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Abstract

We obtain the optimal order of high-dimensional integration complexity in the quantum
computation model in anisotropic Sobolev classes WZ, ([0, 1)) and Hélder Nikolskii classes
HE (0, I]d)A It is proved that for these classes of functions there is a speed-up of quantum
algorithms over deterministic classical algorithms due to factor n~! and over randomized
classical methods due to factor n~'/2. Moreover, we give an estimation for optimal query
complexity in the class HZ (D) whose smoothness index is the boundary of some complete
set in Zi
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1. Introduction

Quantum computers, whose basic operators are based on the theory of quantum mechanics,
equip with the amazing computational speed which is much faster than that of classical comput-
ers. The questions arisen by the powerful conceptual machines are studied in computer science
but seldom done in numerical analysis, see [4, 24, 14]. The pioneering work about the quantum
complexity for numerical problem was done by Novak, [19]. After that, a series of papers about
summation of sequences and multivariate integration of functions by Novak and Heinrich were
published, see [12, 10, 11]. In [25], Traub initially discussed the quantum complexity of path
integration.

In this paper, we continue the study of the problem of high-dimensional integration. Usually,
the need to understand the complexity of the problems in the deterministic and randomized
settings will help to judge the possible gains by quantum computation. In information-based
complexity theory, the complexity of integration problems is well known for classical function
classes. Recently, Fang and Ye [7] obtained the exact order of integration problem for anisotropic
Sobolev classes and Holder-Nikolskii classes in the classical deterministic and randomized set-
tings. Our goal is to study the complexity in the quantum computation model. Compared
to the known results of complexities for some anisotropic classes, we hope that there exists
an essential speed-ups under quantum computation similar to what happens for the classical
Sobolev classes.
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We obtain the optimal order of high-dimensional integration complexity in the quantum
computation model for anisotropic Sobolev classes WZ ([0, 1]¢) and Hélder Nikolskii classes
HE ([0,1]4). Our method is based on the discrete skill which is used in [11]. But we develop
some new skills to overcome the difficulties of anisotropy and weaker smoothness which arise
from the the study of our classes. For more details on the quantum setting for numerical
problems we refer to [10]. For general background on quantum computing we refer to the
surveys [8, 21] and to the monographs [16, 22].

We organize this paper as follows. In section two, we review the quantum computation
model. In section three, the integration problems in anisotropic classes are briefly introduced.
Moreover, we present the main results of our paper. Section four reviews some known results
which is used in the proof of theorems. Finally, the proof of the new results are presented in
section five.

2. Quantum Computation Model

In this section we introduce the quantum computation model. We start with adopting some
notations following [11, 19]. For nonempty sets Q and K we denote the set of all function from
Q to K by F(Q2, K). Let G be a normed space with scalar field K, which is either R or C, and
let S be any mapping from F to G, where F' C F(Q,R). we want to approximate S(f) for
f € F by quantum computations. Denote

Z[0,N) = {0,...,N —1}

for N € N. Let H,, be m-fold tensor product of H;, two-dimensional Hilbert space over C,

and let {eg, e1} be two orthonormal basis of Hy. An orthonormal basis of H,,, denoted by C,,,

consist of the vectors |l >:= ¢;, ® ... ®e;, (I € Z[0,2™ 1)), where ® is the tensor product,

i; €{0,1} and [ = 2320—1 i;2m~17J. Let U(H,,) stand for the set of unitary operator on H,,.
Two mappings are defined respectively by

T:Z =0 and /B:KHZ[O,Z’"”).

where for m, m’, m” € N, m/+m” < m and Z is the nonempty subset of z|o, 2’”,). A quantum
query on F' is give by a tuple

Q = (m7 m/’m//7Z’ T’ /8)’

and the number of quits m(Q) := m. We define the unitary operator Q; for a given query Q
by setting for each f € F

li>|z®B(f(r() > |y > ifieZ,

Qrli > |z > |y >:= { li> e > |y > otherwise,

where set |i > |z > |y >€ Cp, :=Cpw ®C,,» @C » and denote addition modulo 27 by
®.

Let tuple A = (Q, (U;)}_y) denote a quantum algorithm on F' with no measurement, where
@ is a quantum query on F, n € Ng (N = N{J{0}) and U; € U(H,,), with m = m(Q). For
each f € F, we have Ay € U(H,,) with the following form

m—m’—m

Ap = UnQsUn_1 ... UhQ U,
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The number of queries is denoted by ng(A) := n . A quantum algorithm A : F — G with k
measurements is defined for & € N by

A= ()=, ()i 8),

where A;(l € Z[0,k)) are quantum algorithms on F with no measurements, by € Z[0,2™°) is a
fixed basis state with which A starts. for 1 <[ < k — 1, apply the quantum operations to b;_
and get a random state (;_;. The resulting state (;_1 is memorized and transformed into a new

basis state by,
-1

b [] zlo, 2m) — z[o,2m),
1=0

where we denote m; := m(A4;) and ¢ is a function
k—1
¢: ][] zlo,2™) - G.
i=0

Let ng := Zf;ol nq(A;) denote the number of queries used by A and (Af(z,y))s,yec,, the matrix
of the transformation Ay in the canonical basis Cp,, Af(z,y) =< x|As|ly >. The output of A
at input f € F' will be a probability measure A(f) on G, defined as follows:

paf(zo, .. xk—1) = |Ao,f(z0,b0)?| A1, ¢ (21, b1(x0))[?
. |Ak_17f(l'k_1, bk—l(-TOa ey xk_g))|2.

Define A(f) by

A(f)(C) = > pa(zo,...,x11), VO CQG.

The probabilistic error of A is defined as follows: Let 0 < 6 < 1, f € F, let £ be any random
variable with distribution A(f), and let

e(S, A, f,0) =inf{e > 0: P{|[s(f) — &|| > e} < 6},
e(S, A, F,0) =supe(S, A, f,0),
feEF
e(S, A, f) = e(S, A, f,1/4),

and
e(S, A, F)=e(S, A, F,1/4).

The nth minimal query error is defined by
el(S,F,0) =inf{e(s, A, F,0)} : A is any quantum algorithm with ny(A) <n,n € Ny}
and the query complexity is defined for € > 0 by

compl (S, F) = min{ng(A) : A is any quantum algorithm with e(S, A, F) <e€}.
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3. Integration

The main results are stated in this section. First, we recall some notation of function classes
on D = [0,1]9. For r = (r1,...,74) € N® and 1 < p < oo, the anisotropic Sobolev classes
W (D) are defined as follows

d
WD) = {1 € L(D) 1 flymn + 3 Il <1} (3.1)
j=1
where o f
Ti = ]’l“‘ B .:17...7d.
{7 el B

Forr = (r1,...,rq) € R%, a = (a1,...,aq) € N* and 1 < p < oo, the Nikolskii classes Hy(D)
is defined by
HE(D) := {f € Ly(D) s wa,(f,05, D)y < 07 ay = [rj] + 1,5 = 1,...,d}, (3.2)

where
Wa; (fa Uj’D)P = Sup HAZJ] (fvt)HLp(D)
OS jia'j
is the p-th modulus of smoothness of f at the j-th coordinate, AZJ] is the usual a;th forward
difference of step length h; with respect to ¢;, and [r;] denoted by the integer part of r;. For
more details about anisotropic classes we refer to [13, 17, 23]. We introduce the notation

| —

), (3.3)

g(r) = ()

j=1

3

which is a good measurement of average smoothness of anisotropy and plays an important role
in our error estimation. We define the integration operator Iy : S(D) — R by

Mﬁzéjmﬁ, (3.4)

where S denote WZ or HX or H2. In the following, let e € N = (1,1,...,1) and let
e; = (8;,), the Kronecker notation. Denote the weak equivalence of two functions a(n) and
b(n), by a(n) =< b(n), which means that for sufficiently large n there exist two positive constant
¢1 and ¢y such that ¢1b(n) < a(n) < cob(n). The results of Norvak and Heinrich, see [19, 11],
imply the following theorem:

Theorem A. Letr, de N, 1 < p < oo and assume rp > d, Then for all n € N with n > 4

r

eq (Lo, W, ¢) < n~a !,

where
1 if 2 <p < oo,
a:={ (loglogn)®/?logloglogn ifp=2,
(logn)?/P=1 ifl<p<2.

We partially extend above results. Our main result is
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Theorem 3.1. Let F' be one of the classes WE (D) or H: (D). Then
ed (I, F) = n=90~1,

Comparing this with the known recent results of Fang and Ye about the classes W and H,
where they proved the optimal rate of convergence is n~9(*) while that of randomized algorithms
is n =9 ~1/2 we find that there is a speed-up of quantum algorithms over deterministic classical
algorithm due to factor n~! and a speed-up over randomized classical methods due to factor
n~'/2. Notice that the case of uniform norm is particularly interesting, since the integration
problem in this case is intractable in the worst case deterministic setting, see [1-3,20,7].

Moreover we state the result of integration problem for the generalized Holder-Nikolskii
class as follow. Let us recall some definitions which we need from [6]. We consider a bounded
set A € Zi to be complete, if &’ € A when o € A and o < a. The boundary of A is defined by

ON:={a: a¢ A, andif o/ < a, then o’ € A}, (3.5)

where o/ < « means that there exists at least one coordinate direction j such that ag < aj.
For o € Zi, and o = (01,...,04) > 0, we define

AG(f.t) == Ag! - AZL(f. 1),
and multivariate modulus of smoothness

walf, 0 D)pi= sup [[Ag(f,8)llp(Dle, 7)),

where
D(a,0) :={t:(t; +sjo;){ € D for all s < 0,s € RL }.

For A is a complete set, the generalized Holder-Nikolskii class H. Z/)‘(D), which is a generalization
of the classical and anisotropic Holder-Nikolskii class, is defined by

H{}(D) = { feLyD): wa(f,0,D), < Z o, a=(a1,...qq) € aA},
a€dA

where 0% = H;‘l:1 O’?j and wa(f,0,D)p =3 pconWalf,0,D)p
Theorem 3.2. Let I be the class H2 (D). Then there is a vector vy € OA such that

ed (I, F) < en=90ra) =1,

4. Some Auxiliary Results

In this section we cite some known results [12, 11] which will serve as building blocks in our
proof of theorems. We introduce a mapping I" : F — F which defined below. For x, m* € N
there are mappings

n; Q—Q,
8 : k—Z0, 2’”*),
o : QxZ[0,2") - K
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such that for f € F and s € Q

(L(£))(s) = o(s,B0 fonu(s),.... B0 fons-1(s)). (4.1)
Therefore, we can receive a function f = I'(f) € F for f € F. Using an already known and
reduced algorithm A on F, we construct an algorithm A on F. }
Lemma A. Given a mapping I' : F' — F as in (4.6), a normed space G and a algorithm A
from F to G, there is a quantum algorithm A from F to G with

ng(A) = 2nn,(A)

and for all f € F 3
Alf) = AT,

Consequently, if S : F — G is any mapping and S = S o T, then for each n € Ny

€4 (S, F) < el (S, F).
Lemma B. Let Q, K and F C F(Q, K) be nonempty sets, let k € Ng and let S; : F — R
(I = 0,...,k) be mappings. Define S : F — R by S(f) = ZfZOSl(f) (f € F). Let

ng,--.,Nk € Np.

(i) Assume bp,...,0r =0 and put n = Zf:o n;. Then

k
el (S, Z <> el (S, F.0).
=0 =0

(il) Assume vy, ...,v; € N satisfy Zf:o e~U/8 < 1/4. Putn = Zf:o vny. Then
k
el(S,F) <> el (S, F
1=0

Lemma C. Let S, T : F — G be any mappings, n € No and assume that el (S, F) is finite.
Then the following hold:
(i) el(T,F) <el(S,F) +supsep |T(f) = S(f)|.
(i) If K=K and S is a linear operator from F (D, K) to G, then for all A € K
el(S,A\F) = |\ -el(S,F).

Due to the need of next section, we introduce a known results about summation from [10].
Let the space LY consists of all functions f : Z[0, N) — R, equipped with the norm

[flly = max [f(i)].

0<i<N-1

A mapping Sy from LY to R is defined by

Swf = 3 0 (42)
=0
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and B(LY)) denote the unit ball of LY, which is the set of all functions f € LY whose norm is
no more than one.

Theorem B. There is constant ¢ such that for alln, N € N with 2 <n <¢N,

el (Sn, B(LY)) < n™t.

5. The Proof of Results

Our presentation is essentially based on ideas and methods developed for isotropic Sobolev
spaces. However, because of the anisotropy, several basic properties applied in the isotropic
setting so not hold or are different. Consequently, a series of arguments in the subsequent
analysis have to be adapted, replaced, and generalized.

Lemma D. Let Q be a rectangle with side length vector 6 = (01,...,04). Then for each
f € Loo(Q) and a € N? there exists a polynomial g € Pa with

||f 79”[;%(@) < a")a(fa 57 Q)ooa

where wa(f, 6, @)oo = Z;lzl Wa; (f,0,Q)ec and Py = span{zX : k; < a;j, 1 <j<d}.

Lemma 5.1. For a € N?, let J be any quadrature rule on C(D) with bounded operator norm,
which is exact on Pa(D), i.e.,

Jg=1I,9 Vg € Pa(D). (5.1)
Then for f € Loo(D) we have
|Idf*<]f| Sc'wa(fveaD)oo- (52)

Proof. Using Lemma D, we have

[af =Jf1 < inf |La(f —g) = J(f —g)]
gEP.(D)
< i Ll ITIDIf = 5.3
S gegi(mmaX(ll als 1IN = gl o (o) (5.3)
S C'wa(fveaD)oo-

The proof of Theorem 3.1. By means of imbedding relationship that WX (D) is imbedded
into HX (D), denoted by WX (D) — HE (D), see [17], it is only required to prove the upper
estimate bound for the class H: (D) and the lower bound for the class WZ (D).

First, we utilize the smoothness in different coordination direction to slip the cube D. For
Py € Ny, let m;(k) = [QPU%)],j =1,...,d, where Py is sufficiently large such that satisfy
mj(k) > 1. According to the equation (3.4) we can find

d .
[T s (k) = [2Poo®S5=1/ms] < 9P (5.4)
j=1

The cube D is divided into 270! congruent rectangle Tj; of disjoint interior, i.e.

2Fol_1

D= U Ty;.
1=0
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Let s;; denote the point in 7Tj; with the smallest Euclidean norm. We introduce the following
extension operator

Ey : F(D,R) — F(D,R)
by setting
(Bif)(s) = f(sis + (mi",...,mg")Ts), (5:5)
for f € F(D,R) and s € D. Now define

=Y i) (7ecm)),

where b; € R and t; € D. For [ € Np, let

oPol—1
Jf = 27PN (B f)
=0

2Pol—1 k—1

— 9-Pol Z ijf(slﬂr(m;l,.--,m;l)tj)-

=0 j=0
By Lemma 5.1 and the imbedding relationship HY, — C(D), we have for f € HE (D)

PRCEES
[Laf = Tf| = |Laf =270 > J(ELf)|
i=0
2Fol _1
2~ P! Z [a(Eui f) — J(Eu f)] (5.7)
i=0
2fol 1
c- 270 N wa(Eiif,e, D).
i=0

IN

IN

Note that

Wa, (Elif,ej,D)oe = sup  esssup | Azj.‘mfl (f,su + (ml_l, ... ,m;l)Tt)|
0<h;<e; terd 7
= sup  ess sup | Ay (f,1)]
0<h;j<mj'le;  t€Tu /

cwa, (f, mj_lej, D)o

IN

g
CQ—Pog(l‘)l, .

IN N

Hence, we conclude that
[Iaf — Juf| < 27 Fost, (5.9)

Let J/f = (Jl - Jo)f Then

2fo—1 1

r—1
J/f = 27P0 Z ijf(qur(ml_l,...,mgl)th)fijf(tj)
: - =0
k' —1

= ) Vif(t;)
j=0
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where
K < k(20T (5.11)
For | € Ny, set
K =1
Tl =T (Buf) = Vif(su+ (mi',...,mzH)7Tt)) (5.12)
j=0
2fol_1
Jp =270 N g (5.13)
1=0

Let us now recall the discretization techniques that has been developed in Heinrich [11]. We
approximate Iyf by Jif with the error bound n=9®)~! | however the node number required
by Ji might be much larger than n. We split Jj into Ji, and J| (I = ko, ...,k —1). In order
to reach the aim of further reduction, the computation of Jj f is replaced by that of the mean
of uniformly bounded sequences for proper IN;. We then estimate the error order by using the
known results.

From (5.13) and (5.12), we have that

2P0 1 k-1
J(Buf) = 2770 Y J(Bu(Buf)
io=0 j=0
Evi(Buf) = EBu(f(su+mi' ... om7H7Tt;)
= f(sli + (m;lv ce 7m;l>T(Sl’i0 + (mflv cee 7m;1>th>)'

Hence,

2fol_1
270 N Ji(Euif)
=0

2ol 1201 k-1

=27 P 3™ NN sy (my e mg ) sa 4 (my YL mg )T,

i=0 ip=0 j=0

Obviously, s;; + (ml_l, e ,m;l)TsliU is the point in Tj41; with the smallest Euclidean norm.
We conclude that:
2fol_1
Jipr f =271 Z Ji(Euf)
i=0
and hence
2f01—1
Jepaf = hf =270 " g f=Jif . (5.14)
i=0
We can conclude that for kg, k € N and kg < k
k—1
T =Jr + > J]. (5.15)

l=ko
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Using the technique similar to that of (5.15), we have that

2f0]—1

— Pyl Z
c-2 0 Wa(EligElifv €, D)oo
i=0
2foj—12%0-1 ¢

= C-Q_Pol Z Z Zwaj(Elifamglej’T17io)

i=0 io=0 j=1
< c¢.2 - Pogm)+1)

[Lq(Euf) — Ji(Euf)]

IN

Therefore
maxo<icn, 1 |JLf] = o J0aX_ |J' (Ewf)| = 0, |1 (B f) — Jo(Eui f)]
B B _ _ .
< omax (10— B)(Eaf) + L~ Jo)(Euf)) (5.16)
< .27 Pog@)(+1) 4 9—Pog(r)l

< .92 Pog(n)l

For n > max(k, 5), let
ko = [log(n/r)/Fo], (5.17)
and

k= (L4 1/9(0)ko]. (5.18)

Therefore, we have 0 < ko < k and put N; = 27! for kg < I < k. In order to define the mapping
Iy : HS (D) — L)"(D), we will introduce some required mappings. First of all, let us fix an
m* € N with

2= /2 < | lgmelkR (5.19)

and
ogm /271 > ¢, (5.20)

where the constant ¢ comes from the inequality || f||c(p) < ¢l f||ax, (according to the imbedding
relationship HY (D) < C(D)). Therefore for f € HE (D)

I flew) < 2m /271 (5.21)

Let the mapping m, (4) : Z[0,N;) = D (j=1,...,5" = 1) be

m, (i) = s, + (my', ... ,mg)TE), (5.22)
Define 8 : R — Z[0,2™*) by
0 if z < —2m" /21
B(z) =14 |27 /2 (24272 if —2mT /271 <y < o7 /20 L (5.23)
om” 1 if z >2m /2-1,

and v : Z[0,2™") — R by ) )
Yy) =27 Py —o2m 2 (5.24)
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It is obvious that for —2™ /2—1 < 5 < gm™/2-1

Y(B(2)) < 2 < 4(B(2)) +27™ /2. (5.25)

The mapping o : Z|0, 2m*)“, — R is defined by

K —1

0o, ywr—1) = > biy(y)- (5.26)
j=0

Since the needed tools are already provided, we give the expression of the compound mapping
Iy for f € H: (D), i.e.,

Ti(f)(@) = o((B o fom, (i))555"): (5.27)
Combining (5.19), (5.29), (5.33) and (5.34), we let x = s;, + (m;",...,m;")Tt} and easily
obtain
K =1

i f = TuD@ < D 05115 6e) =4 (BF G-

By (5.32), (5.28)and (5.26),

K =1
[ =T <272 Y7 b < chmtamok, (5.28)
7=0
By (5.20) and (4.7), it is obvious that
[T/ f = SnTu(f)] < ek~ 129wk, (5.29)

for all f € HE (D). Using (5.23) and (5.35), we have

I < NEEANG e+ ) = (DX

< ¢ 9msmPL (5.30)
We conclude that
I (HE (D)) C 279l (5.31)
Choose p to satisfy the following condition
0<p<g(r)P, (5.32)
and let
ny = "QPUko—H(l—ko)'l, (5.33)
v = [8(2 ln(l — ko + 1) +1n 8)], (534)
for Il = kg,...,k— 1. A simple computation leads to
k—1
PICRAR S VES (5.35)

l=ko
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For convenience, we set

By (5.40) (5.41) (5.18) and (5.25),

k—ko—1
i < nt26(27 + 1)270F N [8(2In(l + 1) + In8)][27#] < 2"k,
=0
Therefore, by (5.24),
n<cn

Using Lemma C (i) and (5.16), we have
eh(Ia, H5, (D)) < 27907k 4 el (Jy, HE (D).

Since x2Foko < n,
4 (Ju, HE,(D),0) = 0.

According to the Lemma B, (5.46), (5.43), (5.22) and (5.42), it is suffices to prove that

e (Jk, H (D)) < e

n

(Jko’H;o(D))aO) + egz—n(‘]k - JkoaHgo(D))
k—1

S Z egm/nl(Jl/5H£O(D))'
l=ko

From (5.36), Lemma C, (4.38), and Lemma A, we have

S, (T H (D)) < ck™1279®P0k el (Sw, Ty, HE (D))
ck=12790Pok 4 cpma(mPuled (S B(LAL)).

IN

Combining (5.45)-(5.48), we conclude

k—1
el (Ig, HE, (D)) < 2 9®P0F 4 ¢y~ cam9tPled (S B(LYY)).
I=ko

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

According to (5.49), Theorem B, (5.40), (5.39) and (5.25), we estimate the error order that

k—1
C2fg(r)ng + Zc . 2—g(r)P0l . n;l

ef(la, Hi, (D)) <
l=ko
k—ko—1
< 62—(9(T)+1)P0k0+62—(9(1‘)+1)P0k0 Z 2—(9(T)P0—M)l
=0
< o.o-(o D) loa(2)
< c-n9m®-1

(5.43)
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Now we prove lower bound, as mentioned above we only need to prove the class WX (D).
Combine the method of Heinrich in [11] and the skill of treating anisotropy we have

en™t < e, (Sn, B(LY)) < en?™el (1, WE (D)) + 5,

here ¢ € Ry can be made arbitrary small. Thus the lower bound immediately comes out. We
omit the details.

The proof of Theorem 3.2. The conclusion of Theorem 3.2 easily follows from Theorem
3.1. Actually, it follows from the definition of complete set A that for any 1 = (I1,...,05) € A
implies lje; € A, j =1,...,d, and then it follows from the definition of the boundary 0A, there
is a unique d-dimensional vector ry = (r1,...,rq) satisfying rje; € OA. This combines with
the definition of the Holder-Nikolskii class implies the imbedding relationship

HZ, (D) < HZ (D).
It follows from a result of Theorem 3.1 that
el (14, HE (D)) < cn=9(ra) =1,
Thus we have the following estimate for the upper bound

el (I, HA (D)) < el (Iz, HEA (D)) < n~90a)—1,

The proof of Theorem 3.2 is complete.
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