU — 1, ®)ur,r| < cal|Intw — ul|u,r]|8]|w,r

- 2.22
< aN37% |ulp rl[0]|w.r- 22

2.3 Mixed Legendre-Hermite Interpolation.

We are now in position of studying the mixed Legendre-Hermite interpolation. Let 2 = Ix R
and define the weighted space L2 () in the usual way, with the inner product (u,w), and the
norm ||ul|,. For any u € L2 (Q),

u(x, z) = Z Z ﬁanm(x)ﬁn(z) (2.23)

m=0n=0
where

U _Lm l u\xr, 2 x~ Z)wl\z)azaxr
i = = +2)/Q/ (@, 2) L (2) Hy (2)w (2 ) d=d.

Let Vv = Pm @ Vv and
Virn (@) = {6 | ¢ € Varw and ¢(=1,y) = ¢(1,y) = 0}.
The orthogonal projection Py : L2(2) — Vs, n () is defined by
(Py,nu—u, ¢), =0, V¢eVun.

In order to estimate ||Pa,nu — ul|lw, we introduce a non-isotropic space. For any integers
r, q 20,
H7%(Q) = LE(R; HA(I)) N HA(R; L*(1)),



592 T.J. WANG AND B.Y. GUO

equipped with the norm
1
||U||Hj;’7A = (||U||%3(R;Hg(1)) + ||U||%13(R;L2(1)))2-
The corresponding semi-norm |u| a9 is given by

1
lul i, = ([ulZz (g o) + Wl a2 )

It is proved in [15] that for any u € H%(Q) and integer 7, ¢ > 0,
| Pag, v = ulley < (M7 + N7%)ul s, (2.24)

We now turn to the mixed Legendre-Hermite interpolation. Let xas;, par,1,0n,; and wy ; be
the same as in the previous two subsections, and Ay, v = {(zam1,0n), 0 <I< M, 0<j < N}
The corresponding discrete inner product and norm are given by

M N
1
(s W)t n = Y Y wl@nrs, on )o@, on ) paawn g, ulloany = (w,w)2 5 x
1=0 j=0

By (2.6) and (2.20), for any ¢ € Vopr—1.2n+1,

M N
//qu(x,z)w(z)dxdz = ZZ¢($M71,O’NJ‘)[)MJWNJ‘. (2.25)

1=0 j=0

In particular, for any u, w € Var—1,n, (4, w), = (4, w)w,m,n. Moreover, by (2.7) and (2.20),

1
19l < [|P|w,ar,v < 4/2+ i |llw, V&€ Vun. (2.26)
For any u € C(Q), the mixed Legendre-Hermite interpolation Ips nu € Vi, is determined
by Iy nu(z,z) = u(x, z) for all (z,z) € Ay, n. Equivalently,
(IM7NU —u, ¢)w,M,N = 0, A qb S VM,N- (2.27)

We now present the main result of this section.
Theorem 2.1. Let 0 < , 3 < 1 and integers v, \,q,0 > 1. Then for any v € H3(R; HZ(I)) N
HY(R: H*(I)) N H(R; HX(I)),

a—r 146-q
1wt = ull g ey < MO Nl g oy ) + N2 Julmg e )

B—0o
? [l gy (ryma (n)-

feMe ANt
Hereafter c is a generic positive constant independent of M, N and anyfunction.
Proof. Let 9 be the identity operator. Clearly, Iy nu = Ipn(Inu) = In(Ipsu) where Ip and
Iy are given by (2.8) and (2.21), respectively. Therefore, ||Innu — u||H5(R;HQ(1)) < D1+ D
where
D, = ||IMU - U”HB(R;HQ([)) + ||I~NU - u”Hf(R;HQ(I))’ D, = ||(IM - ﬁ)(jN - ﬁ)u”HE(R;HO‘(I))'
Using (2.9), Lemma 2.2 and the Poincaré inequality, we deduce that

a1 1, B8—-a
Dy < eM* ulgs oy + N7 lulug (rore .

~ 1, B—0c
Dy < eM*MIyu — < eMOTANTE T ul g (ro (1))

Ul g (rema (1)
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Corollary 2.1. For anyu € L:(R; HI (I))NHY(R; L?(I))NHZ (R; H)(I)), integerr, \, s,0 > 1
and ¢ S VM,N,

(s @) — (U, @)w, 1N
< (M~ |ulz (ropr (1) + N3~ 2 [ulga o2y + MANS ™2 [l o (g (1) 18-
Proof. By (2.25) and (2.26),
(s @) — (U, @)w,ar,N| < (1 @)oo — (Prr—1,NU; @)oo| + |(Prr—1,8U, B)w, v, v — (Ing, N Uy ), M1, N |
< c(||Py—1.nvu = ullw + [a, v = ullw)||]]w-

Due to HJ(I) C H(I), the desired result follows from the above, (2.24) and Theorem 2.1 with
a=0=0.

3. Mixed Legendre-Hermite Pseudospectral Method

In this section, we propose the mixed Legendre-Hermite pseudospectral method for non-
isotropic heat transfer in an infinite plate.

Let R = {y | —o0o <y < oo} and Q = I x R with the boundary T' = {(z,y)| |z| = 1}.
W (x,y,t) is the temperature. The positive constants v and u stand for the conductivities. a
and b are convective constants. F(z,y,t) and Wy(z,y) describe the heat source and the initial
state, respectively. We consider the following initial-boundary value problem,

oW (z,y,t) + a0, W(x,y,t) + b0, W (z,y,1)

—VOW (2,y,t) — pg W (z,y,t) = Flz,y,t),  (v,y) €Q, 0<t<T, a1
W({E,y,t) = Wl(x,y,t), (:r,y) oniI‘, 0<t<T, ( ' )
W(x,y,O) = W()(x,y), (xvy) €.

As we know, if F(z,y,t) and Wy(z,y) decays exponentially as |y| — oo, then the solution
of (3.1) also decays exponentially as |y| — oco. To fit this behavior, it seems reasonable to
approximate (3.1) in the y-direction directly by the Hermite interpolation with the base func-
tions 6*5”12Hn(y)7 « > 0, which are mutually orthogonal associated with the weight function
e(22=1)v*  However it does not works in our case. To show this, we multiply (3.1) by ve(2a—1Dy?
and integrate the result over Q. Then we obtain the following term corresponding to the last
term at the left side of (3.1),

u / 0y W (2,5, )0yv(z, y, 1)e* VY dudy + 2(20 — 1) / Yo, W (@, y, t)o(x, y, t)e* DV dady.
Q Q

Clearly, the above quantity with W (z,y,t) = v(z,y,t) might be negative. In other words,
the leading term in (3.1), —v0?W (z,y,t) — ;ﬁ;W(x, y, 1), loses the ellipticity in the weighted
Sobolev space. To remedy this deficiency, we make the transformation

p= 2 s=In(t+1). (3.2)

NIE
Accordingly,
U(z,z,s) = W(x,y,t), Us(z,z)=Wo(z,y), [f(z,z,s)=({t+1)F(z,y,t), S=IWn(T+1).
Then the equation in (3.1) becomes

0sU(x, z,8) +ae®d,U(x, z,8) + %ﬁes/QazU(x, z,8) — 320.U(, 2, s)

3.3
—ve*02U (z, z,8) — 202U (z, 2,5) = f(x, 2, 5), (x,2) €Q, 0<s<S. (3:3)

Next, we try to choose a suitable weight function so that the corresponding weak formulation
of (3.3) is well-posed in the related weighted Sobolev space. To do this, we multiply (3.3) by
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ve2a=D=" anq integrate the resulting equation over ). Then we obtain the following term
corresponding to the last two term at the left side of (3.3),

%/ @,U(x,z,s)&zv(x,z,s)e(Qa_l)Zdedz—|— (a — 1)/9z&zW(x,z,s)v(x,z,s)e(m_l)dexdz.
We find that the above term is always non-negative, if and only if @ = 1. This is the main
reason why we use the Hermite interpolation with the base functions e"* H, (z). Moreover, in
this case, the relation (2.12) simplifies actual computation and numerical analysis essentially.
Remark 3.1. The transformation (3.2) is similar to the similarity transformation used in
[8, 11]. But they are not exactly the same, since the domain (1 is not the whole space. As a
result, the reformed equation (3.3) is no longer a simple heat equation. Thereby, we have to
deal with it very carefully.

In the forthcoming discussions, we use the same notations as in the last section, such as
I,R,QT,w,L2(Q), (u,w), and ||u||, etc.. For any r > 0, we define the space H(f2) and
its norm ||ul|.,, as usual. Furthermore, H{ ,(£2) denotes the closure in H[(£2) of the set
consisting of all infinitely differentiable functions with compact support in Q. For r < 0,
HZ(Q) = (Hy,,(€))". We also let V' = L>(0,T; L2 () N L*(0, T; Hj ,(2)), equipped with the
norm

s

1

|[ullv = (ess sup IIU(S)IIZJr/ lu(n)|?,,dn)>.
0<s<S 0

For simplicity of statements, we assume Wi (z,y,t) = 0. Let u(z,z) € Hg (). By multi-
plying (3.3) by u(z, z)w(z), integrating the result over 2, and noticing that

—2(0,U(s), zu)y — (0°U(s), u)y = (0.U(s), 0.u).,

we derive a weak formulation of (3.3). It is to seek U(s) € V for 0 < s < S, such that

(0sU(8),u)w + ae®(0,U(s),u)w + e2 (0,U(s), 1)y + ves (8,U(s), Opt).,

b
2\/1
1
—|—Z(82U(s),8zu)w = (f(s),u)w, Vue H&W(Q), 0<s<8. (3.4)
It is shown in [15] that if Uy € HZ(Q), f € L?(0,S; H,=1(2)) and r > 0, then (3.4) has a unique
solution U € L>(0,S; HZ(2)) N L*(0, S; HT(Q)).

A mixed Legendre-Hermite pseudospectral scheme for (3.4) is to find uarn(s) € Vi  for
0 <s< S, such that

(Osunt, N (), @)w.m,n + ae®(Opuns, N (S), @)w M,N
+ 2\/—62(3 UM, N(8), ®)w,m,n + ve*(Ozurs, N (), Oz ®)w, M,N

3.5
1(0:urr N (8),0:0)w N = (f(5), Q)wrn, YVOEVY N, 0<s5<8, (3.5)
'LLM’N(O) = IM’NU().
Thanks to (2.25), (3.5) is equivalent to
(Osunt, N (8), @)w,m,N + ae®(Ozuns,n(8), @)
+ gume? (0:un,N(5), Qw,m, N + ve* (Ouuns,n(s), 0o)w (36)
+ 31 0:un N (), 0:0)w N = (f(8), P, YVOEVY y, 0<5<8S, '
'LLM’N(O) = IM’NU().
Now, we describe the implementation of algorithm of (3.6). Let (see [20])
1
Om () = em (Lin(x) — Lipya(2)), cp = —mx, 0<m<M-—2. (3.7)
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Clearly }
Virn = span{ém(2)Hy(z), 0<m<M -2, 0<n<N}.
We expand the numerical solution as

M-2 N

um,N(z,2,8) Zvam ﬁ()

m=0 n=0

Moreover, we set

V(s) = (vo,0(s), vi0(s), ~++, vm—2,0(8), vo1(8), vi,1(s), -+, vmr—21(5),
,v0,n (8), v1,n (8), -+ s -2, v ()
F(s) = (foo(s), fiols), -+, fau—20(8), foi(s), fia(s), -+ fu—2,1(s),
-, fon(s), fin(s), -+, fu—2,N(s ))Tv

fm,n:(f(s)v¢mﬁn)w,M,Na OngM—Q, OSTLSN

Taking ¢ = ¢y (x)f]n/ (z) in (3.6), we obtain the following set of ordinary differential equations,

(Bf ® Al)d%V(s) +ae®(B3 @ A2)V (s) + 2\%& (BT @ A3) V(s)
+ve® (BT @ Ay)V (s) + 1(3? ® As)V (s) = F(s), (3.8)

4

where the matrices A, = (afﬁ)}m) and By = (bgz)n,), with the entries
WD _a® e

(¢m’a¢m)M7 mI:m:M_2a
a

A’ im m/,m — Ym/;m T /¢m/ (2)pm (x)dx, otherwise,
I

o2, = / b (@)Oabm(@)dz, a), = / Op by ()0 bun(2)dz, 0 <mlym < M 2,
1 |

e =8 =8 = [ I Gtttz 10 = [ 0Tttt
5O

nn’_

/ 0. H,(2)0.Hy (2)w(z)dz, 0<mn,n <N.
R

We next calculate the entries of A; and B,. Firstly, by (2.2) and (3.7), we obtain that for
0<m' m<M-—2,

(¢mv¢m)M; m =m=M -2,
2 /
0 9 . Cm’cm(2m+1 +omrs), M =m<M-2,
1 _ _ ’
U = Oty = oy = Cm’cm—zmeHv m' =m+ 2,
i
—Cm/ Cm g T m' =m — 2,
0, otherwise.

Further, we use (2.1) and (2.2) to obtain that for 0 < m/,m < M — 2,

W@ = _,@ _J2wem, m= m' +1,
K otherwise,

RO 1, m =m,
m,m 71 (), otherwise.
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Finally, using (2.12) and (2.13) yields that for 0 < n,n’ < N,

1) _ @ @ _ [T, on=n
bt = Oir = b = {O, otherwise,

B

0, otherwise,

b _{2(n+1)ﬁ, n=n',

0, otherwise.

Obviously, A1, Az and As are five-diagonal matrices, As and Bs are three-diagonal matrices,
Ay, By, B, B4 and By are diagonal matrices. This feature simplifies the actual calculation.
Now,
let

fn(S) = (fO,n(S)a fl,n(s); MR fM—Q,n(S))T; 0<n<N,
Vi (s) = (von(8), vin(s), -, vm—2na(s)”, 0<n<N.

Then by the definition of Kronecker product, (3.8) reads that for s > 0,

Al%VO(S) + ae®*Aavp(s) + Vesf(Mﬂ)x(Mq)vo(s) + %A5V0(s) _ ﬁfo,
A1Lv;(s) + ae®Aav;(s) + ves Inr—1)x(m—1)Vj(s) + %A5vj(s) (3.9)
= f 4+ /5 beFAgvya(s),  1<j<N.
In addition, v, (0) is determined by the system A;v,(0) =c¢,, 0<n <N, where

1 .
Cn = (CO,n; Cln, aCM72,n)T7 Cm,n = ﬁ(UO(x7 Z)a ¢m(x)Hn(Z))w,M,N'

In actual calculation, we firstly resolve the first equation of (3.9) to obtain vo(s). Then we
use the forward substitution procedure to evaluate other vectors v;(s), 1 < j < N, successively.
By the variable transformation (3.2), the numerical solution of the original problem (3.1) is
given by
Yy
2/ p(t+1)

JIn(t + 1)). (3.10)

wM,N(x7y7t) = UM,N(xv

‘\\““\\\

INeRRNNR

V]
N

SN

NS

\\\\\\\\
N

N
W
W\
N
\x
\“

Nt

TR

\ N
=
N

\t}‘
NN

o
R
R

0

Figure 1: The exact solution Figure 2: The numerical solution

Now, we present some numerical results. We take the test function U(z,z,s) = (1 —
22)et 3% Leta=1, b=+2, v=1 pu= 1 in (3.9). We use the explicit Runge-
Kutta method of fourth order in time s with the step size 7.
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We plot the exact solution U(z,z,s) at s = 2 in Figure 1, and the numerical solution
um,N(z,2,s) at s =2, with M =7, N = 49 and 7 = 0.001 in Figure 2. They demonstrate that
the numerical solution fits the exact solution very well.

4. Error Estimate

In this section, we deal with the convergence of scheme (3.6). In order to obtain the optimal
error estimate, we introduce a special orthogonal projection. Let 3,7 > 0 and

Aw,ﬁ,’y(ua U)) = 5(877% 87‘w)w + "Y(azu7 azw)w-
The orthogonal projection PJ%/I’?N,,B,W : Hg () — VAO&N is defined by
Aw,ﬁ,v(PJt}?N,ﬂ,»yu —u, $) =0, Ve Virn (4.1)
For describing approximation results, we introduce the space
MZ4(Q) = LE(R; HI(I)) N HL(R; L*(1)) N Hy (R HI (1)) N HEI (R HY (1)), g 2 1,
with the norm
1
||u||M;’,Z = (||u||2L3(R;H:(I)) + ||u||%IZ(R;L2(I)) + ||u||§1&(R;HI_1(I)) + ||u||§{3_1(R;H1(1)))2'

In particular, for integers r,q > 1, we use the notations |u|pre = B;?(u) and

- 1
BY% () = (Blullz (o) + Vulhg (rinz oy + Nl oz oy T B0 s (1)) 7

It is proved in [15] that for any u € Hj,(Q) N M) 5 (), integers 7, ¢ > 1 and 0 < p < 1,

PR u— |l < —— (MY N (M 4+ NE)IEB (), 4.2
1Py N 5.~ lpw < (min(ﬁﬁ))%( ) ) 5 (u) (4.2)

Now, let U be the solution of (3.4) and Unr,n = P]t[’?N’BWU with 3(s) = ve® and v = ;. By
using (2.25) and (4.1), we have from (3.4) that for 0 < s < S,

(asUM,N(f), D)w,m,N + ae®(0:Un N(S), ¢)w
+ﬁ€'§ (0. Um,N(8), ®)w me,N + 1€* (0 Uni N (S), Ouh)w

6
+i(azUM,N(s);az¢)w,M,N =+ ;GJ(S,QS) = (f(s)a¢)w,M,N7 v ¢ € VJ\QLN?

J
Unn(0) = Py 5., Uo

(4.3)

where
Gl (57 (b) = (8SU(S)a ¢)w - (asUM,N(S)v ¢)w,M,N;
Ga(s, ¢) = ae®(0,U(s) — 0:Unm,n(8), d)w,
Gs(s,¢) = ve®(0,U(s) — 0:Um,N(8), 0w
Ga(s, ¢) 2\%63((@[](8),@“; — (0:UmM,N(8), @), M, N )5
Gs(s,¢) = i((azU(S)aazﬁb)w - (82UM,N(5)aaz¢)w,M,N)a
GG(Sv ¢) = (f(S), ¢)w,M,N - (f(s)a ¢)w
Let upr,ny be the solution of (3.6) and 0M,N = um,n — Unm,n. Subtracting (4.3) from (3.6)

yields that
(0sUn,N(8), )t + ae®(0uUnr,n (), 6o
b

\/ﬁe% (8ZUM,N(S)7 ¢)w,M,N + ve’ (awUM,N(S)v 8m¢)w

+2
- 6 0 (4.4)
+Z(az MN(8),0:0)w MmN = ) Gj(3a¢)a Voe VM,Nv 0<s<S,
) =1
UM’N(O) = IM7NU() — Pllv}?N,ﬂ,fyUO'
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Taking ¢ = 20U,y in (4.4), we deduce that

7

- - 1 - -
Os[|Unt,n ()12, a1, + 20 |0 Unt,n ()| 12+ S 110:Une,n (8)l12 0rn = 2 ) G5, Una,n(s)) (45)
2 =

where

. b
G7(s,Umn(s)) = ——=e2(0:Unm,n(8), Un,N(8))w, M, N -

Therefore, it remains to estimate the terms |G} (s, Upr.n(s))|. Firstly, by (2.24)-(2.26) and (4.2),

2|G1 (s, Uni,n ()] = 2/(95U (s) = Pr—1,8 05U (), Uni,n () )
+(PM71,N85U(3) - 85UM,N(S); UM,N(S))UJ,M,N|

< (105U (s) = Prr—1,805U ()| + [ Par—1,8 05U (5) = OsUnt,n ()] [|Unt, v ()] o (4.6)
< c(|[0sU(s) = Prr—1,8 05U (5)]w + (105U () — 0sUns, v (5)||)[|[Uns,n ()] '
< (M7 4+ NPO(M™2 + N7H (B2 (0:U(s)))?
(M™% + N=9)|0:U(5)|fra + 3[Un.n (]2
Next, by the Cauchy inequality,
21Ga(s, Unsw (5))] 421G (s, Une v (5)| W

< (a+v)e’||0x(U(s) = Unt.v ()12 + ae®|[Una,v (5)][2 + ver|[8:Unrn ()12
In virtue of (2.25) and (2.26), we deduce that

2|Ga(s, Un,n(s))] i
ie'i |(8ZU(S) - PM,LN(?ZU(S), UM,N(S))u
+(PM71,N8zU(S) — 0, Um,N(8), Ut N (8))w, 1, N| ~ (4.8)
L5 (|| Prr—1,50:U(s) = 0:U ()l + [10: (U () = Unt.v (8)) ) [|Unr, ()]
cl|[Prr-1,n80:U (s) = 0:U (s)I[2 + ello=(U(s) = Untn (IIZ + e l1Unr,n ()13

2n

3

Similarly,

N 1 N
2|Gs (s, Unt,n (5))| < €| Par—1,80:U (5) = 0:U (5)|[2 +¢/|0= (U (5) =Uns,n () [I2 + l0:=Unr,n(s)] 12

(4.9)
Putting (4.7)-(4.9) together, and using (2.24) and (4.2), we derive that

5
~ a r
2> 1G;(s, Unrv(s))] < c(M—QmLz\f—q)|aZU(s)|§1,;.qA+c(1+;)(M—QELN—(I)(Bﬁ;“”l(U(s)))2
Jj=2
1 17 2 s 7 2 s b2 s 7 2
+510:Unv (s)llu+ve II3xUM,N(8)|Iw+(ae‘+@e‘)IIUM,N(S)IIW

(4.10)
Using Corollary 2.1 yields that

N o It
2|G6(sa UM,N(S))| < C(M 2 |f|%a(R;H,{'(I)) + N3 |f|§{g+1(R;L2(I))

_ 2_, =
HM TN o o ) + 100 v ()12 (4.11)
Furthermore, by (2.26) and the Cauchy inequality,

3 810,03 (5) 1Tty ()l <10 Ot ()] 2+ 22 ¥ | g ()2
\/l_L zUM,N w M,N w_8 zUM,N w [ M,N w-*

(4.12)

2|G7 (s, Un,n (5))|<
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It is observed that 8(s) = v at s = 0 and v = §. Therefore, using (4.2) and Theorem 2.1 with
a = 3 =0 gives that

Un.n (0)]]2 < C||PLON y.1Uo = Ul + cllIar.nUo — U3

—op _g—1 _ 2_4
< (M7 4 N7975 4 MPANE) (Ul s (1)) + |U0|§{3+1(R;L2(1)) + |Uol s (roma (1))
+e(MP72 4 NTO)(M 2 + N™H|UolFra - (4.13)

Now, we use the following notation to present the average numerical errors,

Bu(s) = @2 + [ el + fl1o-utl2)dr

By inserting (4.6) and (4.10)-(4.12) into (4.5) and using the fact H](I) C H(I), we find that

d

= E (Unt,n(5)) < Darn(s) + ¢(s) E(Unt,n (9)), (4.14)

where
2

37b
o(s) =2+ ae’ + Wes,
Dyrn(s) = e(M™2" + N79)|0,U(s)|? e T c(MP72" + N'=9)(M~2 + N~')(B? (9:U(s)))?
+e(l+2) (M~ + N~ q)(BEH’qH(U(S)))Q
+e(M 2T|f|L2 sy + N e ey T MUNE g (a ay)-
Furthermore, (4.14) implies that

FEOuNE) (= [ otndn) < Duxishexpl= [ sl

By integrating the above with respect to s and using (4.13), we reach that

E(@n.n(s)) < parr(s) oxp( / " $(n)dn) (4.15)
where

prin (s / Dy () exp(— / B()E)dn + (M2~ + NI=1) (M2 + N-)|Up2
2r_|_N q—§ + M- 2)\N§—z7)
(|UO|L5(R;H£(I)) + |U0|H£,+1(R;L2(I)) + |UO|%I5(R,H£‘(I)))

For any weight function x(s), we define the weighted space HJ(0, S; H%(Q)) and

H;i((), S; M;7%(9Q)) in the usual way. Then the following conclusion comes form (4.15) immedi-
ately.

Theorem 4.1. Let integer r,q,\,0,> 1. If U € L*(0,S; H; ,(Q)) N L2(0,S; MLERH Q) N
HL(0,8; MZL(Q)NH(0, S; HLZ‘(Q)) Up€ L2(R; HI (I ))HH‘I“(R L2( ))ﬁHl(R HI=YI)N
HEY (R H'Y(I))NHZ (R; HX(I)) and f € L*(0, 5 L (R HL(I)NHET (R; LA(1)NH (R; H)(I))),
then for all 0 < s < S,

E(Ou.n(5)) < parn(s) exp( / " $(n)dn).
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According to (4.2),
B(U(s) ~ Ung w(s)) < (M2 + N'-0)(M =2 + N=Y) (B, (U(s))?
M2 4 N79) [ (B U )

The above with Theorem 4.1 leads to
E(U(s)—upn(s) < (M> 2+ N (M 24N+ M2 N5+ M~>N3~7) (4.16)

where ¢* is a positive constant depending only on u,v,a,b, S and the norms of U, Uy and f in
the space mentioned in Theorem 4.1.

We can use the above results and the transformation (3.2) to derive a sharp error estimate
for the numerical solution, given by (3.10), of the original problem (3.1). In particular, the
weight function e® appearing in Theorem 4.1 becomes t 4+ 1. Thus the numerical errors grow
slowly as t increases. Therefore, the transformation (3.2) not only ensures the proper algorithm,
but also leads to the better stability of computation.

5. Concluding Remarks

In this paper, we introduced the new Hermite interpolation associated with the weight
function 622, which is very appropriate for approximations to functions decaying exponentially
at the infinity. We also introduced the new mixed Legendre-Hermite interpolation on an in-
finite strap, based on which we proposed the Legendre-Hermite pseudospectral method for
non-isotropic heat transfer in an infinite plate. This is a high order method, and is very suit-
able for parallel computation. The numerical results demonstrated the high accuracy in the
space of this algorithm, and coincide very well with theoretical analysis.

In this paper, we established some basic results on the new Hermite interpolation and the
corresponding mixed Legendre-Hermite interpolation. They play important roles in numerical
analysis of the related pseudospectral methods for unbounded domains.

Although we only considered a simple model problem in this paper, the proposed method
and techniques used in theoretical analysis are also applicable to other problems defined on
certain unbounded domains, such as nonlinear heat transfer in an infinite plate, nonlinear wave
equations in an infinite strip, some problems in statistical physics and so on.

Appendix: Proof of Lemma 2.1.
We have from [2] that for any u € H'(a,b) and a < b,

C2

sup Ju(z)[® <

2 2
b— : Al
2€[as,b] < 5 allllta + e2(b = a)lulip o (A1)

On the other hand, by Lemmas 2.2 and 2.3 of [6], for any u € H.(R),
e u(2) < 4||ullwrlulrwr, ~ Vz€R. (A2)

Let AN’j = (O-N,j+170'N,j71) and AN’J‘ = ON,j—1 — ON,j+1- It is pI‘OVGd in [17] that

2

—an+1(1— Nﬁ%) <connN, ono < can41(l1—N73), (A3)
and for 1 <j< N —1,

1 lon il 1
Ay~ 1— AR A4
N,j N 1( CLN+1) ( )

Now, by (A1), for 1 <j < N —1,

2 C
e”N»qu(UN,j) < A—2||u||2L2 (v T CQAN,j/ (0:(e= u(2)))*dz. (45)
N,j “ro N,j
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Meanwhile, due to (A2) and (A3), for j =0, N,

3 |0N,j|)_
AN +1

Therefore, we use (2.18), (A5) and (A6) to obtain that

2 1 1
e"Niu?(on,;)(1 7 < eaN3|[ullw,rlulLw -

N
ull2m < 2N~ S w2 (o) (1 — 2]y

j=0 AN-+1
< N ol + N3 Y 1 5l
- w ,UJ, L )
=1 AN] aAN+1 (AN ;)
1 N-1 |0'N | . 2 ,
FeaNT2 Y Ayl )_5/ (0:(e™ u(z))) dz.
j=1 AN+1 An

We next estimate the right side of (A7). Obviously,
| @eFui < [ @) + @u)a
AN, AN

Furthermore, by (A4),

N vl o

Anj aN+1
On the other hand, (A3) implies that

_owl lowol

1 |1>1- |>eN75, 1<j<N-1

AN +1 AN +1

A combination of the above estimate and (A4) leads to that
N=3 Ay (1 — M)*% <N~ 1 - M)*1 < cyN73.
Moreover, by Lemma 2.2 of [6],

ezzz2u2(z)dzS/(azu(z))zezzdz.

R R

Substituting (A8)-(A10) into (A7), we use (All) to obtain that

_1 _1 _1
lullZ n < e2N75[[ullw,rluliw.r+callull} p+c2NT3uli , g < collully g+e2N75[ulf, g

Proof of Remark 2.1. We have from (2.12) that
Oru(z) = (-1)725 Y an([[(n+)> Hosr(2).
Thus by (2.13),

o0 o0
2'V/m Y (n+ 1) <|ull p <2VE Y (n+7)a
n=0 n=0
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(A7)

(A10)

(A11)

O

This implies the first result. The second result comes from the above and the fact that |u|g o, r <

|t]rw r for all k <.
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