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Abstract. Based on the Mean Field Theory, the relativistic thermodynamic potential
function (RTPF) of interacting Fermi gases in a strong magnetic field is derived. On
this basis, by taking the interacting term from the RTPF and using the thermodynamic
relations, analytical expressions of the energy, the heat capacity and the chemical po-
tential are calculated at low temperatures. And combined with numerical simulation
analysis, the effect of interaction on the thermodynamic properties of the system is an-
alyzed and the regulation mechanisms on the interaction impacts of both the magnetic
field and the relativistic effect are discussed.
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1 Introduction

Since 1995, because of ultracold Fermionic Gas and Bose Gas being imprisoned in lab-
oratory experiments, people are passionate in the ultracold quantum gas theory. Facts
indicate, statistical properties of quantum gases are affected by the external potential,
particle mass, interaction, scale of particle system, dimensional effect, relativity effect
and other influencing factors. Currently, many articles have researched thermodynamic
properties of quantum gases. For example, literatures [1-8] have showed important re-
searching results about ultracold Fermi gases; Gupta et al. utilizing the method of quan-
tum statistics and the thermodynamic theory, have discussed the magnetic susceptibility
and system’s statistic characters of Fermi gases within a strong magnetic field and low
temperatures [9, 10]; Wang et al. have studied non-extensive relativistic system’s ther-
modynamic properties and its stability [11,12]; Men et al. have studied the relativistic
effects of the thermodynamic properties of Fermi gas in a strong magnetic field and the
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influential mechanisms of temperatures and the magnetic field on the relativistic effects
of the system [13]; Schunck gave the experimental testify to the super-fluidity of ultracold
Fermi gas, and has reported that atomic gas 6Li can introduce an everlasting and friction-
less eddy motion during the process of forming Bose Einstein Condensation (BEC) [14];
Besides, Fan et al. have discussed the relativity effect of Fermi system in the case of strong
magnetic field, and also analyzed its influence mechanism thoroughly [15]. However,
systems researched are non-interaction. Namely, they neglected interactions between
fermions, however, those interactions affect system properties significantly. This paper
has took interactions in Fermi system into consideration making calculation closer to fact,
explained the RTPF of the system in a strong magnetic field. Based on the RTPF, and us-
ing thermodynamic relations, analytical expressions of thermodynamic quality caused
by interaction at low temperatures are computed; according to results of numerical sim-
ulation, the influence of weak interaction on the system’s thermodynamic properties is
analyzed, and the regulation mechanisms on the interaction’s impacts of both magnetic
field and relativity effect are also discussed.

2 The relativistic thermodynamic potential function of interact-

ing Fermi gas in a strong magnetic field

Suppose that the research system is consisted of particles with spin quantum number
equating to 1/2, rest mass m, and this system is within an uniform magnetic field with
an intensity of B (only has z-direction). In view of the Dirac energy operator and the
second order approximation of non-relativity effect, the energy operator of single particle
is given

H=
1

2m
[σ(p−

e

c
A)]2−

p4

8m3c2
+nα, (1)

where, the first term is Pauli energy operator, the second relativistic modification of ki-
netic energy, and the last one coming from the Mean Field Theory represents interact-
ing energy. In addition, n is particle-number density and α= 4πah̄2/m is the parameter
of interactions. Here a is the s-wave scattering length. Defining the potential function
Ax =−By, Ay = Az =0, and according to Men et al. [16], when considering inter-particle
interactions, the total energy of single fermion in a strong magnetic field can be written
as

εp=
p2

2m
+2n′σB−

p4

8m3c2
+nα, (2)

where, σ= he
2m is Bohr magneton, and n′=0,1,2,3,··· is the quantum number. Popularizing

the literature [17], the system’s thermodynamic potential function is given

Ω=2σB

{

1

2
f (µ+

p4

8m3c2
−nα)+

∞

∑
n′=1

f (µ+
p4

8m3c2
−2n′σB−nα)

}

(3)
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Applying the Poisson formula

1

2
F(0)+

∞

∑
n′=1

F(n′)=
∫ ∞

0
F(x)dx+2re

∞

∑
k=1

F(x)e2πikxdx, (4)

to Eq. (3), then

Ω=Ω0(µ)+
mTV

π2h3
re

∞

∑
k=1

Ik, (5)

where Ω0(µ) is the system’s thermodynamic potential function without an external field,
µ is the chemical potential of a free system, and

Ik =−2σB
∫ ∞

0

∫ ∞

0
log(1+e

µ
T−

p2

2mT+
p4

8m3c2T
− 2σxB

T − nα
T )e2πikxdxdp. (6)

If suppose that ε= p2

2m +2xσB− p4

8m3c2 +nα, then Eq. (6) can be transformed to

Ik=−
∫ ∞

0

∫ ∞

0
log(1+e

µ−ε
T )e

ikπε
σB e−

ikπp2

2mσB e
ikπp4

8m3c2σB e−
ikπnα

σB dεdp. (7)

Considering two approximations,

e
ikπ p4

8m3c2σB ≈1+
ikπp4

8m3c2σB
, and e−

ikπnα
σB ≈1−

ikπnα

σB
,

Eq. (7) is further expressed as after integration

Ik=−
∫ ∞

−∞

∫ ∞

0
log(1+e

µ−ε
T )e

ikπε
σB e

ikπp2

2mσB (1−
ikπnα

σB
+

ikπp4

8m3c2σB
−

ikπp4

8m3c2σB
·
ikπnα

σB
)dεdp

=−
∫ ∞

−∞

∫ ∞

0
log(1+e

µ−ε
T )e

ikπε
σB e

ikπp2

2mσB dεdp−
ikπ

8m3c2σB
−
∫ ∞

−∞

∫ ∞

0
log(1+e

µ−ε
T )e

ikπε
σB e

ikπp2

2mσB

p4dεdp+
ikπnα

σB

∫ ∞

−∞

∫ ∞

0
log(1+e

µ−ε
T )e

ikπε
σB e

ikπp2

2mσB dεdp

+−
ikπnα

σB
·

ikπ

8m3c2σB

∫ ∞

−∞

∫ ∞

0
log(1+e

µ−ε
T )e

ikπε
σB e

ikπp2

2mσB p4dεdp

=IN
k + IR

k −
ikπnα

σB
(IN

k + IR
k )= IN

k + IR
k + IF

k . (8)

In here, IN
k is the term without consideration to the relativity effect, IR

k the term due to
relativity effect and IF

k comes from mutual interactions between Fermions.

To simplify Eq. (8), suppose IF
k = IF

k1+ IF
k2, and define

IF
k1=

ikπnα

σB

∫ ∞

−∞

∫ ∞

0
log(1+e

µ−ε
T )e

ikπε
σB e−

ikπp2

2mσB dεdp, (9)
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and

IF
k2=

ikπnα

σB

∫ ∞

−∞

∫ ∞

0
log(1+e

µ−ε
T )e

ikπε
σB e−

ikπp2

2mσB
ikπp4

8m3c2σB
dεdp. (10)

Since
∫ ∞

−∞
e−iαp2

dp=e−iπ/4
√

π
α , then

∫ ∞

−∞
e−

ikπp2

2mσB dp=e−iπ/4
√

2mσB
k , and

∫ ∞

0 log(1+e
µ−ε

T )e
ikπε
σB

dε= σB
ikπ

∫ ∞

0 log(1+e
µ−ε

T )de
ikπ
σB .

If integrations are performed two times and variable substitution
ε−µ

T = ξ is used for
the left part, then the integration can be computed as

∫ ∞

0
log(1+e

µ−ε
T )e

ikπε
σB dε

=
σB

ikπ

(

−
∫ ∞

0
log(1+e

µ−ε
T )

)

−
σB

ikπ

( eµ/T

1+eµ/T
−e

ikπ
σB

π2kT

σBsinh(π2kT/σB)

)

.

Therefore, the real part of IF
k1 is

re(IF
k1)=nα

√

mσB

k

(

−log(1+eµ/T)+
σB

kπT

eµ/T

1+eµ/T
+

√
2πsin( kπµ

σB − π
4 )

sinh(π2kT/σB)

)

. (11)

According to Ref. [16],

IF
k2=nα

( ikπ

8m3c2

(2m

πk

)5/2
(σB)3/2Γ(

5

/
2)
)

e
−5πi

4

×
(

log(1+eµ/T)−
σB

iπkT

( eµ/T

1+eµ/T
−e

iπkµ
σB

π2kT

σBsinh(π2kT
σB )

)

)

(12)

Calculate the real part for IF
k2, and give

re(IF
k2)=nα

1

8m3c2

(2m

πk

)5/2
(σB)3/2Γ(

5

2
)

×
(

1√
2

log(1+eµ/T)+
σB√
2T

eµ/T

1+eµ/T
+

π2kcos
(

kπµ
σB − 5π

4

)

sinh(π2kT
σB )

)

. (13)

Finally,

re(IF
k2)=nα

1

8m3c2

(2m

πk

)5/2
(σB)3/2Γ(

5

2
)×

(

1√
2

log(1+eµ/T)+
σB√
2T

eµ/T

1+eµ/T

+
π2kcos

(

kπµ
σB − 5π

4

)

sinh(π2kT
σB )

)

+nα

√

mσB

k

(

log(1+eµ/T)+
σB

πkT

eµ/T

1+eµ/T

+

√
2πsin

(

kπµ
σB − π

4

)

sinh(π2kT
σB )

)

(14)
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Considering the condition in a strong magnetic field, KT ≤ σB ≪ µ, approximations is
shown

log(1+e
µ
T )=

µ

T
, and

e
µ
T

1+e
µ
T

=1.

Substituting these two approximations into the expression (14), it is simplified to

ΩF(µ)≈
mTVnα

π2h3

(

∞

∑
k=1

√

mσB

k

(

−
µ

T
+

√
2πsin

(

kπµ
σB − π

4

)

sinh(π2kT
σB )

)

)

+
1√

2mc2
(

1

π
)

5
2 (σB)

3
2 Γ(

5

2
)

∞

∑
k=1

(
1

k
)

5
2

( µ√
2T

+
π2kcos

(

kπµ
σB − 5π

4

)

sinh(π2kT
σB )

)

)

(15)

Consequently, compared to [16], the system’s thermodynamic potential function is given

Ω=Ω0(µ)+ΩN(µ)+ΩR(µ)+ΩF(µ). (16)

Here, ΩN(µ) is the term because of the result without considering relativity effect within
the magnetic field, ΩR(µ) due to relativity effect in magnetic field, and the term of ΩF(µ)
derives from interaction.

3 Expressions of thermodynamic quality

Using thermodynamic relations

E=−T2 ∂

∂T
(

Ω

T
)V,N , C=

∂

∂T
(

E

T
)V,N , and µ=

(∂Ω

∂N

)

V,N
(17)

where, E, C, µ stands for the total energy, heat capacity, and chemical potential, respec-
tively. In the case of low temperatures (T ≪TF, where TF is the Fermi temperature), for
a free system, the influence of temperature on chemical potential can be neglected, and

define µ= εF =
h2

2m (3π2n)2/3. Substituting Eq. (15) into Eq. (17), for an interacting Fermi
system in a strong magnetic field at low temperatures, influence of interaction on the
total energy, heat capacity and chemical potential are calculated respectively as

EF =−
mVnαT2

π2h3

{

∞

∑
k=1

√

mσB

k

[

µ

T2
−
√

2π3k

σB
sin

(kπµ

σB
−

π

4

) cosh(π2kT
σB )

sinh2(π2kT
σB )

]

+
1√

2mc2
(

1

π
)

5
2 (σB)

3
2 Γ(

5

2
)

∞

∑
k=1

(
1

k
)

5
2

[

−
µ√
2T2

−π2kcos
( kπµ

σB
−

5

4
π
)

×
π2k
σB cosh(π2kT

σB )

sinh2(π2kT
σB )

]

}

(18)
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CF =−
mVnα

π2h3

{

∞

∑
k=1

√

mσB

k

[

µ

T2
−
√

2π3k

σB
sin

(kπµ

σB
−

π

4

)

×
(

cosh(π2kT
σB )+ π2kT

σB sinh(π2kT
σB )

sinh2(π2kT
σB )

−
2π2kTcosh2(π2kT

σB )

σBsinh3(π2kT
σB )

)]

(19)

+
1√

2mc2
(

1

π
)

5
2 (σB)

3
2 Γ(

5

2
)

∞

∑
k=1

(
1

k
)

5
2

[

−
µ√
2T2

−π2kcos
(kπµ

σB
−

5

4
π
)

×
π2k

σB

(

cosh(π2kT
σB )+ π2kT

σB sinh(π2kT
σB )

sinh2(π2kT
σB )

−
2π2kTcosh2(π2kT

σB )

σBsinh3(π2kT
σB )
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}

µF =
mTVα

π3h3

{

∞

∑
k=1

√

mσB

k

[

−
µ

T
+

√
2πsin

(

kπµ
σB − π

4

)

sinh(π2kT
σB )

]

+
1√

2mc2
(

1

π
)

5
2 (σB)

3
2 Γ(

5

2
)

∞

∑
k=1

(
1

k
)

5
2

[

µ√
2T

+
π2kcos

(

kπµ
σB − 5π

4

)

sinh(π2kT
σB )

]

}

(20)

4 Analysis and discussion

Since Ou and Chen [17] indicated, influences on the system’s thermodynamic properties
of relativity effect and magnetic field are independent, these influence mechanisms can
be discussed separately. While, once considering weak interactions and according to Eqs.
(18)-(20), interactions affect the system’s properties and such impact is regulated by the
magnetic field and the relativity effect.

Considering limitations from a strong magnetic field

KT≤σB≪µ,

and from weak interactions
KT≤σB≫nα,

based on Ref. [12], assume n = 1024, V = 1, and keep the order of magnitude of α ap-
proaching to 10−52, Figs. 1-11 are simulated through Mathematica.

4.1 The influence of interaction on thermodynamic properties

Compared to a system without interaction, Fig. 1 exhibits if the interaction between
fermions is repulsive (α>0), the system’s energy declines since EF

<0; while, if the mu-
tual force is attrahent (α<0), the system’s energy increases according to EF

>0. Regard-
less of repulsion or attraction, along with the increasing of temperature (within ultracold



H. T. Wang, F. D. Men, and X. L. Chen / J. At. Mol. Sci. 5 (2014 ) 33-43 39

 

Figure 1: Influence of interaction on system’s energy EF.

Figure 2: Influence of interaction on system’s heat capacity CF.

 

Figure 3: Influence of interaction on system’s chemical potential µF.

temperature), interactions lead to the influence term of energy EF decreasing rapidly;
however, if the temperature excesses a certain value and continues to increase, EF tends
to saturation. Fig. 2 indicates when fermions exclude mutually, the system’s chemical
potential will augment; on the contrary, when attract, the chemical potential will decline.
Generally, accompanying with temperature increasing, the effect of mutual action on the
system’s heat capacity decreases gradually to disappears. The Fig. 3 tells if fermions
are repulsive (α>0), such interaction drives the system’s chemical potential to decrease;
if attrahent (α < 0), this interaction will enhance the value system’s chemical potential.
What’s more, the effect of such interaction on the system’s chemical potential diminishes
gradually to saturation along with the increasing of temperature.
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Figure 4: The regulation of strong magnetic field on interaction’s influence on EF under the same temperature.

 

Figure 5: The regulation of strong magnetic field on interaction’s influence on EF under different temperature.

 

Figure 6: The regulation of strong magnetic field on interaction’s influence on CF under different temperature.

4.2 The regulation of strong magnetic field on interaction’s influence

According to Figs. 4 and 5, in same temperatures, the amplifying of magnetic field results
in the influence of interaction on energy increases; the Fig. 6 indicates the same regulation
mechanism of the magnetic field on the heat capacity as on the energy. The Fig. 7 exhibits
that, when in ultracold temperatures like T = 10−3TF, the influence of interactions on
chemical potential becomes more and more intense, and the oscillation of this physical
quality also gradually amplifies during the increase of magnetic field intensity. However,
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Figure 7: The regulation of strong magnetic field on interaction’s influence on µF under different temperature.

Figure 8: The regulation of strong magnetic field on interaction’s influence on µF.

due to temperature rising up, when T=10−1TF, the influence of interactions on chemical
potential does not oscillate when the magnetic field increase or the oscillation is invisible.
For a different magnetic field, the effect of interactions on the system’s chemical potential
becomes complex with an increasing in the temperature, just as the Fig. 8 shows.

4.3 The regulation of relativity effect on interaction’s influence

In the following, TF1 and TF2 stands for the corresponding Fermi temperature of particles
with m=7.1×10−31kg and with m=5.1×10−31kg, respectively (here, the changing of the
particle mass only shows a tendency, and the mass doesn’t indicate any certain special
fermion). The relation between both horizontal coordinates is 0.07T/TF2 ≈ 0.1T/TF1 in
Fig. 10.

According to Figs. 9-11, in the case of the same temperature and magnetic field, the
increasing of relativity effect could make interaction’s impacts on system’s properties
aggrandize, including energy, heat capacity and chemical potential; when coming to a
different value of relativity effect (mc2), the impacts of interactions on heat capacity and
chemical potential are weaken along with the increasing temperature, however, on en-
ergy is incremental first, then subdued.
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Figure 9: The regulation of relativity effect on interaction’s influence on EF.

Figure 10: The regulation of relativity effect on interaction’s influence on CF.

 

Figure 11: The regulation of relativity effect on interaction’s influence on µF.

5 Conclusions

Based on the Mean Field Theory, the RTPF of interacting Fermi gas in a strong magnetic
field is given. Using the thermodynamic relations, analytical expressions of statistical
characteristic quality of corresponding to interactions under low temperature are ob-
tained; using the method of numerical simulation, the influence of weak interactions on
thermodynamic properties is analyzed, and the regulation mechanisms on the influence
of interactions of both the magnetic field and relativity effect are discussed. Research ex-
hibits, repulsive (attractive) interactions reduce (increase) the system’s energy and chem-
ical potential, however, increase (reduce) heat capacity; the intensifying magnetic field
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leads to fortification of the influence of interactions on thermodynamic properties, fur-
thermore, the influence on chemical potential has the phenomenon of oscillation; the
increase of relativity effect makes the impacts of interaction on system’s thermodynamic
properties including energy, heat capacity and chemical potential more obviously.
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