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Abstract. This paper is concerned with obtaining an approximate solution and an ap-
proximate derivative of the solution for neutral Volterra integro-differential equation
with a weakly singular kernel. The solution of this equation, even for analytic data, is
not smooth on the entire interval of integration. The Jacobi collocation discretization
is proposed for the given equation. A rigorous analysis of error bound is also provided
which theoretically justifies that both the error of approximate solution and the error of
approximate derivative of the solution decay exponentially in L*° norm and weighted L?2
norm. Numerical results are presented to demonstrate the effectiveness of the spectral
method.
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1. Introduction

We study the neutral Volterra integro-differential equation (VIDE) of the form

y'(©)=a(t)y(t) + b(t) +f (t—s)2 [Ko(t,s)y(s)
0

+K(t,s)y'(s)lds, te€[0,T], (1.12)
¥(0) = yo, (1.1b)

by the Jacobi spectral collocation method. Here, a,b : [0,T] — R and Ky,K; : D — R
(where D := {(t,s) : 0 < s <t < T}) are given smooth functions (see [5]). As for
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the numerical treatment of VIDE, the reader is referred [2—4, 26,32,36] (VIDE with a
regular kernel) and [6, 7, 12, 23,28, 30] (VIDE with a weakly singular kernel), most of
these references contain information about other relevant papers.

There are many existing numerical methods for solving VIDE, such as polynomial collo-
cation method [3,7,23,26,27,33], Taylor series method [13], block-by-block method [18,
19], multistep method [21,35] and Runge-Kutta method [2,36]. However, very few works
touched the spectral approximation to VIDE. Spectral method has excellent error properties
with the so-called "exponential convergence" being the fastest possible. The literature [31]
is the first paper proposed a spectral method for Volterra integral equation with a smooth
kernel. Subsequently, Y. Chen and T. Tang developed the spectral method for Volterra
integral equation with weakly singular kernel in [9, 10].

Usually, the numerical analysis for weakly singular VIDE without neutral term (i.e.,
K;(t,s) = 0) can be based on either of two second-kind Volterra integral equations that are
equivalent to the original initial-value problem (1.1a)-(1.1b) (see [5,6]). Its first reformu-
lation has the form

y(t)=f(t)+J0tH1(t,8)y(5)ds, t€[0,T], (1.2)

where
f(t)=yo+fot b(s)ds, (1.3a)
Hy(t,s) = a(s) + Jt(v — $) 2Ky (v,5)dV. (1.3b)

Alternatively, we may consider the equivalent Volterra integral equation for z(t) = y’(t),
namely,

z(t) = g(t) + Jot Hy(t,s)z(s)ds, t€[0,T], (1.4)

with
g(t) = b(t) + (a(t) + Lt(t - s)—%Ko(t,s)ds) Yo, (1.52)
Hay(t,s) =a(t)+Jt(t—v)_%Ko(t,v)dv. (1.5b)

But (1.2) and (1.4) are not much suitable for the spectral method since the kernels defined
in (1.3b) and (1.5b) have new singularities along the lines s = 0 and t = 0, respectively, in
addition to those for s = t admitted in [34].

In [15], Y. Jiang considers the Legendre spectral collocation method for VIDE with a
smooth kernel, which has smooth solution on the entire interval of integration [0, T] if the
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given data are sufficiently smooth. The paper [15] only shows the spectral rate of conver-
gence of the approximate solution in L*™ norm based on the integration of both sides of
VIDE. Let us now turn our attention toward the neutral VIDE with a weakly singular kernel
(t —s)™ (0 < u < 1). It can be shown using the techniques in [17] (see also [5]) that
if the given functions have continuous derivatives of order m then there exists a function
Y = Y(t,v) possessing continuous derivatives of order m + 1, such that the solution can
be written as y(t) = Y(t, t>™*) for t € [0,T], T > 0. It is known that the weakly singular
factor (t —s)™" complicates the numerical treatment of VIDE since the solution will be
such that y € €([0,T]) but y”(t) ~ t™ as t — 0. The case u = 1/2 is encountered
in a variety of problems in physics and chemistry (see [1]). In this case, we can use the
variable transformations t = 2z and s = w?, so the solution of the new neutral VIDE can be
written as v(z) = y(22) = Y(22,2°) which is smooth. Thus, the Jacobi spectral collocation
method can be applied accordingly.

In the present paper, we will restate the initial condition as an equivalent integral
equation instead of integrating both sides of (1.1a). Then, we get the discrete scheme
by using Gauss quadrature formula for all the integral terms. We will provide a rigorous
error analysis not only for approximate solution but also for approximate derivative of the
solution in L® norm and weighted L? norm and justify the spectral rate of convergence
in both cases. This paper extends spectral method to a wider class of equations than in
previous work.

The remainder of the paper is organized as follows. Jacobi collocation discretization for
the neutral VIDE (1.1a) is presented in Section 2, and some lemmas useful for establishing
the convergence results are given in Section 3. In Section 4 the convergence analysis
is outlined, and Section 5 contains numerical results, which will be used to verify the
theoretical results obtained in Section 4. Finally, in Section 6, we end with conclusion and
future work.

2. Jacobi collocation discretization

Let w*P(x) = (1 — x)*(1 + x)P, for a, p > —1 denote a weight function in the usual
sense. It is well known, the set of Jacobi polynomial {Jﬁ’ﬁ }3_o forms a complete Li wp (D)

orthogonal system, where I stands for the open interval (—1,1) and Li) «p(I) is the space
of functions u with |[[ul| 2 LD < 400, equipped with the norm

1 1

2

lulzz, = ( f PP Gdx )
w™ 1

and the inner product

1
(U, v) yup = J uO V() w®P(x)dx, Vu,ve Lfoaﬁ ().
-1

For a given positive integer N, we denote the collocation points by {xi}?’: o> Which is the

set of (N + 1) Jacobi Gauss points, and by {v; f\’: o the corresponding weights. Thus, the
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Jacobi-Gauss quadrature formula is

1 N
J F)w®P(x)dx ~ Zf(xk)vk. 2.1)
-1 k=0
In particular, we give the Gauss quadrature formula as follows:
1 ) N
f FEA=x)2dx ~ ) F (O, (2.22)
-1 k=0
1 N
f FOdx~ > f (B (2.2b)
-1 k=0

In order to obtain the smooth solution, we use the variable transformations ¢t = z? and
s =w?, Eq. (1.1a) becomes

V(2) = a(z)v(z) + b(z) + f (z— W)_%R'O(z,w)v(w)dw
0

—l—f (z— w)_%f{l(z,w)v’(w)dw, z€[0,VT], (2.33)
0

v(0) = yo, (2.3b)

where
a(z) = 2za(z?), b(z) = 2zb(z?), (2.4a)
Ko(z,w) =4(z + W)_%ZWKO(ZZ,WZ), Ki(z,w)=2(z+ W)_%ZKl(ZZ,WZ), (2.4b)

and v(z) = y(z?) is the smooth solution of problem (2.3a)-(2.3b). For the sake of applying
the theory of orthogonal polynomials, we use the variable transformations z = +/T(1 +
x)/2,x €[-1,1]and w = VT(1+1)/2, T € [—1, x] to rewrite (2.3a) as follows

u'(x) = alx)u(x)+ b(x) + J (x — T)_%I?O(x, Tu(t)dt
-1

+J (x— T)_%INQ(X, '(r)dr, xe[-1,1], (2.5)
-1
with the initial condition
u(-D)=u_; =Yy, (2.6)
Here,
T T - T. T

a(x) = ga(‘/—z_(l +x)), b(x) = gb(‘/—;(l +x)), (2.7a)

Ro(x,7) = (‘/TT)EKO(‘/TTU +x), ‘/77(1 + r)), (2.7b)

Ry(x,7) = (‘g)%(gu +x), ‘/77(1 +1), (2.70)
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and u(x)=v (ﬁ (1+ x)/2) is the smooth solution of problem (2.5)-(2.6). In order that
the Jacobi collocation method is carried out naturally, we restate (2.6) as

u(x)=u_, +J u'(t)dr. (2.8)
-1

Firstly, Egs. (2.5) and (2.8) hold at the collocation points {xi}?’: oon[—1,1],ie,
X 1
u' () = alxulx;) + bx;) + J (x; — )" 2Ko(x;, Tu(t)d T
X ! 1
+J (x; — )" 2K; (x;, T’ ()d 7, (2.9a)
-1

Xi
u(x;))=u_q +J u'(7)dr. (2.9b)
-1
In order to obtain high order accuracy for the problem (2.9a)-(2.9b), the main difficulty is
to compute the integral terms. In particular, for small values of x;, there is little information
available for u(7) and u/(7). To overcome this difficulty, we transfer the integral interval
[—1,x;] to a fixed interval [—1,1]

/ . 7 1+xv: [ 1.
u'(x;) = alx)ulx;) + b(x;) + ( 2 ) f (1=0)"2Ko(x;, T(x;, 0)u(r(x;,0))do
-1

1+ X % ! _1.
( . ) (1—6) 2Ry (x;, T(xs, O’ (7 (x;, 0))d6, (2.10a)
-1
1 +Xi 1 ’
u(x;))=u_+ 2 u'(7(x;,0))do, (2.10b)
-1

by using the following variable change

1+ x; x;—1
19+ A ,
2 2

T=1(x;,0)= 6el[-1,1]. (2.11D)

Next, let u;, ug be the approximation of the function value u(x;), u’(x;), respectively, and
use Gauss quadrature formulas (2.2a) and (2.2b), (2.10a)-(2.10b) becomes

~ 1+ Xi % N ~
u; =a(x;)u; + b(x;) + ( 2 ) ZKO(xi, 7(x;, 0 ))u(T(x;, 0 ) wy
k=0
1+ X % N - ,
(=57) kz:(:)Iﬁ(Xi,T(Xi, 0 (7 (x;, 6)) o (2.122)
1+ Xi N , - .
up=u_,+ Zu (t(x;, 01)) O (2.12b)

k=0
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Denote

=4

M=

wFi(x) and f(x) =Y uiF;(x)

Jj=0 j=0

ly(x)=

(although iy (x) differs from the exact derivative of iiy(x), we still use this notation),
where F;(x) is the Lagrange interpolation basis function associated with the Jacobi col-
location points {xj}é.vzo. Now, we use {iy(x) to approximate the solution u(x) and use
ﬁ;v(x) to approximate the first derivative u’(x) of the solution u(x), namely, u(x) = tiy(x),
u'(x) ~ ﬁN(x). Then, the Jacobi spectral collocation method is to seek iiy(x), ity (x) such
that {u;} o U }f’: o satisfy the following collocation equations:

1 N
) = 0w+ b0 + (o )? 3y (Zko(xi, T(xi, O)F; (7 (x;, ek))wk)

= 11

2 k=0
1+Xi % N ,
+ ( 2 ) 2;”1 £ Ky (o, (o, 0))F; (1 (xp, 6 )y |, (2.13a)
j= =
N
u=u_q+ 1 ';X Z (ZF (T(xn Qk))a)k) (2.13b)
j=0 k=

Let the error function of the solution be written as e, (x) := u(x) — @iy(x) and the error
function of the first derivative of the solution has the form e,(x) := u’(x) — ity (x). Since
the exact solution of the initial-value problem (1.1a)-(1.1b) can be written as y(t) = u(x),
t = %(1 +x)%, t €[0,T], x € [-1,1], we can define its approximate solution ¥y (t) =
iiy(x) and the approximate derivative of the solution yy (t) = —==—iiy(x). Then the

corresponding error functions satisfy

T(1+ )

£,(8) = y(£) — In () = eu(x) = e, (z\/;— 1), (2.14a)
, 2 1 i
£, (t) = y'(£) = () = T = T (2\/;— 1). (2.14b)

By using variable transformation t = T(1 + x)?/4, we obtain the following equalities

’ ) Vina, VTN 1 )
fo GO-wF(2-272) (222) o=l () 2152
Ly (6) = In(Ollpeoqo,ry = llulx) =ty GOl ooy, (2.15b)

i VENa VT o
J[) (y (t)—yN(t))Z(Z—Zﬁ) (ZTT) VTtdt = |ju —uNlliiaﬁm, (2.150)

IVTEY'(6) = YTy (Ol (o) = ' () = iy ()l ey (2.15d)
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Finally, we give the equations of the matrix form from (2.13a)-(2.13b). Writing Uy =
(u05 Uy, - :uN)T and U]/\] = (u:):ull: e 5u;\])T5 yleld

(I -D)U;, — (A+ C)Uy = by, (2.16a)
—BU, + Uy =U_y, (2.16b)
where
C = diag(a(xo),alxy), - ,alxy)),
by = (B(Xo), B(Xﬂ,"‘ > B(XN))T, Uy =u_; x(1,1,---,1)".

The entries of the matrices are given by

T+x\ih.
A= (= 1)2kZ:O:KO(xi,T(xi,ek))Fj(T(xi,ek))wk,

14X & ~ o
By=—5— D Fi(v(xi.6))ax,
k=0

(1+Xi

1 N
5 )2Zf(l(xi,r(xi,Qk))Fj(T(Xi,Qk))wk-
k=0

ij
We can get the values of {ui}?’: o and {u; }?’: o by solving (2.16a)-(2.16b) and obtain the
expressions of iiy(x) and iy (x) accordingly.

3. Some preliminaries and useful lemmas

In this section, we will provide some elementary preliminaries and lemmas, which are
important for the derivation of the main convergence results in the subsequent section.

Let &y be the space of all polynomials of degree not exceeding N. For any v €
% ([—1,1]) we can define the Lagrange interpolation polynomial I ;’ﬁ v(x) € Py, satisfying

IPv(x)=v(x), 0<i<N,

see [8,29]. It can be written as an expression of the form
N

IvPv(x) =D v(x)Fi(x).

i=0
Let Hzaﬁ (I) denote the Sobolev space of all functions u(x) on I such that u(x) and all its
weak derivatives up to order m are in Li) o5 (I), with the norm and the semi-norm as

1
m 2
”u”HZa,ﬁ(I) = (;”u(k)(X)”izaﬂ(I)) > (Sla)
=0 ™
1
m 2
|u] g (1):( Z ||U(k)(x)||fz (1)) s (3.1b)
wP k=min(m,N+1) w®P
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where u®(x) = (8%/9 x*)u(x).
The following result can be found in [8].

Lemma 3.1. Assume that a (N + 1)-point Gauss quadrature formula relative to the Jacobi
weight is used to integrate the product v¢, where v € Hzaﬁ (I) for some m > 1 and ¢ € Py.
Then there exists a constant C independent of N such that

(v, ) eper — (v, @Iyl < CN""IvIHm;vﬁmllqbIILza’ﬁ(,), (3.2)
where
N
v, Iy = D v v, (3.3)
i=0

We have the following result on the Lebesgue constant for the Lagrange interpolation
polynomials associated with the zeros of the Jacobi polynomials, see, e.g., [20].

Lemma 3.2. Let {F j(x)}j.vzo be the N-th Lagrange interpolation polynomials associated with
the Jacobi Gauss points {xi}’ivz o and y = max(a, ). Then

N 1

O(logN), —-1<a,f<-3,
1P|, ;= max Fi(x)|= 2 3.4
Ml xe[—m];' i) { 0(NY+%), otherwise. G

Lemma 3.3. Assume that v € H Zﬁﬁ (I) and denote I ](\x,’ﬁ v its interpolation polynomial associ-
ated with the Jacobi Gauss points {xi}?’: o- Then the following estimates hold

D) v =13Vllz2 ) < CN Wl

1
CN2"™1ogN|v|mn .y, —1<a,f <—2,
@ v =1Vl < ey .[5 2
CNY lv |HmiN(1); otherwise,

where w° = @~ 1/%71/2,

Proof. The inequality (1) can be found in [8]. We only prove (2).
Let Iv € Zy denote the interpolant of v at Chebyshev Gauss points. From (5.5.28)
in [8], the interpolation error estimate in the maximum norm is given by

1_
lv —Igvlpeqy) < CN2 leleéN(I). (3.6)

Note that
1P p(x) =p(x), ie, (IXP—Dp(x)=0, Vp(x)e2y. (3.7)
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By using (3.7), Lemma 3.2 and (3.6), we obtain that
v = 1Pyl gy =lv = v + 1y (T5v) = 1P o
<y = Iy llpoqny + I P UGy = 9l

<+ NIEP oY = Il ooy

1
CNE " loglvl v —1<a, %,

(3.8)
CNYH_mlleZéN(I), otherwise.
The proof is complete. O

The following generalization of Gronwall lemma for singular kernels, whose proof can
be found in [14] (Lemma 7.1.1), will be essential for establishing our main results.

Lemma 3.4. Suppose M, L > 0. If a nonnegative integrable function E(x) satisfies
X X 1
E(x)SMJ E(T)dT—i—Lf (x—71) 2E(t)dTt+J(x), —-1<x<1, (3.9)
-1 -1

where J(x) is an integrable function, then

IE|l oy < CllT M ooy, (3.10a)
IEly 0y SCWl o P21 (3.10b)

We shall make use of a result of [24,25] in the following lemma.

Lemma 3.5. For nonnegative integer r and k € (0,1), there exists a constant C,,. > 0 such
that for any function v € €"*([—1,1]), there exists a polynomial function v € Py such
that

||V - 9NV|IL°°(I) = Cr,KN_(rJ’_K)”v”r,Ka (3.11)

where || - ||, is the standard norm in ¢"*([—1,1]). Actually, as stated in [24,25], Jy is a
linear operator from €"*([—1,1]) into Py.

The proof of the following lemma can be found in [10]. A similar result can be found
in Theorem 3.4 of [11].

Lemma 3.6. Let k € (0,1) and # be defined by
X
(Mv)(x) = J (x — 1) 2R (x, T)v(z)d, (3.12)
-1

where K(x,7) = Ko(x,7) or K(x,7) = Ky(x,7). Then, for any function v € ¢([—1,1]),
there exists a positive constant C such that
| v (x") — v (x")
|x/ _ x//lrc

<C max |v(x)|, (3.13)
xe[-1,1]
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under the assumption that 0 < k < 1/2, for any x’,x"” € [=1,1] and x’ # x”. This implies
that

1
| AV|p <C max |v(x)], 0<k<-—. (3.14)
’ xe[-1,1] 2

4. Convergence analysis

This section is devoted to provide a convergence analysis for the numerical scheme.
The goal is to show that the rate of convergence is exponential, i.e., the spectral accuracy
can be obtained for the proposed approximation. We will carry our convergence analysis
in L* and Liaﬂ space.

4.1. Error estimate in L norm

Before we state the main results, the following regularity result of the kernel functions
K, and K; need to be proved.

Lemma 4.1. Let {xi}?’: o be the set of (N + 1) Jacobi Gauss points. Then, we have that
agmko(xi, T(Xia 9)) € Lifl/z,o(l)) aemkl(xi) T(Xi, 9)) € Li—l/z,O(I)'
Thus, it is reasonable to denote

* = 7 . .. .
K" = max [Ko(x;, 7(x;, ))lHZﬁ/z,o(I)”””LZ_UZ,OU)

K /
na a7, ))lHva/z,o(I)”u iz, o (4.1

1 0=
Here, T(x;,0) is given by (2.11), Ko(x, 1) and K;(x, ©) are defined by (2.7).
Proof. It directly follows from (2.4) and (2.7) that
ko(xi,f(xi,e))
(V40234 0) 31+ 0K, (14 %)% (1 4+ x,2(1 + 872
=(3)7a+x3E+6) 2+ 0)K (1 +x)% (1 +x)"(1 +6)),
kl(xi)r(xi)e))
1 1 1T 5 T 2 2
=(2T)2(1+x)3(3+6) 2K1(—(1+xi) ,—(1+x)%(1+6) )
4 16
A straightforward computation shows that

O Ko(x;, T(x;,0)) = P(x;,0)(3 + 9)‘%"",
Oy (x;,7(x;,0)) = QUx;, 0)(3 + 6) 72 7™,
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where P(x;,0) and Q(x;,6) are continuous functions with respect to 6 on the interval
[—1,1]. Hence, we only need to prove (3+ 0)" /2" ¢ LZ_I/Z)O(I), use the transformation

6 =1 — v to derive that
V2 1

(4 _ V2)1+2m dv

1
|3+6)2|2 m:f (3+9)—1—2m(1—9)—%d9=2f
w=1/2,0 1 0

For the given integer m > 1, applying the recurrence relation

1 dy = 1 X 4 1 1 p
(4—V2)1+2m v_16m (4—V2)2m+( m—1) m v

we can obtain

) < +00.
L a0

H(3+9)—%—m

The lemma is proved. O

Theorem 4.1. Let u(x) be the exact solution of the neutral Volterra integro-differential equa-
tion (2.5) with (2.6), which is smooth. Assume that iiy(x) is the approximate solution and
ity (x) is the approximate derivative of the solution, i.e., u(x) ~ iy (x), u'(x) ~ dy(x). If
y =max(a, ) <0, then the errors u(x) — iiy(x) and u'(x) — iy (x) satisfy for m > 1:

CN~™logN (K* +N3U), —-1<a,f<-1,

llu = tig |l Loy < (4.2a)
CNY*+2 ™ (k* +N%U), otherwise,
1
) CN~™logN (K*+N:U), —-1<a,f<-1,
||u/—u;\[||Loo(I) < L1 1 (4.2b)
CN"™2"™(K*+NzU),  otherwise,
provided that N is sufficiently large, where K* is defined by (4.1),
U= |u|HZéN(I) + |u/|ch:éN(I) (4.3)
and C is a constant independent of N.
Proof. First, we use the weighted inner product to rewrite (2.10a) as
, . ~ 1+Xi % ~
/() = 0 Julxi) + ) + (5= ) *(Roloxis 70 D u(w(xis D)y 120
1+x\3 -
()7 Rl =0, M (2 D) 1120 (4.4)
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By using the discrete inner product, we set

N
(RCx;, 70,0, @ (7 (i, D))y = D ROxi, T0x, )b (T(xy, 0)) oy

k=0

Then, the numerical scheme (2.13a)-(2.13b) can be written as

7 1+xiy3 o y
u; = a(xu; + blx;) + ( X ) (Ko T(xi, ), iy (T (x5 )
1+x\5 - »
( -;X ) (Kl(XbT(Xb ))5 uN(T(xi: ')))N} (4.52)
U =u_q +J | iy (t)dr, (4.5b)
-1

by using the following equality

Xi X N 1+x (P&
J aN(T)dfzj Zu;Fj(f)dfz 5 J u{F;((x;, 0))d0
0

-1 -1 j=0 -1j=
1+x al ~ o
= 5 t Zou; (;)Fj('f(xi, Gk))cok) . (46)
]: =

We now subtract (4.5a) from (2.10a) and subtract (4.5b) from (2.9b) to get the error
equations:

+Xi

/ / ~ 1 % o
/() = 1) = G0 () — ) + (=) * (Rolbx, 701, D), (7 (i, D) v

14+ Xi\z o
+ ( -;x ) (Kl(xi:T(xi:'))3 eu’(T(Xi:')))w—l/z,O +11(Xi) +12(xi)

= a(x;)(ulx;) —u;) +J i(xi - T)_%KO(XbT)eu(T)dT
-1

+ f (o = 7)7 2K, (g, ey (2)AT + I () + I (x), (4.7a)
-1
u(x;)—u; = J l ey (T)dT, (4.7b)
-1

where e, (x) = u(x) — ity (x), e, (x) = u'(x) — ity (x) are the error functions and

+xl'

10x0) = (550)E (R 7t i (7 D) 0
= (Ro(xi> 7(x D), i (7, D)

IL(x;)= (1 Rl ) : (R (xi, TCoxs,0), iy (7(x5,-))) 1720
= (R (i, 70, D), By (2, D))
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Using the integration error estimate in Lemma 3.1, we have

11 ()l < CN_m|I~<0(xi;T(Xi;'))lH:i’\’l/z’o([)”aN(T(xi)'))”Liil/z’o(l)
<CN™™ Jnax Ko (i, 7(x;, ‘))|H:;_Nl/2)0(1)(||u||Li_l/2)O(1) + llegllzooqry)s (4.8a)
|12(xl')| < CN_m|IN<1(Xi, T(Xia '))lHZ;le/z,o(I)”aN(T(xi, .))”Lifl/z,o(l)

— T /
S N7 max 1K e, w0, Nl Uitz ooy + llewllzeq)- - (4-8b)

Substituting (4.7b) into (4.7a) gives

u'(x;) —ul =da(x;) ey(t)dT + J (x; — T)_%IN(()(XI-, T)e,(7)d7
-1 -1

+ J (x; — T)_%kl(xi, Tey (t)dT + 1, (x;) + I, (x;). (4.9)
-1

Multiplying F;(x) on both sides of Egs. (4.9) and (4.7b) and summing up from i = 0 to
i =N yield
X
1P (x) — ity (x) = 1P (a(x)f eu/(r)dr) +J1(x) + Jp(x)
-1

+Iﬁ,’ﬁ (J (x —T)_%IN(O(X,T)CH(T)dT)
-1

+ Iﬁ,’ﬁ (J (x — T)_%Izl(x, T)eu/(’r)d’r) , (4.10a)
-1
I;’ﬁu(x) —iyn(x)= I:,’ﬁ (J eu/(’t)d’t), (4.10b)
-1
where
N N
510 =Y L)F(x), Jp(x) =Y L(x)F(x).
i=0 i=0
Consequently,

ey(x)= d(x)f ey(T)dT + J (x— T)_%f(()(x, T)e,(T)dT
N 1 B 6
+J (x = )72R; (x, ey (T)dT + D Ji(x0), (4.11a)
-1 i=1

e (x)= f ey (T)dT +J7(x) 4+ Jg(x), (4.11b)
-1
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where
J(0) =0/ (x) ~ 1P (), y(x) = 187 (d(x) f x eul(r)dr) — () f ooy,
-1 -1
Js(x) =I%F Ux (x — 7)" 2Ry (x, T)eu(f)df) — Jx (x — 7) 2Ry (x, ey (1)d T,
-1 -1
Jo(x) =12 U (x = 1) 3Ry (x, f)eu/(r)dr) - J (x = 1) 3Ky (x, Dy (2)d T,
-1 -1

J7(x)=u(x)— I:,’ﬁu(x), Jg(x) = I:,’ﬁ (J eu/(f)d'r) — f ey (T)dr.

-1 -1

Due to Egs. (4.11a)-(4.11b) and using the Dirichlet’s formula which states

J J <I>(T,s)dsdT=J J &(1,s)drds
—1J-1 -1Js

provided the integral exists, we obtain

ey(x)= J (d(x) + f (x — s)_%l?o(x,s)ds +(x — T)_%I?l(x, 1)) ey(T)dT
-1 T
+ H(x). (4.12)
Here,

x 6
H(x) = J (x = 1) 3Ro(x, T)(U7(7) + Jg(2))dT + D ().
-1 i=1

Denote D :={(x,7): —1<x <1,—-1 <7 < x}, we have

alx)+ f (x— s)_%ﬁo(x,s)ds

< max |d(x)|+2v2 max |Ky(x,s)| =M.
x€[-1,1] (x,5)eb

Let L = max, 1)ep |K;(x, 7)|. Eq. (4.12) gives

X

lew ()] < M J |eu/(r)|dT+LJ (x = ©) 2 ley(v)ld + [H(x). (4.13)
-1

-1

It follows from the Gronwall inequality in Lemma 3.4 that

8
lew <ty < ClIH oty < € Y Iillzovqry: (4.14)
i=1
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It follows from (4.11b) that
lewll ooy < 2llewllpoocry + 1971 Loocry + sl poogry-

Using Lemma 3.2, the estimates (4.8a) and (4.8b), we have

. — <_1
ClogN max [I(x)l, —1<af<-3,

J < 1 i
l 1||L°°(I) CN't2 max |I;(x;)|, otherwise,
0<i<N

—-m 7 . EY ms.
ClogNN™" max [Ko(x;, 7(xi, Mygmv )

Y. Wei and Y. Chen

(4.15)

x(llllyz .y + 2lewlimg + Wl + Wallisn ), —1<aB <=1,

<
- r+3-m 7 (T N o
CN""2"" max |Ko(xis T(xs, ))leL”l/z,o(D
x (e, + 2Mew gy + Wl + Wglli=n ) otherwise,
. — <_1
ClogN max |I(x))l, —1<af<-3,
1721l ooy <

1
CN""3 max |I,(x;)|, otherwise,
0<i<N
ClogNN™™ Omaylcv |K1(xi,T(Xi,'))|HZ;I\Q 20

<i< -1/

/ 1
x(Ilz o+ llewllisg) ~1<af<-1,

1 ~
CN" 2™ max |K;(x; . :
OSiS)I(V| 1(Xl,T(X1: ))lH:—Nl/z,o(I)

/ .
X (llu ||Liil/2’0(1) + ||eu/||Lm(I)), otherwise.

Due to Lemma 3.3,

—1<o¢,[5§—l

1_
CIOgNN2 m|u/|HZéN(I)’ 57

J < i
I5llzoo(ry CNY* 1 "™u/| vy, otherwise,
wc

1_
ClogNN=""lulymvy), ~1<a,f < -3

I\l g0y <
|| 7||L (I) CNY+1_m|u|Hm;N
€

a1y otherwise.

By virtue of Lemma 3.3 (2) with m =1,

ClogNN "% lleylly=qy, —1<a,f < -1,
CN7|ley |y, otherwise,

4l ooy < {

ClogNN "2 leyllymay —1<a,f < -1,
CN"lley |l Loy, otherwise.

sl Loy < {

(4.16a)
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We now estimate the term Js(x) and Jg(x). It follows from Lemma 3.5 and Lemma 3.6
that

Wsllooqry =|| TP = Dt ey oy
=||ay? =D (Mey — Ty tte)|| g
<1+ P lloo) CN ¥t el
<{ ClogNN*leyllpoqy, —1<a,fp<—1

2’
1
CN”E_KlleullLoo(I), otherwise,

where in the last step we have used Lemma 3.6 under the following assumption:

0<Kk<3, —-1<a,f<-3,
max {3 +7,0} <x <3, otherwise.

Likewise,

1

ClogNN—K”eu/”Loo(I)) -1< aaﬁ < _E)

1
CNHE_Klleu/llLoo(I), otherwise.

el ooy < {
We now obtain the estimate for ||e,/ || ~(;) by using (4.14):
el < CN~™logN (K* +N2U), —1<a,f<-1,
[ L®(I) =
v CNYFz ™ (K* +N3 U), otherwise.
The above estimate, together with (4.15), yield

CN~™logN (K* +N3U), —-1<a,f<-1,
CNTTz ™ (K* +N%U), otherwise.

||€u||L°°(I) < {

This completes the proof of the theorem. O

4.2. Error estimate in Liaﬁ norm

To prove the error estimate in Lfo «p Norm, we need the generalized Hardy inequality
with weights (see [16]).

Lemma 4.2. For all measurable function f > 0, the following generalized Hardy inequality

b 1/q b 1/p
(J I(Tf)(x)lqu(x)dX) SC(J If(x)IPV(x)dx) (4.17)
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holds if and only if

b 1/q x 1/p’ p
sup (J u(t)dt) (J yl=p (t)dt) <oo, p'=—— (4.18)
a<x<b x a p—1

for the case 1 < p < q < 00. Here, T is an operator of the form (T f)(x) = f; k(x,t)f (t)dt
with k(x, t) a given kernel, u, v weight functions, and —o0o < a < b < 0.

From Theorem 1 in [22], we have the following weighted mean convergence result of
Lagrange interpolation based at the zeros of Jacobi polynomials.

Lemma 4.3. For every bounded function v(x), there exists a constant C independent of v

such that
N

D v(x))F(x)

Jj=0

sup

<C max [|v(x)|. (4.19)
Lza,ﬁ(l) XG[—l,].]

Theorem 4.2. If the hypotheses given in Theorem 4.1 hold, then

u—1i
I N”Liaﬁ(I)

1
—m ({r* —K k > _ < _l
- CN (1~< +V+N llogN(K +i\IzU)), l1<a,f<-3, (4.208)
CN™™(K*+V+N""27(K*+N2U)), otherwise,
llu" — flf\;”LZaﬁ(z)
- % — * 1 1
- CN™™(K*+V+N KllogN(K +f\le)), -1<a,f<-3, 4.20b)
CN™™(K*+V +N""27"(K* +N2U)), otherwise,

for any k € (0,1/2), provided that N is sufficiently large and C is a constant independent of
N, where K* and U are defined by (4.1) and (4.3), respectively,

N* = 7 . . 7 . .. .
K" = (ma)](\f |K0(Xi1 T(Xi) ))|HZ£V/2,OU)+OI;lia§)I(V |K1(xlyT(XU ))lHC’:»N ([))

0<i< 1 -1/2,0
x (lalz oy + el ) (4.21a)
V=lu m; + ll/ m; . 421b
| |Hw(£]ﬁ(l) | |Hw(£]ﬁ(l) ( )

Proof. Due to (4.13), we apply the Gronwall inequality (Lemma 3.4) and the Hardy
inequality (Lemma 4.2) to obtain that

8
lewlliz iy < €D illzz - (4.22)
@ i=1 e
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Now, using Lemma 4.3, we have

Wil < CN 7™ max Ko 7xi Wmsr - (llz o+ eulliman),— (4232)

/2,0
<CN™™ K. (x: N ! ;oo )
Wallz, < ON 7" ma 1RaCeo 7o Dot (02 oy + e i)+ (4:230)

By the convergence result in Theorem 4.1 (m = 1), we have

leullzmay < € (e, + il ) (4.24)
So that

”Jllll‘ia,ﬁ €9} <CN™ Ofélé)](v |K0(Xi, T(x;, ))|Hz_1\g (”u”HZC(I) + ”u”Hi—uz,o(I)) . (4.25)

/2,0

Similarly,

_m nd
”JZ”Liaﬁ(I) <CN 021%)]2] |K7 Oz, T(x, .))|Hzﬁ/2,0 (”u”HiC(I) + ||u||Hclo_1/2)0(I))~

Due to Lemma 3.3,
”JS“Liaﬁ(I) = CN_m|u/|H$i'ﬁ(I),
”J7”Lia,ﬁ(l) = CN—m|u|HZ’£’ﬁ(1)~

By virtue of Lemma 3.3 (1) with m =1,

Wallz, oy < CN™

d(x)J e, (T)dT
-1

H::Zﬂ(l)
<CNMlewllz
Wall oy < CNlelliz oy
Finally, it follows from Lemma 3.5 and Lemma 4.3 that
Wsllzz =P - Dttez, oy
=" - D(tte, = Tyte)lyz o
<NI%P (e, — InMelliz oyt e =TnMediz

<Cl|lAMe, — Ty Me,|l =
<CN*||Aeyllo,c < CN T legll=(),

where in the last step we used Lemma 3.6 for any k € (0,1/2). By the convergence result
in Theorem 4.1, we obtain that

k- 1 1
CN~*"MlogN(K*+N2U), —-1<a,f=<-3,
||J5||L2aﬁ(1) =

CN”%_K"“ (K* +N%U), otherwise,



442 Y. Wei and Y. Chen

for N sufficiently large and for any « € (0,1/2). ||Jgll;2 S0 has the same bound with
15112 5" The desired estimates (4.20a) and (4.20b)ware obtained by combining the

above estimates. O

5. Numerical experiment

We give a numerical example to confirm our analysis. The problem (5.2a)-(5.2b) is
solved using the proposed Jacobi collocation method for a = § = —1/2. To examine the
accuracy of the results, L™ and L2 .p €rrors are employed to assess the efficiency of the
method. All the calculations are supported by the software Matlab.

Example 5.1. For computational simplicity, we consider the following neutral VIDE with
T=4

i i R ORO

J ! sm(s)
(t—s)"2 y'(s)ds, te][0,4], (5.1a)
y(0) =0, (5.1b)

where Jy(2) is the Bessel function defined by
00 27k
(—27)
Jo(z) =Y ———.
0(2) 24 (e

The corresponding exact solution is given by y(t) = t3/2. Applying the variable transfor-
mations introduced in Section 2, (5.1a)-(5.1b) becomes

u'(x) = a(x)u(x) + b(x) + J (x — T)_%I?l(x, ' (t)dr, xe[-1,1], (5.2a)
-1
u(=1)=0. (5.2b)

Here,

1
a(x)= 1—0(1 + x),

2 2
b(x) = 3(1 +x)2 ~ (14 )% ~ 321+ wysin (T2 o (LEX1),

K(x,7) =22 +x+7)2(1+x) s

The solution of (5.2a)-(5.2b) is u(x) = (1 + x)>. Table 1 shows the errors ||u — iy |l ooy
and [|lu—1ty]||2 o) obtained by using the spectral methods described above. Furthermore,
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Table 1: The errors ||u — iyl o) and ||u_aN||Li)a,ﬁ(I).

N 2 4 6 8
L*®-error | 5.3756e-001 | 3.6638e-003 | 2.0663e-007 | 5.2978e-010
Liaﬁ -error | 1.9923e-001 | 3.6925e-003 | 1.3176e-007 | 3.2717e-010

N 10 12 14 16
L®-error | 6.3566e-012 | 7.1098e-012 | 6.1453e-012 | 6.5174e-012
Li“ﬁ -error | 6.7069e-012 | 7.2096e-012 | 6.2302e-012 | 6.6075e-012

Table 2: The errors ||u’ — iy || and ||u/_a;V||Lia,ﬁ(I).

N 2 4 6 8
L®-error | 3.7117e-001 | 4.6845e-003 | 2.7037e-006 | 6.4152e-009
Li“ﬁ -error | 3.9261e-001 | 5.0468e-003 | 1.6542e-006 | 3.8225e-009

N 10 12 14 16
L®-error | 8.9768e-012 | 9.4155e-012 | 8.1188e-012 | 8.6259e-012
Li“ﬁ -error | 8.3108e-012 | 9.8944e-012 | 8.5593e-012 | 9.0890e-012

we also compute the errors ||u’ — iy || () and [Ju” — iyl 1, p (D) the results are shown in

Table 2. It is observed that the desired exponential rate of convergence is obtained. Fig. 1
presents the approximate and exact solution on left side and presents the approximate and
exact derivative of the solution on right side, which are found in excellent agreement. In
Fig. 2, the numerical errors u — iy and u’ — i), are plotted for 2 < N < 16 in both L* and
L? , norms.

6. Conclusions and future work

In this paper, we elaborated a spectral collocation method based on Jacobi orthogonal
polynomials to obtain an approximate solution and an approximate derivative of the solu-
tion for weakly singular neutral VIDE. The strategy is derived using some variable trans-
formations to change the equation into an other Volterra integro-differential equation, so
that the new equation has the smooth solution and the Jacobi orthogonal polynomial the-
ory can be applied conveniently. The initial condition is restated as an equivalent integral
equation, so all the integral terms are approximated by using Gauss quadrature formula.
The spectral rate of convergence for the proposed method is established in L*™ norm and
Li op DOTM.

We only investigated the case when u = 1/2 in the present work, with the availability
of this methodology, it will be possible to extend the results of this paper to the weakly
singular VIDE with (t —s)™", u # 1/2 which will be the subject of our future work.
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