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Abstract

Least-squares mixed finite element methods are proposed and analyzed for the incom-
pressible magnetohydrodynamic equations, where the two vorticities are additionally in-
troduced as independent variables in order that the primal equations are transformed into
the first-order systems. We show that there hold the coerciveness and the optimal error
bound in appropriate norms for all variables under consideration, which can be approx-
imated by all kinds of continuous element. Consequently, the Babuska-Brezzi condition
(i.e. the inf-sup condition) and the indefiniteness are avoided which are essential features
of the classical mixed methods.

Mathematics subject classification: 65N30.
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1. Introduction

Many problems involve systems of partial differential equations in several variables, varia-
tional problems derived in a standard manner often correspond to saddle-point optimization
problem. It is now well understood that the finite element spaces approximating different
physical quantities can not be chosen independently and have to satisfy the inf-sup condition.

In recent years there has been significant interest in least-squares methods, considered
as an alternative to the saddle point formulations and circumventing the inf-sup condition.
Many studies have already be devoted to the least-squares method, for theoretical and nu-
merical results, let us just mention those by Z.Cai, T.Manteuffel and S.McCormick [4, 5, 6],
A I.Pehlivanov, G.F.Carey and R.D.Lazarov [15], Dan-Ping Yang [19, 20], B.N.Jiang [12,13] and
Huo-yuan Duan [9]. The stationary incompressible magnetohydrodynamics(MHD) we consider
here results from a coupling between the stationary incompressible Navier-Stokes equations and
the stationary Maxwell equations. It governs the behavior of an incompressible fluid carrying
an electrical current in presence of a magnetic field. We study the linear MHD equations (cf.
[10]) using the least-squares mixed finite element method.

The paper is organized as follows: In section 2, we introduce some notations, Hilbert spaces
and inequalities. Section 3 is concerned with the presentation of the equations and the derivation
of the least-squares formulation of the linear MHD equations and its coerciveness. In section
4, we give the finite element approximation and obtain the basic error bounds.
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2. The Preparations

First we recall some notations. Let @ C R3 is an open bounded domain with boundary
I' = 09, n is unit normal vector to I". We introduce the following Sobolev spaces

Q) = (v [ o <o),

L3Q) = {ge @) [ a0k
Q
H™(Q) = {9 eLl*Q), 0< |y <m}, (m>1),
HH(Q) = {veL*Q); Vue (L*Q)’, vr =0},
H(curl;Q) = {ue (L2(Q)’; curl u € (L3(Q))*},
H(diviQ) = {ue (L2(Q))’; divue L2(Q)},
Ho(curl; Q) = {ue€ H(cur;Q); uxnpp = 0},
)

Hy(div;Q) = {ue H(div;Q); u-np =0}

Two Green’s formulae of integration by parts (cf. [11]), two equalities and one inequality
are as follows:

(W, V¢) + (divu,¢) = <u-m, ¢>p YueHdiv;Q), VoeH(Q). (1)

(curl u,v) — (uq,curl v) = <uxn, v>pr VYucH(cur;Q), Vve (H Q) (2)
(a-Vuw) + S(divalu?) = 0 Yue (H}(Q) 3)
(b x curl Bju) = (uxb,curl B)Vb,uc (L?(Q))3 VB e H(curl,Q).(4)

laxbllf < CllallflPllf  ¥abe (L) (5)

Where (-, -) is the inner product in L?(Q2) or (L*(Q2))3.
Proposition 2.1 (cf. [2,11,14,18]). Assume that Q C R? is a simply-connected and bounded
domain with a Lipschitz continuous boundary I'. Then

[lullo < C{||curl u||o + ||div u|lo} V u € Ho(div; Q) N H(curl; Q). (6)

Proposition 2.2 (cf. [11,8]). Assume that Q C R? is a simply-connected and bounded
domain with CY! boundary T, or is a bounded and convex polyhedron. Then

;< C{||eurl ullo + ||div uljo} ¥ u € Ho(div;Q) N (H(2))3. (7)
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3. The Least-squares Formulation of the Linear MHD Equations

Now let us consider the linear MHD equations. The linear MHD equations are as follows:

a~Vu+%udivafyAu+Vp+pb><curlB:f in Q, (8)
divu=0 inQ, (9)

kcurl curl B—curl (uxb)=0 in Q, (10)

divB=0 inQ, (11)

u=0 onT, (12)

B-n=0 onT, (13)

curl Bxn=0 onT, (14)

where the unknown variables are the velocity field u, the pressure p in the fluid and the magnetic
induction B. f denotes an external force, v = 1/Re with Re the Renolds number, x = 1/Rm
with Rm the magnetic Renolds number, p the coupling number. a and b are known functions
(usually stand for the approximate solutions for u and B in the previous iterative step of the
Picard iterations and supposed regular).
Introducing
w=curlu, z=curl B

as independent variables, we may recast problem (8)-(14) as a first-order system as follows:

1
a-Vu+ Ju diva+rvcurl w+ Vp+pb xcurl B=f in Q, (15)
divau=0 inQ, (16)
kcurl z —curl (uxb)=0 in Q, (17)
divB=0 inQ, (18)
w=curlu inQ, (19)
z=-curl B in Q, (20)
u=0 onT, (21)
B-n=0 onT, (22)
zxn=0 onT, (23)
w-n=0 onT. (24)
The least-squares functional J(v, D, ¢,x,y) for the mixed system (15)-(24) is
1
J(v,D,¢,x,y) = (a-Vv+ M diva 4+ vcurl x + Vg + pb x curl D — f|
1
a-Vv+ M diva + vecurl x + Vg + pb x curl D —f)
+(kcurl y — curl (v x b), kcurl y — curl (v x b))
+(div v,div v) + (y — curl D,y — curl D)
+(x — curl v,x — curl v) + (div D,div D). (25)

Define spaces

U = (Hj(Q)?, W = Hy(div; Q) N H(curl;Q), Q = H'(Q)/R, Z = Hy(curl; Q) N H(div; Q).
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Then the least-squares minimization problem is : find ue U, Be W, pec Q, we W, zc Z
such that

J(u,B,p,w,z) =inf J(v,D,q,x,y)

foralve U DeW, g€ Q, x&€ W, y € Z. Taking variations in (25) with respect to v, D,
q, x and y, the weak statement becomes: find u € U, Be W, pe€ Q, w € W, z € Z such
that

1
A((w,B,p,w,2z); (v,D,q,x,y)) = (f,a- Vv + M diva 4+ vecurl x + Vg + pb x curl D) (26)
holds forallve U, De W, ¢€ Q, x& W, y € Z. Where
A((u7B7p7 W’ z); (V7D7q7 X7 Y))

1
=(a-Vu+ Ju diva + vcurl w + Vp + pb x curl B,

1
a-Vv+ o\ diva + veurl x + Vg + pb x curl D)

+(kcurl z — curl (u x b), kcurl y — curl (v x b))
+(div u,div v) + (z — curl B,y — curl D)
+(w — curl u,x — curl v) + (div B, div D).

Now we investigate the coerciveness of the bilinear form A((u,B,p,w,z);(v,D,¢,x,y)).
Theorem 3.1. Under the same conditions as in Proposition 2.2, there exists a constant C > 0
such that

A((u,B,p,w,2); (0, B,p,w,2)) > C{|[u]|? + [IB] + [Ip|l§ + [wl§ + [lI[5}-
Proof. 1t is obvious that

A((u’ B?p’ w7 Z); (u’ B7p’ W7 Z))
1
=|la-Vu+ Ju diva + veurl w + Vp + pb x curl B|[3

+||kcurl z — curl (u x b)||2

+||div a3 + [|div B||3 + |w — curl u||3 + ||z — curl BJ|2.

Let a > 0 be a constant to be determined, then

1
|w—curlul| = §{||w —curl u + acurl u|? + |w — curl u — aw||3}

+a(l — %){chrl qu + ||w||§} — 2a(curl u,w)

Y

a(l — %){chrl ul]2 + [|wl3} — 2a(curl u, w). (27)
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With Green’s formula (2) and equality (3), we can get

1
[la- Vu+ Ju diva + veurl w + Vp + pb x curl B||3
1
=|la-Vu+ Ju diva + vcurl w + Vp + pb X curl B — gu||3
v
2 2 1
—a—2||u||3 + —a(a- Vu + §udiva, u) + 2a(curl w,u)
v v

2 2
+—a(Vp,u) + ﬂ(b x curl B, u)
v v

2 2 2
> —a—QHqu + 2a(curl u,w) + —Q(Vp, u) + ﬂ(b x curl B, u).
v v v

In a similar way, we have

|kcurl z — curl (u x b)||3

= ||kcurl z — curl (u x b) — %Bﬂg
v

22 ) 2
_a g pro (curl z,B) — ﬂ(curl (uxb),B)
v v
a?p? 9 2pka 2pa
> — + > (curl z,B) — 7(curl (ux b),B).

Since ujp = 0, together with Green’s formula (2) and equality (4) we can get

||ccurl z — curl (u X b)H%

a?p?

2pa
> ——5|Bl5 +

(curl z,B) — — (b x curl B, u).
v

At the same time,

||z — curl BH%

1
= —{||z —curl B + @curl B||g + ||z —curl B — pra || }
pRO PRO 2pka
+=—=(1 =)l 15 + [[lcurl B3} — (z,curl B)
e} Ko
> 2 25 a3+ fleurd B3} — 22 (curl 2, B).

14
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(28)

(29)
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In view of (27), (28), (29), (30) and Green’s formula (1), we get

1
la- Vu+ Ju diva + veurl w 4+ Vp + pb x curl BJ|3

+||keurl z — curl (u x b)||Z + ||z — curl B||Z + ||w — curl u?

a?p?
2

2
>a(1*—){llcurl ullg + [Iwlig} — —lu ||0 B3

PR

pna
+—= (1 = S ){ll=llg + Jeur] B2} + 22 ( ,Vp)

2 Oé2p2 5
= a(t = 3){lleurl ul}§ + w3} = = ull§ - =5~ [B;
P2 = Bzl + llewr B3 }f —<dwu p)
a(1 = S)flleurl ull§ + w3} - 2|| 12 - ‘“5 BJ|2
+¥<1 Bl + fleurd BIF) - - 2||dwu||o—50||p||o. (31)

Since p € HY(Q2)/R, there exist a p* € (Hg(2))3(cf.[3]), such that

(divp*,p) = pll3, [IP*[lx < Clipfo-

Let 8 > 0 be a constant to be determined, with Green’s formulae (1), (2), equalities (3), (4)
and inequality (5) we can have

1
lla- Vu+ Ju diva + veurl w + Vp + pb x curl B||2
1
=|la-Vu+ Ju diva + veurl w + Vp + pb x curl B + 3p*|[3

1
—3%|p*||3 — 26(a- Vu + Ju diva,p*) — 26v(curl w,p*)
—206(Vp,p*) — 28p(b x curl B, p*)

1
—B3%Ip*|l3 — 28(a- Vu + Ju diva,p*) — 28v(curl w,p*)
+283(p, divp*) — 28p(b x curl B,p*)
2

% .

> B(2-CB)pl§ - gllp 5 —eilla- Vu+ Ju dival[g

2.2 ) 5 62 2
lcurl p*||§ — e2f|wl|g —
CB  CyB*v? Cp26
> (26 -0p% - - - )plls — Crellallf oollull?
€1 1S €3
—e2|[ Wl — Cses||b|[§ ollcurl BJ3. (32)

Ip* (I3 — esllb x curl B[
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Let 0, be two positive constants to be determined, with Proposition 2.1 and 2.2, we have
1
2|la- Vu+ e diva + veurl w + Vp + pb x curl B|[3

+||keurl z — curl (u x b)||Z + ||z — curl B3 + |w — curl u?

+0]|div ul|§ +~||div B[

> a(1 - 3)lleurl ullf + {a(1 - 5) — ea}| W[}

CB  Cof? O
€3

2
— &
— - o) el

+(26 - CB° —

2
—{04— + Creialff o H[leurl ul[§ + [|div ulfg} - el L ulfg

2

RO RO «
O b — 5 ot B
a2p2 . pPRQ prQ
s ldiv BJIg + 5 (1 = B2 2 + 6lldiv wlff + | div B3
1 Cy
= {all - a5 + )] = Creafall} oo }eurl uf?

a2 ) a2 . )
+{0 - 04— — Gaflallie = 275 Hidiv ulls

pa pa K2
H=- Ik = (5 + C5)] = Caesfbl§ oo }Hleurl B3

2
a?p? 2 a 2
Hy = Cs—5=}ldiv Bllg + {a(l = 5) —e2}wlig
C v? 02 9 PR pIiOé
HBR=B(C+ =+ Co— + C)] = codlpllg + =1 = Z-)|l=ll6.
€1 €2 €3 v
Takin,
© 202 RV 2v
0 < a <min{— ,— ,2,—1}
v? 4+ 20y p(5% + C5) pPK
in{ 212 2KV 21/}
= min —
V2 +2Cy " p(k2+2C5) " pr”’
ofl — a5+ %)] 2012 — a?v? — 2C4a?
0<er < 5 = CITRTE )
Cillal? o 2C1%|a]f
1 PR PR a?p?
0<es< =—————{—(1-=—)-Cs——},
R S R
a2p?
v > Cs—5—,
v
0<€2<Oz(1—%),
2
0<B<

C+Cley+ Cov?/eg+ Cp2Je3’

C O Op?
0<eo <28 O+ + 2 | CFy

€2 €3

Cya? o?
— Cheillal|? o —

o>

501/2'
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Therefore
1
2lla- Vu+ §udiva+ veurl w + Vp + pb x curl BJ|?

+||kcurl z — curl (u x b)||2 + ||z — curl B||3 + ||w — curl u3
+6||diva||§ + ~||divBl|[3
> C{lleurl ulff + [|divu|§ + ||eurl B[ + [[divB||§ + [[plI§ + W[5 + [l=II5}-
With Proposition 2.1 and 2.2, we can obtain
A((w,B,p,w,z); (0, B,p,w,2)) > C{|[ull{ + B[ + [Iplls + Iwl§ + |25}
Theorem 3.2. Let f € (L*(Q))3, then the problem (26) has a unique solution u € U, B €

W, peQ, weW, zcZ
Proof. The result follows from the Lax-Milgram Lemma.

4. Finite Element Approximation and Error Estimates
Now let us consider the finite element method.
Let T}, be the regular triangulation of € into tetrahedrons( cf.[7] ). Define
Vi, ={v e H (Q);vx € P(K),VK € T}

where P;(K) is the space of linear polynomials. Let © € V}, be the standard interpolation to
v € H?(Q), from the standard interpolation theory in [1], we have

[ = Bllo + hllv = Bly < CR®|[v]2. (33)
Define
Un = (Va N Hy(2))?, Wi = (Va)? 0 Ho(div; ), Qn = Vi N LF(Q), Zn = (Vi) N Ho(curl; Q).

The finite element method to (26) is find (up, Bp, pn, W, Zn) € Up X Wi X Qp x Wp, X Zp
such that

A((uhvBhvphvwhvzh); (V,D,q,x, Y))
1
= (f,a-Vv+ M diva + veurl x + Vg + pb x curl D) (34)
V(V, D7 q, X, y)EUhXWhXQhXWhXZh.
Theorem 4.1. Under the same conditions as in theorem 3.1, let (u, B, p, w, z) and
(up, Bp, pr, Wn, zn) be the solutions of the first-order system (15)-(24) and the finite el-
ement method (34) respectively. If (u, B, p, w, z) € (H*(Q))® x (H?(Q))? x H*(Q) x
(H?())? x (H*(Q))?, then
o —uplly + B = Bulls + [Ip — pallo + W — whllo + ||z — 2zallo
< Chfllullz + IBll2 + lIpll2 + [Iwll2 + [Iz]2}-
Proof. Clearly, the error has the orthogonality property
A(u — Up, B - Bh’ P —Phy, W—Wp, Z— Zh); (Va D7 q, X, Y)) = 07
V(V, D, ¢, x, y)GUhXWhXQhXWhXZh. (35)

Moreover, let (1, f’), D, W, z) € Uy, x Wi, x Qn X Wy, x Zj, be the standard interpolations
to (u, B, p, w, z) respectively.
In light of the orthogonality (35) and the Schwarz inequality, we have

A((u—up, B=Bp, p—pn, W—wp, z2—2z3);(u—up, B=Bp, p—pn, W—wp, z2—2y))
—A((u—up, B=Bp, p—pn, W—wp, z2—23);(u—u, B—-B, p—j, w—W, z—12))

< A((u—up, B=By, p—pp, W—wp, z—23); (u—u,, B=By, p—pp, w—wy, z—2,))"/?
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xA(u—u, B—B, p—p, w—w, z—z);(u—1u, B-B, p—p, w—w, z—12))"/2

Now we have

A((U—Uh, B_Bha P — DPh, W — Wp, Z—Zh);(u—Uh, B_Bha P —DPh, W— Wp, Z_Zh))1/2

SA((ufﬁa Bf]’-s’a pf’ﬁa Wﬁ‘x’a Zf%);(ufﬁa Bf]’-s’a pf’ﬁa Wﬁ‘x’a ZfAZ'))l/Q'

Therefor, with Theorem 3.1 and (33) we get

[u—unlls + B = Bulls + |p = prllo + W — wrllo + |z — zallo
<CA((u—up, B=Bp, p—pn, W—Wp, Z—12p);

(u—up, B=By, p—pn, W—wp, z—2))"/?
<CA((u—-u, B-B, p—p, w—w,z—2);(u—1u, B-B, p—p, w—w, z—12))/2
<C{lu—afi + B =Bl + [lp—pl + lw — W1 + ||z — 2|1}
< Ch{llull2 + B2 + [[pll2 + [[Wll2 + [|z][2}-
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