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Abstract

In this paper, we investigate Jacobi pseudospectral method for fourth order problems.
We establish some basic results on the Jacobi-Gauss-type interpolations in non-uniformly
weighted Sobolev spaces, which serve as important tools in analysis of numerical quadra-
tures, and numerical methods of differential and integral equations. Then we propose Ja-
cobi pseudospectral schemes for several singular problems and multiple-dimensional prob-
lems of fourth order. Numerical results demonstrate the spectral accuracy of these schemes,
and coincide well with theoretical analysis.
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1. Introduction

The Jacobi polynomials play important roles in mathematical analysis and its applications.
In particular, the Legendre and Chebyshev approximations have been used successfully for
spectral and pseudospectral methods for non-singular differential equations, see [5, 9, 13, 14].
However, in many cases, we need to study other approximations. For instance, the usual Gauss-
type interpolations are no longer available for numerical quadratures involving derivatives of
functions at endpoints, and so we have to use certain specific Jacobi interpolations, see [12].
Next, in numerical analysis of finite element and boundary element methods, we took some
results on the Jacobi approximations as important tools, see [1, 25, 26, 29]. The Jacobi ap-
proximations were also applied directly to numerical solutions of singular differential equations,
and some problems on unbounded domains and aixymmetric domains, see [4, 15, 16, 17, 18].
Moreover, the Jacobi approximations are related to certain rational spectral methods and spec-
tral method on triangle, see [11, 19, 20]. Recently, some authors developed the Jacobi spectral
method for fourth order problems, see [23]. As for the Legendre spectral method for fourth
order problems, we refer to the work of [6, 7, 27].

In actual computations, the pseudospectral method is more preferable, for which we only
need to evaluate unknown functions at interpolation nodes, and thus save a lot of work. Es-
pecially, it is much easier to deal with various nonlinear problems. On the other hand, the
most existing work are for second order problems. But it is also important to consider fourth
order problems. For example, we may simulate incompressible fluid flows numerically, based
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on the stream function form of the Navier-Stokes equations, which fulfills the incompressibility
automatically, and keeps physical boundary conditions. Since this is a nonlinear problem, we
prefer to using pseudospectral method in actual computation.

The mathematical foundation of pseudospectral method for fourth order problems is the
Jacobi-Gauss-type interpolations. In the early work, one considered these approximations in
the standard Sobolev spaces, see [9, 14]. But, in many practical problems, the coefficients
of derivatives of unknown functions involved in differential equations degenerate in different
ways. Thus, the exact solutions are not in the standard Sobolev spaces. In other words, these
problems are well- posed in certain non-uniformly weighted Sobolev spaces. Therefore, we have
to investigate the Jacobi-Gauss-type interpolations in corresponding non-uniformly weighted
Sobolev spaces. Some results on such approximations were established in [21, 22], which are
very useful for pseudospectral method of second order problems. However, so far, there is no
results which are appropriate for pseudospectral method of fourth order problems.

In this paper, we develop the Jacobi pseudospectral method for fourth order problems.
We first establish some basic results on the Jacobi Gauss-type interpolations in certain non-
uniformly weighted Sobolev spaces, which play important roles in the analysis of Jacobi pseudospec-
tral method for fourth order problems. Then we propose the Jacobi pseudospectral schemes
for several fourth order problems, such as singular differential equations and certain related
problems. We also present some numerical results which demonstrate the spectral accuracy of
proposed schemes, and coincide very well with theoretical analysis.

The paper is organized as follows. In the next section, we recall some recent results on
the Jacobi polynomial approximation. In Section 3, we derive the basic results on the Jacobi-
Gauss-type interpolations. In Section 4, we propose the Jacobi pseudospectral schemes for
several problems of fourth order, and prove their convergence. In section 5, we present some
numerical results. The final section is for concluding remarks.

2. Preliminaries

Let A = {z | |z| < 1} and x(x) be a certain weight function. Denote by N the set of all
nonnegative integers. For any r € N, we define the weighted Sobolev space H}(A) as usual,
with the inner product (u,v),,, the semi-norm |v|,, and the norm ||v||,,. In particular, we
denote by (u,v), and [[v] the inner product and the norm of L} (A), respectively. For any
r > 0, we define H} (A) and its norm by space interpolation as in [3]. The space H , (A) stands
for the closure in H7 (A) of the set D(A) consisting of all infinitely differentiable functions with
compact support in A. When x(z) = 1, we omit x in the notations.

Denote by Jl(a’ﬁ)(a:),l = 1,2,... the Jacobi polynomials. Let x(®#)(z) = (1 — 2)*(1 +
x)?, a,8 > —1. The set of Jacobi polynomials is the Li("-ﬁ’ (A)-orthogonal system.

For any N € N, Py denotes the set of all algebraic polynomials of degree at most N. The
orthogonal projection Py a5 : L2 . 5 (A) — Py is defined by

(PN,a,g0 — 0,0)yam =0, Vo € Py.

In order to describe the approximation errors, we introduce the space H;(aﬁ) 4(A). Forr €N,
its semi-norm and norm are given by

r

1
[0l xomr 4 = 1050llgcarrsin,  [0llryem a = O 10502 @insin)?-
k=0

For any r > 0, we define the space and its norm by space interpolation as in [3].

Due to Theorem 2.1 of [22], we have that for any v € H (o) 4(A),reNand 0 < p <,

| PN ,a,5Y = ]l yytesr 4 < NPT 0], 00 A (2.1)
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Hereafter ¢ denotes a generic positive constant independent of N and any function.

We now turn to the Jacobi orthogonal projections of high orders. As is well known, in many
practical problems, the coefficients of derivatives of different orders involved in differential
equations degenerate in different ways. Thereby the exact solutions are not in the standard
Sobolev spaces, but in certain non-uniformly weighted Sobolev spaces. Consequently, we need to
study the Jacobi orthogonal projections in non-uniformly weighted Sobolev spaces. To do this,

let , 8,7,0,1,0 > —1, and introduce the spaces H,’f&n o(A),0 < p<1and Hgﬁ_’%&nﬂ(A),O <
n <2 Forp=0, Hg,ﬁ,%&n,G(A) = HS,&%Q(A) = Li(,,,ﬁ)([\). For 1 = 1, we define the norm

1
[0l 7,56 = (015 g + 1012 n0) 2
X X
For = 2, we define the norm
1
[0llz,0,6,7.6m0 = (1015 i + 0I5 vy + 012 000)) 2
X X X

The spaces HY' 5 4(A), 0 < p < 1 and HY 5 5. 4(A), 0 < p < 2 are defined by space

[e3
interpolations as in [3], with the norms ||v|,,~,6,7,0 and ||[v||,a,8,~,5,7,6, Tespectively.
Now, let

Uy 5.,0(U, V) = (Oz; 020) 3 (v.0) + (U, V) gm0y, Vu,v € H;(;),I)Q(A),

Ao, B,y,5,m,0 (U, V) = (8§u,8§v)x<a,5> + (0pu, 020) vy + (U V) ynoy,  Yu,v € Hi,ﬁ,'y,é,nﬁ(A)'

~,8,m,0 - H;(;’n’e(A) — Py is defined by

The orthogonal projection PI{,’
@y,5m.0(Pr iy 5,000 =0 8) =0, V6 € Py.

The orthogonal projection P]%/,a,ﬂ,’y,&,n,e : H2,5,7,6,n,9(A) — Py is defined by

«

2
Ao, B,7,8:m,0 (PN gy ,6m,00 — Vs ®) =0, Vo € Pn.

For description of approximation results, we introduce the spaces H;(a,ﬁ)}*(A),r > 1 and

H;(a,m . (A),r > 2. For r € N, their semi-norms and norms are given by

r—1
1
[l e = (050l @tr-rotr-n,  0llyces e = O NOET 0l pns1m) 2
k=0
r—2
1
"U|T‘,X(D"ﬁ)7** = ||8;v||x(“+r_2ﬁ‘*”_2)5 ||v||r,x(“‘v/’),** = (Z ||a]:c€+2v|‘>2<(a+kﬁ+k))2 .
k=0

We define the spaces H;(w,),*(A),r > 1 and HQa,ﬁ)’**(A), r > 2 by space interpolations as in
[3].
We know from Theorem 3.1 of [22] that if v <n+2,0 <8+ 2,r € Nand r > 1, then for
any v € H (o) (A),
||P]{/,’y,5,n,9v - ’U||1,%571779 < CNl_T‘U‘T,X(%‘”,*' (22)
If, in addition, y <n+1and 6 <0+ 1, then for 0 < p < 1,
||PJ{I,%6,n,0U — Voo < NP0l o) e (2.3)

Furthermore, we have from Theorem 2.1 of [23] that if « < min(y+ 2,7+ 4), < min(§ +
2,0 +4),r € Nand r > 2, then for any v € H (o) (D),

”Pl%f,a,ﬁ,'y,&n,&v - UHQ,OC”@,%&W,@ < CNZ_T|’U|T,X(“=‘3),**' (24)
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If, in addition, a < min(vy,n + 2) and § < min(d, 6 + 2), then for 0 < p < 2,

le%,a,ﬁ,fy,é,nﬂv - U”#@ﬁﬂﬁﬂ?ﬂ < CNH?T‘MT,X(O‘J*),**' (25)

We next consider a special orthogonal projection which plays an important role in the
analysis of Jacobi pseudospectral method for axisymmetric domains. To do this, let
0H2

o grome D) ={v|veH: 5 5. 4(A) and v(1) =0},
ogHg,ﬁ,w,an,e(A) ={vlve Hz,ﬁ,'y,é,n,O(A) and v(£1) = d,v(—1) = 0},

[e3%

HE o A = (v | ve HE o (A) and (1) = d,0(+1) = 0},
Set Ay, =02 — (1 —2)~10,, and
Bs(u,v) = (Agu, (1 — 2) Ay (14 2)%0)), Vu,v € Hiﬂ’_lﬂ’lﬁ(A).
It was shown in [23] that for any u € °HZ 5_ 5, o(A), v € o0HZ 5. 5, 9(A) and § < 1,

B (u,v) < cflul

2.1,8,-1,6,1,6/V[12,1,8,-1,8,1,5- (2.6)

If, in addition, 0 < 3 < £, then

Ba(v,v) > cllol 15151, (27)

Let
PR — {v | v e Py and v(£l) = dv(£l) = 0}.

We introduce the mapping Q% 5 : Hi 5 1 g 3(A) — Py such that Q% yu—v € Hf | 5 1 5 5(A)
and

Bs(Q%5v —v,0) =0, VoePY. (2.8)

According to Theorem 3.1 of [23], we have that for any v € H} 5 | 5, 5(A)N H;(@B)’**(A), re
N,r227—1<d<land0§ﬁ§%,

1Q% 50 = vll2,1,8,-1,6.1,8 < N* [0l ywm a- (2.9)

We now give another orthogonal projection which will be used in the sequel.

The orthogonal projection ﬁi,’i’ﬁ : Hg (@B (A) — PY is defined by

(O2(PR, jv —1),020)yem =0, Vo€ PR

We know from Theorem 2.5 of [23] that if —1 < o, < 1, a < v+ 2, § <+ 2, then for
any v € H? (@B (A) ﬂH;(aﬁ) ..(A) and integer r > 2,

1P, 50 = 0ll2,a8..6m0 < CNZ7 0] o o (2.10)
In particular, for 0 < p < 2,

||]3]%f7,%,0v - UHH’OyO,’Y,&Wﬁ < CNH_T|’U|T7X(0,0)7**. (2'11)

3. Jacobi-Gauss-Type Interpolations

In this section, we establish the basic results on the Jacobi-Gauss-type interpolations in
certain non-uniformly weighted Sobolev spaces, which are appropriate for the analysis of Jacobi
pseudospectral method for fourth order problems.

(.B)  ~(cr,8) (e.8) . io1e 7(@8) (e,f+1)

Let i n'j» Cron; and Cp x5 be the N +1 zeros of polynomials Jy'}'(2), (1+z)Jy (x)

and (1 — 2%)J ](\?jll’ﬁ +1)(:1c)7 respectively. Assume that they are arranged in decreasing order.
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According to [28], there exist the corresponding Christoffel numbers w(Z ]\[; )J, 0 < j < N such
that

/A $(2)x @) (z)dz = Z S wE ) VO EPangr,, Z=G.RL,  (31)

where Az = 1for Z = G, A\y =0 for Z = R, and Az = —1 for Z = L, respectively. The
corresponding discrete inner product and norm are defined by

N
1
(1, V) g zx = I UCETRNVCE N Mol 2 = (0:0) 200 5 x
j=0
By (3.1),
(¢7 ¢)X(aﬁ>,z,N = (¢7 11[}))(("«13)7 v¢ ! 1/) € PQN‘FAZ? Z = Ga Ra L. (32)

Moreover, for any ¢ € Py (see (2.26) of [21]),

a+p+1
9l cemy <@l v < 4/2+ 7||¢||X<a 8- (3.3)

The Jacobi-Gauss-type interpolations Zz . ,gv € Py are determined by
Tz nap0((ER)) =v((ZX)), 0<j<N, Z=G.RL (3.4)

They are named as the Jacobi-Gauss interpolation for Z = G, the Jacobi-Gauss-Radau inter-
polation for Z = R, and the Jacobi-Gauss-Lobatto interpolation for Z = L, respectively. These
interpolations are stable. In fact, for any v € H>1<<a,5) 4(A) (see Theorems 4.1 , 4.5 and 4.9 of

[22]),
1Z2,8,0,80 [t < el[0]l s + N7Holy s a) (3.5)
where Z = G for general v(z), z=Rifv(—1) =0, and z = L if v(—1) =v(1) = 0.
Before deriving the error estimates of the above interpolations in the space H! 8.6 o(A),
we list the following inverse and imbedding inequalities:

e For any ¢ € Py and r > 0,

”qj)Hr,x(“wB) < CNZ?“HQJ)HX(“’@' (36)
If, in addition, o, 8 > r — 1, then
91l yamr < eNT||@llyamrp-r - (3.7)

o If v(xg) =0 for zp € A, then for y <n+2and 6 <0+ 2,

[ollymor < clvly yes- (3.8)

e For any measurable function (x), real numbers a < b and ¢ < 1,

/bi /w )dy)? b—fchx<—/w b—x)ldz. (3.9)

The results (3.6) and (3.7) come form [18]. The result (3.8) comes from [21]. The result (3.9)
comes from [24].

3.1 Jacobi-Gauss Interpolation
We first estimate the approximation error of Jacobi-Gauss interpolation.
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Lemma 3.1 (Theorem 4.2 of [22]). For any v € H (00) o(A), integerr > 1 and 0 < p <,

1Z6,N,0,80 = V| o) 4 < ENFTT |0 (000 4 (3.10)

In numerical analysis of pseudospectral methods for hight order problems, it is more im-
portant to estimate the approximation errors in non-uniformly weighted Sobolev spaces, stated
below.

Theorem 3.1. If
a<min(y+2,n+4), [ <min(d+2,0+4), (3.11)

then for any v € H;(aﬂ)’**(A) and integer r > 4,

”IG,N,Oéﬁv - vHZO&ﬁ,%J,n,O < CN4_T|U|r7X(a,ﬁ)7**~ (3.12)

Moreover, if
a <min(y,n+2), [ <min(d,6+ 2), (3.13)

then for any v € H;(aﬁ),*(/\) and integer r > 2,

1Z6.N.0,50 = Vll1y.5m0 < EN*TT [0l o e (3.14)
Furthermore, if

a<n, (<0, (3.15)

then for any v € H”

s 4(A) and integer r > 1,

||IG,N,04,BU — ’UHX(T,,Q) < CN7T|"U|T’X(Q,[1),A. (316)

Proof. Obviously, IG7N7O¢751)(C8}€7)J-) — o éa]@) =0, 0<j<N. Take z¢g = Cg’j}g,)N' By
Rolle theorem, there exists x1 € (C&‘}@V, éof}@)N_l), such that 0,Z¢ n,a,50(21) — Ozv(z1) = 0.

For simplicity, we denote Py, 5,3 by Py g and Py, 5, 5,5 by Py, 3 Then by (3.8),
(3.11), (2.5), (3.6) and (3.10),

1Z6,N,0,6 v = Vll2,0,8,7,6m,0 < ¢(|ZG,N,0,80 — Vg y(@.0) +1ZG,N,0,80 = V]1 yrt2.042))
< c(|Za,N,0,8Y — Vg y@n +1Za,N,a,80 — Vg ta0+n) < € Za N,a,50 — Vg @0
< C(|PJ%,7%BU — ’U|27X(a,6) +1Ze N8V — P]%7a7ﬁv|2,x(a,ﬁ))

< CN27T|'U‘T7X(Q,5)7** + CN4(HIG7N7Q7[3’U — UHX(a,ﬁ) + ”P]%f,aﬂv — ”UHX(Q,B))

< CN47T|IU‘T7X(W5)7**'
(3.17)
This leads to (3.12). If (3.13) holds, then by (3.8), (2.3), (3.6) and (3.10),

1Z6,N,0,80= Vl1,4,6,0,0 < |ZG,N,0,80 — V|1 y (o)
< PN 0.5V = V1 y0m + 1 ZaNa.p0 = Py o011 00

<UPN 0,50 = V1 g + N?(IZ6,N,0,60 = Vlly@s + 1Py o 50 = Vlly@5)

< NVl @ w + N2 ([0l g@m 4 + [Vl yem 2) S N2 0] 0 o
(3.18)
This leads to (3.14). If (3.15) holds, then || Zg na,50 — v|ym.0) < €l|Za N0,V — V|lyo.5. This

with (3.10) leads to (3.16).

3.2 Jacobi-Gauss-Radau Interpolation
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For analyzing the Jacobi-Gauss-Radau Interpolation, we need the following lemma.
Lemma 3.2 (Theorem 4.6 of [22]). For anyv € H 4 ,(A), integerr>1 and 0 < p <,

||IR,N7,1”(3’U — 'UH (@.8) 4 < CNH7T|’U| (@.8) A- (319)
X (8, pax (8,

Theorem 3.2. If (3.11) holds, then for any v € H;(aﬁ)7**(A) and integer r > 4,
HIR,N,Q,,@U - v”lﬂ,ﬁ,'y,é,nﬁ < CN4_T"U|7~7X(0,B)7**. (3.20)
If (3.13) holds, then for any v € HY o) L(A) and integer r > 2,
IZr.N.0.50 = Vll178m0 < EN*[0], o s (3.21)
and if (3.15) holds, then for any v € H o0 4(A) and integer r > 1,
IZr,N,a,8v — Vllym.o) < eNTT|0], (@) A (3.22)

Proof. We can prove this theorem by (3.19) and an argument similar to the proof of Theorem
3.1.

3.3 Jacobi-Gauss-Lobatto Interpolation
We now turn to the Jacobi-Gauss-Lobatto interpolation. We need the following lemma.

Lemma 3.3. There exists a mapping Pﬁhaﬁ : Hi(aﬁ) 4 — Pn such that ﬁj%,)aﬁv(fl) =

v(—1), P]%Laﬁv(l) =v(1) and for any v € Hi(a-ﬁ),A(A)’
(02(P% o 0 — ), 020) (at2asn) =0, Ve € Py. (3.23)
Moreover, for any v € H;(aﬁ),A(A), integerr > 2 and 0 < p <,

1P% 0,59 = Vll sy 4 < NPT [0l em a- (3.24)

Proof. Let Py o g be the orthogonal projection as in (2.1), and set
~ oy
P]%f,a,[a’v(x) = / / PN _2.042512020(s)dsdy + ax + b
-1J-1

where a and b are chosen in such a way that ﬁj%ya”@v(—l) =v(-1) and ﬁl%/,aﬁU(l) =o(1). By
the definition of Pn_2 o+2,3+2, we have that

(35(.13]%_’047%1) - 11)7 a£¢)x(a+2,ﬁ+2) = (PN727Q+2,g+285U - 83?), a§¢)x(a+2,ﬁ+2) =0, ng € Pn.
For any integer u > 2, we use (2.1) to verify that

||85(P12V,a,ﬁv - v)Hx<°‘+“v5+“) = ”8572(PN*2,04+2’B+2830 - 631})“94(0‘*“’5*“) (3 25)
< CNIL?T|6§U|T_27X((x+2,[1+2),A = CN”7T|U|T,X(Q,/5),A.

We now prove (3.24) with p = 0. Let g € Li(f’>ﬁ> (A) and consider the auxiliary problem
((‘ﬁw, 8%Z)X(a+2,ﬁ+2) = (g, Z)X(a,,e), Vz S Hi(a’ﬁ),A(A)' (326)
Let z(z) vary in D(A). Then in the sense of distributions,
92 (02w(@)x T2 (1)) = g(a)x ) (). (3.27)
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Accordingly,
dpw(z) = q(z)xTH T (@)03w(@) + ga(@)x 7P (@) Dpw(x) + x T (2)g(x)
where ¢; (z) and ¢o(z) are some polynomials of z. Hence
102wl yara0tn < (0wl yarzsr2 + 05wl s + [lgllws)- (3.28)

So it remains to estimate [|03w| a+2.5+2 and [|02w]|,(as. Since a4+ 1,3+ 1 > 0, we have
that 02w (z)x (@202 (x) — 0 and 9, (8%w(z)x(*T25+2)(z)) — 0 as |z| — 1. Thus integrating
(3.27) and using the Hardy inequality (3.9) twice yield that

1
| @@ x (@) = / (ca=t=p=a)(y / / X (s)dsdy)*da
0 0

1
< c/ (1—z)"*" @) (s)dsdy)?dx
0

<e [ - / D e < | s @yis.

0
(3.29)
Similarly, we use (3.27) to derive the expression of 92w(z), and use (3.9) to deduce that

1
| @@y @
0 ) 1
se / € / 02w (y)xX ™ (y)dy)* + ( / d P @)dy)2)de  (3.30)
0 x
1
< [ (@) + @) @)
0
Also, there hold the estimates on the subinterval [-1,0], like (3.29) and (3.30). The previous
statements with (3.28) implies that |0jw|| @+1.5+0 < ¢llg]ly .. Now, taking z = Pl%,a,ﬁv —w

n (3.26), we use (2.1) and (3.25) to obtain that

(PR 050 — ¥, 9)ytam | = |(O (P]%/a BV = ), 05w) (at2.542) |
= |(32(P1%r 0,5V = V)s PN 2,012 512030 — Do), (at2,542) |

< O2(PE o g0 — V)|l o242 | PN—2,052,512020 — 82w]|yarz.5+2)
<cN~ ‘U|T7X(a B)7A||8§w||x(a+4,ﬁ+4) <cN7"
Consequently,
5 (P35 = 0,9) x| _
1P .50 — vllym = sup . aﬁ ” X < N7l g (3.31)
€L, o™ Il
(o
g#0

We next prove (3.24) with p = 1. Let g € Li(a +1.5+1 (A) and consider the auxiliary problem

(83111, 3§z)x<a+z,ﬁ+2> = (g, aTZ)X((x+1,[3+l)7 Vz € Hi(avﬁ),A(A)' (332)
In the sense of distributions,
—0, (2w (x)X T2 () = g(a)x*THID (). (3.33)

Thus 03w (x) = q1(z)x "V (2)02w(x) — x"H Y (x)g(z), qi(x) being a certain polynomial
of z. This implies that [|03w]|, (a+s.s+8) < ¢([|02w]| (@r1.840 + [|g]lyar1o+n). So it suffices to
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estimate [|02w]|, (a+1,641). Since o+ 2,3+ 2 > 1, we have that 2w (z)x @+ () — 0 as
|z| — 0. Therefore integrating (3.33) and using (3.9), we derive that

1 1 1

[ @@yt 0@n = [ e s @[ g )y

0 0 T
1 1 1
—— 1 [e3 e
<c [ @-o i@ [ s I Gy < [ P @)
0 T 0
(3.34)

A result similar to (3.34) is valid on the subinterval [-1,0]. The above facts leads to [|03w||, a+s.5+2)

< cllgllye+1.8+1) . Now, taking 2 = ﬁ]%’a’ﬁv — v in (3.32), we use (2.1) and (3.25) to verify that

(02 (PR o, 50— 0)s @) yiarroen | = [(02(PR o 50 — V), PN—2,0+2,6+205W — 0310) (a+2.42) |
<0 (PR 0. 5v — V)|l o242 | PN —2,042,51205w — D3w]|y (at2.42)
< NV ol e all 03wl yars orn < N0l 0m allgllornsin -

Therefore,
5 |0 (PRa50 = 0):)ternmen] _
0B vl = oup A= b < N ok
9EL2 (at1,p41) M) ettty
97#0
(3.35)

Finally, (3.24) follows from (3.25), (3.31), (3.35) and space interpolation.
Lemma 3.4. For any v € H:<a,3)7A(A), integer r > 2 and 0 < pu <r,

||IL7N,Q’5U — UHMX(""H),A < CN”7T|’U|T7X(&,;3)7A. (336)

Proof. Due to (3.5), (3.7) and (3.24), for integer p > 0,

108 (Zr.N 0,80 = PR o.50) I xtatmsrwy < CNHITL N0,8(PR a.50 = V)l
S eNF(|PR o 50 = 0llyen + NTHPR 50 = Vly yiem a) < ENFTTJ0], (00 4

Moreover, using (3.24) again gives that
108 (ZL,N,0,80 —0)|[yatnstm < ||Q§‘(1312v,a,gv — V)| (atmstm
|08 (Ze,N0,80 — PRy o g0) Iy totuorm < NPT 0], (0o a-

We complete the proof with space interpolation.
We are now in position to estimate the approximation error of Zr, n o, in the space H 2 Bor,8m,0

(A).

Theorem 3.3. If (3.11) holds, then for any v € H;(a,ﬁ) ..(A) and integer r > 4,

IZ2,¥,0,50 = Vll2,0,8,7,60,6 < EN* 0l 30008 - (3.37)

If (3.13) holds, then for any v € H;m,ﬁ) L(A) and integer r > 2,

I1Z0. 80,50 = Vll1y.6m6 < CN?7"[0] s e (3.38)

Moreover, if (3.15) holds, then for any v € H; (A) and integer r > 1,

(a.8), A

1Z2.N.0,50 = vllymo < N7l @6 a- (3.39)
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Proof. We prove this theorem by using Lemma 3.4 and the same argument as in the proof
of Theorem 3.1.

4. Jacobi Pseudospectral Method for Fourth Order Problems

In this section, we propose the Jacobi pseudospectral schemes for several model problems
of fourth order, prove their convergence and present some numerical results.
Model Problem 1. We first consider the singular problem

92(a(2)02U () — 92 (b(2)0,U () + c(x)U(x) = f(x), x €A (4.1)
For simplicity, we assume that

a(z) = a1 (@)x (@), bla) =bi(@)x (@), e(@) = (@)X (@), 8,76 >0, (42)

’ " 3
ai(z) € H*(A), bi(z) € H* (A), ci(x) e H® (A), 5,88 > T (4.3)
a1(z) > amin >0,  b1(x) > bypin >0, c1(x) > cmin >0, Va € A. (4.4)

Clearly, for any v € H2 ;5 ,(4), we have that (1 — 2)+1(1 + )1 (220(2))? — 0, (1 -
)71 4 2)0 (9,v(x))? — 0 as |z| — 1. Consequently, for m € N,

(l—x)%7%+m(1+x)§+%+m8;”v(x) — 0, (1—x)%7%+m(1+x)%7%+m8;”v(x) — 0, as|z|]— 1.
Therefore for any u,v € HZ 5 5. 4(A),
0z (a(x)02u(x))v(x), a(z)0?u(z)d.v(z), b(x)dpu(z)v(x) — 0, as|z|— 1. (4.5)
Now, let
Aapysno(u,v) = (a10%u, 3§v)x(a,m + (0101, 020)y (v.8) + (C1U; V) (n.0) -

We multiply (4.1) by v € Hg’ﬁmém’e(A), integrate the resulting equation by parts, and then
use (4.5) to derive a weak form of (4.1). Tt is to find U € HZ 5 5, o(A) such that
Aa,ﬁmM,O(Ua v) = (f,v), Vv € HZ,B,y,é,n,G(A)' (4.6)

Next, let IV be any positive even number. We introduce the bilinear form
Ao .60 (1, 0) = (@020, 030) @ G n + (01021, 020) .6 g 8 + (18, V) y 000 G N

where a1 = Pny2 0001, 51 = Pnj2,0,0b1 and ¢ = Pyy,0,0c1. Furthermore, let f(x) = x(=m=0)
(z) f(x). The pseudospectral scheme for (4.6) is to find uy € Py such that

Aaprsmon(n,®) = (f, @) w0 gn, Vb€ Py. (4.7)

We now consider the existence of solution of (4.7). In fact, by virtue of (3.2), for any

¢, € Pn,
[ a.7,5.m,0,8 (6, 0)] < (@]l e (a)y + 01l oe ay + 1€l oo )16 ]12,008,7,6.0,6 18 l12,0,8,7,6.m.0-
Moreover, for any v € H"(A) and r > 3/4 (see [9]),
1Py .0.0v = vl (a) < eN¥/477 o], (4.8)

The above with imbedding theorem implies that ||a1 || ze(a) < clla1l[3/4, etc.. Therefore

| Aa8.~.6m08(00)| < c(llarllzza + Ib1ll3/a + llerlls/a)|ll2.0.6.7.8.m.010]2.0.87.6m0-  (4.9)
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On the other hand, we have from (3.2), (4.3), (4.4) and (4.8) that for large N,

Ac,y,6m.0,8(0,0) = cl|9ll2,a,8,7,6,m.0, Vo € Pn. (4.10)
By (4.9), (4.10) and the Lax-Milgram lemma, (4.7) has a unique solution such that

208,60 < TG, N0 Fllymo-

l[un]

We have the following result on the convergence of (4.7).
Theorem 4.1. Let o < min(y+2,6+4) , 6 < min(6+2,0+4) andr,c € N. IfU € H' , 5 . (A)

- X
withr > 2, and f € H;(n,e)’A(A) with o > 1, then

U= unll20,85.6m0 < N2 Ul ww + c(N3475lag |5 |Ul y o0

) i 4.11
N3y | [U s s + N34 et s | Uy + N7 F g xinor, ), .

c* being a positive constant depending only on the norms ||a1|[3/4, [b1]|3/4 and [[c13/4-
Proof. In order to obtain better error estimate, we set Uy = Pl%fﬂ,ﬂm&nﬁU' Then by (4.6),
(4.7) and the ellipticity (4.10),

clUn=unl3a.6,.6m0 < “Za,ﬁ,%&nﬁ,N(UN: un,Un — un)
= Aa 87,608 UN, Un —un) = (f,Un —un)yo0) g N (4.12)
= Aa87.0m0.NUN,Un —un) = Aagy 606U, Un —un)
+(f,Un —un)yomo — (f,UN = UN) 000 g N+

For simplicity, let

Avaw37’)’75,77,9(u7 U) = (51892:u7 8iv)x(avﬁ) + (blawuv C%U)an + (Elu7 U)X(mG)a

G1(U,¢) = Aapry.6.0.0U, &) — Aap.y5m0(U, 9),
G2(U,Un, ) = «Za,ﬁ,%é,n,e(U, ¢) — Ava,ﬁ,’y,é,n,Q,N(UNa ®),

Gs(f,0) = (F,0)xnor — (F1 )00 G-
Then (4.12) implies that

G4 (U. Go(U,U Gs(f,
2.cBr.dmd S c sup | 1( 7¢)| + ‘ 2( s UN > ¢)| + | 3<fa ¢)|
BEP N $£0 H¢||2,a,/3m5m79

We now estimate the right side of (4.13). By (4.8),

||UN—UN . (413)

|G1(U, 8)| < ([[a1 — a1lpoo(a)|Ulg ycem) + [|b1 = b1l Loe (a) U1 xr0)
+[er — eillpoe W 1U .0 18ll2,00,8.7.6,m.0 (4.14)
< c((%)3/4”—s||a1|\5|U|2,X<a,5) + (54 by || U1y '
+(E) 7 lealls U Lo ) D ll2,0,8,7.6m.6-

On the other hand, (3.2) implies that

Ac.4,5m0N(PR/2.06.4.6m6Us 0) = A 7500 (Pr2.0,8..6m0Us @)y Yo € Py
whence
|G2(U7 Un, (b)‘ < ‘Aaﬁa%éﬂ’he(PI%//Z,a,ﬁ,'y,é,n,OU_U? ¢)|+|A(1,ﬁ’%5’7h9,1\’(PI%/'/Q,Q,,B,'}/,&U,OU_UN7 (b)‘
According to (4.9),

A 0,.7,61.0.8 (PR /3,005,500 = Un: @)l

< C*(”PJ%I/z,a,ﬁ,»y,a,n,oU = Ull2,a,8,7,6m,0 + U - UNHZ,aﬁ,%zF,n,G)||¢||2,a,ﬁm5my0°
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The above with (2.4) and a similar argument leads to that

G2(U.Un, 9)| < *(IPR/2,0.54.6m.0U = Ull2,as87.6m.0 + U = Unll2,0,6,7,60,0)19l12,0,8,7.6.1.0

< ENPTU o sl €l12,0,8.4.5m.6-
(4.15)
Furthermore, we use (3.10) to obtain that

Gs(f, o) < | Zawmof — fllxmo 9l yme < N7 f]

Finally, a combination of (4.13)-(4.16) and (2.5) leads to (4.11).
Remark 4.1. If a; € Pras, b1 € Pras, ¢1 € Prr1, K > 0 and (4.4) holds, then we can
approximate (4.6) in another way. In this case, let

a,x("h@),A||¢||2,a,,6’,%5,77,9- (4-16)

Aa757’>’75,77,97N(u7 v) = (a163u7 8§U)X(a»5>,G,N + (bla:vua 8wv)x<7~‘5>,G,N + (Clua U)X(nwe),G,N'

The corresponding pseudospectral scheme is to find uy € Py such that

Aa,ﬁ,%é,n,G,N(“Na ¢) = (J?’ qb)x(”ve),G,Na V¢ € Pn.

The ellipticity is also valid for Aq g,y,6,5,0,5 (¢, %). So we can derive the estimates like (4.12) and
(4.13). But in their derivations, Aq g,,64,0,8 (U, ¢) and Aq 5,+,5n.0,8(Un, @) are now replaced
by Aa.g.~.6m.0n8 U, ¢) and Aq g.+.6n.08Un, ®), respectively. Thanks to (3.2),

2 2
Aaﬂﬂ,éw,GJV(PN—k7a,ﬁ,7,671779Uv ¢) = Aaﬁ,%&m@(PN—k7a,B,'y,6,n,9U’ $), V¢ € Pn.

Therefore, if conditions of Theorem 4.1 are fulfilled, then we use (2.5) and the same argument
as in the proof of Theorem 4.1 to conclude that

U = unllz.a80.600 < cCN* Ul @) we + N7l Flloxnor, 4)-

Model Problem 2. We now turn to another model problem. Let Q = {(y1,92) | ¥? +y3 <
4}. We consider the following problem on an axisymmetric domain,

(4.17)

N2W =G, in Q,
W:gOu a’nW: —91, on 0f)

where gg, g1 and G are given functions.

Let y; = rcosf and y2 = rsinf. Accordingly, V(r,0) = W(rcosf,rsinf) and F(r,0) =
G(rcos®,rsinf). Furthermore, let A, g = 92 + 7719, + r7205. Then the problem (4.17) is
changed to

{AMV =F (r,0) € (0,2) x [0,27), (418)

V(279) = 4o, 8TV(2,9) = —Ji1, 0 e [0,271’).

Obviously, 05"V (r,0) = 05"V (r, 2m). In addition, the solution V (r, §) satisfies the pole condition:
HV(0,0) =0, 6¢€]l0,2m).

We can use the mixed Jacobi-Fourier pseudospectral method to solve (4.18) numerically.
For clarity, we now focus on the case in which F' is invariant under the rotation in the sense
of [4]. Then V(r,0) and F(r,0) become V(r) and F(r), and go and g; become two constants,
respectively. Consequently, (4.18) is reduced to

{ @2 +r710,)°V =f, 1€(0,2),

(4.19)
V(2) = go, 8TV(2) = —g1.
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In order to solve (4.19) numerically, we make the variable transformation: z = 1 — r.
Accordingly, U(z) = V(1 — z) and f(z) = F(1 — x). Let A, and Bg(u,v) be the same as in
Section 2 (see (2.6)-(2.8)). Then the problem (4.19) is reformed to

{AﬁU(x) = f(z), x€A,
U(—].) = do, 8IU(—1) =Jd1.
For simplicity, we assume that U(1) =0 and 9,U (1) = 0. For U(1) # 0 or 9,U(1) # 0, we may

use a variable transformation, as discussed in [2].
We now derive a weak formulation of (4.20). Let 0 <3< 2 and v € H3)17B771)ﬁ’175(/\). By

multiplying the first formula of (4.20) by v(z)x"?)(z) and integrating the result over A, we
obtain that

(4.20)

(AiU, ’U)X(l,ﬁ) = (f, 'U)X(l,,(f) .

Furthermore, integration twice gives that
(A2U0,0) 0.8 = / 9% Ny U(z)v(z)x M (z)da — / Op Ny U(x)v(z)(1 4 2)Pdx
/A U(z)02 (v(x)x 1P (z) dx+/A U(z)0y (v(x)(1 4 z)%)dx

:/AAmU(I)((lfl“)ai( v(z)(1+2)”) = 8z (v(2)(1 + 2)")dz = By (U, v).
Let
OHY 5 16150) ={v|veH] 5 1 514(A) and v(1) = dyv(1) = 0}.
A variational formulation of (4.20) is to find U € “H} 5 | 5 5(A), such that U(-1) = go,
8IU(7]‘) =01, and
BB(U,'U) - (f, U)X(l,ﬁ)7 VU S H0271767_1757175(A). (4.21)

If f e (HF 5 1513(M), then by (2.6), (2.7) and the Lax-Milgram Lemma, (4.21) has a
unique solution.
Let 9Py = {v | v € Py and v(1) = d,v(1) = 0}, and

Bo.n (u,v) = (Dgu, (14 2) 77 Ay (1+2)%0))yam g v

A direct calculation shows that A,¢, (1+2)77 A, (1 +2)P¢)) € Py for any ¢ € PY. Thus
by (3.2),
Bﬂ(¢7¢) = (Am(bv (]- + m)_ﬁ Az ((]— + 95)67/’))%((1,6) - Bﬁ,N(¢a 1/})7 V(bvql} € ,PRP (422)

The pseudospectral scheme for (4.21) is to find uy € Py such that uy(—1) = go, dpun(—1) =
g1, and

Bsn(un,9) = (f,¢)yam rn, Vo EPR, (4.23)

We now prove the convergence of (4.23). Let Q% 3 be the same as in (2.8). Set Uy = Q% 3U.
By virtue of (2.8) and (4.21),

Bs(Un,¢) = Bs(U, ) = (f.d)yom, Yo €PY. (4.24)
Furthermore, we use (2.7), (3.2) and (4.22)-(4.24) to deduce that

c|Un — UN”% 1,8,-1,8,1,8
<Bs(Un —un,Un —un) = (f,Uxn —un)yas — (f,UN —un)yam r N
=(f —ZrnN1sf,Un —un)yam < If —Zrn1sfllyas luv —Unll2,1,6,-1,61,8-
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This fact implies that

1Un —unll2n,8-1,618 < clZrnisf — fllyas.

Finally we use (2.9) and (3.10) to reach the following result.
Theorem 4.2. Let -1 < a < 1,0 < 8 < %,r eNandr >2. IfU e HlQﬂ,—l,ﬁ,lﬂ(A) N
H" (A) and f € H' 2, ,(A), then

x(8:8) xx x(1.8) A

1U = unll21,8-1,81,8 < N7 (|Ul, @8 sx + [ flr2 ), )-

Model Problem 3. The third model problem is as follows,

02U (x,t) + U3(z,t) + 02U (z,t) = f(z,1), reN 0<t<T,

0, U(£1,t) = U(£1,t) = 0, 0<t<T, (4.25)
0U(2,0) = Uy (z), x €A, ‘
U(.T,O) = UO(aj)a U ]\7

where Uy (1) = Up(£1) = 9,Up(£1) = 0. Its weak formulation is to find U (t) € H'(0,T; L*(A))N
L2(0,T; H3(A) N L*(A)) such that 8;U(0) = Uy, U(0) = Up, and

(O2U(1) + U(1),0) + (2U(0).9%) = (f(1).v), Yoe HA(A), 0<t<T. (426
The corresponding pseudospectral scheme is to find uy (t) € PY for all 0 < ¢ < T such that

(OFun () + ud(£), @) y0.0 1 + (O2un(t),020) 0.0 1 N

= (f(t)7 QS)X(O‘O),L,N’ Vo € P]Qf07 te (O’T]’ (4 27)
Oun(0) = un 1, '
un(0) = un,o,

where uy ; are some approximations to U;, j = 0, 1. For instance, we may take uy ; = ]513,’7%70Uj
or un,; = k?VUj, k3%, being the interpolation operator given in (13.17) of [5].

We first derive a prior estimate. Putting ¢ = 20;un () in (4.27) and using (3.2), we obtain
that

Ocl|Opun ON* yoor, 2,5 + 50 lun (Il v + Oelun ()3

4.28
= 2(F (), drun ()0 1w < IF D00 5+ 10x O e 2
1
where [|vllis z,n = 0?2 0.0) 1 y-
For simplicity of statements, let
1
E(v,t) = [0 0.0 1x + 5I0@ i + 0015,
As in [30] , we multiply (4.28) by e, and then obtain that
8t(e_tE(uN7t)) < e_tHf(t)Hi((J,O)’LJv'
Integrating the above with respect to ¢, we obtain from (3.3) that
Blun,t) < e (Bun,0) + [{ e 1 £ 5 yds) < cBluno,una, f,1) (4.20)

where

1 b
B(u,v,w,t) Zet(§IIUI|?4,L,N+\UI§+IIUHQ+/O e lw()l3 0.0, pds)-
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Furthermore, by (3.36) and (3.37), we obtain that for 0 <t <T,

B(un,0,un,1, f,t) < eB1(Uo, Uy, f,T) (4.30)
where

By (Uo, Uy, f.T) = |Uoll 1o (a) + 1U0l3 + U0l3 00 oy + IULIP + N72ULIT 000 4
2 -2/ £112
Iz 0,2y + N 202 )
We now analyze the stability of scheme (4.27). Clearly, it is a nonlinear problem, and so

does not possess the stability in the sense of Courant et al. [10]. But it might be stable in the
sense of Guo [14]. Suppose that un o, uny,1 and f have the errors Gy o, n,1 and f, respectively,

which induce the error of uy, denoted by y. By (4.27), we get that for any ¢ € PR and
t e (0,7],

(OFan (t) +a% (1) + Fo(t), #) o0 1 n + (07N (1), 070) 0.0 1N
= (f(t)a ¢) (0,0) .. N
Dviin(0) = it 1, (4.3)
an(0) = dnp,
where Fy(t) = 3% (t)un(t) + 3an (t)ui (t). Taking ¢ = 20,an(t) in (4.31), we use (3.2) to

obtain that
A 0van ()2 0.0y . +30llan @)k o x + 2(Fo (), 0rtiy (1)) o001, v + Orl iy (£)13
< NOkan (12 0.0 x T IF O 0.0 1N

We next estimate [2(Fo(t), ;U (t))y 0.0 1, |- By a prior estimate (4.29), (4.30), the embedding
inequality and the Poincaré inequality, we have

(4.32)

lun ()l < cllunllco,raray < cllunlleormazay) < ¢Bi(Uo, Ui, f,T). (4.33)

Therefore, by (3.3) and the Poincaré inequality,

12(Fo(t), Orin (t))y0.0) 1 N
< Nan @Ol o x Han O 0o oy +cllun Oz + lunOI0an O 0.0 Ly (4.34)
< an @Ol x + clan(@®)]3 + cilldan (12 0.0y

where ¢; depends only on By (U, Uy, f,T). Thus, substituting (4.34) into (4.32) and integrating
the resulting inequality, we have that

t
E(ﬂNv t) < p(ﬂ’N,Oa ﬂN,lv fv t) +c / E(ﬂNa S)dS, (435)
0
where .
plinoiina, frt) = By, 0) + ¢ / 1F )00 1 wds.

Finally, we use the Gronwall inequality to reach the following result.
Theorem 4.3. Let uy be the solution of (4.27), and Uy be its error induced by Uy o, Gy and
f- Then for all0 <t <T,

E(an,t) < plino, Gina, f,t)et. (4.36)

We next analyze the convergence of scheme (4.27). For simplicity of statements, we assume
Up(z) = Uy(z) = 0. Otherwise, we may reformulate (4.25) by the variable transformation
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V(z,t) = U(z,t)—Uy(x)—tUi(x), so that V(z,0) = 0,V (z,0) = 0. Now, putting Uy = PJ%,”%’OU,
we obtain from (4.26) that

(OFUN () +UR (), )00 p.n + (02Un(1),92¢) 0.0 1 N

3
= Z Gj (tv ¢) + (f(t), ¢)X(0y0)7L,N, RS 'PR;], te (O7 T} (4‘37)

where
Gi(t, ¢) = (OFUN(t), ¢) 001§ — (OFU(t), b),
Ga(t, ) = (UX (1), 9) o0 1.n — (U(1), 9),
Gs(t,¢) = (f(t),6) — (f(t),9)y00 L N

Let Uy = uy — Uy. By subtracting (4.37) from (4.27), we obtain that for any ¢ € PY and
t € (0,7,

3
(OFUN(t) + U (t) + Go (1), P)x00 N+ (02UN (1), 2h) 00 LN = — Z Gj(t, 9),

j=1

(4.38)
8,Un(0) = Uy (0) = 0,

where Go(t) = 3U%(t)Un(t) + 3Un(t)U%(t). Taking ¢ = 20,Un(t) in (4.38) and comparing
(4.38) with (4.31), we can derive an estimate like (4.35). But uy, @y and |un|lcoo,r;m1(n))
are now replaced by Uy, Uy and IUNlco, ;11 (a))» Tespectively. Thus, it remains to estimate
|G;(t, atﬁN(t))L Firstly, by (2.11), the imbedding inequality and the Poincaré inequality,

U~ ) loo < NUNlco,rm10)) < NUNlco.rm20)) < ellUllcorm2a))-

Next, as in the derivation of (4.34), we deduce that

12(Go(6), BTN ()00 .| < (TN DIl + lTn (D)3 )
+elU 020 .11y + 1T OI2 0 a2y IO TN O 00 1 -

Furthermore, by (3.3), (2.11) and (3.36), we obtain that

102UN (t) = ZU ()]l x000, 1,8 < | ZL,n,0,0(0FUn(t) — 07U (1))l
< c||OfUN(t) = OFU )| + cllOFU(t) — Ir,3,0,00;U (1) |
< CN_T||8752U(t)|7‘,x(0=0),**'

Similarly, by (3.3), (2.11) and (3.36),

102U (£) =PR°4 002U (D00 .1.n = 1Z0,3.0007U (1) = PR 1 0 002U ()| 00 1
< el|Ze, 007U (1) = PR21 0 002U (1)
< o(|[Z0n,000RU (£) = BRU )| + 107U (1) = PR24 4 (02U (B)])
S eNTTOPU ()], 0.0) s

The above two estimates with (3.2) and (2.11) lead to that for integer r > 2,

|G (t,0,0n)| < (93U (1) — B3U (1), 005 (1)) yor 1, ]
H(OPU(t) — PR, 0,002U (1), BiUn (1)) g0 1 v |
HI(PRY 10 0ORU () — RU (1), 00N (1))]
< CN_ZT‘ﬁtQU(t) > + CHBtUN(t)”i(o,o),LN'

7,x(0:0) 5%
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Now,let N be suitably large and M = [X=1]. Then by (3.2), (3.3), (2.11) and the previous

estimate,

Ga(t U (1)) _ _
< (U3 () = (P, 0U (D)%, 00N ()] + |(Prio oU(£)* = U (£), %:Un (6))y0.00 1,
< AllOTN 000 1y + T OE + 1P35 U EU () = Pril U O]
+e(lUN (D)% + 1 Pz0,00 (OIS 1 Pri0,0U (8) = Un (D12 00 1, v
< C||atUN(t)Hi<o,0>7L,N + CN?ZT(”UHé(o’T;Loo(A)) + HU”é(o,T;H%A)))|U(t)|2

7, x(0:0) x

Thanks to (3.2), (3.3) and (3.36), we get that for integer s > 1,

|G3(t76t[7N)| ~ U
<|(f(t) = Zo.n-1.00f(t), 0 Un )|+ |(Ze.n-1.00f(t) — ZL,N,O,Of(t)7~atUN(t))x(0,o)7L,N
<N f@) —=Zon-100f O+ |Ze.N-1.00ft) —Zr noof @) + CHatUN(t)“i(O’O)aLvN
<20 1(t) = Te.x-100f DI + 1) = Ton00f (2 + | O0Tn (12000 1y
< eN72|f(t) i,xm,o),A + C”atUN(t)“i(o’o)vaN.

Finally, a combination of the previous estimates and (2.11) leads to that for all 0 <t < T,

E(U —Un,t) < co(N72" + N725) (4.39)
where cp is a positive constant depending only on ||U||H2(O,T;HT(0 o) (A)NC(O.T5H?(A)) and
x(00)
HfHLz(O’T?H;(o,o)YA(A))’ and integers r > 2, s > 1.

5. Numerical Results

In this section, we present some numerical results.
Example 1. We first consider problem (4.1) with a(z) = (1 —2%)?, b(z) = 1 —22 and ¢(z) = 1.
For description of numerical errors, let

1/2
N /

E@) = [ Y WEEN,) — o0 NS,
j=0

We take the test function
U@)=In(z+e*+1), withe>0and0<k< 1.

For small ¢, the solution U(x) varies very rapidly at z ~ —1. Moreover, for j > 1, [8U(x)| —
o0, as ¢ — 0 and z — —1. Let € = 10~% and ux(x) be the numerical solution given by (4.7).
In Figure 1, we plot log,, E(uy) vs. v'N with k = % and k = i, respectively. It shows that
scheme (4.7) provides very accurate numerical results even for small N and very small e. It
also indicates the rapid convergence as N increases, which coincides well with the theoretical
analysis.

Next, we take the test function
Ux)=1—-2?)*P withk=23and0<p<1.

Clearly, |0kU(z)| — oo, as |z| — 1. We use (4.7) to solve (4.1) with the same a(z),b(x) and
c¢(x) as in the previous case. In Figure 2, we plot logy E(uy) vs. VN with k = 2,3 and
p = 0.01,0.001, respectively. It demonstrates again the high accuracy of numerical solutions
of (4.7), and its rapid convergence. We can also see from Figure 2 that the convergence rate
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-t 1
k=2,p=0.01
al
k=2,p=0.001

k=3,p=0.01

og.

k=3,p=0.001

sqr(N) sqrt(N)

Figure 1. Convergence rates: case 1 Figure 2. Convergence rates: case 2

depends on the regularity of the exact solution. This coincides again with the theoretical
analysis.

Example 2. We next consider problem (4.20). According to the boundary conditions, we can
take in (4.23), ¢(z) = (1 — 22)%qn_4a(7), qv—_a € Pn—_4. Moreover, the numerical solution

1

un(z) = 1(1 —2)?(4(1+ z)’py_a(z) + (L +2)(90 + 1) + 90), PN—1 € Pn-a.

Substituting the above expressions into (4.23), we can find py_4(z). In actual computation,
we take the monic Jacobi polynomials Jl(l’ﬁ )(:L‘) as the base functions of Py_4. We take the

test function
U(x)=(1- :c)s(l + x)sfﬁ.

In Figure 3, we plot logy [|[U —un|lya.5 gy Vs log;o N, with 3 = 0.2 (the upper line), 3 = 0.3
(the middle line) and 8 = 0.4 (the lower line). Clearly, the numerical solution converges fast as
N increases, as predicted in the theoretical analysis.

Example 3. Finally, we consider problem (4.25), and take the test function

Uz,t) = (1—2%)ksin(z + gt)e%.

We use scheme (4.27) with uy; = ﬁf\,’,%?on,j = 0,1, to solve (4.25) with & = 2,3. Let
un (z,t) be the numerical solution. In actual computation, we introduce the auxiliary function
uvn(t) = Opupn (t). Then we use the Runge-Kutta method of fourth order in time discretization,
with mesh size 7. For description of numerical errors, let

1/2
N /

0,0 0,0 0,0
Elun,t) = [ Y (WU —un (€0 )0 N,
j=0

The numerical errors at t = 1, with 7 = 0.001 and different N, are illustrated in Figure 4, i.e.,
logo(E(un,1)) vs. N. It can be seen that the errors decay very quickly as N increases . This
also coincides very well with the theoretical analysis.

6. Concluding Remarks

In this work, we developed the Jacobi pseudospectral method for fourth order problems. The
pseudospectral schemes were proposed for three model problems. The first one is a singular
problem. The second is a problem on an axisymmetric domain, which is related to a singular
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-35

55

10g,gllU-ul 0
09,0

Figure 3. Convergence rate of (4.23) Figure 4. Convergence rate of (4.27)

problem. The third is a nonlinear parabolic equation of high order. Their convergences were
proved. The numerical results demonstrated their spectral accuracy, and coincided very well
with theoretical analysis. Although we only considered three model problems in this paper, the
proposed method is also applicable to many singular or non-singular, steady or unsteady, and
linear or nonlinear problems of fourth order. Clearly, it is not difficult to generalize this approach
to multiple-dimensional problems. Furthermore, we may use suitable variable transformations
to change some fourth order problems on unbounded domains to singular problems on bounded
domains, and then use the proposed method in this paper to solve them numerically, such as
the stream function form of the Navier-Stokes equations in an infinite strap, the oscillation of
a very long beam and so on.

In this work, we established some basic results on the Jacobi-Gauss-type interpolations
in certain non-uniformly Jacobi-weighted Sobolev spaces. They play an important role in
numerical analysis of pseudospectral method for fourth order problems, especially, for various
singular problems and nonlinear problems.
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