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Abstract

In this paper, a two-scale higher-order finite element discretization scheme is proposed
and analyzed for a Schrédinger equation on tensor product domains. With the scheme, the
solution of the eigenvalue problem on a fine grid can be reduced to an eigenvalue problem
on a much coarser grid together with some eigenvalue problems on partially fine grids. It
is shown theoretically and numerically that the proposed two-scale higher-order scheme
not only significantly reduces the number of degrees of freedom but also produces very
accurate approximations.
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1. Introduction

Theoretical analysis of the electronic structure of matter is usually based on the energy-levels
and wavefunctions of the many-body particle system. As a result, a number of eigenvalues and
eigenfunctions of the Schrodinger type equations are required to be computed accurately and
efficiently. However, it is a challenging task to solve multi-dimensional eigenvalue problems by
conventional discretization methods, due to storage requirements and computational complex-
ity.

In order to reduce the computational costs, such as the computational time and the storage
requirement, we will introduce a two-scale higher-order finite element discretization scheme
to solve the associated eigenvalue problem. With the scheme, the solution of the eigenvalue
problem on a fine grid can be reduced to an eigenvalue problem on a much coarser grid and
some eigenvalue problems on partially fine grids. It is shown by both theory and numerics
that the scheme is efficient. The work of this paper may be viewed as a generalization of that
in [14,21,22], in which some two-scale linear finite element discretizations for solving partial
differential equations in multi-dimensions were developed.
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In the modern electronic structure computation of large scale, the pseudopotential formula-
tions of the Kohn-Sham equations should be used. Note that in the pseudopotentional setting,
the associated effective potentials of the Kohn-Sham equations are smooth [4,5, 23,24, 27],
though the original effective potentials are singular. Hence we may start our investigation from
the following Schrédinger equation:

_1 — 1
{ sAu+Vu=Xu in Q (1.1)

u=0 on 99,

where Q = (0,1)® and the effective potential V' is smooth, say, V € W1°°(Q).

We now give a somewhat more detailed description of the main ideas and results in this
paper. Let Sé“’h2’h3 (2) C H} () be the standard triquadratic finite element space associated
with the finite element mesh T"1:72:73(Q)) with mesh size hy in z-direction, hy in y-direction
and hgz in z-direction, respectively. One prototype scheme to discretize (1.1), say for the first
eigenvalue \ with its corresponding eigenfunction u with fQ |u|? = 1, is as follows:

1. Solve (1.1) on a globally coarse grid: Find (uz ., Ag.m.z) € SEH(Q) x R such
that [, ug,m,H|* =1 and

1
/ iqu,H,H Vo+Vuggg-v= )\H,H,H/ Ug,HHV, VYUE S(?HH(Q)
Q Q

2. Solve (1.1) on some partially fine grids in parallel:

Find (wn g, M) € Spr7 () x R such that Jo lun,m,m* =1 and

/Q %VU;LH,H Vo+Vuppgp-v= )\h,H7H/Quh,H7H ‘v, Yove€ Sg’H’H(Q);
Find (g n g, Agpm) € Sé{’h’H(Q) x R such that [, |upr p p|? =1 and

/Q %Vtuh,H Nv+Vugpg-v= )\H,h,H/QUH,h,H ‘v, Yov€ Sé{’h’H(Q);
Find (wp.gn, Aamn) € S2™(Q) x R such that Jo lws,mp* =1 and

/Q %VUH,HJL Vo+Vugpp-v= )\H,Hﬁ/QuH,Hﬁ ‘v, Vv € Sé{’H’h(Q).

3. Set

h
Wgr g g = WhH,H + UH hH + WH H ) — 2UH H H,

h
Ab e = A HH + AERH + AH H R — 2AH H H-

If, for example, Ay, i, 1, An b, H, AH,h,H, a0d Mg, g, are the first eigenvalues of the corresponding
problems, then we can establish the following results (see Theorem 4.1 in Section 4 below)

1/2
</Q lu — u}}{yH’H|2> = O(h® + H) and |\ — N}y 4 | = O(h* + H®)
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provided that u has some reasonable regularity. These estimates mean that we can obtain
asymptotically optimal approximation by taking H = O(h%/%) for eigenfunctions, and H =
O(h2/ 3) for eigenvalues. Our technical tools for analyzing two-scale finite element approxima-
tions are some superconvergence techniques developed in [14,20, 26] (see, also, [17-19, 35]).

The remainder of this paper is arranged as follows: In the coming section, some preliminary
materials, including two error estimations of finite element interpolants in a weak form, are
provided. With the two-scale finite element analysis in Section 3, which is a generalization
of [14,21,22] to higher-order finite element methods, a two-scale higher-order element scheme is
then analyzed for eigenvalue problems in Section 4. In Section 5, several numerical results, which
support our theory, are reported. Finally, some remarks are concluded and a generalization for
a more general elliptic eigenvalue problem is presented in Appendix.

2. Preliminaries

Let Q = (0,1)%(d > 2). We shall use the standard notation for Sobolev spaces W*?(Q) and
their associated norms and seminorms, see, e.g., [1,10]. For p = 2, we denote H*(Q2) = W*2(Q)
and H}(Q) = {v € HY(Q) : v |ag= 0}, where v |sgo= 0 is in the sense of trace, || [[s.0 = |- ||s.2.0
and || o = || - |lo,2.0. We let (-,-) to be the standard inner-product of L?(2). Throughout this
paper, we shall assume that the effective potential V€ W1°°(Q). And we use letter C' (with or
without subscripts) to denote a generic positive constant which may stand for different values
at its different occurrences. For convenience, the symbol < will be used in this paper. The
notation that A < B means that A < CB for some constant C' that is independent of mesh
parameters.

We denote by Ny the set of all nonnegative integers and Z4 = {1,2,---,d}. For a function
w € W*P(Q), a point x = (21, 72,...,74) € Q and the index a = (a1, a9, . .., aq) € NI, we let

(0 ey
(D u)e) = (o Gt ) 2)

with |a| = a; + - - - + a4. Furthermore, we denote 0 = (0,...,0) € R% e =(1,...,1) € R% and
fori € Zq, & =e—e; and e; = (0,...,0,1,0,...,0) € R? whose ith component is one and zero
otherwise.

The following mixed Sobolev spaces, which contain H?*3(Q) and H?*2(Q2) respectively, are
also used:

WG7p+3(Q) _ {U} c HP+2(Q) - D%w c LQ(Q), 0
WG,erQ(Q) _ {w c Herl(Q) . D% e LQ(Q), 0<

with their natural norms || - [|yye.r+30) and || - [[we.rt+2(q) (cf. [26]).
For t € (p,p + 1), we define the fractional mixed Sobolev space W ¢*2(Q) by using the
interpolation approach (see, e.g., [6]) as follows: Set § =t — p and define

K(s,u) :yewci??pfﬂ(m (lu = vllwersz) + sllvllwerts@) ,

WG,t+2 (Q) = [WG,p+2 (Q), WG,p+3 (Q)} .

={u e WP(Q) : |lullwewrz(q)weris@), <O (2.1)
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where

0o 1/2
lullwe.rrz@)wers @), = (/ 5_29_1[K(8,U)]2d8) :
0

Let T"(2) consist of d—rectangles, which satisfies that it is not exceedingly over-refined
locally, namely, there exists v > 1 such that

K <h(z), Vze Q (2.2)

where h(z) is the mesh-size function whose value is the diameter h, of the element 7 containing
x, h = max h(z) is the (largest) mesh size of T"(£2). Define S™?(Q) to be a space of continuous
TE

piecewise polynomial on €:
ShP(Q)={veC(Q) v |€Qy(r), VreT™Q)}, (2.3)

where @, (7) is the space of all polynomials that are of degree not greater than p with respect
to each of the d variables. Set

SPP(Q) = HH(Q) N SMP(Q).

To obtain the error estimates of the finite element approximation, we need some regularity
information of the Schrédinger equation (see, e.g., [12]):

Proposition 2.1. Assume that f € H*(Q) for some s > 0 and

_1 — ;
{ sAu+Vu=f in Q (2.4)

u=0 on 0N

has a unique solution w € Hg(Q). Then u € HJ(Q)NH*T2(Q) for s € [0,1). Moreover, if f =0
at corners (when d = 2), and along edges (when d = 3, and with the appropriate definition of
edges when d > 4), then uw € Hi(Q) N H*T2(Q) and

lullsr2.0 S I1f s (2.5)
for all s € ]0,3).
2.1. An Eigenvalue Problem
Define
1
a(u,v) = / §Vqu +Vuv, wu,ve Hy(Q). (2.6)
Q

A number A is called an eigenvalue of a(-,-) relative to (-,-) if there is a nonzero vector u €
H}(Q), called an associated eigenfunction, satisfying

a(u,v) = Mu,v), Vo€ Hy(Q). (2.7)
It is easy to obtain from (2.6) and V € W1>°(Q) that there exist v > 0, such that

ay(w,w) > CHw||?, Yw € H(Q) (2.8)
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for some constant C, where
ay(w,v) = a(w,v) + v(u,v), w,ve H Q).
Note that (2.7) is equivalent to
ay(u,v) = E(u,v), Vv e H}(Q)
with E = A + v. Hence (2.7) has a countable sequence of real eigenvalues
A< <AL
and the corresponding eigenfunctions
U, U2, U3, "+,
which can be assumed to satisfy
(wi, uj) = i, 4,5 =1,2,---.

In the sequence {)\;}, the \;’s are repeated according to their geometric multiplicity.
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A standard finite element scheme for (2.7) is: Find a pair of (Ap,up), where Aj, € R and

0 # up € S)P(Q), satisfying

a(up,v) = Ap(un,v), Yo € SiP(Q),
or

ay (un,v) = Ep(un,v), Yo e SPP(Q)
with Ep = Ap + v. One sees from (2.8) that (2.10) has a finite sequence of eigenvalues

M < Aon <o < Ay = dim SgP(Q)
and the corresponding eigenfunctions
UL,hs U2,hs " " 5 Uny, ks
which can be assumed to satisfy
(Wi,h, uj,n) = 035, 4,7 =1,2,---.
It follows directly from the minimum-maximum principle (see, e.g., [3]) that
Ai < Xip, t=1,2,-- ny.
Set
M(X\;) = {w € H}(Q) : w is an eigenfunction of (2.7) corresponding to A; },

on(Ai) = sup inf JJw—v|1,0-
weM(X\),||wllo,n=1vESE ()

(2.10)

(2.11)

The following results are standard and can be found in the literature (see, e.g., [2,3,9]

or [32]).
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Proposition 2.2. (i) For any u; of (2.10) with ||u; p|lo,o = 1, there is an eigenfunction u’ of
(2.7) corresponding to \; satisfying ||u'llo.o =1 and

" = winll1.0 < Cidn(N). (2.12)
Moreover,
u* — winllo,e < Cihllu’ —uinll,o- (2.13)
(i1) For eigenvalues,
i < Ain <A+ Cillu' —uinllfg, i=1,2,-- . (2.14)

Here C; is some positive constant depending on i but not on the mesh parameter h.

The two-scale analysis for the eigenvalues is based on the following crucial (but straightfor-
ward) property of eigenvalue and eigenfunction approximation (see [3,32]).

Proposition 2.3. Let (A, u) be an eigenpair of (2.7). For any w € H}(Q) \ {0},

alw — u,w — u) (w —u,w—u)

A= )\

(w,0) @) (w,w) (2.15)

2.2. Some Basic Analysis

For simplicity, we may assume that v = 0 in (2.9). Consequently, (2.4) is uniquely solvable
for any f € L2(Q). Define a Galerkin projection Py, : H}(€2) — SiP(Q) by
a(w — Pyw,v) =0, Yue SPP(Q), (2.16)

for which there holds

| Prhw| Lo, Yw e Hi(Q). (2.17)

Lo S llwl

Then various a priori global error estimates can be obtained from the approximate properties
of the finite element space S™?(€). For instance, if w € H}(Q)NH**1(Q)(t € [0, p]) holds, then
(see, e.g., [6,10])
(I = Pp)wl
(I = Pp)wl

Lo S w0, (2.18)

00 ShIl = Powllie, Yw e Hy(Q), (2.19)

where I is the identity operator.
There is some superclose relationship between the Galerkin projection of the eigenfunction
and the finite element approximation to the eigenfunction, which can be deduced from [32]:

Proposition 2.4. Let u;j be a solution of (2.10), and Pyu® be the Ritz-Galerkin projection of
ut, then we have

1,9 5 )‘i,h -\ + )\iHui - ui7h|

(| Pru’ — il 0.0- (2.20)
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Define a linear operator K : L?(Q) — H}(Q2) by
a(Kw,v) = (w,v), Yw € L*(Q), Yve Hy(Q).
Then (2.7) becomes
u=AKu
and (2.10) can be rewritten as
up = A\ PrKuy,.
It is derived from Proposition 2.1 that
M(\) C HPH(Q) c WEstH(Q), Vs € [0,4)

and hence

[ulls+1,0 < llullog

for u € M(N\;).
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(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

In the remainder of this subsection, for simplicity, we assume that (Ap,upn) € R x Sg P(Q)
is some finite element eigenpair of (2.10) with |lusljo,o = 1 while (\,u) € R x Hg(Q) is the

associated exact eigenpair of (2.7) that satisfies ||ullo.o =1 and

lu—unlloe+ A= An| < C(h+ lu—unl1.)llu—u|
Consequently, if M ();) C H'T1(Q)(t € [0, p]), then
An = Al S B,
B+

lu —unlloe + hllu —un|lio S

which leads to

)\
)\

(= Paw) + (A= M)K (= wn)|| S0,

Lemma 2.1. If M(\) C H'™(Q)(t € [0,p]), then
An — A= AMu,u — Ppu) + O(h2t+2).
Proof. Tt is obtained from (2.7) and (2.10) that (see [14] for details)

A — A :)\(u, U — Phu) —+ ()\h — )\)(uh, Up — Phu)

+ AMun — u,up — Pru) — A||lu — uh”%,m

1,Q-

(u—Ppu)+ (A — ) K (u— uh)HO 5 < p3trL

(2.26)

(2.31)

which, together with (2.27), (2.28) and (2.20) produces (2.31). This completes the proof. O
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Lemma 2.2. There holds

(I = AK)(u—up) = ~(A=Ap)u~+u— Pyu+rp(u), (2.32)

>| =

where ) N
() = hT(u — Po) + (A — NE (u— up) + M (P — DE (v — up)

satisfying
Lo SR (2.33)

[7n(u)llo.q + hllra(u)]
provided that M (\) C H'™(Q)(t € [0,p]).

Proof. The identity (2.32) can be established by using (2.22) and (2.23) (see [14] for details).
Since (2.18), (2.19) and (2.25) imply that

(P — DK (u—up)llo,0 + hll(Ph — DK (u—up)lli 0

SHE (u—un)llev1.0 S 27w — unlloo

SEP 2l e41,0,

we can derive (2.33) from (2.27)-(2.30). This completes the proof. O

2.3. Finite element interpolants

To generalize the two-scale discretization approach in [21,22] to higher-order finite element
in arbitrary dimensions, we need to apply the superconvergence techniques developed in [14,17,
18,21,22,26,35], which concern some error estimations of finite element interpolants in a weak
form setting.

Assume that 7" ((0,1)) is a uniform mesh with mesh size h on (0,1) and S"7((0,1)) C
H! ((O7 1)) (p > 2) is the associated piecewise higher-order finite element space. Set

S67((0,1)) = 8™7((0,1)) 1 B ((0,1)).

We next describe the multi-dimensional notation. For h = (h4,..., hq), where h; € (0,1),
construct a mesh of Q = (0,1)? by

T"(Q) =T"((0,1)) x --- x T"((0,1))
with the associated spaces of piecewise polynomials on 2 by
ShP(Q) = §™MP((0,1)) @ - ® S"P((0,1)),
S0 (Q) = 557 ((0.1) @ ® 557 ((0,1).
We remark that both S®P?(Q)) and Slon’p(Q) are the tensor product spaces of the spaces of
piecewise polynomials of degree not greater than p on (0, 1).

Instead of the standard Lagrangian interpolation, in our analysis, we need to use a so-called
“vertices-edges-area” interpolation [15,20,35]. For | € Zg, let I, : C’([O7 1]) — S}””’([O7 1]) be
defined by: For all (x%,xf“) € Th((0,1))

Ihlu(l'?) - ’U,(CL'?), Ihlu(x;q_l) - u(xf“),
i+1
Ty

/v (u — Ipu)vdr; =0, Vv € Py_o(a},z;™), (2.34)
xl

1
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where P,(7) denotes the set of polynomials of degree not greater than p on 7. It is shown that
(see, e.g., [15,20,35])

Inv=uv, YveS"P(0,1]),
s01] < Cllvllsjo, YveC([0,1]), s=0,1,

v — In,vllo,j0,1) + hullv — In, 10,1
<Ch ™ |v|le41,0, Vv € C([0,1]), t € [0,p]. (2.35)

([, 0]

The so-called interpolation “vertices-edges-area” operator I, , from C(Q) onto S®(Q) is con-
structed as Iy = Ip, o---op,. For @ = (a1, 09,...,0q4) € Ng, we set

h® = h{* - hy?, ha = (hioy,. .., haog).
From the standard interpolation error estimation, we immediately obtain

Proposition 2.5. Assume that w € H}(Q) N WEH2(Q) (t € [p,p+1]). If0 < a < e and
lae| > 2, then

(1~ hog)u. o)

o
0<B<a,|B|=1
Lo, Yo e SpP(Q), (2.36)

S ma. h*||w s v
™ 0<u<pe, |);(1,|:t+1 lwllwe.c+2allv]

where a(-,-) is defined by (2.6).

The following result may be viewed as a generalization of the relevant result known in the
literature (see, e.g., [17-20, 35, 36]). Novelties of our estimate lie in, for example, the weak
assumption on the regularity of the function. Although the general estimate is theoretically
interesting, our main motivation is to use it to analyze some two-scale finite element discretiza-
tions to be presented in the coming sections.

Proposition 2.6. If w € H}(Q) NWSH2(Q) (¢t € [p,p+1]), then

Lo, YoeStPQ). (2.37)

a((I — In)w,v) ‘arfffilhan”WG"“(Q)””'

Proof. The estimation for ¢ = p is referred to the Appendix (see Proposition A.1), and
it is only necessary to give the proof for ¢t = p + 1 by using the interpolation theory (see,
1

e.g., [6,10,28,29]). For simplicity, we denote 887_ by Q{cl(z € Zq,l € Np).

First, using the fact that 92 ,v is a polynomial of degree not greater than p — 2 with respect
to the variable z; and integrating by parts lead to

/811 (I = Ine,)wdpv =0, Yve SEP(€). (2.38)

Now for i # [ and | € Zg4, we define Fj : Q@ — R by

Fi(x) = % ((zl ) hz%) if x € 7€ THQ), (2.39)



324 H.J. CHEN, F. LIU AND A.H. ZHOU

where x; = (£71,%r2, - ,Zrq) is the barycenter of 7 and x = (1,22, - ,4) € 2. By simple
calculation using Leibniz derivation rule, it is easy to see that F; € C(Q) and for m = 2,3,--- , p,
there is a polynomial R,,(x;) € Py—2 C P,—2 such that (cf. [35])

1 2m+1

m (m+2)
i @ = e = s (B @)™+ R (), (2.40)
hi\(n
(F" (e £ 5[))( )20 for n <m. (2.41)

So using Taylor’s expansion, we have for v € Sh’p (Q) that

p
/6;81 I Ihel)w817’() —/(I Ihel 2z, W (Zl' Ty — Trl aa;%ag;lv(xT,l)).
T =0

Note that for j < p— 2,
p—2
/ (I Ihel 8m1w<z :L'l — :L'-,—l 811.8;{11)(937,1)) = 0,
T 0

where (2.34) is used. Integrating by parts, we then obtain for j = p — 1 and j = p respectively
that

1
/(I—Ihel)axiwﬁ(ﬂ _le) a:clazl (xT,l)

T

2j+1 . ; i
= | o (B @) = I )0 00,3 0(a-)
+ R_] (IZ) (I - Ihel)al‘q,wal'q, ag,.‘lv(xﬂl)

3 AR TE YRR
:(_1)1/(,71:[ (2)0742 (I — Tney ), w0y, &, v (1))

- 25+ 2)
by S 03120y, w0,, 0]
gy ) O vlan)

Taking the three parts above into account, we arrive at

/am (I = Ine, ) w0y, v
Q
p+12p
-y ( / FP ()02 02 wdl~ u(e,)

TGTh(Q)
p2p+1 +1 o
2p+2 /Fp 1)O8 =00, w0y, 08 v (xT,l))

< hf” Vo € SgP(Q), (2.42)

where integration by parts and the inverse estimate are employed. Using the error estimate

Vo=V (@ v@)or S hllVIveorlvlie, ¥reT™Q),leZsv € Sg7(Q)

and the identity

/QV(I*Ihel)wU
= (/V zr)v(z,) (I - Ihel)w—i—/T(Vv—V(xT) (x7)> (I — Ine,)w )7

TETR(Q)
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we obtain

/ V(I = Ine)wv S W Jwlperallvlia, Vo € SEP(Q). (2.43)
Q

Obviously, for any v € Sg’p(Q) and [ € Zg,

a((I = Ine,)w,v)
d

_ / On (I = Tne)wdv+ S [ 00 (1 = ey )y + / V(I — Ine Jwr.
Q i=1,i£1 7§ Q

Thus we get from (2.38), (2.42), (2.43) and the standard interpolation error estimation that
a((I = Ine, )w,v) S W2 lwllwesssolvlle, Yo € SgP(Q). (2.44)

Finally, from the identity

I—h=— > (= ] (-l

0<a<e|al>1 0<B<e,|B|=1
we conclude for any v € Sg?(Q) that

a((I = In)w,v)
= Z a((I = Ina)w,v) — Z (—1)"‘a( H (I - Ihﬁ)w,v).
0<a<elal=1 0<a<ela|>2 0<B<a|Bl=1

Therefore we derive (2.37) for t = p+1 from (2.36), (2.44) and the above result. This completes
the proof. 0

3. Two-scale Finite Element Analysis

In this section, we will combine the two-scale techniques in [21,22] with higher-order element
methods, which may be viewed as a generalization of [14] to higher-order elements. The notation
in [14,21] will be used in our discussion.

3.1. Two-scale finite element interpolants
Given o € (0,1). Let Wha+og € GhetaBp(Q) (O <a,<eanda-+f= e), and set
(5?11}11 = H 5§"wh,
where 0$ wn = Wh — Whe;+oe;s ¢ € Zg. If d =2 and h = (hy, ha), for instance, then
61(7170)wh17h2 = Why,hy — Wo,hy)
61(7171)wh17h2 = Why,hy =~ Why,o — Wo,hy T Wo,o-

Given h, H € (0,1). Let wge € ST°P(Q), wpe € S"P(Q) and whaimg € S"*THAP(Q) (0 <
a,f<ea+f=e), and define

d
Bthe = WHe — Z (527’?1)]{9. (31)

=1
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It is shown in the following proposition that a one-scale interpolation on a fine grid can be
obtained by some combination of two-scale interpolations asymptotically, which can be derived
from the standard one-scale interpolation error estimations (cf. [16,21,22] for two- and three-
dimensions and [14] for arbitrary dimensions).

Proposition 3.1. Ift € [p,p + 1], then

HB]}}]Ihew - IhewHO,Q + HHB]}}]Ihew - Ihew”l,ﬂ

SH™?|w|we.ireq) if we WEHT2(Q). (3.2)

Proof. For wy = Iyw, when k = (kq, ko, -, kq), we have

d
Whe = whe + Y, (—1)*6Rwpe.

lee]=1

Thus we obtain

d
nghe — Whe = — Z (—1)‘a‘(5nge, (3.3)
|a|=2

which, together with the standard interpolation error estimations and the interpolation theory
(see, e.g., [6,28,29]), completes the proof. O

3.2. Two-scale finite element Galerkin projections

Recall that the standard Galerkin projection P, : H}(Q) — (1)’ P(Q) is defined by
a(u — Pau,v) =0, Yo e S&P(Q), (3.4)

which is well-posed when max{h; : i € Zq} < 1 (cf. [30,31]). Here and hereafter, we assume that
any mesh size involved is small enough so that the associated discrete problem is well-posed.

Following the two-scale finite element interpolants, we construct the two-scale finite element
Galerkin projection as follows:

d
h Z
BHePheu = PHéi+heiU; - (d - 1)PHeu.
i=1
For instance,
h
By g 1 Prhnv = Prop g+ Prppu+ Pognu — 2Py g pu.

Theorem 3.1. Ifu € HL(Q) NWEH2(Q) (t € [p,p+ 1]), then

HBI}EIePheu - Phe'U/HO,Q + HHBI}EIePheU - Pheu|

1,Q /S Ht+2||ulle,t+2(Q). (35)
Moreover,
HBZIePhe“ — Preulli-pa S Ht+p+1H“HWGv‘+2(Q) (3.6)

holds for p =2,3.
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Proof. The estimation for ¢ = p is referred to the Appendix and we will only need to give
the proof for t = p + 1 by using the interpolation theory (see, e.g., [6,28,29]).
Let h € {H, h}?. Tt is seen from (2.37) that

1Pav — Inull1,0 S max h(P+2)e:, (3.7)
1€4q

Hence from the fact

h N < _
| Bfre(Pre — Ine)ullia S her{ngf;}d [(Pn — In)ull1,0 (3.8)
and the identity
Bl Phot — Photu = B (Phe — Ine)u + (B oIne — Ine)u + (Ine — Phe)u, (3.9)

we obtain the error estimate under H'—norm in (3.5) from (3.7) and (3.2).
Now we are going to derive the error estimation under L?—norm by using the Aubin-Nitsche
duality argument. For any ¢ € L*(Q), let w = (L*) "¢ € HE(Q) N H*(2). Then

[w—=Trewllr,o < H|wll2,0 < HIdlo,0
Note that

|(BI}§ePheU’ - Pheu’a ¢)| = |a(BIZePheU’ - Pheu’a ’LU)|

=|a(BY o Prett — Phott,w — Igew)| < || Ble Prott — Pretl|1.0l|w — Trewl|1 0, (3.10)
we obtain
(Bl Prott — Prott, §)| S H||Bfse Prett — Preull1,ll¢llo,0,
which together with (3.5) implies

| Ble Prett — Pretllo.0 S H T3 (|ullye.piaq). (3.11)

For the negative norm estimate, let ¢ € H?~'(Q) and we have from (2.5) that w = (L*)"'¢ €
H} () N HPTL(Q) and

[w = Trewl1,0 S H” |wlpr1.0 S HP19llp-1.0
for p = 2,3. Thus we get from (3.10) and the H'-norm estimation that
|(BlePrett = Prott, §)| S HP|| Bl Prett — Protl1,0]|6]lp-1,0,
which together with (3.5) implies
| Blre Prett = Prettll1—p.0 S H**?|lullwe.rss o). (3.12)

This completes the proof. ]
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4. Two-scale Finite Element Eigenvalue Discretizations

In this section, we shall apply the two-scale higher-order finite element methods to solve
eigenvalue problems on tensor product grids (see, e.g., [14,21,22]). For simplicity, in this section,
we consider p = 2 only and we will denote S™2(Q2) by S®(Q). Let (An,un) be a finite element
approximation on S (€2), namely, ||un|lo o=1 and

a(un,v) = An(un,v), Vv € SH(Q). (4.1)

For clarity, we consider the approximation of any eigenvalue A of (2.7). Here and hereafter
we let Age be the finite element eigenvalue of (4.1) corresponding to SE€(€2) and satisfy

A= Are|  07e(N). (4.2)

It is seen from Proposition 2.2 that associated with the eigenfunction uge satisfying (4.1) (when
h is replaced by He), there exists an exact eigenfunction w of (2.7) satisfying ||uljo,o = 1 and

lu—umel1,0 S due(N), [|u—unelloo S Home(N). (4.3)

The result, which will be used in our analysis, can be derived from Riesz-Schauder theory
(see, e.g., [11]).

Proposition 4.1. Let h € {H,h}¢ and G C Q. If M()\) C H**"(G) (0 < 5 < 1), then

sup inf Jw—vl1g S (4.4)
weM(N),||lwllo,o=1 veSP(G)

where 0 = max;ez, h®. In particular, if M(\) C H*T2(Q) (s € [0,1]), then

A= Ane| S H*OHV, lu—upelie S HH, u—unelloo S H (4.5)

lu = Paullo S o, [lu— Paullon S o2 (4.6)

Following the two-scale combination formula (3.1), we define the following two-scale finite
element approximations to the eigenpair (A, u) as follows (see, e.g., [21]):

d d
h ; h i
BHe)\he = AHe — E 621)\He7 BHeuhe = UHe — E 527,“]_[6.

i=1 i=1

Theorem 4.1. Ifu € HY(Q)NWFH2(Q) (2 <t < 3), then

| Blyehne — Al S HHS 4+ bt (4.7)
| Blotne —ullo S H + b (4.8)

Moreover, if \ is simple, then
| Bieune — ulloo S H? + 1°. (4.9)

Proof. From Lemma 2.1, we have

BlieAhe — Ao = A(u, Phott — Blyo Preu) + O(HS),



A Two-Scale Higher-Order Finite Element Discretization for Schrédinger Equation 329

which together with Theorems 3.1 and (4.5) produces (4.7). Note that

B (Phet — upe < ma Pou—u ; 4.10
IBlie(Pret — o)l S, masx | P = a0 (4.10)

hence from the identity
Bzeuhe —u= BIh{e (uhe — Pheu) + BIh{ePheu — Phott + Preu — u, (4.11)

we obtain (4.8) from (2.20), (3.5), and (4.5).
Now we are going to derive (4.9). From the definition of Bzeuhe, we have

d
(I — AK)(u— Bleune) = (I — A\K) < > (= tne,pme,) — (d—1)(u— uHe)> .

i=1

Thus we obtain from Lemma 2.2 that

(I = AK)(u — Bljeune)
1
i=1

—(d—-1) (%(A — )\He)u +u — Pyeu + rHe(u))

or

(I - )\K)(u — Bgeuhe)
d
(A= BZeAhe)U +u — Bl Preu + Z The;+He; (U) — (d — 1)rmeu.

i=1

> =

Note that Theorems 3.1 and (4.7) lead to
1
X()\ — Brene) | S H? 4 1Y,

lu— BirePreul

0.0 5 Ht+2 + h3.

Hence using (2.33), we obtain
(I = AK)(u— Bletne) llo,0 S H™™ + 1% (4.12)

Denote the subspace spanned by eigenfunctions corresponding to the eigenvalue A by Hy. Then
the assumption that A is simple implies that Hy = span{u} and

(u(BIh{euhe, u) — Bzeuhe, u) =0,
namely,
u(BZeuhe,u) — Bl une € H = {v € Hy(Q) : (u,v) = 0}.

Note that K is a compact operator and I — AK is an operator from the subspace H j\- to itself.
Hence the operator I — AK restricted on the subspace H j‘ has a bounded inverse. Therefore,

from
u(Bleune,u) — Bligune = (I = AK) 1 (I — AK) (u — Blotne),
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we have
H“(Bgle“hev“) - Bl}ﬁleuheHO,Q ST - )‘K)(“ - Bgeuhe“)HO,Qa

which, together with (4.12), yields
||u(B?{euhe, u) — Bl cunelloo < HT2 4+ b3, (4.13)
Since
lu — Beunello.g < [lu — u(Bletne, w)llo.q + |u(Botne u) — Bhetnello.g,
it remains to estimate |[u — (B} une, u)|l0,0. Using the identity

1-— (B?Ieuhea u) = (’u - Bgeuhe; u),

we obtain
178
1= (Blrotne: ) = 5 3 Nunersims, ~ = (@~ Dlfune ~ uli o)
i=1
which leads to the conclusion. This completes the proof. ]

From the theorems above, we can conclude that the quadratic elements may be the best
choice in solving (1.1) or (2.7) taking the regularity into account.

Remark 4.1. It may be derived from Proposition 2.3 that

a(BYtne, Blretne)
| Brotinell§ o

— A S HP? 4t (4.14)
provided u € H}(Q) N WE2(Q) (¢t € [2,3]).

5. Numerical Examples

In this section, we shall report some numerical experiments that illustrate our two-scale
discretization schemes. The numerical experiments were carried out on SGI Origin 3800 in the
State Key Laboratory of Scientific and Engineering Computing, Chinese Academy of Sciences.

The first two examples are typical in quantum chemistry. For illustration, we provide
numerical results for the eigenvalue approximations only.

Example 1. Consider the oscillator equation
1 Lo . 3
fiAquir u=Au in R°, (5.1)

where r = /2?7 + 23 + 23. The first four eigenvalues of (5.1) are 1.5,2.5,2.5, and 2.5. In
our computation, we choose 2 = (—5.0,5.0)3. The numerical results obtained by triquadratic
elements and tricubic elements are provided in Table 5.1 and Table 5.2 respectively, where
1 =10.0.

It is seen from Table 5.2 that the convergence rate of tricubic elements can reach O(hS);
however we are not able to prove it due to the limitation of the regularity.

Although our analysis requires that the potential V' is smooth, it will be shown by the next
example that the two-scale discretization may work well even if the potential is not so smooth.
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Table 5.1: Example 1: estimates for the first four eigenvalues by triquadratic elements.

331

Uh x1/Hx1/H | A& =AY ma| | A2 — Aj mam| | A — Ay mom| | A — A HHH|
16 x4 x4 0.000568817 0.135533 0.070273 0.070273
24 X6 X6 0.000115000 0.021530 0.010251 0.010251
32 x8x%x8 0.000036817 0.008937 0.004633 0.004633
48 x 12 x 12 0.000007343 0.006482 0.003274 0.003274
64 x 16 x 16 0.000002320 0.002182 0.001105 0.001105
96 x 24 x 24 0.000000443 0.000451 0.000228 0.000228
convergence rate O(hY) O(h") O(h*) O(hY)

Table 5.2: Example 1: estimates

for the first four e

igenvalues by tricubic elements.

I/h < IJH x I/H

A — A gomml

A2 — A3 g g oml

|/\3 — Ag H,H,H|

Aa — N gomml

16 x4 x4 0.000011078 0.078406 0.039263 0.039263

24 X6 X6 0.000001000 0.003021 0.001516 0.001516

32x8x%x8 0.000000209 0.001621 0.000811 0.000811

48 x 12 x 12 0.000000002 0.000173 0.000060 0.000060
convergence rate O(h%) O(h®%) O(h") O(h%)

1 1 ;
—ZAu—=u=Xu in R3.
2 r

Example 2. Consider the the Schrodinger equation of the hydrogen atom

(5.2)

We carry out our computation over domain 2 = (—6.4,6.4)3. The first eigenvalue is —0.5. Due
to the singularity at point (0,0, 0), we may employ a so-called graded mesh approach. The idea
of graded meshes is to put the nodes of the uniform mesh graded towards the singular point,
for instance, for Q = (—1,1) with some singularity at (0,0,0), we may use the nodes as

e 00

i
— (%)
in each coordinate direction.

if z; >0
for 1 =1,2,--- N

wleo

I, if 2; <0

The numerical results obtained by triquadratic elements and tricubic elements are presented
in Table 5.3 and Table 5.4 respectively, where )\}}{7 m,p represents the result of the uniform
discretization, X}}{ g g represents the result of the graded mesh and [ = 12.8. It is seen from
the numerical results that the two-scale discretization using graded mesh works successfully.

The last example is not a Schrodinger type equation.
Example 3. Consider an eigenvalue problem in three-dimensions:
3

0 ( 50uN ) B
_Za—%(%a—%) =Xu in Q= (1,3) x (1,2) x (1,2),

— (5.3)
u=0 on 9N
The first eigenvalue is
3 2 1
A==+ + 72 ~ 50.01189403
=it Gty

and the associated eigenfunction is

(:cz-% sin (ﬁ:}f)) Bi=3, Bo=Ps=2.

3

w=]]

i=1
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Table 5.3: Example 2: estimates for the first eigenvalue by triquadratic elements.

I/hx1/H x1/H [A1 — A?,H,H,H| |A — A?,H,H,H|
16 x4 x4 0.051738 0.047198
32x8x%x8 0.018315 0.001536

48 x 12 x 12 0.008348 0.000405
64 x 16 x 16 0.005104 0.000200
96 x 24 x 24 0.002514 0.000143

Table 5.4: Example 2: estimates for the first eigenvalue by tricubic elements.

I/hx1/H x1/H [A1 — A?,H,H,H| A — A?,H,H,H|
16 x4 x4 0.036939 0.028790
32x8x%x8 0.018410 0.005550

48 x 12 x 12 0.009456 0.001827

Table 5.5: Example 3: results obtained by triquadratic elements.

2/h x 1/H x 1/H | |\ — A?,H,H,Hl flur — u,f,H,H,HHl,Q flur — u,f,H,H,HHO,Q
6x2x2 0.06386330 0.17340868 0.00452017
12x3%x3 0.00487843 0.02380351 0.00034418
16x4x4 0.00142976 0.00773721 0.00006299
36x6x6 0.00024072 0.00158094 0.00000563
48x8x8 0.00016276 0.00048986 0.00000266

convergence rate O(H®) O(H?) O(H)

Table 5.6: Example 3: results obtained by tricubic elements.

2/h x1/H x 1/H | |A1 — >‘}1L,H,H,H| flur — u?,H,H,HHLQ flur — u?,H,H,HHO,Q
6x2x2 0.00238354 0.00923775 0.00114159
8x3x3 0.00032543 0.00030127 0.00005628
12x4x4 0.00027922 0.00006103 0.00000533
24x6x6 0.00022688 0.00001515 0.00000240

The numerical results obtained by triquadratic elements and tricubic elements are shown in
Table 5.5 and Table 5.6, respectively. The numerical results in Table 5.5 support that our dis-
cretization scheme may be applied to other type elliptic eigenvalue equations not of Schrodinger
type (cf. Appendix). It is noted that the convergence of finite element approximations in Table
5.6 is not optimal due to the regularity of the exact eigenfunction.

Remark 5.1. The ratio of h/H is chosen mainly for the optimal cost of the computation. For
example, in the last example, H = O(hg/ 3) almost holds for the triquadratic elements, and
H = O(h*/*) almost holds for the tricubic elements. But we adjust the ratio in the first two
examples due to the limit of storage of the computation. Anyway, all the numerical results
illustrate the efficiency of the two-scale discretization scheme.

6. Concluding Remarks

In this paper, we have proposed and analyzed the two-scale higher-order finite element
discretization scheme for Schrédinger type equations. It is shown by both theory and numerics
that the number of degrees of freedom of the two-scale finite element approximation is much
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less than that of the standard finite element solution. However, it is proved in this paper that
the two-scale finite element approximation still pocesses the same approximate accuracy as
that of the standard finite element solution. Hence it is a very economic solution in terms of
computational cost. To apply the two-scale higher-order finite element discretization approach
to solving Kohn-Sham equations in the pseudopotential setting is our on-going project. For such
computations, however, there are many practical issues, including the implementation details
for local density approximations, that need to be addressed. We will report our progresses in
our forthcoming papers.

What we studied here is the finite element computation over tensor product domains only.
Indeed, we may generalize those techniques to general domains and design some new local and
parallel algorithms. We refer to [22] for relevant discussions. Finally, we should mention that
the convergence of the two-scale combination approximations may be improved if the exact
solution and the coefficients of the problem have better regularity.

Appendix
We may generalize the two-scale higher-order techniques to a more general eigenvalue prob-
lem on Q = (0,1)? as follows

{Luz)\u in €, (A1)

u=0 on 01,
where L is a linear elliptic operator of second order:
0 ou
Lu=— — | a; 1%
! ijz_1axj<aja >+ !

which satisfies a;; € WH*°(Q), V. € Wh(Q), and (a;;) is uniformly positive symmetric definite
on . The corresponding weak form is defined by:

a(u,v) / Z ngu ;v + V. (A.2)

Obviously, Proposition 2.5 is valid when a(,-) is defined by (A.2) and similar results to
Proposition 2.6 can be also expected.

Proposition A.1. If w € H}(Q) N HP2(Q), then

a((I — In)w,v) < max h* Yo € SPP(Q). (A.3)

|a|=p+1

Moreover, if the weak form is defined by (2.6) and w € H}(Q) N WEP+2(Q), then

a((I = In)w,v) S ‘arlrg))il h*||lw||werrz@)llvlli,e, Vo€ SEP(€). (A.4)

Proof. First of all, it is seen for any [ € Z4 that

/ O, (I — Ine, )wdpv =0, Yo € SEP(). (A.5)
Q
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If j € Zq \ {l}, then we obtain from using Taylor’s expansion that

/811 (I — Ine, )w0z;v

=9 .
—— /(I — Ihe,)w < —(x; — zTyl)Za;jlaxjv(xT,l)

—

S

Z—/T(I—Ihel)UJ(_ |

3
=)
| =

(x) — acﬂl)iaf[laxjv(xﬂl))

(=)
~

~—~ .

— p—1
- /(I* Ihel)w%a%a%”(zﬂ)’

which, together with integration by parts and the property of Fj, yields

/6;81(1 — Ihe, ) w0y, v

2 (p+1)
= _/7_ (2]7)' (F‘lp(xl)) p (I — Ihel)waglal‘jv(xr,l)
+ Rp—1(@1)( — Ine, )wIy, Or v(wr,1)

9p
:(71)7”/ (2p)!ﬂp(xl)8§f1(17 Ine, )wOh 0 v(271),

or

_1)pop
/é)xl (I = Ine,)wdy,v = ( (2;))' /ﬂp(xl)aﬁflwé)ﬁlé)xjv(xﬂl).

It is also observed that

—1)ptlop
/6xl(I—Ihel)w8xjv = Z (((;7)'/F‘lp(l‘l)8gj_laijw8£lv(£57,l))
Q Q) D): T

TeTh(
Sh T wllwerezllvlle, Yo € SgP(), (A.6)

where the inverse estimate is used.
Similarly, for w € H}(Q) N HPT1(Q) and v € STP(Q), we get

/(I — Ihel)wv = / (Z %(wl - xT,l)i(I - Ihel)wailv(xﬂl))
T i=0

T

(r1 — )Pt (w1 — )P
+/T(I—Ihel)wwaﬁl Yo(z.) +/T(I—Ihel)w75£lv($nz)

p!
(—1)p—1tor 3 (—1)p+igptl . )
T @) Tﬂ”(xl)agjluagl fo(ee) + T (FPH (a0)) 08 ud? v(wy,).

T

Thus we arrive at

o (_1)p+12p D p+1,,9p—1
L= hayeo= (S5 [ oo e

TETR(Q)
(-1rtigr oy
+W/—,— (Fler (:L'l)) 8§f1w8§lv(xﬂl) . (A?)
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Obviously, substituting w by d,,w and v by 0,,v in (A.7) implies
/ani (I = Ite, ) w0y, v SEY Wl wewizyllvlli,e, i # L. (A.8)
Therefore, it follows from (A.5), (A.6) and (A.8) that
/Qaijaxi(l — Ihe) ) w0y ;v

= aij(xT)/ani(I — Ihel)wé)xjv + /Q(aij — 0ij(27))02; (I — Ine, )wOy ;v

S hf+1||w”P+27Q”v| 1,Q; V"U S S(l)q’p(ﬂ) (Ag)

Combining (A.9) and

[V~ I ywo SH wlalolon, Yo e SET@), (A.10)
Q

we have

a((I ~ Tne)w,v) S W wlprzallvllia, Yo € SEP(Q). (A.11)

Note that from the identity

I-Iy=— Y (e I (-,

0<a<e al>1 0<B<a,|Bl=1
we obtain for any v € Sg°P(€) that

a((I = In)w,v) = Z a((I = Ina)w,v)

0<a<e,|a|=1

- (—U""a( 11 (I—Ihﬁ)w,u). (A.12)

0<a<e,la|>2 0<B<a,|B=1
Hence we can derive (A.3) from (2.36), (A.11) and (A.12). Moreover, (A.4) can be obtained
using (2.36), (A.5), (A.6) and (A.8). This completes the proof. O
Consequently, we have the following results.
Theorem A.1. Ifu € H}(Q) N HP2(Q), then
| BlrePrett — Pretillo,0 + H| Bl Pret — Proul1,0 S HPF2. (A.13)
Moreover,
| BYePrett — Pretl|1—po S H*P p=23. (A.14)

Theorem A.2. Ifu € H}(Q) N HAQ) and p = 2, then
| BlreAne — Ane| S H, || Bliotne — tnell1.0 S H. (A.15)
Moreover, if X is simple, then
lu — Blretnelloo S H* + h®. (A.16)
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