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Abstract

Error reduction, convergence and optimality are analyzed for adaptive mixed finite
element methods (AMFEM) for diffusion equations without marking the oscillation of
data. Firstly, the quasi-error, i.e. the sum of the stress variable error and the scaled error
estimator, is shown to reduce with a fixed factor between two successive adaptive loops,
up to an oscillation. Secondly, the convergence of AMFEM is obtained with respect to the
quasi-error plus the divergence of the flux error. Finally, the quasi-optimal convergence
rate is established for the total error, i.e. the stress variable error plus the data oscillation.

Mathematics subject classification: 65N30, 66N15, 65N12, 65N50.
Key words: Adaptive mixed finite element method, Error reduction, Convergence, Quasi-
optimal convergence rate.

1. Introduction and Main Results

Let Q be a bounded polygonal in R2. We consider the following diffusion problem with
homogeneous Dirichlet boundary value:

{ —div(AVu) = f  in Q, (1.1)

u=20 on 09,

where the diffusion tensor A € L>®°(Q;R?*?) is a symmetric and uniformly positive definite
matrix, and f € L?(2). The choice of boundary conditions is made for ease of presentation,
since similar results are valid for other boundary conditions.

Adaptive methods for the numerical solution of PDEs are now standard tools in science
and engineering to achieve better accuracy with minimum degrees of freedom. The adaptive
procedure of (1.1) consists of loops of the form

SOLVE — ESTIMATE - MARK — REFINE. (1.2)

A posteriori error estimation (ESTIMATE) is an essential ingredient of adaptivity. We refer
to [1,2,7,17,30] for related works on this topic. The analysis of convergence and optimality of
the whole algorithm (1.2) is still in its infancy.
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The convergence analysis of standard adaptive finite element method (AFEM) started with
Défler [16]. Dofler introduced a crucial marking, and proved the strict energy error reduction
of the standard AFEM for the Laplacian under the condition that the initial mesh 7; satisfies
a fineness assumption. Morin et al. [24,25] showed that such strict energy error reduction can
not be expected in general. Introducing the concept of data oscillation and the interior node
property, they proved convergence of the standard AFEM without fineness restriction on 7y
which is valid only for A in (1.1) being piecewise constant on 7y. Inspired by the work by
Chen and Feng [11], Mekchay and Nochetto [22] extended this result to general second elliptic
operators and proved that the standard AFEM is a contraction for the total error, namely the
sum of the energy error and oscillation. Recently, Cascon, et al. [10] presented a new error
notion, the so-called quasi-error, namely the sum of the energy error and the scaled estimator,
and showed without the interior node property for the self-adjoint second elliptic problem that
the quasi-error is strictly reduced by the standard AFEM even though each term may not be.
Very recently, in [20,21] Hu et al. first proved the convergence of adaptive conforming and
nonconforming finite element methods without marking the oscillation of data.

Besides convergence, optimality is another important issue in AFEM which was first ad-
dressed by Binev et al. [4] and further studied by Stevenson [28,29], who showed optimality
without additional coarsening required in [4,5]. These papers [4,5,28,29] are restricted to
Laplace operator and rely on suitable marking by data oscillation and the interior node prop-
erty. Cascon et al. [10] succeeded in establishing quasi-optimality of the AFEM without both
the assumption of the interior node property and marking by data oscillation for the self-
adjoint second elliptic operator. Very recently, in [20,21] Hu et al. first analyzed the optimality
of adaptive conforming or nonconforming finite element methods without using the algorithm
that separates the error and the reduction of data oscillation.

However, for the convergence and optimality of AMFEM, the present works are carried
out only for Poisson equations: In [8], Carstensen and Hoppe proved the error reduction and
convergence for only the lowest-order Raviart-Thomas element. Chen et al. [12] showed the
convergence of the quasi-error and the optimality of the flux error while marking the data
oscillation. In [3,9,18], the convergence and optimality were analyzed for only the lowest-order
Raviart-Thomas element where the local refinement was performed by using simply either the
estimators or the data oscillation term.

Since the approximation of the mixed finite element methods is a saddle point of the cor-
responding energy, there is no orthogonality available, as is one of main difficulties for the
convergence and optimality of AMFEM. Since the stress variable is of interest in many appli-
cations, we especially concern the stress variable error. In this paper, our main contribution
is that we develop a novel technique and show, for more general elliptic problems and more
general mixed elements, the reduction property of the quasi-error (i.e., the saturation property),
the convergence of the quasi-error plus the divergence of the flux error, and the quasi-optimal
convergence rate of the total error with only the Dérfler Marking and without marking the
oscillation.

To summarize our main results, let {7k, (Mg, L), Pk, nk } k>0 be the sequence of the meshes,
a pair of finite element spaces with divMy = Lj, the approximation solutions, the estimators
produced by AMFEM in the k-th step. We prove in Section 5 that the quasi-error uniformly
reduces with a fixed rate between two successive meshes, up to an oscillation of data f, namely

Eryr iy < P& + i) + Cosc®(f, Te),
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where a € (0,1), v > 0, £2 == ||A~Y2%(p _pk)H%Q(Q)’ and osc(f, Tx) is the oscillation of f over
T (see Section 2.3). We point out here that in some cases, even though the stress variable error
is monotone, strict error reduction for £ may fail. On the other hand, the residual estimator
Mk = Nk(pr, Tr) exhibits strict reduction even when py = pr41 but no monotone behavior in
general. The orthogonality for the divergence of the flux leads to the convergence result:
Eipr + 71l div(p — i)l 2 () + 12041 < 2D,

where constants 1,72 > 0, 0 < 8 < 1, and Cj, denotes the error on the initial mesh, and hj1
is the mesh-size function with respect to Ti41.

Since all decisions of AMFEM in MARK are based on the estimator 7, a decay rate for
the true error is closely related to the quality of the estimator, which is described by the global
lower bound n? < 2 + osc?. Hereafter, following the idea in [10,22], we refer to (€7 + osc?)'/?
as the total error. The lower bound demonstrates that the estimator is controlled by the error
except up to an oscillation term and one can observe the difference between & and n; only
when oscillation is large. Furthermore, from the upper bound 5,? < ni and osci < ni it follows
&} + osci < mi. This implies that the total error, which is the quantity reduced by AMFEM,
is controlled by the estimator. Since the estimator itself is an upper bound for the quasi-error,
in view of the global lower bound it holds £ + osc? =~ n? ~ E2 + yn?.

In short, the behavior of AMFEM is intrinsically bonded to the total error, which measures
the approximability of both the flux p = AVwu and data encoded in the oscillation term. Note
that when A~1py, is a piecewise polynomial vector, oscillation will reduce to approximation of
the right-hand side term f of (1.1) (see Section 2.3). In general case, approximation of data A
in osci couples in nonlinear fashion with the discrete solutions py.

In Section 6, we introduce an approximation class As (see [14,15]) based on the total
error. Using a quasi-monotonicity property of oscillation and a localized discrete upper bound,
we prove the following quasi-optimal convergence rate for the AMFEM in terms of DOFs by
assuming the marking parameter 6 € (0, 6,) with 0 < 6, < 1 (see Theorem 6.2):

(EF + 720867, (i, Ti))'/? < O(s,0, A) (#Th — #T0)~°.

The rest of this paper is organized as follows. Section 2 gives some preliminaries and details
on notations. Section 3 shows an efficiency result of the a posteriori error estimator. Section 4
provides some auxiliary results for convergence and optimality. We derive in section 5 the error
reduction and convergence of AMFEM, and prove in Section 6 the quasi-optimal convergence
rate of AMFEM.

2. Preliminaries and Notations

2.1. Weak formulation

By splitting (1.1) into two equations, the mixed formulation is given as

(2.1)

—divp=f and p=AVu in Q
u=20 on Of.

Since the diffusion tensor A is symmetric and uniformly positive definite, by the Lax-Milgram
theorem, there exists a unique solution u € H{(2) to the problem (2.1). Moreover, the weak
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formulation of (2.1) reads as: Find (p,u) € H(div, ) x L?(Q2) such that

(A™'p, @)oo + (div q,u)oo =0 forall g¢e H(div,Q),

(div p,v)o.0 = —(f,)0.0 for all v e L%(), 22)
where H(div,Q) := {q € L?(Q)? : div ¢ € L*(Q)}, and (-, -)o,o denotes L? inner product on (.
Let Tn be a shape regular triangulation of the domain 2 in the sense of [13], and let
M), and Lj, denote finite dimensional subspaces of H (div,) and L?(Q2), respectively, such as
well-known Raviart-Thomas (RT), Brezzi-Douglas-Marini (BDM), and Brezzi-Douglas-Fortin-
Marini (BDFM) mixed finite element spaces (see [6]). Note that M} and Lj; are indeed the
spaces of the piecewise polynomials of total degree at most [ + 1 and [ with [ > 0, respectively.
In the step SOLVE a mixed finite element method reads as: Find (pp,un) € Mj x Ly such
that
(A7 'pryqn)o + (div gn,un)oo =0 forall g, € M,

. (2.3)
(div pr,vn)o,e = —(frvn)o0 for all v, € Ly,

where f, is the L2— projection of f over Lj,.

It is well-known that the existence and uniqueness of the solution of (2.2) hold true, and that
the discrete problem (2.3) has a unique solution since a discrete inf-sup-condition is satisfied
by these discrete spaces M}, and Ly, (cf. [6]). Suppose that the module SOLV E outputs a pair
of discrete solutions over Ty, namely, (pn,un) = SOLVE(T).

In what follows, for each T' € T;, we denote the mesh size hp := |T|/? with |T'| the area of
T. Let €, be the set of element edges in Ty, J(v)|g := (v|1,)|g — (v|7_)|E denote the jump
of v € HY(|JTs) over an interior edge E := T NT_ of length hg := diam(FE), shared by
the two neighboring (closed) triangles Ty € Tp,. Especially, J(v)|g = (v|r)|g if E =T NoQ.
Furthermore, for T" € T, we denote by wy the union of all elements in 7} sharing one point
with 7', and define the patch of E € ¢}, by

wE::U{TGﬁ:ECT}.

Denote T'j, := [Jéep, and note that J : HY(|JT,) — L?(T') be an operator with H'(|J7) :=
{ve L*(Q) : VT € Tp,v|lr € HY(T)}.

Throughout the paper, the local versions of the differential operators div, V, curl are under-
stood in the distribution sense, i.e., in D’(£2), namely, divy,curl, : HY((JT,)? — L*(Q) and
Vi @ HY(JTn) — L*(Q)? are defined such that, e.g., divyv|r := div(v|r) in D'(T), for all
T €7

2.2. A posteriori error estimators

For all E € ¢, let 7 be the unit tangential vector along F, and p, € M} be the approxi-
mation solution to the flux of (2.3) with respect to the triangulation 7;. For convenience we
define the stress variable error by

& =AY (p — pu)lI72
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and define the local and global error estimators (see [6]) respectively as
07, (P, T) o= W7l f + div pallZacr) + W lleurl(A™ pa)l 72
+ hT||J(A71Ph 'T)||%2(6T)a
07 (pr, Th) : Z n%. (o, T

TeTh
Here curly := gff - % for 1 = (¢1,12)T. Note that in this paper, the Curls of a scalar
function ¢ are involved as
9¢  0¢ . r
Curlg := (—=——, =——)".
urle = ( 0xa 83@1)

We assume that, for a given triangulation 75 and a corresponding discrete solution py, € My,
the module ESTIM ATE for the stress variable outputs the indicators

{3, (o, T)}rer, = ESTIMATE((pn, Th).
From [6], for the stress variable error the estimate
Er < Cong,, (pn, Th) (2.4)

holds with C; a constant independent of the mesh size.

2.3. Oscillation of data

For an integer n > [ + 1, we denote by II12 the L?—best approximation operator onto the
set of piecewise polynomials of degree < n over T' € Tj, or E € ¢, denote by id the identity
operator, and set P2 :=id — I12. We define the oscillation of data as

0563 (o T) += 2| P2l (A= ) 220 + Pl P20 (A 1) oo,
hal| f — fh||%2(T) for all T € Tp,.

Especially, for any subset 7, C Ty, we set

2 2
oscT} (pn, T1) : Z oscT} (pr,T) and oscy, := oscT, (Pr, Th)-
TeT,

We also define the oscillation of f as

0s¢(f, Tn) = |Ih(f = fu)llZ2(q)-

Remark 2.1. Let 75 be a triangulation, g, € M} be given. By substituting p, with ¢, in
the definitions of 0z, (pr, T') and osc;, (pr, T'), we can see that the indicator nz, (qn,T') controls
oscillation osct;, (qn, T), i.e., oscr, (qn, T) < 7, (gn, T') for all T € Tp,. In addition, for the stress
variables, the definitions of the error indicator and oscillation are fully localized to T', which
means 01y, (qu, T) = 7, (qu, T) and oscry, (qu, T) = oscr, (qu, T) for any refinement T, of Ty
with T € T, N Ty and qg € Mpy. Moreover, a combination of the monotonicity of local mesh
sizes and properties of the local L2—projection yields

N7 (QH; 7;7,) S N7y (QH; TH) and 0sCT;, (qH; 7;7,) S OSCTy (qH7 TH) qu S MH

We note that in this paper, the triangulation 7, means a refinement of Ty, all notations
with respect to the mesh 7Ty are defined similarly. Throughout the rest of the paper we use the
notation A < B to represent A < C'B with a mesh-size independent, generic constant C' > 0.
Moreover, A =~ B abbreviates A < B < A.
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2.4. Adaptive algorithm

In the M ARK step of (1.2), by relying on Dorfler marking, we select the elements to mark
according to the indicators for the stress variables, namely, given a grid Ty with the set of
indicators {n7y, (pg,T)}reTsy and marking parameter 6 € (0, 1], the module M ARK outputs a
subset of making elements My C Ty, i.e.,

MH - MARK({UTH (pH; T)}TGTH7 TH; 0))

such that My satisfies Dorfler property

N7u (P, Mu) 2 007, (pa, Th).- (2.5)

In the REFINE step of (1.2), we suppose that the refinement rule, such as the newest
vertex bisection [23], is guaranteed to produce conforming and shape regular mesh. Given two
fixed integers by > b > 1, a mesh Ty, and a subset My C Ty of marked elements, a conforming
triangulation 7T is output by

Tn = REFINE(Tg, Mu),

where all elements of My are at least bisected b times and at most by times. Note that not only
marked elements get refined but also additional elements are refined to recovery the conformity
of triangulations. Let R := Ry, 7, := T/ (Ter N'Tp,) denote the set of refined elements, which
means My C Ry, —7,. Here, we quote a result about complexity of refinement, its proof can
be found in [29].

Lemma 2.1. (Complexity of refinement) Assume that Ty satisfies condition (b) of section 4
in [29]. Let {Tk}x>0 with cardinality # Ty be any conforming triangulation sequence refined from
a shape regular triangulation To, Tp+1 be generated from Ty by Tp41 = REFINE(Ty, My) with
a subset My, C T.. Then it holds

k—1
#Te —#T0 S Z#Mj for all k > 1.

§=0
We now describe the algorithm of the AMFEM of the stress variables. In doing this, we
replace the subscript H (or h) by an iteration counter called & > 0. Let 7o be a shape
regular triangulation, 1o := 17 (po,7;,) denote the error indicator onto the initial mesh 7y, with
a marking parameter § € (0,1]. The basic loop of AMFEM is then given by the following

iterations:

AMFEM

Set k = 0,7, = no and iterate

1) (pk,ur) = SOLVE(T);

2) {mk(px, T)}rer, = ESTIMATE(py, Tr.);

(1)
(2)
(3) My = MARK ({nk(px, T)}retis Tk, 0);
(4)

We note that the AMFEM for the stress variables is a standard algorithm in which it employs
only the error estimator {n7, (px,T) }reT,, does not mark the oscillation, and does not need the
interior node property.
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3. Efficiency of Estimator

In [6] the efficiency of the proposed estimator was derived under the constraint that A=! is
a piecewise polynomial matrix. Here, by introducing the oscillation of data, we shall show the
efficiency without the constraint on A~!.

Using the property of L2-best approximation and standard arguments we easily have the
following two lemmas.

Lemma 3.1. Let p, € My, be an approximation solution to the stress variable of (2.3), P?
denote the operator defined in Section 2.3, and € := p — p;, be the error of the flux. Then, for
all T € Ty, it holds

hT||curl(A_1ph)||Lz(T) < ||A_1/26||L2(T) + hT”PT%CUﬂ(A_lph”|L2(T). (31)

Lemma 3.2. Let p;, € My, be the approximation solution to the fluz of (2.3), Pfﬂ denote the
operator defined in Section 2.3, and € be the same as in Lemma 3.1. Then, for all E € ey, it
holds

h 1A w7l )
Shi 2P T (A7 pn - 1) 12y + el PReurly (A7 o) |12 (up) + A7 2l 2(s). (3.2)
We now prove the efficiency of the estimator 7, (pn, 7n) by using the above two lemmas.

Theorem 3.1. Letp € H(div,Q) and py, € My, be the solutions of (2.2) and (2.3), respectively,
and let 07, (pn, Tn), En, and oscy, be defined as in Sections 2.2 and 2.3. Then, for the estimator
of the stress wariables for the RT, BDM, and BDFM elements, there exists a constant Co
independent of mesh-size such that

Congs, (P, Tw)? < Ef + oscy. (3.3)

Proof. Since f + div pp, = f — fp, combining Lemmas 3.1-3.2, and summing over all T' € Ty
and E € e, we obtain the desired result (3.3). O

4. Auxiliary Results for Convergence and Optimality

4.1. Quasi-orthogonality

Following the same line as in the proof of (Lemma 4.2, [12]), we have the following result:

Lemma 4.1. Let T;, and Ty be two nested triangulations, 11, be the L?(Q) —projection op-
erator onto Ly, and (pp,up) € My, x Ly, be the solutions of (2.3). Then for any T € Ty, there
exists a positive constant Cy depending only on the shape regularity of Ty such that

lun = Tpunll2ery <V CoHr||A™ 2 pul|L2(ry.- (4.1)

In order to prove the quasi-orthogonality, we need to introduce a pair of auxiliary solutions.
We denote by fz the L?—projection of f over Ly, and consider the following problem: Find
(Ph,up) € My, x Ly, such that

(A™'Pr,an)o,0 + (div gn,in)oo =0  forall g, € My, (42)
(diV ﬁh,vh)QQ = 7(fH, ’U}Joyg for all vp € Ly,.
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In fact, the solution (P, up) of this auxiliary problem may be regarded as another approxi-
mation to the flux and displacement (p,u).

Lemma 4.2. Let T, and Tg be two nested triangulations, osc(fn, Tr) denote the oscillation
of fn over Th, pn and pp, be the solution of (2.3) and (4.2), respectively. Then there exists a
constant Cy depending only on the shape reqularity of Ty such that

A2 (pr, — P)||22) < V/Coosc(fa, Tar-) (4.3)
Proof. The conclusion follows from Lemma 4.1 and the same line as in the proof of (Theorem
4.3, [12]). a

We state the property of quasi-orthogonality as follows.

Theorem 4.1. (Quasi-orthogonality) Given f € L*(Q) and two nested triangulations Tp, and
Tu, let pn and py be the solutions of (2.3) with respect to T, and Tm, respectively. Then it
holds

(A~ (p— pn),pn — P00 < Cé/2||x4_1/2(p = pr)llz2()0sc(fr, TH)- (4.4)
Furthermore, for any §1 > 0, it holds
(1= o)A (p = p)ll3 20
<AV (p = pi)ll72 () — 1A% (o — pi)l|72(q) + Cody 'ose®(fu, Th)- (4.5)
Proof. Let (pp,ur) solve the problem (4.2). Then we have
(A~ (p — pn), Pn — PH)0.2
= — (div(ph — pu),u —un)o,o = (fu — fu,u—1un)oa = 0. (4.6)
From the above identity (4.6) and Lemma 4.2, we obtain
(A~ (p = pn),pn — pr)o.a = (A~ (P — pr), P — Pr)o.c
<[ A7Y2(p = pu)ll 2@ I[A™2 (o1 — B I 22(0)
< C*[IA7Y(p = pu)l 2 ose(fu, Tar), (4.7)
which implies the first result (4.4). Furthermore, notice that
IA2(p = pa)llF2 () = A2 (0 = pr)l|72 () — 1A (on — pr)l[72(0)
—2(A7 (p = pn)spn — PH)0,0- (4.8)
Then for any d; > 0, from (4.7) and Young’s inequality we have
|A2(p — ph)||2L2(Q) < ||ATV2(p - pH)||%2(Q) —|AT2(pn _pH)||2L2(Q)
_ C
+ AT = )l + 505 (i, T,

which implies the estimate (4.5). O

Although the oscillation of f over the triangulation Tz appears in the estimate of quasi-
orthogonality, it is dominated by osc(f, Ty). We refer to [12] for the proof of the following
observation.

Lemma 4.3. Let f;, denote the L>—projection of f over Ly. Then it holds
osc(fn, Tu) < ose(f, Tu).



Adaptive Mixed Finite Element Methods for Diffusion Equations 491

4.2. Reduction of estimators and oscillation

In this subsection, we aim at the reduction of the estimators and oscillation. To this end,
we relate the error indicators and oscillation of two nested triangulations to each other. The
link involves weighted maximum-norms of the inverse matrix, A~!, and its oscillation.

For a nonnegative integer m = n —1, any given triangulation Ty, and v € L*° (), we denote
by TIS°v the best L°°(2)—approximation of v in the space of piecewise polynomials of degree
< m, and denote by wr the patch of element 7" defined in Section 2.1. We further set

M v:=0, PXv:=(id—1I%)v,
1, (A™YT) == Hy(||Curl A™Y[Z ooy + Hp*[|A7H [F ) forall T € Ta,
oscT,, (A7 T) v= HE (I[P Curl A7Y[Lwe () + Hp?|IPP AT [T )-

Noticing that Po° is defined elementwise, for any subset T/ C Ty we set

Ny (A7 TH) := max nr, (A~ T), oscr, (A™Y, Tf) := max oscry, (A™4,T).
TeTy TeTy
Remark 4.1. (Monotonicity) The use of best approximation in L* in the definition of 7,
(A=Y, Ty) and oscr, (A™1, Ty) implies the following monotonicity: for any refinement 7;, of
T, it holds

n7. (A7 Th) < n7 (A7, Ta) and oscr, (A~ Th) < oscry, (A", Th).

To avoid any smoothness assumptions on the diffusion coefficient matrix, we need to quote
a result about implicit interpolation, whose proof can be found in [10]. Let m be a nonnegative
integer, ¢ be a positive integer, and w be a one- or two-dimensional simplex. We denote ﬁﬂn =
id — 117, where ITJ, : L/ (w,R") — P, (w,R") is the operator of best L/ —approximation in w for
J =2,00.

Lemma 4.4. (Implicit interpolation) Let m and n be two nonnegative integer. Then for all
ve L®w,RY), Ve P,(w,R") and m > n, it holds

1P (0V)lz2 () < 1P| oo ()| VIl 2wy (4.9)

Lemma 4.5. Let Ty be a triangulation. For all T € Ty and any pair of discrete functions
o, T € My, there exists a constant Ay > 0 depending only on the shape regularity of Ty, the
polynomial degree 1 + 1, and the eigenvalues of A=Y, such that

NTw (UH, T) < N7u (TH, T) + /_\177TH (Aila T)HAil/Q(o‘H - TH)' |L2(wT)7 (410)

oscr, (om, T) < oscr, (i, T) + Ayoser, (A~ T)||A™Y2 (o5 — TH)|| L2 (wr)- (4.11)

Proof. We only prove the second estimate (4.11), since the first one (4.10) is somewhat

simpler and can be derived similarly. We denote by L?(I'y) the square integrable function

spaces on I'y := (Jey. The jump of the tangential component defines a linear mapping

J: My — L} by J(qu) = J(A™'qy - 7) for all gy € My from My into L} . Recalling

P? = id—T112 with II2 being the L?—projection, denoting gy := oy — 7y and using the triangle
inequality, we have

oscry, (om, T) < osery, (T, T) + HT||]53(:url(A_1qH)||L2(T)
+ Hy?||BL 0 J (A i 7)o (4.12)
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We split the curl term as
curl( A~ qg) =Curl A~ gy + A7 curl qm,

where Curl A~! is a vector whose every component is the curl of the corresponding column
vector of A™1, and curl qm is a matrix whose column vector is the Curl of the corresponding
component of qr. Invoking Lemma 4.4 with w = T and noticing that polynomial degree of gz
is [ 4+ 1, we infer for the first term that

[P2(Curl A7Y - qi)lln2(ry S 1P 1 Curl A7 | ooy [[A™Y g5 || 121 (4.13)

Since curl qm is a polynomial of degree < [, applying (4.9) again in conjunction with an inverse
inequality, we obtain for the second term that

[IB3(A™ < curl gin)lzer)
< 1B A7 | poo oy llcurl qrr | p2ery < 1P A™Y | Loy lan | arr ()
S HEIP A [ pe (1A 2 qu | 2(ry- (4.14)
We now deal with the jump residual. Let 7" € Ty share an interior edge E with T. We
write J(A™ gy - 7) = (A" qu)|r — (A" qm)|7/) - 7 and use the linearity of II2,;, Lemma 4.4
with w = E, and the inverse inequality ||gm||z2(p) S HT_1/2||qH||L2(T) to deduce
P2 (A qm) e )2y
= [(PY 1 (A amlr)) - llee ey < N1Ppiy (A am|7)l |2y
< 1B A Ml () gl |2y S Hep 1P A | oo lam L2y - (4.15)
Since Ty is shape-regular, we can replace H’. by Hrp, a similar argument leads to
122 (A7 ) - Tl 22y S Hy P2 IPR A | oo oo a2 - (4.16)
A combination of (4.15) and (4.16) yields
P2 J(A g - 7|2y
= |1P2 1 (A qu)lr — (A7 qw) ) - 7)l L2y
< 1Py (A7 am)lr - )l [2my + [1Prr (A7 am) - 1) |22

—1/2(| Hoo  4— _
S Hy B A7 e o 1A 2|1 - (4.17)
By summing over all edges of element T, from the above inequality (4.17), we get
152 J (A g - 1) z2gory S He 1P A7 | oo (o [|A™Y 20 || 2 - (4.18)
Finally, the desired result (4.11) follows from (4.12)-(4.14) and (4.18). O

The following two corollaries are global forms of the above lemma.

Corollary 4.1. (Estimator reduction) For a triangulation Ty with My C Tu, let Ty be a
refinement of Tg obtained by T, := REFINE(Tg, Mpz). Denote Ay := 3A? with Ay given in
Lemma 4.5, and X :=1 — 272 > 0 with b given in Section 2.4. Then it holds

17, (on, Tn) <(1+02){n7, (0m, Trr) — Ny, (o1, M)}
+ (L0 ) Az (AL To)|A™ 2 (om — on)l22 o (4.19)

for all og € My, on € My, and any d2 > 0.
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Proof. The desired result follows from Lemma 4.5, Remark 2.1, Remark 4.1, and the same
line as in the proof of Corollary 3.4 in [10]. O

Corollary 4.2. (Perturbation of oscillation) Let T;, be a refinement of Ty, and let Ay be the
same as in Corollary 4.1. Then for all o € My, on € My, it holds

osc;, (oa, T N Th)
<20s¢%. (04, T N Th) + 2A108¢7, (A7 TOIA™Y2 (o — UH)||%2(Q). (4.20)

Proof. Remark 2.1 yields oscry, (om,T) = oscr, (o, T) for all T € Ty N Tp,. Hence, by the
estimate (4.11) and Young’s inequality, we get

osc%—H (o, T) < 2050%’ (on,T) + QA%OSC%—’L (A7, T)||A_1/2(0h — O'H)H%z(wT). (4.21)

By summing (4.21) over T' € Ty N7}, and using the monotonicity property oscr, (A1, 75) <
oscr, (A7, 7o) stated in Remark 4.1, the inequality (4.21) indicates the desired assertion. [

5. Convergence of AMFEM

In this section, we first prove that the quasi-error uniformly reduces with a fixed rate on
two successive meshes, up to an oscillation term of f. This means AMFEM is a contraction
with respect to the quasi-error. We then prove that AMFEM is convergent with respect to
the quasi-error plus the divergence of the flux error. To this end, subsequently we replace the
subscripts H, h respectively with iteration counters k, k 4+ 1, and denote by

&= [[AT 20 = p)llra) and ne = 07 (pr, Ti)

the stress variable error and the estimator over the whole mesh 7y, respectively.

Theorem 5.1. (Contraction property) Given 6 € (0,1], let {Tx; (Mg, Li); Pk tx>0 be the se-
quence of meshes,a pair of finite element spaces, and the approrimation solutions produced by
AMFEM. Then there exits constants v > 0, 0 < a < 1, and C > 0 depending solely on the
shape-regularity of To, b, N75(a-1,70), and the marking parameter 0, such that

Expr + Moy < AP(ER 4+ ymi) + Cosc®(f, Tr). (5.1)

Proof. For convenience, we use the notations Ejy := pr — pr+1, m(Mk) = 7, (pr, Mk),
no(A™1Y) :== 07 (A™1, Tp). Applying the estimator reduction (Corollary 4.1) to (4.5), we get for
any 7 > 0,

(1= 01)Ey + M S EF - ||A_1/2Ek||%2(9) + (1 + o) {nf — M (My)}
(L4 0 A (AT[ATY2 Bl [Fa ) + $205¢? (firr, Th)-

In what follows we choose ¥ := 1/ ((1 + d5 ')A1n2(A~1)) so as to obtain

C
(1= 8)E2 0 + s < €2+ 7(1+62) (nz - mﬁww) + Losc (i, ).
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By using the reliable estimation (2.4) of the stress variable error, and invoking Dérfler marking
property (2.5), the above inequality yields for any constant «,

(1 - 51)513“ + ’7n13+1

C
02(1 = 01)EF + (1= a?(1 = )& +5(1+ b2){nf = M (Mi)} + F0sc? (ficr, i)

C
< a?(1—6)E + (1 —a(1—6:)C1nf +3(1+62)(1 — A0*)ng + 5—fosc2<fk+1,m

(1 —a2(1—61))Cr + (14 62)(1 — X6?)

IN

< a?{(1-0))E +

C
M} + 5—fosc2(fk+1,7;). (5.2)

We choose a such that (1 —a2(1 —§1))C1 + (1 + §2)(1 — A\?) = o274, which gives

o2 = 1=0)C1 +5(01:C1/7 + (1 465)(1 = A6%))

(1-61)C1 +7

We now choose d3 and d; such that

1— \02)5,7

52 < A0?/2(1 — X0?) and §; < min{1, ( . }.
1

Then it follows

(5101/7}/ + (1 + (52)(1 — )\92)
G2

<(1=X0%)d2 + (1 +62)(1 — A0?) < (1 — N0*)(1 + ) = b

which leads to a2 < 1. Finally we set v = /(1 — ;). Then the desired result (5.1) follows from
(5.2) and lemma 4.3. O

We note that the oscillation, osc(f, 7x), of the right-hand side term f measures intrinsic
information missing in the average process associated with finite elements, but fails to detect
fine structures of f. Since the oscillation occurs in the quasi-orthogonality for the stress variable,
we shall use an equivalent term, ||hrdiv(p — pr)||, to offset it so as to derive the convergence of
AMFEM without marking the oscillation.

Theorem 5.2. (Convergence result) Given 6 € (0,1], let {Tx; (Mg, Li); pr) } x>0 be the sequence
of meshes, a pair of finite element spaces, and the approximation solutions produced by AMFEM,
and denote Ciy the error on the initial mesh by

Cin = & + 1|1hodiv(p — po)|[72(qy + 71275

Then there exits constants v1,v2, 8 with y1,72 > 0 and 0 < B < 1, depending solely on the
shape-regqularity of To, b, N15(a-1,75), and the marking parameter 0, such that

Ef 1+ ml|hgrdivip — pk+1)||2L2(Q) + 2y < CinB2EHD, (5.3)

Proof. Notice that the second equation of (2.2) and (2.3) implies the following orthogonality
for the divergence of the flux on each element

(div(p — pe+1), div(pg+1 —pe))r =0 for all T € Tpqq.
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This orthogonality leads to

Idiv(p — pres)l |72
=||div(p — Pk)”%z(T) — ||div(prt1 — pk)||2L2(T) —2(div(p — pr+1), div(pr+1 — pr))T
=||div(p _pk)”%?(T) — ||div(pe+1 — pk)||%2(T)- (5.4)
Since the marked elements are at most bisected by times, from the monotonicity of the mesh-size
function, and summing (5.4) over all element T € Ty, we obtain
|hks1div(p — prya)l172(q)
Z hi 1| div(p — pk)||L2(T) Z hi+1||diV(pk+1 - pk)”%z(T)

T€Tk+1 T€Tk+1
< Z {hi”div(p - pk)||2L2(T) - 27(b0+1)hi||div(pk+1 *pk)H%z(T)}
TeTs
= ||hxdiv(p — pr)llF20) — 270tV | g div(prr — Pe)ll72(0)- (5.5)

Let fry1 and f denote the L?—best approximation of f over Ljy; and Ly, respectively,
and Iy, be the L?—projection operator over Ly. Notice that div pgr1 = — fry1,div pr = — fx.
From the property of the L?—best approximation, we get

o5 (frat, Te) = Y hillferr = oy ferllZeery < D Bl faer = fillZzer)

TeTk TET

= hidiv(pr+1 _pk)||2L2(Q)' (5.6)

Applying (5.6) to (4.5), combining the estimator reduction (Corollary 4.1) and (5.5), and in-
voking Dorfler marking property (2.5), we get for any 1,72 > 0,

(1= 61)EF 1 + Tllhagadiv(p — pk+1)||%2(9) + Falli 1
< &+ Tllhwdiv(p — pi)l[Faoy + {T2(1 + 65 ) A (AT = 1HAT2Ey|[72(q)
+(Cooy ' = 2™ D)lhidiv Bg[[72(q) +T2(1 + d3) (1 — A0,

where ng(A™Y) :=n7 (A7, 7o) and Ej := pr, — pr+1. We now choose 71 and 2 such that
Codyt =27t — 0 (1465 HA2 (AT —1=0.
This choice leads to

(1= 61)EF 1 + Tllhagadiv(p — pk+1)||%2(9) + Falli 1
< & + Tillhadiv(p — pi)l[Z2() + 721+ 03) (1 — A0 )ng

< (5,3 T lldivip — p) 2 wzni) (- B0
(- B+ (72(1 81— M) wf)nz

We then choose d3 and 87 such that

A6 o T(1403)(1 = M%) + (71 4+ C1)

03 < ——— = <1
’ A Y2+ (71 + C1)

)

1— )62’
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so as to obtain
(1= 61)Ef 1 + T l1hrs1div(p — prsa)l720) + T2l
< 52 (& + llhadivto — plscoy + it )

Let 0 < 2 < 82 < 1, and set v3 = 1 — §; = 32/B2. This means 6; = 1 — 37/3%. Whence, we
have

V3Ei 1 + Tillhar1div(p — prs )72 o) + T2k

< B <’Y351§ + 37l hdiv(p — pr)l |72y + ’73’727h%>
2 2 : 2 o
<p <’)’35k + Vil|Pediv(p — pr)ll72(0) + ’7277k) :

We finally choose y1 = 1 /73,72 = 72/73, 80 as to obtain

Eir + llhardivp — pry)|F2) +72mis < B (513 + llhediv(p — p)ll720) + ’727713> )

which implies the desired result (5.3). O

6. Optimality of AMFEM

6.1. Auxiliary results

In this subsection, we aim at the discrete upper bound, which is one key to the proof for
the quasi-optimal convergence rate. Simultaneously, we shall quote a counting result for the
overlay of two conforming meshes.

Theorem 6.1. (Discrete upper bound) Let Tj, and Ty be two nested conforming triangulations,
prn € My and pg € Mpyg be the discrete solutions with respect to the meshes T, and Ty,
respectively, and Fy := {T € Ty : T is not included in T,}. Then there exists a positive
constant C3 depending only on the shape reqularity of Ty such that

1A= 2(pr = pa)llZ2(@) < Csi,, (01, Frr), (6.1)
#Fu < #Tn — #Tn. (6.2)

Proof. The second inequality, i.e., (6.2), follows from the definition of Fg. To prove the
first one, we introduce the solution (pn,ur) € My, x Ly, to the problem (4.2). From (2.3) and
(4.2), we obtain div(pp, — pg) = 0, which implies

/ (Pr —pu) - vds =0, (6.3)
o9

where v is the outward unit normal vector along 0€2. Thus py — py satisfies the conditions of
Theorem 3.1 in [19] on the polygonal domain 2, namely it is divergence-free and fulfills (6.3).
As a result, there exists ¢y, € H'(Q2) with Curl ¢, = ps — pu. Since pp, — py € My, this leads
to

Y, € SiP? = {wh € C(Q) : |7 € Pya(T) forall T € Th}.
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From (4.2) with g, = pp — pp, we get

1A 2(Bn = pa)llf2(@) = (A7 (P = par)s i = Prr)oc

=
= (AP, pr — pr)oo — (A" pu.pr — pr)og
= —(A""pu,Pr — pr)oo = —(A  pu, Curl ¥p,)o 0. (6.4)
Since div(Curl ¥g) = 0 for any ¢y € SgQ, from (2.3) with ¢y = Curl ¥, we have
(A Yy, Curl )0 = —(div Curl g, up)oq =0 forall ¢y € SL2 (6.5)

Here the definition of SE{Q is analogous to S,ll+2.

To connect SfLJrQ with SE{Q, we denote the Scott-Zhang interpolation operator (see [27]) by
Ty : S;l+2 — SE'Q, and recall that Zy is local in the sense that if T € T, N Ty or E € e, Nen
(i.e., T or F is not refined), then (¢, — Zgtn)|r =0 or (¢¥n — Zun)|g = 0. Consequently, the
following estimates hold:

||wh - IHwh”LQ(E) 5 Hé/2|wh|H1(wE) for all F € EH, (66)
||wh - IHwh”LQ(T) 5 Hleh|H1(wT) forall T € Ty.

By taking 1y = Iy, and using integration by parts, a combination of (6.4)- (6.7) yields

A2 B0 = pe) T2 = D _/TA_IPH - Curl(Yn — Yu)

TeTH

= Z /Tcurl(A_lpH)(z/thd)H)f Z /EJ(A_IPH'T)(WL*#)H)

TETH Ecen

< 1 (o, F)nl 1 @) < C3 sy (o, Fin)l| A2 (B = pin)l 2.
which implies
1472 = pio)llec@) < C3 " (b, Fir): (6.8)
On the other hand, from p, — py € M), we have
(A~ (pn = Pn), Ph — pr )02 = —(div(ph — par), un — tn)o, = 0. (6.9)
Then a combination of (6.8), (6.9) and Lemma 4.2 shows
A2 (pr — pa)l[72() = (A (pn — p1), Ph — P 0.2
= (A" (pn — Pn + Pn — pu), P — Ph + P — Pr 0.9
= 1472 (o0 = B)llE2 () + 1A 2B — pa)l72
< C477%—H(pH,]:H) + Coosc?(fn, T )- (6.10)

We note that it holds

0sc?(fn, Tu) = Z H%Hfh_HLHthQL?(T) = Z H%Hfh_HLHthQL?(T)

TET TeEFu
< > Hi|fo = fullieey = Y HEL, (f =Ty Hll72r
TEFu TEFu
< Y HAf = Tey fllZeery < HH(f = fo)llZ2cm (6.11)

TeEFu
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where I1y, and I, are the L?—projection operator onto Lj, and Ly, respectively. As a result,
the desired result (6.1) follows from (6.10)—(6.11) with C3 := Cy + Cp. O

In what follows, we shall quote a counting conclusion from [28] for the overlay T := T1 &7z of
two conforming triangulations 77 and 72, which shows 7 is the smallest conforming triangulation
for the triangulations 77 and 7s.

Lemma 6.1. (Overlay of meshes) For two conforming triangulations T1 and Tz the overlay
T :="T1 & Tz is conforming, and satisfies

#T < #T1 + #7T2 — #7To.

6.2. Quasi-optimal convergence rate

In this subsection, we prove the quasi-optimal convergence rate of the AMFEM with respect
to the total error. To this end, we need to introduce a nonlinear approximation class As. Let
Pn be the set of all triangulations 7 which is refined from 7y and #7 < N. For a given
triangulation 7 and any constant ¢ > 0, which is determined below, denote by hs the mesh-
size function with respect to 7, and denote by ps the approximation solution to the flux with
respect to 7. For (q, f,A) € H(div,Q) x L?(Q) x L>®(2;R?**2?) and s > 0, we define the
nonlinear approximation Ag as

Ay ={(q, [, D] (g, [, A)]s := sup  N°0(N;q, f, A) < oo},
N>No=#To

where
o(Nia, f,4) = inf {11472 = pr)lfEaey + Cosch (o, T)}/2

We now prove that the approximation py generated by the AMFEM concerning the stress
variable converges to p in a weighted norm with the same rate (#7; — #7) ° as the best
approximation described by A, up to a multiplicative constant. We need to count elements
added by handling hanging nodes to keep mesh conformity (see Lemma 2.1), as well as those
marked by the estimator (the cardinality of My). To this end, we impose more stringent
requirements than for convergence of AMFEM. Note that we follow the ideas in [20, 21] to
prove the optimality, without using the algorithm that separates the error and the reduction of
data oscillation developed in [12].

Assumption 6.1. (Optimality) We assume the following properties of AMFEM:

(a) The marking parameter 0 satisfies 6 € (0, 6.), where 0, is determined in Lemma 6.2 below;
(b) Procedure MARK selects a set My, of marked elements with minimal cardinality;

(¢) The distribution of refinement edges on Ty satisfies condition (b) of Section 4 in [29].

The following lemma establishes a link between nonlinear approximation theory and AM-
FEM through the Dorfler marking strategy. Roughly speaking, we prove that, if an approx-
imation satisfies a suitable total error reduction from 7y to Tj (7T is a refinement of Tx),
the error indicators of the coarser solutions must satisfy a Dorfler property on the set R of
refined elements. In other words, the total error reduction and Dorfler marking are intimately
connected.

Lemma 6.2. (Optimality marking) Assume that the marking parameter 0 verifies (a) of As-
sumption 6.1. Let Ty be an shape regular triangulation of ), pgy € My be the approximation
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solution to the flux of (2.3). Set 0 < p < 1/2, denote ¢ > 1 a constant, which is determined
in Lemma 6.3 below, and let Ty, be any refinement of T such that the approrimation solution
Dh, € My, satisfies

5,%* + (josc%—m (P, , Tn,) < u{E%4 + Cosc%—H (pm, Tr)}- (6.12)
Then the set R := Ry, 7, satisfies the Dérfler property nr, (pur,R) > 07y (0m, Th)-
Proof. A combination of the lower bound (3.3) and (6.12) yields

(1 = 2p)Cang,, (prr, Ter) <(1 = 2u){EF + o5y, (prr, Trr)}
<Ef + Coscr, (pu, Tur) — Ei, — 2¢oscr, (ph,, Th.)-

For any 09 > 0 which is to be determined below, according to the quasi-orthogonality (4.4),
(6.11), and Young inequality, we get

& — &, < JATY2(pn, — pr)ll32) + 007, + 65 " CollH(f — fr)ll32()- (6.14)

For the oscillation term we argue according to whether or not an element T" € Ty belongs to
the set of refined elements R. For T' € R we use the dominance oscgrH (pu,T) < n%—H (pu,T)
(see Remark 2.1). For T' € Ty N Ty, Corollary 4.2 (Perturbation of oscillation), together with
og = pg and oy, = py,, yields

s, (pu, T N Th.) — 20867, (ph., T N Th,)
<2Aj08¢7, (A~ To)[|A? (pn, — pa)ll72(q- (6.15)

Combining (6.1) and (6.15), we have

oscr (pu, Tu) — ZOchrh* (Ph., Th.)
= osc2, (prr, R) + 056, (prr, Tir O Tr,) — 20563, (on., Tt (1) — 2053, (o, Tr \ Tir)
< oscT,, (pu, R) + 2M105¢%, (A, To)[|A™Y2 (ph, — pin)|[72(a
<(1+ QC’gAloscgro (A7, 76))77ng (pr, R). (6.16)

The convergence result and upper bound imply

& <BHER +IHAV(p — pr)l|F2(q) + 215, (Pa, Ti)}
<BX(Cr + 71+ v2)07, (Pr, Tar)- (6.17)

Applying the discrete upper bound (6.1) to (6.14), and combing (6.13)-(6.14), (6.16)-(6.17), we
arrive at

((1 —2p)Cy — B*(Cr+m + 72)50)77%1 (P, Ta) < 9(60)n7, (Pu,R),

where g(do) is the value of the function g(d) := C3 + 6 'Co + (1 4+ 2C3A108¢5. (A1, Tp))¢ at
the point dg. This inequality means

07, (P, R) > 0203 (Pu, Tu) > 005, (Pu, Tu),



500 S.H. DU AND X.P. XIE

where 62 = ((1 — 2u)Cy — B%(C1 + 71 +12)80)/9(d0). This implies that 62 is chosen as the
maximum value of the function

02(8) = (1 —2u)Csy — B*(Cr + 71 +72)8)/9(6)

on the interval (0, (1—2u)Ca/(8%(C1+71+72))), and that d is the corresponding the maximum
value point. This completes the proof. O

The fact that procedure MARK selects the set of marked elements M, with minimal cardi-
nality, establishes a link between the best mesh and triangulations generated by AMFEM, and
forms crucial idea of AFEM (see [28]). In what follows we shall use this fact.

Lemma 6.3. (Cardinality of My) Assume that the marking parameter 6 verifies (a) of As-
sumption 6.1, and procedure MARK satisfies (b) of Assumption 6.1. Let p solve the problem
(2.1), and let {Ti; (Mg, Li); pr; Ex b >0 be the sequence of meshes, finite element spaces, the
discrete solution produced by AMFEM, and the stress variable error. If (p, f, A) € Ay, then the
following estimate is valid:

#F My < V2 (p, £, A) YOV {ER + CoscE (pr, Ta)} /% (6.18)

Proof. Let p be the same as defined in Lemma 6.2, for any positive constant ¢, which is
determined below, we set

e? = 4710 (& + Coser (pr, Th)),
where the constant Cy is defined by
Ca :=max{(1—64) "', 2+ 2AToscT. (A", T5)Cody !

with any 0 < 64 < 1. Let [e~/*|(p, £, A)|§/S] denote the integer component of e ~1/*|(p, f, A) i/s,
set Ne:= [e7/| (p, £, A)|¥/*] + 1. Recall

o(Ne+#To = Lip £ A)i= __inf  {€F + Cosc(pr, T)}/2,

EPNe+#Tp—1

Denote € := min{1,e}. There exists 7z € Pn.4#7,—1 With #7. < N + #7o — 1 such that
{E2 + CoscE (pe, To)}/? < (1 +&8)a(N: + #To — Lip, f, A),

where p. is the discrete flux approximation to p = AVu with respect to the mesh Tg, 5}215 =
[|A=12(p — Pe)l|72(q- This inequality leads to

NE{ER + Cosch (pe, To) Y/ < (Ne + #7T0 — 1)°{E}. + Cosc2 (pe, To)}/?
<(1+ &) (Ne + #T0 — 1)*0(N. + #7T0 — L;p, f, A)
<(14 &) sup N*o(N;p, f, A) = (1 +8)|(p, f, A)]. (6.19)
N>0

From the above inequality (6.19), we obtain

ls o, (6.20)

1/2 (1+§)|(p,f,A)
T2 < N

€

{&R. + CoscT (pe,

#T. —#To < N. —1 < e '%|(p, £, A)|V/*. (6.21)
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Let Ts := T ® Tx be the overlay of 7. and T, h. be the mesh-size function with respect to
T., and p, be the approximation solution to the flux onto 7,. We show that there is a reduction
with a factor p of the total error between p, and pi. Notice that 7 is a refinement of 7, and
recall that &7 := |[A=1/2(p — P)ll72(q» by the quasi-orthogonality (4.4) and Lemma 4.3, for
any d4 > 0, we have

Er. <& — IAT2(pe = po)l[72 () + 0a€R. + Cody 'oseF, (v, T2). (6.22)

By the second inequality (4.11) of Lemma 4.5 with p.,p. € M}, , for all T € T, we have

08cT. (p+, T) < 208¢%. (pe, T) + 2% 0scT (A~ A2 (D — po)l72 (-
Summing on 7, the monotonicity of the data oscillation (see Remarks 2.1 and 4.1), we get
05¢7. (p«, To) <2086 (pe, To) + 2AToscT (A~ T A2 (p — po)l[72(0
<20sc. (pe, T2) + 2A% 05 (A7, To)||A™2 (ps — pe) |72 () (6.23)
Set ¢ := (2A%osc3. (A7, 7)) !, a combination of (6.22)-(6.23) yields

5}21* + EOSC%—* (s, To) < 5}215 + 545,%* + (Cod;t + QE)OSC%—E (pe, T2). (6.24)

We then choose ¢ = ((1—6,)~!, which indicates that d, satisfies ((1—84)~" > 1. The inequality
(6.24) and (6.20) imply

Er. + Cosch (ps, To) <Ca{EF_ + CoscH (pe, To)}
<4e*Ca = p{ & + Cosc, (pr, Te)}- (6.25)

Hence, we deduce from optimality marking (Lemma 6.2) that the subset R := Ry, 7. C Tk
verifies the Dorfler property (2.5) for § < 6. The fact that procedure M ARK selects a subset
My, C Ty, with minimal cardinality satisfying the same property (2.5), and (6.21) leads to

BMy < $R < HT. — 4T < T2+ #T — #To — #7
=#T. — #To < |(p, f, A)|Y/ 27 Y/¢
<(4C) Y222 (p, f, A)Y{ER + CoseF (pr, Tr)} 1/,

which implies the desired result (6.18). In the third step above, we have used the overlay of
two meshes (Lemma 6.1). O

Theorem 6.2. Let {Tk; Ex; pr; 0scr, Dk, 7, ) b0 be the sequence of meshes, the stress variable
error, the approximation solution to the flux, and the oscillation of data produced by the AM-
FEM, and let (p, f, A) € Ag, and set the function O(s,0,A;) to describe the asymptotics of the
AMFEM as 6 — 0, or s — 0, which is determined below. Then it holds

(EF + 72083 (i, Ti))/? < O(5,0, Ay) (#Ti — #7T0) " (6.26)

Proof. From the complexity of REFINE (Lemma 2.1) and the cardinality (6.18) of My,

it holds
k—1

k—1 —1/2s
#T—#To S Y #MiSpY (63 + CoseZ (pi, 72)) : (6.27)

=0 =0
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where p := ,u_l/QSCi‘/QSKp, f A)|i/5. Set 73 := 71472, and denote 4 := max(1+~3C5 ', 13C5 "
¢™1). It follows from the lower bound (3.3) that for 0 <i <k

EF + ysosck (pi, Ti) < E2 + 303 (pi, T)
SEE + 7302_1(51-2 + oscgri (pi, Ti) < 74(51-2 + COSC% (i, Ti))- (6.28)

On the other hand, the linear rate 8 = 5(6) < 1 of convergence for the quasi error implies
that for 0 <i <k

E¢ + 1215, (0x, Tr) < EF + mllhwdiv(p — pi)l[72 0y + v2n7 (ks Th)

<p*) (512 + mllhidiv(p — pi)l|72(q) + 207 (9, 72))
<p2E= (53 + y307; (pi ﬁ)>. (6.29)

The above three inequalities, (6.27)-(6.29), indicate

k
#Tk = #T0 S p’ L€ + a5, (P, Ti)} /2 > B
=0

It follows from the fact f < 1 that the geometric series is bounded by the constant sy =
1/(1— BY/#). Since
05 (k, Ti) < 7, (0. ),

it holds
—1/2s

4T — #T5 < Casoprl/™ <5,3 T pm0sc, (o, 7;)) | (6.30)
Finally the desired result (6.26) follows from (6.30) with ©(s, 0, Ay) := C4s§ps'yi/2. O
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