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Abstract. In this paper, we present local discontinuous Galerkin methods (LDG) to
simulate an important application of the 2D stationary Schrodinger equation called
quantum transport phenomena on a typical quantum directional coupler, which fre-
quency change mainly reflects in y-direction. We present the minimal dissipation LDG
(MD-LDG) method with polynomial basis functions for the 2D stationary Schrodinger
equation which can describe quantum transport phenomena. We also give the MD-
LDG method with polynomial basis functions in x-direction and exponential basis
functions in y-direction for the 2D stationary Schrodinger equation to reduce the com-
putational cost. The numerical results are shown to demonstrate the accuracy and
capability of these methods.
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1 Introduction

Schrodinger equation is used to describe the quantum mechanical wave function in the
equation of motion proposed by the Austrian physicist Schrodinger in 1926 and is con-
sidered to be the theory which is one of the fundamental theories of quantum mechanics.
Schrodinger equation is widely used in atomic physics, nuclear physics and solid state
physics. Solutions to Schrédinger equation can clearly describe the statistical quantum
behavior of the quantum size particles in quantum systems. So how to solve Schrodinger
equation becomes very important.

*Corresponding author. Email addresses: 111i20100@mail.ustc.edu.cn (L. Guo), yxu@ustc.edu.cn (Y. Xu)

http:/ /www.global-sci.com/ 1012 (©2014 Global-Science Press



L. Guo and Y. Xu / Commun. Comput. Phys., 15 (2014), pp. 1012-1028 1013

In this paper, we mainly discuss how to simulate numerical solutions of the 2D sta-
tionary Schrodinger equation (1.1) which can describe quantum transport phenomena

@D tVp=Ep, (ry)€0, (1.1)

where ¢ is the re-scaled Plank constant, E is the specified energy, ¢ = ¢(x,y) is a complex-
valued function denoting the wave function, and V=V (x,y) is the potential. The bound-
ary conditions are given based on the specific issues. Many numerical methods have
been developed to solve this equation. In [10, 11], the finite difference methods have
been developed to simulate Schrodinger equations. Spectral method has been proposed
in [8]. In [18,19], the WKB scheme and finite element method have been used to com-
pute this equation respectively. In addition, multi-mode approximation for resonant tun-
neling which can be described by the stationary Schrodinger equation is given to solve
the equation in [1]. Also in [21], immersed interface method is used to compute the
Schrodinger equation with discontinuous potential. In this paper, we mainly consider an
important application of the 2D stationary Schrédinger equation called quantum trans-
port phenomena on a typical quantum directional coupler shown in Fig. 1. Also various
kinds of numerical methods can be found to simulate quantum transport phenomena
in [4,5,9,14-17,20]. Moreover, many local discontinuous Galerkin methods have been
developed to solve time dependent Schrédinger equations in [7,12,13,22] but not simu-
late the stationary Schrédinger equation on the complicated computational domain.

We present local discontinuous Galerkin methods to solve the Schrodinger equation
(1.1). Discontinuous Galerkin (DG) methods are a class of finite element methods using
completely discontinuous basis functions, which are usually chosen as piecewise poly-
nomials. The stability and convergence of LDG methods have been designed for elliptic
equations in [3,6]. DG method based on non-polynomial approximation spaces has been
developed in [23]. The DG method has several advantages as follows. Firstly, it can be
designed as any order of accuracy. Since the order of accuracy can be locally determined
in each cell, it has efficient p adaptivity. Secondly, the allowance of arbitrary triangulation
even with hanging nodes makes efficient & adaptivity come true. Moreover, the method
has embarrassingly high parallel efficiency because the elements only communicate with
immediate neighbors regardless of the order of the accuracy of the scheme.

In this paper, we mainly develop minimal dissipation local discontinuous Galerkin
(MD-LDG) method based on the basis functions of polynomials for the Schrédinger equa-
tion (1.1). In addition, we choose polynomial basis functions in x-direction and the expo-
nential basis functions in y-direction which is typical for the simulation of quantum trans-
port phenomena. This choice is mainly based on the change of frequency of y-direction.
This method not only maintains the advantages of the general LDG methods but also
saves the computational cost.

This paper is organized as follows. In Subsection 2.1, we give the model problem
which we are concerned about. We give the MD-LDG method and the MD-LDG method
with different basis functions in different directions for the Schrédinger equation in Sub-
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sections 2.2.1 and 2.2.2 respectively. We discuss the connections and differences of these
two methods in Subsection 2.2.3. In Section 3, we give the specific LDG methods for
quantum transport phenomena on a typical directional coupler. Numerical results are
shown in Section 4 and concluding remarks are given in Section 5.

2 The model problem and numerical methods

21 The model problem

Consider the 2D stationary Schrodinger equation on the domain Q) C IR?

—%equ)-i—Vq):Eq), in Q, (2.1a)
gp:f, on FD, (Zlb)
0

% =g on Iy, (2.10)

where ¢ is the re-scaled Plank constant, E is the specified energy, ¢ = ¢(x,y) denotes the
wave function, V=V (x,y) is the smooth external potential and n is the outward normal
unit vector. I'y denotes the boundary with the Neumann boundary condition and I'p
denotes the boundary with the Dirichlet boundary condition.

2.2 Numerical methods for the model problem

2.2.1 The MD-LDG method for the 2D stationary Schrédinger equation

In this section, we present the minimal dissipation local discontinuous Galerkin method
for Eq. (2.1).

In order to define the LDG method, we rewrite Eq. (2.1) into a system of the first order
equations

2V 2E

c—Voe=0, (2.2b)
where 0= (07,07) is a vector function.

Then we introduce the finite element spaces associated to the triangulation (), = {K}
of (). The domain () can be decomposed into the set of (). we set

V,={vel*(Q): v|geP*(K), VKey},
W, ={wec[L>(Q)]*: w|xe[P"K)]?, VKeO,},

where P¥(K) denotes the set of all polynomials of degree at most k on K. For each K€,
let hg denote the diameter of K and we set 1:=maxkeq, k.



L. Guo and Y. Xu / Commun. Comput. Phys., 15 (2014), pp. 1012-1028 1015

The general formulation of the LDG method for Eq. (2.1) is to find ¢ € V}, and o € W),
such that for all K € (), and all test functions v € V}, and w € W, we have

/U-Vvdx—/ fronkvds—l—%/Vgovdx—%/qovdxzo, (2.3a)
K 9K e Jx e Jk

/a-wdx-l—/q)v-wdx—/ png-wds=0, (2.3b)
K k 9K

where ny is the outward normal unit vector to the dK. The hat terms in the cell boundary
terms in (2.3) for integration by parts for (2.2) are numerical fluxes, which are single
valued functions defined on the edges and should be designed to ensure stability.

Let T denote the union of the boundaries of the element K of (). T? denotes the
interior boundaries I’ :=T\0Q. In order to define the fluxes, we define the average {q}
and the jump [[g]] on T? of g which is a scaler. Let e be an interior edge shared by elements
K; and Kj. Let ny and n; be used to denote the unit normal vectors on e pointing exterior
to K; and Kj respectively. And g;:=¢q|sk,, we have

1
{y=5(n+q2),  [lg]]=gqm+gon>.
Similarly, for the vector T we can also define T and 7, as above and then we have

{t}= %(rl—i—rz), [[T]]=T1-m1+T2-ny.

The fluxes are chosen as follows:

¢=9—p-[lg]l, onT",
=1, onIp,
o=0, onIy,
and
o=0c+plo]], onT?,
J=o, onI'pNI'~,
G=0+a(u—f)n, onIpNIT,
G=gn, onl'y,

where B-ny(e) = 1sign(p-ng(e)), p is any nonzero piecewise constant vector, I~ = {e €
I': pn,<0}and I'"=T\I'", a is chosen as O(1/h). The idea for the fluxes choice is
following the reference [6].
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2.2.2 The MD-LDG method based on non-polynomial basis functions for the 2D
stationary Schrodinger equation

In this section, we are mainly interested in the frequency change which mainly reflects in
y-direction for quantum transport phenomena, so here we choose the exponential basis
functions in y-direction and polynomial basis functions in x-direction. For the rectangu-
lar domain, we denote the mesh by I;; = [xi_%,xi+%] X [yj_%,yj+%]. The center of the cell is

xi:(xi_%—l—xiJr%)/Z, yj:(y]._l—l—y].Jr%)/Z and Ax;=x;_1+x; 1, Ayj=Y;_1+Y; 1. Wemake

2
the tensor product between

[ XX <x—xi>2 A }
VAX {1/ Ax 7 Ax 7 1 1/ /nx 7

and
E(a) = {1’eZDéj(y*y]),e*w‘](]/*y]), j: 1,' v ’ny},

where «; is the frequency of the phenomena. The approximation space E(«) is actually
an exponential space. In [23], the authors have proved the L? stability and error estimate
of the DG method based on non-polynomial approximation spaces including exponen-
tial spaces for time-dependent PDEs. In [19], E(«) is a third order approximation space
for stationary one-dimensional Schréodinger equation. And we also know V, has third
order accuracy for PDEs. Therefore, those two basis functions by tensor product would
have third order accuracy for two-dimensional PDEs.

2.2.3 Differences of the two schemes based on the different basis functions

Since these two MD-LDG methods based on polynomial basis functions and non-
polynomial basis functions respectively have the same idea, we have similar scheme (2.3)
and choice of the numerical fluxes for the MD-LDG scheme based on non-polynomial ba-
sis functions.

The differences between these two schemes mainly reflect in the choice of the basis
functions. In the general MD-LDG method we choose polynomial basis functions while
in another method we choose the exponential basis functions in y-direction and polyno-
mial basis functions in x-direction.

Generally speaking, we choose the LDG method based on polynomial basis func-
tions to simulate general numerical solutions. However, depending on the properties
of the solution space the MD-LDG method based on non-polynomial basis functions are
more efficient than the general LDG method. In this paper, we study quantum transport
phenomena whose frequency change mainly reflects in y-direction. So here we not only
give the general MD-LDG method based on polynomial basis functions, but also give the
method with the non-polynomial basis functions that is exponential basis functions in
y-direction to improve the computational efficiency.
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3 Quantum transport phenomena on a typical quantum
directional coupler

In this section, we give quantum transport phenomena on a typical quantum directional
coupler which can be described by the 2D stationary Schrédinger equation.

3.1 The 2D stationary Schréodinger equation for the quantum transport
phenomena

The 2D stationary Schrédinger equation can describe the quantum transport phenomena
as follows. The domain of the 2D stationary Schrédinger equation is shown on a typical
quantum directional coupler in Fig. 1. The equation is

1
—Eequ)-l—Vq):Eq). (3.1)
T
2h] +h2 T T
2| o ! O B ¥+
hy+hy
Th T
7 Q3 r$
D D
h
| a | b I}
1 1
0 I Iy L+h  2h+h

Figure 1: The computational domain.
The boundary conditions are given as follows:
e OnIp= Uf,:l FPD, the confined boundary conditions are used as
@(%,Y) | (xy)erp =0,
which prevent electrons from leaving out of the computational domain.

e OnI'y= U%:l Fﬁ,, the transparent boundary conditions are used, which allow elec-
trons move in and out of the computational domain. The transparent boundary
conditions can be found in Appendix A for I'y.

3.2 The LDG method for quantum transport phenomena

In this section, we consider the rectangular meshes. The details of the LDG method for
this problem are the same way as in Section 2.



1018 L. Guo and Y. Xu / Commun. Comput. Phys., 15 (2014), pp. 1012-1028

First we rewrite Eq. (3.1) into a system of the first order equations

2V 2E
—(pxtay)+ 9= 59=0, (3.2a)
p—¢x=0, (3.2b)
q—¢y=0. (3.2¢)

We denote by ¢ /2, and ¢, ; the value of ¢ at x;;1/2 from the right cell, I;1;, and
from the left cell, [; ;, respectively. Similarly, We denote by gof] L1/2and Pijt1/2 the value of
@ at yj11/2 from the upper cell, [; ;, 1, and from the lower cell, I; ;, respectively. We define
the complex piecewise-polynomial space Vay,ay as the space of polynomials of degree at
most k in each cell Lij, i.e.

VAX,Ay:{v:v‘L’j epk(ll]), i:l,...,nx;jzll...’ny},

where P (I;j) be denoted to be the set of all polynomials of degree at most k in the interval
I;;. The finite element space V}, can be chosen as Vj, = Vay a, or V;, =V, ® E(a).

The formulation of the LDG method for Eq. (3.1) is to find ¢,p,q € V}, such that for
i=1,---,nx, j=1,---,ny and for all test functions v,w,h € V};, we have

/ poxdxdy — / po )iy —(Po");_yldy+ /quvydxdy— /1 [(Go7) 01— (q0");_yldx
ij i
+—2/ Vq)vdxdy——z/ pudxdy =0, (3.3a)
/pwdxdy—l—/ pwydxdy — / pw™ 1+1—(q)w+)17 ldy=0, (3.3b)
/ ghdxdy -+ / ghydxdy — / (), y)dx=0. (3.3¢)

The hat terms in the cell boundary terms in (3.3) for integration by parts for (3.2) are
numerical fluxes. The fluxes of quantum transport phenomena for the scheme (3.3) are
chosen as follows:

e On the interior, the fluxes are

PO

¢=¢", p=p ., 4=q .
e On F}D, the fluxes are
=0, 4=q"—ay(¢(x,0)—¢").

e On F% and F%, the fluxes are

>
Il
L
2
I
3
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On T} and I%), the fluxes are

On FZD, the fluxes are

On I'7,, the fluxes are

On F%, the fluxes are

On F}\] and F%\], the fluxes are

+

¢=¢", p=0¢:(0,y).

On F?\] and F‘}\,, the fluxes are
¢=¢~, P=9¢x(2hi+Ly).
Here we choose «, = O(1/Ay) and &, = O(1/Ax). And the choice of the fluxes does not

depend on the selection of the finite element spaces.

4 Numerical results

In this section, we present several numerical examples to illustrate the accuracy and the
efficiency of the numerical schemes developed in the previous section for Eq. (2.1).

Example 4.1. We consider the 2D stationary Schrodinger equation on the domain
Q =[0,1]x[0,1] and the boundary consists of I'p = {(x,0)U(x,1)|0 <x <1} and I'y =
{(0,y)U(1,y)|0<y<1}. The equation is
—1§A¢:E¢, (4.1a)
¢(x,0)=¢(x,1) (4.1b)

E E
¢x(0,y) =14/ 9) ———=x9(y), (4.1¢)

2<E E9) o 7(9(y), 41d)
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with the exact solution
+ [2(E-Eq)

p(xy)=eV =T “xoy), (4.2)
where E=0.2,e=1/64, E,;;= %mznzez, xm(y)= \/Esinmny, m=1,2,--.
The fluxes are chosen as follows:

e On the interior, the fluxes are

e OnI'p, the fluxes are

e On Iy, the fluxes are

Here we choose a, = O(1/Ay) and a, = O(1/Ax).

In Table 1, we compare the CPU time by the general MD-LDG method and the MD-
LDG method based on non-polynomial basis functions. We can find that the efficiency
of the MD-LDG method based on non-polynomial basis functions is much higher than
the general MD-LDG method to reach the same error level. Since we make full use of the
properties of the solution to choose the non-polynomial basis functions we can obtain the
result in Table 1. More technical details can be found in [19].

Table 1: Example 4.1, the CPU time by using different methods.

polynomials non-polynomials
L? error | CPU time L? error | CPU time
9.43E-01 6.2s 6.64E-01 0.01s
1.01E-01 393s 5.45E-01 0.07s
5.84E-02 784s 2.00E-02 0.41s
6.82E-03 5003s 2.15E-03 21s

In Table 2, we give the L? and L™ error estimates and the numerical orders of accuracy
for Eq. (4.1) with the exact solution (4.2) by using the general MD-LDG. We also demon-
strate the L2 and L* error estimates and the numerical orders of accuracy by using the
MD-LDG method based on non-polynomial basis functions with « =97t in Table 3. By
comparing with two tables we can obtain that the MD-LDG method with P elements
gives (k+1)-th order of accuracy and the MD-LDG method based on non-polynomial
basis functions has third order accuracy. In particularly, we can see that the MD-LDG
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Table 2: Example 4.1, error estimates and accuracy test for Eq. (4.1) with the exact solution (4.2) with the
uniform meshes by using general LDG method.

Real part Imaginary part
Nx*Ny L%error order L% error order L% error order L*®error order
p?  16*16 9.43E-01 - 2.01 - 7.79E-01 - 1.88 -
32*32 1.01E-01 322  3.48E-01 253 219E-02 391  203E-01 3.21
64*64 5.33E-03 4.25  2.03E-02 4.10 2.71E-03 426  123E-02 4.04
128*128 2.76E-04 4.27  1.20E-03 4.08 1.83E-04 3.89  7.36E-04 4.06
p>  16*16 1.37 - 3.00 - 1.12 - 2.97 -
32*32 3.86E-03 847  1.03E-02 8.19 6.29E-03 748  1.83E-02 7.34
64*64 9.39E-05 5.36  2.88E-04 5.16 2.03E-04 4.96  6.52E-04 4.81

Table 3: Example 4.1, error estimates and accuracy test for the Eq. (4.1) with the exact solution (4.2) with
the uniform meshes and less meshes in y-direction by using MD-LDG method based on non-polynomial basis
functions with a =97,

Real part Imaginary part
Nx*Ny L?error order L* error order L? error order L% error order
a=9m 16%4 2.00E-02 - 4.69E-02 - 8.29E-03 - 3.23E-02 -
32*8 2.15E-03 321 4.35E-03 343 1.87E-03 215 3.88E-03 3.06
64*16 ~ 2.70E-04 3.00 5.44E-04 3.00 2.68E-04 281 5.35E-04 2.86

scheme based on non-polynomial basis functions need less grids than the general MD-
LDG method to obtain efficient results. The table also demonstrates that the MD-LDG
method based on non-polynomial basis functions saves computational cost.

Example 4.2. We consider the 2D stationary Schrodinger equation (3.1) for the quantum
transport phenomena on the domain shown in Fig. 1 with the following parameters

11:h1:0.2, 122h220.6, E:O.6, 820.05,
V(xy)=0, (xy)eQ,

; 1, n=r=1,
a, =
0, else,

r__
E"_ 1,222

%nznzez, r=1,2,34,
snemees,  r=>5.
In Table 4, we give L! and L™ error estimates for Example 4.2 where the reference solu-
tions are obtained by using finite difference method with a uniform mesh Ax=Ay = =5
to show the capability and validity of the LDG method.
We give some simulation results for Example 4.2.
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Table 4: Example 4.2, the L! and L® errors of wave functions for different numerical methods with p2 polyno-

mials and the uniform mesh Ax:Ay:;—O in different domains.

Domain L! error | L* error
Domain Q! | 9.07E-05 | 6.52E-03
Domain Q? | 5.09E-05 | 5.23E-03
Domain Q2 | 5.83E-05 | 4.26E-03
Domain Q¢ | 8.23E-05 | 7.75E-03

e In Fig. 2, we give the numerical solutions for Eq. (3.1) with the different degree of
polynomials with Ax = Ay = 25 by using general MD-LDG method.

¢ In Fig. 3, we give the numerical solutions for Eq. (3.1) with the different degree of
polynomials with Ax = Ay = 755 by using general MD-LDG method.

From Figs. 2 and 3 which are obtained by using general MD-LDG method for Exam-
ple 4.2, we can find that the numerical solutions for Eq. (3.1) tend to physical solutions
with the degree of the polynomials increasing. Also, we can see that as the meshes in-
creasing the simulations of Eq. (3.1) become close to the physical results. In particular,
Fig. 2 shows that the numerical solution with fourth order accuracy can approximate the
physical solution better by using LDG method with only 50 x50 meshes. So the high
order accuracy scheme can reduce the cost by decreasing the meshes.

Example 4.3. We consider the 2D stationary Schrodinger equation (3.1) for the quantum
transport phenomena on the domain shown in Fig. 1 with the following parameters

llzhl 20.2, lth220.6, E:1.4, 820.05,
V(xy)=0, (xy)eQ,

with different coefficients of incoming waves aj, as follows:

e Casel

a

r
n

{ 1, n=2,r=1,
0, else.

e Casell

a, =

. {1, n=2,r=1, and n=1,r=2,
0, else.

In order to save the space, we only show the contour figures when Ax = Ay = ﬁ by
using the MD-LDG method based on polynomial basis functions for Example 4.3 with
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Figure 2: Example 4.2, the contour of the wave amplitude |¢(x,y)| with the different degree of polynomials
and the uniform mesh Ax=Ay= % by using general MD-LDG method.

Figure 3: Example 4.2, the contour of the wave amplitude |¢(x,y)| with the different degree of polynomials
and the uniform mesh Ax=Ay= ﬁ by using general MD-LDG method.
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p=2 p=3

Figure 4: Example 4.3 with incoming waves Case |, the contour of the wave amplitude |¢(x,y)| with the different
degree of polynomials and the uniform mesh Ax=Ay= 1(1)—0 by using general MD-LDG method.

the incoming waves in Case I. From Fig. 4, we obtain that the numerical simulations can
approximate the physical solutions.

In Fig. 5, we give the contour figures of the wave amplitude |¢(x,y)| with two dif-
ferent coefficients of incoming waves. From the figure, we can see different interference
phenomena.

(a) Case L (b) Case II.

Figure 5: Example 4.3, the contour of the wave amplitude |¢(x,y)| with the different coefficients of the incoming
wave 4y, and the uniform mesh Ax=Ay= ﬁ by using general MD-LDG method.
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0.2 0.4 0.6 0.8 1

(a) For the uniform mesh Ax=Ay= %. (b) For the mesh Ax= 1(1)—0,Ay = 51—0.

Figure 6: Example 4.2, the contour of the wave amplitude |@(x,y)| with different meshes by using MD-LDG
method based on non-polynomial basis functions.

Finally, we show the figure of Example 4.2 by using MD-LDG method based on non-
polynomial basis functions in Fig. 6 with different meshes.

From all the above figures, we can find that the simulation results of quantum trans-
port phenomena are the same as in [20]. The LDG method is much easier to be extended
to general potential function and more complicated computational domain.

5 Conclusion

In this paper, we have developed the minimal dissipation local discontinuous Galerkin
(MD-LDG) method with piece-wise polynomial basis functions and MD-LDG method
based on non-polynomial basis functions to simulate the 2D stationary Schrédinger equa-
tion. We also give the simulations of quantum transport phenomena which can be de-
scribed by the 2D stationary Schrodinger equation. Numerical examples are shown to
illustrate the efficiency and capability of these methods.
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Appendix A: The transparent boundary conditions

In this appendix, we give the transparent boundary conditions for I'y.



1026 L. Guo and Y. Xu / Commun. Comput. Phys., 15 (2014), pp. 1012-1028

Firstly, we introduce the method of domain decomposition approach and here we
consider the domain Q) = [0,1] x[0,1] for convenience. The main idea of the subband
decomposition method is to expand the wave function into series of multi-mode bases

xo(x,y)

B
xy)=Y ¢ (vy), Y(xy) €eQ
b=1
with
1 J—
#o(0)= (0 )6 7)) = [ @) Talx)dy.
Let (Ep(x),x5(x,y)) be the solutions of the eigenvalue problem

1
- Eszayyxb (x,y)+V(x,y)xp(x,y) =Ep(x) xp(x,y),

with
(xp (2, ), xp (%)) =pp,

and the boundary conditions are determined by the boundary conditions of the wave
function on y—direction. Then we have the coupled Schrodinger system for ¢ (x)

1 B 1,8
—Eezaxxcpb—ez Z ChpyOxPr — 582 Z 2y Py = (E—Ep) Py, (A1)
b'=1 b'=1
where
Cbb’ / X (%,y)0xxw (x,y)dy,
Cbb’ / X (%,Y)0xx X (X,y)dy.

It is easy to check that
b () = iy () =0.

Eq. (A.1) can be discretized in the central difference form
1 — 1 n—1
2h2 (sb”* —2¢; + ¢} ) 5 Zcbb,< nl_ g ) Ecbb,gbb, (E—EN¢!, (A2)

with ¢! = (x,), Ef =Ep(x,) and ¢t = ¢l (x,) (i=1,2).
Secondly, we give the transparent condition for (3.1). The detailed derivations can be
found in [2,20].
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e For r=1,2, the boundary condition on I'}; is

edx(0,y) = EZ; 2(E—E;)(2ay, — ¢7,(0)) x5 (0,y)

+ Y \/2(E,—E)ph(0)x,(0,y), V(0y) €Tk
E<E,

e For r=3,4, the boundary condition on I'y; is

e0:(2h +Ly) =}, iy/2(E—E}) (¢ (2h +12) —2a,) x5, (21 + L2, y)
E>E},

— Y \2(E,—E)p(2h 4+ 1) x5 (2h+12,y), V(2h+1,y) €Ty
E<E/

Here a}, are the coefficients of the incoming waves.
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