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Buttes de Coësmes, 35043 Rennes cedex, France
2 Department of Civil Engineering, National University of Singapore, Kent Ridge
Crescent, Singapore 119260

Received 25 August 2009; Accepted (in revised version) 18 March 2010
Available online 25 March 2010

Abstract. Nonlocal continuum mechanics allows one to account for the small
length scale effect that becomes significant when dealing with micro- or nano-
structures. This paper deals with the lateral-torsional buckling of elastic nonlocal
small-scale beams. Eringen’s model is chosen for the nonlocal constitutive bending-
curvature relationship. The effect of prebuckling deformation is taken into consid-
eration on the basis of the Kirchhoff-Clebsch theory. It is shown that the application
of Eringen’s model produces small-length scale terms in the nonlocal elastic lateral-
torsional buckling moment of a hinged-hinged strip beam. Clearly, the non-local
parameter has the effect of reducing the critical lateral-torsional buckling moment.
This tendency is consistent with the one observed for the in-plane stability analy-
sis, for the lateral buckling of a hinged-hinged axially loaded column. The lateral
buckling solution can be derived from a physically motivated variational principle.
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1 Introduction

Nonlocal elasticity models abandon the classical assumption of locality, and admit that
stress depends not only on the strain at that point but on the strains of every point on
the body. Local elasticity is inherently size-independent. In contrast, nonlocal contin-
uum mechanics allows one to account for the small length scale effect that can become
significant when dealing with small scale structures (typically nanostructures). In fact,
small length scale phenomenon is linked to the atomistic structure of the lattice ma-
terial. Therefore, in recent years, the nonlocal continuum mechanics has attracted the
attention of many researchers who worked on the analysis of micro/nano structures.
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More specifically, there has been a considerable interest in the extension of local beam
theory to nonlocal beams. These articles presented simplified non-local elastic models
for the bending, buckling or vibration analyses of small-scale beams/rods, e.g., [1–11].
A systematic rational procedure of non-local elasticity framework is established in
Eringen’s papers [12, 13]. Non-local field theory of mechanics has been applied to
some various engineering problems, such as dispersion of phonon, Rayleigh wave,
and stress concentration at the crack tip. The nonlocal model of Eringen [14] is chosen
in this paper. This model can be presented in the one-dimensional version as

σ− l2σ′′ = Eε, (1.1)

where σ is the uniaxial stress, ε is the uniaxial strain, E is the Young modulus, l is
an additional length scale, specific of the nonlocal constitutive law and the double
prime denotes the second order derivative of the quantity with respect to the axial
coordinate of the beam. The value of l can be identified from atomistic simulations,
or using the dispersive curve of the Born-Kármán model of lattice dynamics (see for
instance [15, 16])

l ∼= 0.386a, (1.2)

where a is the distance between atoms. Zhang et al. [17] compared the critical buckling
load obtained from of a nonlocal continuum mechanics approach (based on Eringen’s
nonlocal theory) with some Molecular Dynamics simulation. They discussed the best
identification of the length scale of Eringen’s nonlocal model.

The differential equation (1.1) clearly shows that the stress can be expressed as
an integral of the strain variable where the weighting function is the Green’s func-
tion of the differential system associated to relevant boundary conditions. The in-
plane stability of nonlocal beams was first studied by Sudak [2] who used Eringen’s
constitutive law [14] for Euler-Bernoulli beam models. The buckling solutions have
since been extended to nonlocal Timoshenko beam models (see for instance [6] or [7]).
Wang et al. [18] recently investigated the postbuckling problem of cantilevered nano
rods/tubes under an end concentrated load. Eringen’s nonlocal beam theory is used
to account for the small length scale effect.

These studies were mainly focused on straight beams, but the dynamics behaviour
of nonlocal arches has been also theoretically investigated [19]. The results obtained
for one-dimensional nonlocal media (nonlocal beam mechanics) have been recently
extended to two-dimensional media such as nanoplates (see for instance [20] or [21]).
However, the out-of-plane stability behaviour of nonlocal beams has never been in-
vestigated up to now, to the authors’ knowledge. This paper aims to contribute to
the understanding of lateral-torsional buckling of nonlocal beams. The behaviour of
micro- or nano-cantilevers is potentially concerned by this theoretical study, since they
are used as sensors in atomic force microscopy [22]. In Atomic Force Microscopy, a tip
located close to the free end of the cantilever beam is utilized as a probe and can inter-
act with a surface. Even if the specific cantilever case will not be treated in this study,
the derivation of some theoretical solutions in the simple uniform bending case will
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be of engineering interest to quantify the small-length effect on the lateral-torsional
buckling load. The problem is treated on the basis of Kirchhoff-Clebsch equations of
equilibrium for finitely deforming beams. The boundary conditions of the problem
allow a complete solution of an intrinsic form of the theory, i.e., a formulation of the
theory without any regard to the form of strain displacement relations.

Figure 1: Geometry of the hinged-hinged beam strip.

2 Lateral-torsional buckling problem

We shall derive the linearized lateral-torsional buckling equations of a small scale
beam with a rectangular cross-section. The hinged-hinged beam strip of length L is
subjected to end moments, Q as shown in Fig. 1. Fig. 1 also shows the cross-section
before and after the lateral-torsional deformation. The lateral-torsional buckling be-
haviour of prismatic homogeneous beams has been extensively investigated since the
pioneering studies of Michell (1899) and Prandtl (1899) [23, 24], more than a century
ago. Grober (1914) rigorously introduced the in-plane prebuckling deformation ef-
fect and obtained the lateral-torsional buckling moment for the hinged-hinged beam
strip [25]. In the present paper, the prebuckling effect will be also introduced, extend-
ing the rigorous lateral-torsional buckling moment of Grober [25] initially obtained for
”local” beams. The Kirchhoff-Clebsch equations are written as [26]

{
M′

1 − κ̂3M2 + κ2M̂3 = 0,

M′
2 + κ̂3M1 − κ1M̂3 = 0,

(2.1)

where Mi are the bending moments and κi the associated curvatures. According to
Fig. 1, κ1 denotes the torsional curvature, κ2 the out-of-plane curvature and κ̂3 the in-
plane curvature. The reader is referred to the works of Hodges and Peters [27], Reiss-
ner [28], Atanackovic [29] or more recently Simitses and Hodges [30] for the rigorous
application of the Kirchhoff-Clebsch theory to lateral-torsional buckling (with a ”lo-
cal” constitutive law). The main advantage of intrinsic equations is that the resulting
equations are independent of the way the beam displacement and rotation measures
are chosen. The stability analysis is investigated with respect to the in-plane solution

M̂3 − l2
3 M̂′′

3 = EI3κ̂3, (2.2)
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where EI3 is the in-plane stiffness. l3 is the additional length scale parameter specific
of the nonlocal constitutive law. This length term may be calibrated as in Eq. (1.2)
for instance. One recognizes in Eq. (2.2) the Eringen’s type differential equation for-
mulated in terms of bending-curvature law. The generalization of Eringen’s nonlocal
constitutive law to the out-of-plane stability problem of this nonlocal beam may be
written as

M1 − l2
1 M′′

1 = GJκ1, M2 − l2
2 M′′

2 = EI2κ2, and M̂3 − l2
3 M̂′′

3 = EI3κ̂3, (2.3)

where three characteristic length l1, l2 and l3 have been introduced. For anisotropic
beams, the length terms do not necessarily coincide. For isotropic beams, it is reason-
able to consider only one single length scale. Independently of the anisotropic nature
of the nonlocal elastic beam, the small length term l3 does not influence the in-plane
bending moment, as shown by Peddieson et al. [1] (see more recently [31] for the can-
tilever case).

M̂3 = Q ⇒ κ̂3 =
Q

EI3
. (2.4)

Therefore, in the general case, only two length scales (l1, l2) appear for this lateral-
torsional buckling problem. Eq. (2.1) is then written as a system of two linear differ-
ential equations





M′
1 −

Q
EI3

M2 + Q
( M2 − l2

2 M′′
2

EI2

)
= 0,

M′
2 +

Q
EI3

M1 −Q
( M1 − l2

1 M′′
1

GJ

)
= 0.

(2.5)

This system of differential equations can also be expressed as




M′
1 =

( Q
EI3

− Q
EI2

)
M2 +

Ql2
2

EI2
M′′

2 ,

M′′
2 +

( Q
EI3

− Q
GJ

)
M′

1 +
Ql2

1
GJ

M′′′
1 = 0.

(2.6)

The introduction of the first equation of Eq. (2.6) into the second one leads to the
fourth-order linear differential equation of the out-of-plane bending moment M2

Q2l2
1 l2

2
GJEI2

M(4)
2 +

[
1 +

Ql2
2

EI2

( Q
EI3

− Q
GJ

)
+

Ql2
1

GJ

( Q
EI3

− Q
EI2

)]
M′′

2

+
( Q

EI3
− Q

GJ

)( Q
EI3

− Q
EI2

)
M2 = 0. (2.7)

The four boundary conditions associated with the hinged-hinged beam are given by

M2(0) = 0, M2(L) = 0, (2.8a)
θ1(0) = 0, θ1(L) = 0, (2.8b)

where θ1 is the torsional angle, related to the torsional curvature by κ1 = θ′1.
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3 Solution for critical moment

The solution is sought in the form of

M2(x) = M0
2 sin

(
nπx/L

)
, (3.1a)

θ1(x) = θ0
1 sin

(
nπx/L

)
. (3.1b)

where n is an integer. The boundary conditions are implicitly verified with this solu-
tion. Note that the boundary conditions can be also expressed in this case as

M2(0) = 0, M2(L) = 0, M′′
2 (0) = 0, M′′

2 (L) = 0. (3.2)

By inserting the out-of-plane bending moment expression of Eq. (3.1) into the fourth-
order differential equation (2.7), one obtains the lateral-torsional buckling moment
equation

Q2l2
1 l2

2
EI2GJ

(nπ

L

)4
−

(nπ

L

)2[
1 +

Ql2
2

EI2

( Q
EI3

− Q
GJ

)
+

Ql2
1

GJ

( Q
EI3

− Q
EI2

)]

+
( Q

EI3
− Q

GJ

)( Q
EI3

− Q
EI2

)
= 0. (3.3)

As a particular case, the local problem is first treated (l1 = l2 = 0). In this local case,
the differential equation (2.7) reduces to

M′′
2 +

( Q
EI3

− Q
GJ

)( Q
EI3

− Q
EI2

)
M2 = 0, (3.4)

leading to the lateral-torsional buckling moment of the local case, denoted by Q̃

Q̃ =
nπ

L

(( 1
EI3

− 1
GJ

)( 1
EI3

− 1
EI2

))− 1
2

. (3.5)

The fundamental buckling moment is obtained with n equal to unity. One recognizes
the value given by Grober (1914) [25] (see more recently [29] or [30]). If prebuckling
deformation effects are neglected, the lateral-torsional buckling moment is simplified
to Prandtl’s value [24]

GJ
EI3

¿ 1, and
EI2

EI3
¿ 1 ⇒ Q̃ =

nπ

L

√
EI2GJ. (3.6)

Going back to the nonlocal case covered by Eq. (3.3), the nonlocal lateral-torsional
buckling moment is calculated as

Q =
nπ

L

{
l2
1 l2

2
EI2GJ

(nπ

L

)4
−

(nπ

L

)2[ l2
2

EI2

( 1
EI3

− 1
GJ

)
+

l2
1

GJ

( 1
EI3

− 1
EI2

)]

+
( 1

EI3
− 1

GJ

)( 1
EI3

− 1
EI2

)}− 1
2

. (3.7)
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If prebuckling deformation effects are neglected, the nonlocal lateral-torsional buck-
ling moment is simplified to

GJ
EI3

¿ 1,
EI2

EI3
¿ 1 ⇒ Q =

nπ

L
(EI2GJ)

1
2
{[

1 +
( l1

L

)2
(nπ)2

][
1 +

( l2
L

)2
(nπ)2

]}− 1
2
. (3.8)

Therefore, when prebuckling deformation effects are neglected, the ratio between the
non-local buckling moment and the local one is calculated as

Q
Q̃

=
{[

1 +
( l1

L

)2
(nπ)2

][
1 +

( l2
L

)2
(nπ)2

]}− 1
2
. (3.9)

An asymptotic power can give a good approximate of the lateral-torsional buckling
moment

l1
L
¿ 1, and

l2
L
¿ 1 ⇒ Q

Q̃
≈ 1− 1

2
π2

[( l1
L

)2
+

( l2
L

)2]
, (3.10)

with n = 1. Eqs. (3.9) and (3.10) clearly show that the non-local parameters (l1, l2)
have the effect of reducing the critical lateral-torsional buckling moment

Q
Q̃

6 1. (3.11)

Note that the particular case of two identical characteristic lengths gives the simplified
formulae (isotropic case)

l1 = l2 = l ⇒ Q
Q̃

=
[
1 +

( l
L

)2
(nπ)2

]−1
, (3.12)

which can be reasonably approximated by

l
L
¿ 1 ⇒ Q

Q̃
≈ 1− π2

( l
L

)2
, (3.13)

Figure 2: Dimensionless buckling moment Q/Q̃ versus the scale parameter l/L.
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with n = 1.
Fig. 2 shows the influence of the small scale terms on the normalized lateral-

torsional buckling moment. The small scale terms tend to decrease the lateral-torsional
buckling moment of the present nonlocal model. For example, when the ratio l/L is
equal to 0.1, the difference caused by the nonlocal effect is about 10%. This corre-
sponds to L approximately of 4a. When the ratio l/L is larger, the length L becomes
smaller (approximately 2a when l/L is equal to 0.2). For this range of parameters, the
limit of the continuum model is certainly reached, and the generic beam modelling
can be discussed for the arrangements.

Finally, as we will show, Eq. (3.12) is very similar to the buckling equation obtained
for the in-plane analysis.

4 Analogy with in-plane stability problem

Let us consider for instance the buckling of the Euler-Bernoulli hinged-hinged column
(Fig. 3), whose constitutive law is given by

M3 − l2M′′
3 = EI3κ3, with κ3 = w′′, (4.1)

where w is the deflection. From equilibrium consideration, we have

M′′
3 = −Pw′′, (4.2)

and thus the governing equation (4.1) can be written as

(EI3 − Pl2)w(4) + Pw′′ = 0. (4.3)

The buckling deflection can be written as

w(x) = w0 sin
(
nπx/L

)
. (4.4)

After introducing the buckling mode Eq. (4.4) in the differential equation (4.3), the
buckling load is finally obtained for the nonlocal Euler-Bernoulli column

P
P̃

=
[
1 +

( l
L

)2
(nπ)2

]−1
, with P̃ = EI3

(nπ

L

)2
. (4.5)

Figure 3: Buckling of a nonlocal Euler-Bernoulli column.
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Eq. (4.5) is very similar to Eq. (3.12). Note that the differential equation of Eq. (4.3) can
be obtained from a variational principle, using the energy functional given in [31] for
the internal elastic energy

δ(U + V) = 0, (4.6)

with

U =
1
2

∫ L

0
EI3κ3κ3dx, V = −1

2
P

∫ L

0
(w′)2dx, κ3 − l2κ3 = κ3,

where κ3 is the nonlocal curvature (see [31] or [32]). In this case, the principle of virtual
work leads to

δU =
1
2

∫ L

0
EI3κ3δκ3dx +

1
2

∫ L

0
EI3κ3δκ3dx =

∫ L

0
EI3κ3δκ3dx, (4.7)

following the Green-type identity associated to the self-adjoint property of the reg-
ularized operator for relevant boundary conditions. Application of the stationarity
condition of the energy functional Eq. (4.6) leads to the differential equation (4.2)

M′′
3 + Pw′′ = 0, with M3 = EI3κ3, M3 − l2M′′

3 = EI3w′′. (4.8)

Note that the elastic potential can also be written in this case as

U =
1
2

∫ L

0
EI3κ3κ3dx =

1
2

∫ L

0
EI3κ2

3dx− Pl2

2

∫ L

0
κ2

3dx, (4.9)

as suggested for instance in [33]. The proof is detailed below

U =
1
2

∫ L

0
EI3κ3κ3dx =

1
2

∫ L

0
Mκ3dx =

1
2

∫ L

0
(EIκ3 + l2M′′

3 )κ3dx

=
1
2

∫ L

0
EI3κ2

3dx− P
2

l2
∫ L

0
κ2

3dx. (4.10)

Eq. (4.9) shows that the nonlocal elastic potential U can be expressed from the local
elastic potential Ũ corrected by the external loading term

U = Ũ
(

1− Pl2

EI3

)
, (4.11)

where

Ũ =
1
2

∫ L

0
EI3κ2

3dx.

Therefore, the lateral buckling problem can be rigorously treated from a physically
motivated variational principle. The normalized lateral buckling load formulae in
the case of a hinged-hinged column is very similar to the normalized lateral-torsional
buckling moment formulae of a hinged-hinged strip beam.
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5 Conclusions

This paper presents the governing equation for the lateral-torsional buckling of elastic
nonlocal small-scale beams. In the formulation, Eringen’s constitutive model has been
adopted for the nonlocal constitutive bending-curvature relationship. Prebuckling de-
formation effects are taken into consideration via the Kirchhoff-Clebsch equations. It
is shown that the application of Eringen’s model produces small-length scale terms in
the nonlocal elastic lateral-torsional buckling moment of a hinged-hinged beam strip.
Clearly, the non-local parameter has the effect of reducing the critical lateral-torsional
buckling moment. This tendency is consistent with the one observed for the in-plane
stability analysis, for instance in case of lateral buckling of a hinged-hinged axially
loaded column. The lateral buckling solution can be derived from a physically moti-
vated variational principle.
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