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Abstract. In this paper, we will establish the boundedness of the commutator generated
by fractional integral operator and RBMO(ut) function on generalized Morrey space in the

non-homogeneous space.
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1 Introduction

Suppose i is a non-negative Radon measure on R? satisfying only the following growth

condition: there exist constants C > 0 and n € (0,d] such that for all x € R? and r > 0

1(B(x,r)) <Cr', (1)

where

B(x,r)={ycR%:|y—x| <r}.

The Euclidean space R? with a non-negative Radon measure only satisfying the growth condi-
tion is called a nonhomogeneous space.
In 2001, Tolsa developed a series of basic theory on nonhomogeneous space and introduced

RBMO(u) space. Recently, the properties of fractional integral commutator on Morrey space
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are studied in [2]. The purpose of this article is to establish the boundedness of the commutator
generated by fractional integral operator and RBMO(u) function on the generalized Morrey
space in nonhomogeneous space. Before giving the main result, we introduce some necessary
notations.

Let (R, ) be a nonhomogeneous space and Q a closed cube in R with sides parallel to the
axes, we denote its sidelength by /(Q). For a > 0, aQ stands for the cube with the same center
as Q and having sidelength a/(Q). Given @ > 1,8 > o”*, where n is the fixed number in growth
condition , we say Q is a (&, ) doubling cube if u(aQ) < Bu(Q). In the following, if o and
B are not specified, by a doubling cube we mean a (2,29*!) doubling cube. Given two cubes
01 CQrin RY, we set N

01,0, k
Ko 0, =1+ Z ;iQan’
where Ny, o, is the first positive integer k such that 1(2¢Q;) > 1(Q,).
Remark. In this paper, for b € Lloc(u)’ we denote the mean of b over the cube Q by mgpb,

1
mob = @/Qb(x)

Definition 1.} Let (RY, 1) be a nonhomogeneous space, b € L}Oc(u) and p > 1 a fixed

that is ,

constant, we say that b is in RBMO(), if there exists a constant C > 0 such that for any cube

0,

u(pQ)/Q‘b(x)—méb‘d,u(x)gC, (2)

and for any two doubling cubes Q) C O»,
‘leb - szb‘ < CKleQZ’ (3)

where Q is the smallest doubling cube in the family {2 Q} (keN)" The minimal constant C in (2)
and (3) is the RBMO(u) norm of b, and it will be denoted by HbH*
Remark. The definition of RBMO(ut) does not depend on the choice of p, see [1].
Definition 2.%) Let (RY, 1) be a nonhomogeneous space, n the fixed number in the growth
condition and 0 < s < n, the fractional integral operator I; on the nonhomogeneous space

(RY, 1) is defined by

_ /)
L6 = 7o 0 @

Moreover, if b € RBMO(u), the commutator [b, 1] is defined by

/)

b.11706) = [, 1) =000} = s o). 5)
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Definition 3.5 Let (RY, 1) be a nonhomogeneous space, n the fixed number in the growth
condition and 1 < p < oo. Given a function @ : (0,+o0) — (0,+-c0), the generalized Morrey space

in nonhomogeneous space is defined by

LPO () = {f€ Lioe (1) = || 1] gy < °°}’

where

e (L b ’
Wl =0 555 (3 Lol ane)

Q(x,r) stands for the cube centered at x and the sidelength r.
Remark. Taking ¢(r) =r *, then

L0 (1) = M (u),

where JV[I’} (1) is the Morrey space in nonhomogeneous space, see [2].
The following lemmas will be used in the proof of the main result.

Lemma 1. Les (R4, 1) be a nonhomogeneous space, n the fixed number in the growth

condition, 0 < s <nand b € RBMO(L), the commutator(b, 1] is defined as (5), 1 < p <2, 1=

q
% — 2, then [b,I] is bounded from LP (W) into L9(), namely, | [b’ls]fHL‘/(y) < CHbH* HfHU,(”).

Lemma 2. Let {Q;} be a sequence of cubes with the same center; and 1(Q ;1) = 21(Q;),
é} the smallest doubling cube in the family {2"Q j}( If j < k, then we have /Q\; C @; and
K@@ < Clk— ).

Lemma 3.Y Ler p > 1 be some fixed constant and b € RBMO(u), 1 < p < o, then there

keN)

exists a constant C > 0 such that for any cube Q

{/Q |b(x) —méb‘pdﬂ(x)}% < CHbH*‘u(pQ)%’

where é is the smallest doubling cube in the family {Zk Q}(k Ny’
Remark. In the following proof , C always denotes a positive constant that is independent
of the main parameters involved, but its value may differ from one occurrence to another. For

11
any index 1 < p < o, we denote by p’ its conjugate index, namely, — + — =1L
p p

2 Main Results

In this paper, we obtain the following result:
Theorem. Let (R4, 1) be a nonhomogeneous space, n the fixed number in the growth

condition, 0 < s < n, b € RBMO(u) and the commutator [b,I;] be defined as (5), 1 < p <%,
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é = % — %. Suppose the function ¢ : (0,4-00) — (0, +o0) satisfies the following condition: there
exists a constant C > 0, such that ¢ (2r) < Co(r) for any r > 0. The function y : (0,+c0) —
(0,+4o00) satisfies:

(i) there exists a constant C > 0, such that r*¢(r) < Cy(r) for any r > 0;

(i) there exists a constant 0 < Cy < 1, such that

(2" <cyy(n)

forany r>0andk € N,.

Then [b, 1] is bounded from LP9 (u) into L9V (u).

Remark. Taking ¢(r) = . W p(r) = ro (in this case, ¢ and y satisfy the conditions of
the theorem), thus we get [b, 1] is bounded from MI’} (1) into MS(,u), and this is just the case
considered in [2].

Proof of Theorem.  Fix f € L7 (u), for any xo € R? and r > 0, let Q = Q(xo, 7), Qx = 2*Q,
Er = Qk+1\Qk, k=1,2,3,--- .We decompose f(x) as

F) =Fro+ Y, f1e = fo+ ) f
=1 =1

then we have

1

o (s <ty (4 o)
+; i (i / Hb,zs]fk(x)vdu(x)f & Dy 4Dy,

For Dy, by Lemma 1 we get

b < e (£) (), *f0<x>|”d“<x>);
e (L)l ([, prorranco)’

_ CHbH*ﬁ o)} oo <2r folreorant )
; Al ey

ey

N

(r)
1
w(r)

1
< CHbH*WW(F)HfHUWu) =C|lo]], ]

= Clel,

L0 ()
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For D,, notice that if x € O,y € E}, then ‘y —x| ~ |y —x0| ~ 21y 50 we have

D= (] Hb,zs]fku)!‘fdu(x));

1

B W;r)r—%ki (/‘/Rd ‘x_ ‘) du(y)(qdu(x)>q
s wzr ki{/ </| \ ‘f ) du(y)>qdu(X)};
< 3o L T ={ ([ 1 )Hf(y)|du(y))qdu(X)}é,

Notice that

(L (L =l oo}

< { / ( L 1669 =mgbl| )] aats)+ [ [5) =gl f@)\du(y))qdu(x)f

<{ [ ([, 1600 -mgpll o] auc) "t } 0)" [ 16t)=mgb|L )|y
:/Ek|f(y)|du(y) </Q\b(x mgh|“du (x > +u /|b mab|| ()] due(y)

Thus we get

DS ,izkH /|f )| dmu(y </|b — mgh|"du(x >
)

2“1 B —re. /\b mab|| )] du)

1

£ E|+E,.

By Lemma 3 and Holder inequality, we have

C 2 1 1
Vo Lyl [, 170wo)

el L) ﬁr%u@km? (f lrolaum)’

P

Ey <

N

<, z

y(r)

N

| 1 ’
OO St (g o0
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N

N

N

N

Notice that

E;

IN

N

lI>

By Holder inequality

C - 1
v Il X W@"“r)”¢(2k“r)Hme(u)

H LAl epoy X 21025 )

8

o L YC)

ilcﬁf“w(r)
cubu*ufuw *
llffr)qui (2k+11r)" s Z/Qk+l |b(y) = mgbl[ f(v)[du
Wfr) ; (2k+11r)”‘s /Qk+1 [b() =mgb|[F()]du(y)

C 1
v 5 () . o) =m0 aw

V0 & Gy o It~ matll 0la)

Lemma 3, and Lemma 2, we get

= |-

. -
i< Yok

1 P
TR —

1

< Z 6], zl]iffkﬂ) /¢(2k+lr)(2k+lr)%
& | | |
¢ (2517r) <(2k+1r)n /Qk+1 )] du(y)
S %HHL;W 27 92 ) (2 | £ o
< i Dkt )3 (2kHL )
< i (241
< iclm
< cubu*ufuw )

(/Qk+1 \f(y)\‘”du(y)) !

1
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and

VAN
a
e
E
o}
lQ
E
6
E
t
/\
S
z
=
o
=
—

y(r) =1 (2k+1r)
C o llpl, (k+1)

< v(r) = (2k+1r)"_s (2k+lr)_/¢(2k+l )(Zk'Hr)T)
1 1 1
5577 (@, O0)
cC &b k+ i

< ( k;l H 2‘l+1 — (2k+1r) ¢(2k+lr)HfHLp‘¢(u)

< C i k+1 2k+l ¢(2k+1r)
k:l

SR 3 (k k+1

S 1//(;»)“ H*HfHL;M k:] +1 2 )

< i k_|_1 Ck+1 )
k:1

< Mo,

The above estimates yield that

ﬁr) <:7/Q|[b,ls]f(x)\qdu(x)>q <Ll g oy

Thus we have
H[bvls]fHLq,w(#) S CHbH*HfHLPv‘f’(u)

Namely, [b, ] is bounded from £ (i) into L9V (u).
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