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Abstract. In this paper, we introduce a new way to obtain the emission spectrum of
single molecule driven by external field. A virtual probe field is introduced to simulate
the vacuum field, which causes the spontaneous emission phenomena of the excited
single molecule. The statistical properties of the emission photons caused by the vir-
tual probe field could be used to obtain the emission spectrum of the single molecule
system. The results demonstrate the well-known Mollow triplet splitting phenomenon
as the single molecule is driven by strong external field.The abstract should provide a
brief summary of the main findings of the paper.
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1 Introduction

The spectrum of the single molecule could be used to directly observe the change of the
state of the system. The well-known one is the Autler-Townes splitting [1], which was
first observed by Autler and Townes. Generally, a single quantum system (including sin-
gle atoms, single molecules, and single quantum dots, etc.) driven by strong external
field, the coupling states to the external field of the single quantum system could be split-
ting into two sub-states, this is the well known Autler-Townes splitting phenomenon. It
has been studied by several groups [2–5]. This splitting reflects in the emission spectrum
is also a well known phenomenon — Mollow triplet splitting [6], which was predicted
theoretically by Mollow, then several groups have observed the Mollow triplet splitting
phenomenon in experiment [7, 8].

Generally, the emission spectrum is considered as a Fourier transformation of the
time dependent dipole-dipole correlation [6, 9], which reflect the emission intensity dis-
tribution of the emission photon frequency. On the other way, one could directly obtain
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the emission intensity distribution of the emission photon frequency via counting the
emission photons at frequency ω [10]. As we all know, the spontaneous emission of an
excited quantum system is caused by the vacuum field [11, 12], and the vacuum field in-
clude all frequency modes [12]. That means we can not get a the frequency distribution of
the emission photons directly from the vacuum field. If we introduce a virtual, change-
able frequency probe field to simulate a frequency mode of the vacuum field, then one
can get the emission photon number at a fixed frequency. By scanning all the frequency
modes, one could obtain the emission intensity distribution versus the emission photon
frequency ω, and directly obtain the emission spectrum.

In this paper, we demonstrate how to obtain the emission spectrum of a two-level
single molecule driven by external field, the generating function approach is employed
to obtain the emission intensity (or average emission photons, which is proportional to
the emission intensity at fix time t) at frequency ω. The generating function approach
is well used to discuss the emission photon counting statistical properties [13–22]. It is
also used to discuss the emission spectrum of driven single molecule [10]. In Ref. [10]
they directly analyze the emission photons, have gotten the emission spectrum and the
corresponding Mandel’s Q parameter.In this paper, we introduce a new way to obtain
the emission spectrum via introducing a virtual probe field. The Mandel’s Q parameter
in this paper is corresponding to the emission photon caused by the probe field, it is
different compared with that in the Ref. [10].

This paper organized as follows: In Sec. 2 we briefly review the generating func-
tion approach of single molecule for photon counting statistics, and apply the generat-
ing function approach to obtain the emission photon number 〈N〉 and the corresponding
Mandel’s Q parameter. The numerical results and discussions are demonstrated in Sec. 3.
Our conclusions will be presented in Sec. 4.

2 Theory

The Hamiltonian of a two-level single molecule system driven by external field (includ-
ing a pump field and a virtual probe field), can be written as

H=Hs+Vse+Vsp, (1)

where Hs is the Hamiltonian of the “bare” two-level system, and the Vse is the interaction
between the two level system and the pump field, Vsp is the interaction between the two
level system and the probe field. The Hamiltonians can be expressed as

Hs =ℏωa|a〉〈a|+ℏωb |b〉〈b|,
Vse=ℏΩcos(ωLt)(|a〉〈b|+|b〉〈a|),
Vsp=ℏΩpcos(ωpt)(|a〉〈b|+|b〉〈a|), (2)

where Ω≡−µab ·E0/ℏ, and Ωp ≡−µab ·Ep/ℏ are the Rabi frequencies of the pump field
and probe field, respectively, the µab is the transition dipole moment of the ground state
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and excited state of the two level system, E0 and Ep are the amplitude of the pump field
and the probe field, respectively. The density matrix is used to describe the state of the
system, and it satisfies the quantum Liouville equation

∂

∂t
ρ(t)=− i

ℏ
[H,ρ(t)]+Lρ(t), (3)

the Lρ(t) describes the spontaneous emission process. As we just concern the probe
signals, we introduce an unitary evolution operator as

U(t)=T exp

{

∫ t

0
dτ(Hs+Vse)

}

. (4)

Transferring the density matrix ρ(t) into the interaction picture, the density matrix in the
interaction picture can be expressed as

σ(t)=U(t)ρ(t)U†(t). (5)

The density matrix σ(t) satisfies

∂

∂t
σ(t)=− i

ℏ
[V I

sp(t),σ(t)]+LI σ(t), (6)

where V I
sp(t) =U(t)VspU†(t) is the interaction between the system and the probe field,

LI =U(t)LU†(t) is the damping operator, and the LI can be separated into three parts,
one is L which is the main part, and the other parts can be omitted. Here, we assume LI≈
L. In the interaction picture, the evolution of the density matrix σ(t) is determined by the
interaction between the system and the probe field, which imply one could directly obtain
the emission photon statistical properties caused by the probe field in the interaction
picture.

The elements of the density matrix satisfy

σ̇aa(t)=−iΩp cos(ωpt)
Ω2

2(∆2+Ω2)
K(eiωLtσba(t)−e−iωLtσab(t))+Γσbb(t),

σ̇ab(t)=−iΩp cos(ωpt)

(

Ω∆

∆2+Ω2
σab(t)+

Ω2

2(∆2+Ω2)
KeiωLt(σbb(t)−σaa(t))

)

− Γ

2
σab(t),

σ̇ba(t)=−iΩp cos(ωpt)

( −Ω∆

∆2+Ω2
σba(t)−

Ω2

2(∆2+Ω2)
Ke−iωLt(σbb(t)−σaa(t))

)

− Γ

2
σba(t),

σ̇bb(t)=−iΩp cos(ωpt)
Ω2

2(∆2+Ω2)
K(e−iωLtσab(t)−eiωL tσba(t))−Γσbb(t). (7)

where K=2−e−i
√

∆2+Ω2t−e+i
√

∆2+Ω2t, and ∆=ωL−ωba, and ∆1=ωp−ωba are the detuning
frequencies of the pump and probe fields, respectively.
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The generating function reads [14, 17]

G(s,t)=
∞

∑
n=0

σ(n)(t)sn, (8)

where σ(n)(t) is the density matrix part when the system has emitted n photons. One can
obtain the generating functions satisfy

Ġaa =−iΩpcos(ωpt)
Ω2

2(∆2+Ω2)
K(eiωLtGba−e−iωLtGab)+ΓsGbb,

Ġab =−iΩpcos(ωpt)

(

Ω∆

∆2+Ω2
Gab+

Ω2

2(∆2+Ω2)
KeiωLt(Gbb−Gaa)

)

− Γ

2
Gab,

Ġba=−iΩpcos(ωpt)

( −Ω∆

∆2+Ω2
Gba−

Ω2

2(∆2+Ω2)
Ke−iωLt(Gbb−Gaa)

)

− Γ

2
Gba,

Ġbb=−iΩpcos(ωpt)
Ω2

2(∆2+Ω2)
K(e−iωLtGab−eiωLtGba)−ΓGbb. (9)

A working generating function is defined as [14, 17]

Y=∑
i

Gii, (10)

where Gii is the diagonal elements. The average emission photon number from the two
level system can be obtained as

〈N〉= 2
∂Y
∂s

∣

∣

∣

∣

s=1

, (11)

and Mandel’s Q parameter is

Q=
〈N2〉−〈N〉2

〈N〉 −1=

∂2Y
∂s2 −2

(

∂Y
∂s

)2

∂Y
∂s

∣

∣

∣

∣

∣

∣

∣

s=1

, (12)

and the spectrum is

I(ω)=
d〈N〉(t)

dt

∣

∣

∣

∣

ω

. (13)

3 Result and discussion

In this section, we demonstrate the results calculated by the method developed in Sec. 2.
Fig. 1 shows the typical resonance fluorescence triplet, the circles are the experimental
data coming from Ref. [8], the solid line is the theoretical result. The parameters are
Γ/2π = 11MHz, and Ω/2π = 57MHz. The probe field Rabi frequency is Ωp ≪ Γ. From
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Figure 1: The circles are the experimental data coming from Ref. [8], the spontaneous emission rate Γ/2π=
11MHz, the pump Rabi frequency Ω/2π=57MHz, the line is calculated by the equation 9.
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Figure 2: (Color online) The Mollow triple effect are demonstrated, the spontaneous emission rate of the system
is Γ=1, the probe field intensity is Ωp =0.1Γ, the detuning frequency of the pump field is ∆=ωL−ωba=0.

Fig. 1, one could know that the theoretical result are excellent agreement with the exper-
imental data which coming from Ref. [8].

Fig. 2 shows the resonance fluorescence Mollow triplet at different driven Rabi fre-
quencies. The blue line responds to the driven field Ω= Γ, the red line responds to the
driven field Ω = 3Γ, and the black line responds to the driven field Ω = 5Γ. The fig-
ure demonstrates that at Ω= Γ the emission lineshape displays almost one peak, as the
driven field increased to Ω= 3Γ, the lineshape shows explicit three peaks, as the driven
field continue increased to Ω=5Γ, the three peaks are more separated. This result can be
explored by dressed states theory, as the two level system driven by strong pump field,
the ground and excited states are split into two sub-ground states and sub-excited states,
the electron jump from two sub-excited state to two sub-ground states, which makes
three peaks, and the position of the sidebands can be expressed as rb =±

√
∆2+Ω2, is

decided by the driven Rabi frequency Ω.

According to the dressed states theory, the sidebands position is linear related to the
driven Rabi frequency Ω. To make the the linear relationship more clearly, we draw the
three dimension figure of the emission intensity as a function of driven Rabi frequency Ω

and probe detuning frequency ∆1. The results are shown in Fig. 3, upper one is the emis-
sion intensity, lower one is the Mandel’s Q parameter. From this figure, we can know the
splitting of the peaks are linearly increasing as the driven Ω increasing. As we consider
the probe field is very weak Ωp≪Γ, the Mandel’s Q parameter always demonstrates neg-
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Figure 3: The emission light intensity and Mandel’s Q parameter as a function of the probe detuning ∆1 and
pump intensity Ω. The other parameter are Γ/2π=40MHz, ∆=0, and Ωp =0.1Γ.
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Figure 4: The emission light intensity and Mandel’s Q parameter as a function of the detuning frequencies ∆

and ∆1. The other parameters are Γ/2π=40MHz, and Ω=5Γ, Ωp =0.1Γ.

ative, that reflects the emission photon (caused by the probe field) always demonstrate
sub Possonian distribution.

We also discussed the driven field is not resonance with the two level system, to make
this process more clearly, we draw the emission intensity and its corresponding Mandel’s
Q parameter as a function of the driven detuning frequency ∆ and probe detuning fre-
quency ∆1. The results are shown in Fig. 4, when the driven detuning frequency ∆= 0,
that means resonance driven, the two small peaks are symmetry distributed beside of
the main peak. As the driven detuning frequency ∆ increasing or decreasing, one small
peak become closer to the main peak, the other peak become farther to the main peak.
The Mandel’s Q parameter demonstrates the same behavior as the emission intensity.
Because in our condition, the Mandel’s Q parameter just reflects the statistical behavior
of the emission photon caused by probe field, it is different compared with the result of
Ref. [10].

4 Conclusion

In this paper, we demonstrate a new way to obtain the emission spectrum of single
molecule driven by external field via introducing a virtual probe field. The well known
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Mollow triplet splitting phenomenon is obtained, and discussed the influence of the Rabi
frequency to the emission spectrum and the corresponding Mandel’s Q spectrum of the
two-level single molecule.

Acknowledgments. This work was supported by the National Natural Science Founda-
tion (Grand No. 11404189) and Natural Science Foundation of Shandong Province, and
Doctoral Programs Foundation of Ministry of Education.

References

[1] S. H. Autler and C. H. Towner, Phys. Rev. .
[2] J. Qi et al., Phys. Rev. Lett. 88, 173003 (2002).
[3] M. A. Quesada, A. M. F. Lau, D. H. Parker, and D. W. Chandler, Phys. Rev. A 36, 4107 (1987).
[4] J. Qi et al., Phys. Rev. Lett. 83, 288 (1999).
[5] Z. Sun and N. Lou, 91, 023002 (2003).
[6] B. R. Mollow, Phys. Rev 188, 1969 (1969).
[7] E. B. Flagg et al., Nature Physcs 5, 203 (2009).
[8] O. Astafiev et al., Science 327, 840 (2010).
[9] R. Kubo, M. Toda, and N. Hashitsume, Statistical physics II: Nonequilibrium Statistical Mechan-

ics, Springer-Verlag, Berlin, 2nd edition, 1991.
[10] G. Bel and F. L. H. Brown, Phys. Rev. Lett. 102, 018303 (2009).
[11] K. Blum, Density Matrix Theory and Applications, Plenum Press, New York, 1981.
[12] C. Cohen-Tannoudji, B. Dui, B. Diu, and F. Laloe, Quantum Mechanics, Wiley-Interscience,

New York, 2006.
[13] F. L. H. Brown, Phys. Rev. Lett. 90, 028302 (2003).
[14] Y. Zheng and F. L. H. Brown, Phys. Rev. Lett. 90, 235308 (2003).
[15] Y. Zheng and F. L. H. Brown, J. Chem. Phys. 121, 3238 (2004).
[16] Y. Zheng and F. L. H. Brown, J. Chem. Phys. 121, 7914 (2004).
[17] Y. Peng, Y. Zheng, and F. L. H. Brown, J. Chem. Phys. 126, 104303 (2007).
[18] Y. Peng and Y. Zheng, Appl. Phys. Lett. 92, 092120 (2008).
[19] Y. Peng and Y. Zheng, Phys. Rev. A 80, 1 (2009).
[20] Y. Peng, S. Xie, Y. Zheng, and F. L. H. Brown, J. Chem. Phys. 131, 214107 (2009).
[21] B. Han and Y. Zheng, Phys. Rev. A 78, 015402 (2008).
[22] B. Han, Z. Ji, and Y. Zheng, J. Chem. Phys. 130, 244502 (2009).


