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Abstract

Using least parameters, we expand the step-transition operator of any linear multi-step
method (LMSM) up to O(7°%5) with order s = 1 and rewrite the expansion of the step-
transition operator for s = 2 (obtained by the second author in a former paper). We prove
that in the conjugate relation G370 G] = G% 0 G3" with G1 being an LMSM, (1) the order
of G2 can not be higher than that of G1; (2) if G3 is also an LMSM and G2 is a symplectic
B-series, then the orders of G1, G2 and Gz must be 2, 2 and 1 respectively.
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1. Introduction

For an ordinarily differential equation (ODE)
d

EZ = f(Z), ZeRP, (1)

any compatible linear m-step difference scheme (DS)

Z agZy = TZﬁkf(Zk) <Z Br # 0) (2)
k=0 k=0 k=0

can be characterized by a step-transition operator (STO) (also called underlying one-step
method) G (also denoted by G7): RP — RP? satisfying

Y G =7y BfoGF, (3)
k=0 k=0

where G* stands for k-time composition of G: GoG -0 G (refer to [2,3,5,6,7]). This operator
G7 can be represented as a power series in 7 with first term equal to the identity I. More
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precisely, one can expand[®! the STO G7(Z) of any linear multi-step method (LMSM)? of form
(2) with order s > 2 up to O(r°%?):
+oo 4
G (2)=Y %ZM + 7 A(Z) + 752 B(2) + T3C(2) + HD(Z) + O(r* ) (4)
i=0
(where 210 = 7, ZI0 = f(z), Z+1 = 222 710 — ZIF 710 for | = 1,2,...) with complete
formulae for Calculatlon of A(Z), B(Z), C(Z) and D(Z).
Thus, the STO G7 satisfying equation (3) completely characterizes the LMSM (2) as
=G (Zy), -y Zm =G (Zm-1) = [G"|™"(Zp), - .
When equation (1) is a hamiltonian system, i.e., p = 2n and f(Z) = JVH(Z), where
J _ On _In
In On
(1), (2) and (3) become

] , V stands for the gradient operator, and H : R?® — R! is a smooth function,

az

S —IVH(Z), ZeR, (5)
Zaka :TZﬁkJVH(Zk) (Zﬁk #0> ; (6)
k=0 k=0 k=0
> aGF =1 B JVH o GF, (7)
k=0 k=0
and we can rewrite

70 =z,

zW =jVH,

z¥ —jH,.JVH = zMzIM,

78 — 7l (2[11)2 +ZzR), 8)
24 =71} (2 * 4 3zlZ R 4zl

')
Zb) = (2[11)4 +67 (Z“l) 712 4 370 (Z[2J)2
+ 4Z[1]Z[1]Z[ I+ Z“lz[ ],

and generally,

7 =3 3 T_'WL) J(VH), 21 7l .. 7l

| 1ol e vqg.!
=1 1oty =i >1 PRGNS
where i1 < io < -+ < 45, Q(i1,i2, - ,i;) is the number of all different permutations of
{i1,i9,--- ,i;}, and (VH),; ZlnlZzl=] ... 711l stands for the multi-linear form
97 (VH) [i1] [i;]
— 7, UL gl
Z 0Zyy -+ 0Z,) (t1) (t5)

1§t1,"' ,th27l

Z([i‘;]) stands for the t,-th component of the 2n-dim vector Z[i].

The expansion of STO (4) has been used to study the symplecticity of LMSM (refer to
[3], [7]), and also the symplecticity of Dahlquist pair (refer to [8]).

2) More generally, one can use an STO to characterize any DS compatible with ODE (1), and obviously the
STO can be written in form (4).
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Definition 1. (due to Feng and Tang(")) An LMSM is said to be symplectic for Hamiltonian
system (5) iff its STO G™ defined by (7) is symplectic, i.e.,

[a(gz(z)r J {8(§Z(Z)} =J (9)

for any hamiltonian function H and any sufficiently small step-size .
Definition 2. If three B-serieses® G7, G§ and G3 in form (4) compatible with equation (1)
satisfy

Gy oG] =G5 oGy (10)

for some real number X\ and for any smooth function f and any sufficiently small step-size T,
then GT and G% are said to be a Dahlquist* pair or a conjugate pair via G, and we call
equation (10) a conjugate relation. A Dahlquist pair GT and G7 is said to be symplectic if G
or G% is symplectic. In this case when one of G7 and GJ is symplectic, we also call the other
conjugate-symplectic.

In the present paper, for any linear multi-step method (LMSM) with order s = 1, using 6
parameters we obtain the expansion of its step-transition operator in form (4) up to O(7%); and
using 5 parameters we rewrite the expansion of the step-transition operator for s = 2 (obtained
by Tang in a former paper [9] where 9 parameters are used) (in Section 2). We prove that in
conjugate relation (10) with G; being an LMSM, (1) the order of G2 can not be higher than
that of Gy (that means, conjugation will not improve the order of any LMSM); (2) if G3 is
also an LMSM and G is a symplectic B-series, then the order of both G and G5 must be 2
(in Section 3).

2. Expansion of Step-Transition Operator

Theorem 1. If scheme (2) is of order s = 1, then the corresponding step-transition operator
defined by (3) has the following expansion:
oo _
G(2) =Y. =2+ 720(2) + 7°D(2) + 7' E(Z) + T F(Z) + O(r%), (11)
0!
i=0
where C(Z),D(Z),E(Z),F(Z) can be determined by 6 parameters w, p, 6, o, n, v:

i (- o)

C=wzl w= - : 12.1
k=0 ko (20
) 1
D= (g - % + %) 20 4 w(w + )22, (12.2)
m 3
_ 2o {k%k - %ak} 5 — k=0 Pk
o > o Keou 7 C Yilokar
(o qw dw  w b Fw  p (4]
E_(3 e T te 1t 1) (12.3)

3) For the details about B-series, one can refer to [4]. We would like to thank Ernst Hairer for the suggestion
that the case when G7 is a B-series should be considered in the conjugate relation.

4 It was G. Dahlquist{!! who first found that the trapezoid rule and the mid-point rule are a conjugate pair
via the Euler-forward scheme.
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3w?2 Wi wp
o x4 A z 7[1] 7[2]
+(w+4 4+2+6>22 :
3
Dk o(k Br — _O‘k) Zk Ok ak
o= w,
Do ko i kaw ok
F =zl (12.4)
3w?d  5w?d®  Bnw?  13w®  3wpd  3wp w) 0 2
_ _ _ Yl (Zm) 2]
+{ 4 8 12 24 4 3 Towt 8}
N wd o dwd 56%w? 30w?  pw? Bnw?  1Tw?  36pw N 3wp tows Y
— - — - —_— = - — +ow
2 2 8 4 2 12 24 4 4 8
71U (2[21)2
96%2w?  5dw?  Bbnw?  13w?  Tépw  5pw wd w  pE p
+{ 8 4 12 a4 T+0w_?+§+7+6}
7z 7z 713]
5w26%  3w?36 Snw?  Tw?  3dpw  3pw w
S 4 WP _ 2 _ W i ud
+{ wirent g 1 R T S B
Z[lz]Z[l]ZE]Z[Q]
2 252 2 2 2
nw 3w?d W w 0w 20w  pw  wd Nw w
_ et T e | v e X adl
+{ 3 4 2 6 + 8 + 3 + 2 12 12 + 24
2
pT P 0 0P L
Py P 2 Py
T TR } :
n 76w3 3 30w?  38%w?  Tpw nw?  Tw?  dpw 20w towt?
_ w3 — Y o o A i Wi T PV el
1 1 8 1 3 12 2 3 ™Mo
ZE]zEzU]zD]
30w WP 36%w? 3pw? Wl 3w?  3pw  ow
— - — Sw? 1= a7 i
+{ 2 2 8 e TR ;. Tt +24
- ﬁ WO\ 1 1l 413
4 12
Lt 55w3 3w 2w? pw? Bpw?  fw? Bw? Sfpw  pw dw
4 2 4 4 4 2 8 4 2 8
i W} [ 711 711l 712)
—— 4+ — 0 2227
12 + 3 2R E ’
L1 i{k_‘lﬁk_[k_f’ k4—2k3+k2w+2k3 3k2+k(£_w_5 £>
m | |
S kay k= 41 5! 24 12 2 2 2
k=0
K—k(oc n 6w w & 6w p
A <§‘F‘Z+€_Z T+Z)]a’“}'
Here we use the notation for example,
p
ORVAR
2 (2) 7 21, 2", 127
Z (?zlazjazk (%) ) (k)
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where z; is the i-th component of p-dim vector Z, and [Z[T]](j) stands for the j-th component

of p-dim vector Z!").
The proof of Theorem 1 is tedious but straightforward calculation, and similar to that for
s > 2 given in [9]. A difference is that we here try to use least parameters in expressing C(Z),
D(Z), E(Z) and F(Z). We give the complete proof of Theorem 1 later in Appendix 1.
Similar result for s > 2 is already given in [9], where 9 parameters A, p, v, p, &, o, x, n and
¢ are used for expressing A(Z), B(Z), C(Z) and D(Z) in (4). Using 5 parameters ws, p2, Oz,
oo and vy, we rewrite the result for s = 2 as follows:
Theorem 2. If scheme (2) is of order s = 2, then the step-transition operator decided by
equation (3) has the following expansion:
+oo 4
G(2) =Y =21 +7°0(2) + 7' D(2) + T B(2) + °F(2) + O(7"), (13)
=0
where C(Z), D(Z), E(Z), F(Z) can be expressed by 5 parameters wa, p2, d2, o2 and va:

Zk =0 {k25k _Oék}'

C =wpyZB Wy = ; (14.1)
Zk 0
1
D= (p2 — 50awa + %) zW 4 =2 Z[”Z[ ) (14.2)
m g E*
= (T e
2 ko ko 7 Do Keax
E =027 + (w + %) AR (14.3)
1 wa | P2 1
+ <w§—162w2+€+7> ZHZ[41+(2 Wi+ 3)Z”ZHZH
2 k=0 [’S—Zﬁk 1k2500‘k - {2k 7132k2+k“’ + 555 (p2 — 300wz + %)} O‘k}
09 = ;
Do ko
F =1,719 (14.4)

w3 1 wy P2 02
—fow2 + =2 42 —4 I R S ALVAR
+{ owj + 5 + p2w2+24 oW — 21 12+ 2} 2

+

+
/—/h\/—/‘\/—/‘\/_/h\/—/‘\/—lhf—lh

—52(4)% + wg + 2p2w2 — 52(4)2 + ﬂ + — P2 } ZL ]ZLI]ZM]

5 3 1 P2 1

+ 552w2 + 2(4)2 + 5p2w2 — 652&)2 + g + — 3 }Z£2]Z[1]Z[4]
1

+ 9 — 502w + wh + paws + = ZL”Z[ ARV

1 Z[llz[3]

H/_/H/_/

52w2 + 2w2 + 2pows + —

3 3
+ —(52w2 + w2 + 3paws + % Z Z[l] Z[?’])
2 2 8
3 3
+ —(52w2 + w2 + 3paws + % Z EARA
2 2 8
3 3 w2
+ 552w2 + 2w2 + 3paws + ?} 1 Z[3]
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m E° ES E*—2k3 k2 2k% —3k2+k Jaw w k2—k
> ko {Hﬁk - {H + 24 wa + 12 (p2 -5+ 72) +t 02|

ZZLO kozk

V2

3. Order Barriers for STOs in Conjugate Relation

Theorem 3. In conjugate relation (10), if B-series G1 stands for an LMSM, then the order
of G can not be higher than that of G1.
Proof. Supposing the orders of G7, GT and G3 are u, v and w — 1 respectively, we write
their expansions as follows:
+oo 4 .
HHEDY %ZM + 7 HLA(Z) 4 O(r4+2) (15)
i=0
00 7_1' .
G3(Z2)=)_ FZ“] + 7 M(Z) + O(77F2) (16)
i=0
00 7_1' .
G3(2)=)_ EZW +7TYB(Z) +O(rvTY) (17)
i=0
where A(Z) #0, B(Z) #0 and M(Z) # 0.
Provided v > u, there are three cases:
Case 1. w > u, expanding both sides of (10) and comparing the terms in 7%+

A(Z) =0. (18)

Case 2. w = u, expanding both sides of (10) and comparing the terms in 7%*! we have
NB.ZM + A(Z) =\ zB. (19)

+1

1 we have

Case 3. w < u, expanding both sides of (10) and comparing the terms in 7! we have

AR, zW = \vzIB, (20)

From Theorem 1, Theorem 2 in Section 2 above, and Lemma 1 in [7], we know that in fact
A(Z) = aZ!*+1 for some a # 0. Since B-series G§ is compatible with (3), w > 2. When X # 0,
it’s easy to check that any of the cases (18), (19) and (20) is impossible; when A = 0, equation
(10) becomes into G7(Z) = G§(Z) which contradicts v > w.

So the only possible case should be v < w.

Theorem 4. In conjugate relation (10), if both G1 and G3 stand for LMSMs, and Gs is a
symplectic B-series, then the orders of G7, G5 and G are 2, 2 and 1 respectively.

The result in Theorem 4 is a little different from that in Theorem 1 in [8], and the proof of
the former will also based on the latter.

Proof of Theorem 4. Supposing the order of G7, G7 and G7 are u, v and w — 1 respectively.
Since they are compatible with (3), v > 1, v > 1 and w > 2. We write their expansions as
(15-17). According to Theorem 1 in [8], if G5 is symplectic, then the order of G] can not be
greater than 2. So 1 < uw < 2. And according to Theorem 3 above, we know v < u. Let’s
discuss all the cases as follows:

Case 1. If u = 1, then v = 1. Expanding both sides of (10) and comparing the terms

2 we have

inT
A(Z)=M(Z). (21)
Case 2. If u = 2, v = 1. Expanding both sides of (10) and comparing the terms in 72

we have
0=M(2). (22)
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Case 3. If u = 2, v = 2 and w = 2. Expanding both sides of (10) and comparing the

terms in 73 we have
\B.ZW + A(Z) = M(Z) + 2\ ZIMB. (23)
Case 4. If u = 2, v = 2 and w > 2. Expanding both sides of (10) and comparing the

terms in 73 we have

A(Z) = M(Z). (24)

Since A(Z) = aZ!"*1 for some a # 0, and Gy is a symplectic B-series with order v, cases (21),
(22) and (24) are impossible. So the only possible case is (23), i.e., u = v =w = 2.

Appendix 1. Proof of Theorem 1
When we set
+oo
ki
GH2)=> ZT ZW 4+ 72C(Z2) + 7 Dp(Z) + T4 ER(Z) + T° Fu(Z) + O(79), (25)
i=0 ’
then
= (k+1)ir ], 2 3
Z ——— 7%+ 7°Cy11(Z) + 7° D11 (2)
i=0

7!

+ 7' Ep1(2) + 7 Fiya (2) + O(7°)
=G*1(2) = G* [G(2)] (26)

o0 i )
=3 BT @@ + 20 (6(2) + D 6(2)

+ 7B, [G(2)] + T°F, [G(2)] + O(°)
=[+ 11+ 11+ 1V +V +0(7°%),

X kit | X

> |‘ ZU] (26.1)

i=0 Joj

+72Cy(2) + 72Dy (2) + TN (2) + P R (Z) + 0(7%)] "
[1]

Eirt |IX

:Z Z%Z[J] + 720, + 7Dy + T By +T°Fy
i=0 j=0 7"

k XL 1 X
+ o zle |3 Tl *(7’201+7'3D1+T4E1)+5Z£12]o Y L2V (r20y)”

1! z !
§=0 Jj=0
E272 [ oo j __
2—7" zl% o Z %ZU] « (12C1 +7°Dy)
! e
k373 _-‘roo j ‘_
+ T ZLg] (e] %Z[J] * (TQCl) + O(TG)
j=0 "
X (k + 1)

=7z + 7’201 + 73 {D1 + kZE]Ol}

~

=0

k2
+7 {El +kzZMD, + kzB Zz0e, + 72,?]01}
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k k 2
470 {F1 +k2V B + k20 20D, + 520 2P0 + S 21 (2) ¢y

k k2 [2] k [1] k [3] 6
+- Z (Cl) —Z7Dy + — Z Cy+ —ZPCy p + O(7°);
2 2 2 6
— 72 3
IT =7*Cy 0 <Z +7rzW 4 72[2] + EZ[S] +72C + TBDl) +0(7%) (26.2)

1 1 2
=72Cy, + 73 (Ck)z AN {5 (Ck)z z2 4 (Ok)z Ci + 5 (Ck)zz {Z[l]} }
1
475 {6 (Ch). ZB) 4+ (Cy). Dy + (Cy).. 2Ny + = (Ck) |2 2¢]

+3 (@00 [20]'} + 06

o 2
II1 =r*Dy o <Z + 2l 2P 7201> +0(7°) (26.3)
=Dy, + 7% (Dy), 2

2
+ 70 {% (Di), 2% + (D), C. + 5 (Dk) [z[ﬂ } +0(r%);
IV =By o (2 + 7211 + O(r°) (26.4)
=74E), +1° (Ey), ZW + 0(+%);

V =15F, + O(7%). (26.5)

From (26), (26.1)—(26.5), we obtain

Ck+1 =C1 + Ck; (27.1)
Dyy1 =D + kZ Cl + (Ck) U4 Dy; (27.2)
Epo1 =By + kZUD, + k21 [ch } + ]; ZPoy + = (ck) Z12 (27.3)

+(Cr),Cr+ = (Ck) {Z[l]} + (Dy), zM + By
k
Frar =F + k20 B, + bz [Z[”Dl} + 52 {2[2101} (27.4)
ko [(pm)? k2 o)
+ 525 [(z ) o) +2Z () + 52D,

k2 &
+ 528 [2Me] + 62[3101+ (Ch). 2[3]+(0k) D,

1 3
+5 (Cn).a [2[112[2l}+(ck) Ze, + 1 = (C0).s 2]
1
45 (D). 7% 4+ (D), Cr + 5 (D). [zm} +(By), 71
+ Fy.
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From (3), we have

m —+oo
k’L 7
Z ay [Z ZW 4 22Cu(2) + T3 D(Z) + T Ex(Z) + T Fy (Z) + O(79)
=0 !
_szf < ZW 120z )+7’3Dk(Z)+T4Ek(Z)+O(T5)>
+oo 4 400 7
T[4 2 3 4
_72616{ l;l +fz l;z'z *(Tck-‘rTDk—l-TEk)
1 R 2
+5 20 [Z FZ[Z] x (T%Cy) } +0(7%) (28)
i=0
+oo m lelJrl m m )
=YY pe— 2 Y g ZlO + 7Y B (20D + k2l 20, )

k=0 k=0

=0
+7526k{ZE]Ek—i—kZEz]Z[”Dk—i— —zZWz0P e, + ZH(ZU]) c,

3

comparing the coefficients of 72, 72, 7 and 7° respectively on both sides of (28) we obtain

m m kj2
Zakck :Z{kﬁk — Oék}Z[Q]; (29.1)
k=0

Zaka = { ﬁk - _ak} Z[g] + ZﬁkZE]Ck; (29'2)
k=0 k=0

S kB =Y { B — —ak} zH4 (29.3)
k=0

+Zﬁk{z Dy, + kZl} Z[”c}

K k® -
Z arFy = Z { By, — —ak} 204+ 3" o { 2B, + k21 20D, (20.4)

! !
el g k=0
k2 k2
+5 25200, + 2L (Z[”) Cr+ = Z J(Cr) } .
From relations (27.1) and (29.1) we deduce directly
Cy = kCy = kC, (30)
and (12.1). Substituting (30) into (27.2), we obtain
-k
Dy = w (20 Zl1 4 21), (31)

substituting (31) and (30) into (29.2), we obtain
= (k2 k3 k2 —k
_ Yop (3]
<Z kozk> D1 = Z { ol Bk 31 (672 2 wak} VA
k=0 k=0
m k2 _
+y {kwﬁk -
k=0
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Then we get (12.2), and

2 2
Dy = {k—w +kw2} zMzi2 4 {k LA <5) _woy f)} AL
2

i 2 2 2 2

Substituting (30) and (32) into (27.3), we have
k2w + 3kw? + kw

Eyxi1 =F1 + 5 zM z 7121
P (.U5 w 2 kQW [1] 7[3]
klz——+= k — | ZMNZ
+[<2 2+2>+w+2 L
2 z
p wl w k2w (4]
(-2 Y)  EY zu g
sle(5-2+g)+ 52| 2 B
and then
k? —k 2k% — 3k% + k
(k> —k (p wd w K-k o, 2K -3K*+k
F_Z .z yAURAE)
T2 (2 2+2)+ p 12 ‘*’]Z
[2k3 — 3k + k k? —k ([ 3w?
Pl e ) e
:kQ—k p wl  w 2k% — 3k? + k
F_ .= v o TR Lz
T2 (2 2 2)+ 12 “’]

Substituting (33), (30) and (32) into (29.3), we obtain

k=0
T (kS k4 B—k(p wd w 2k% — 3k% 4+ k
28— — g4 * 2y oor TR 714]
kz_o{?,!ﬁ’“ T [ 2 (2 2 +2>+ 12 ‘*’]O"“}
= 2k — 3k% + k k* —k (3w?
B R b )i
- p wl  w k2 —k K-k (p wd w
L2224 2 _ F_==.=z
+;§>H<2 2+2)+ 5| P > \2 2 "2

k2 —k 2k3 —3k% + k

12

and we have (12.3), and

2k3 — 3k2 + k K-k (p wé w o nw o dw  w
Ey = PO @) (2w W @
k { 2 YT <2 2+2)“L <3 6 4%
Sp  Sw p
eI i I 74
4+4 +4

—+

ko  3k%w? n 3kw?§
3 4 Ty

i k2 k2 —k 2k3 — 3k2 4+ k
Py { b + _‘*’) B — {T (32 +w) + #w} ak} 771 72

(32)

(34)
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+_k2 o w5+w +k2—k 2+2k3—3k2 (P w5+w
—_ _ - — —_ w w w _ - — —
2272 "2 2 5 2 "2
2
kpw _ ROWT| 0 i
2 2
.3 2, .2 2
I A L +kﬂ+kw3_kw_‘5} 71 71 7121
6 1 2 2 2

Substituting (30), (32) and (34) into (27.4), we obtain
Fpoaa=F+F

Bw? kR 5 5 op 82
+{ ~ +—w+—<£—w—+f)+k<5—n—w——w+%——p+—w+£)

> 6 T2 \2 7 2 "2 376 4 TR
+k (g - %‘SJF%) % _ Bow }ZWZ[‘*]
+{kw3+37k2w2+2k312_kw+2k (g—%‘s+§>+k +k2;k(g—‘%‘s g)
_ 3"?1’25} 2 7173
{5k2: 2kw2 + ngz_ ka + 2kw (g — %6 + %) + gkpw - 5kiw2
e (s
+{3kw3+6k22_5kw2+k3+36k2+kw+kw<g—%6+%)-i-%—k&iﬂ}

ZE] ZE] ZE] 712l

k% + 5k 2k3 + 3k? + 2k 3 0
+{2kw3+ + w? + i i w—l—ikpw—l—kw(g—w——l—E)—kde}

4 6 2 2 2
zl! ZEQ]ZD]Z[Q]
9k% +6k , 2K+ 3k%+2k
w” +
4 4
zW 70 { ZY Zm}

2 4

2
w+2kw(£—w—6+£) kpw_kéw}

2kw?
—|—{w+ 9 5 5

n kw3+7k2+6kw2+2k3+3k2+2kw+kw—i-k:w B_w_5+£ _3k5w2
1 1 P 2 2 2 1
Z[12](Z[2])2
5k + 4k o 2k3 + 3k + 2k 3kow? p wl w
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and then

F = kFy (35)
263 —3k*+k o k'—2k3+k* 2k3-3K*4+k [(p wl w
1 U v 2

24 12



56 Q.D. FENG AND Y.F. TANG
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Substituting (30), (32), (34) and (35) into (29.4) we have
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and we obtain (12.4).
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