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Abstract. We study here L'-convergence of new modified double cosine trigonometric
sum and obtain a new necessary and sufficient condition for L'-convergence of double co-
sine trigonometric series. Also, the results obtained by Moricz!'H2 are particular cases of
ours.
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1 Introduction

We consider the double cosine series

flx,y) = Z ijkk ajicos jxcosky (1.1)

j=0k=0

1
on the positive quadrant 72 = [0, 7] x [0, 7] of the two dimensional torus, where Ay = 3 and
Aj=1for j=1,2,3,--- and {a;} is a double sequence of real numbers.
We denote by

m n
Syn(x,y) = Z Z A ajicos jxcosky, m,n>0
J=0k=0

the rectangular partial sum of the series (1.1) and f(x,y) = Jlrim Smn(x,).
M-+n—o°

We remind the reader the following classes of coefficient sequences due to [1].
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Definition 1.11].  We say that {a; } belongs to the class BV, if

ajx—0 as  j+k— oo,
and
Y Y | Anan] < e,
j=0k=0
where

ANajg=ajx— a1k —Ajkr1 T aAj11 k1

33

(1.2)

(1.3)

The condition (1.2) implies that {aj} is a null sequence while (1.3) implies that {a; } is a

sequence of bounded variation.

Defintion 1.2l A null sequence {a i } belongs to the class C, if for every € > 0 there exists

6 > 0 such that forall 0 <m < M and 0 < n < N, we have

M N
C(m M n, N 5 // Z ZD Dk( )A]]Ll]k dxdy<8
D; Jj=mk=n
or
// Z ZD (y)Anaj|dxdy <e, V m,n>0,
Ds Jj=mk=n
where

Ds:=T— (0,7 x (8,n] ={(x,y) :0<x,y<7m & min(x,y) <3d}.

Definition 1.3!]. A double sequence {a; } is said to be quasi-convex if

co oo

Y Y G D+ 1)]Anaj| < e
j=0k=0

Moricz!! introduced the following modified double cosine trigonometric sum

U (X, ) ZZ?L?Lk ZZAna,l cos jxcosky

Jj=0k=0 i=jl=k

(1.4)

(1.5)

(1.6)

and studied the L'-convergence of double cosine trigonometric series whose coefficients belong

to the class BV, C, and the class of quasi-convex coefficients by making use of L'-convergence

of these modified double cosine trigonometric sums.

We introduce here the following new modified rectangular partial sums g,,, of the series

(1.1)

gmn(X,y) = %—FZZ{ZZAH(arlcosrxcosly)}.
r=j

j=lk=1 \r=ji=k

(1.7)
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It will turn out that g,,(x,y) approximate f better than S,,,(x,y) since they converge to
f(x,y) in L'(T)-metric while the classical rectangular partial sums S,,,(x,y) may not.

We note that the single cosine series analogous to the modified sums was introduced by
Jatinderdeep Kaur and S.S. Bhatial.

Here we formulate the new class J,; of coefficient sequences as:

Definition 1.4. A double null sequence {ax} of positive numbers is said to belong to the

class Jy if there exists a double sequence {A j;} such that

Ap 10, j+k— oo, (1.8)

Y ) jkAj < oo, (1.9)

j=lk=1

N P (1.10)
pPq Jk — Jk7 — —

for any nonnegative integers p,q and j,k € {1,2,3,--- }.
The aim of this paper is to give necessary and sufficient conditions for the integrability and
L'-convergence of double cosine trigonometric series by using modified double cosine trigono-

metric sums (1.7) under a newly defined class J; of coefficient sequences.

2 Lemma

The proof of our result is based on the following lemmas.

Lemma 2.1, Letn > 1, r be a nonnegative integer and x € [e,x). Then |D’;(x)| < CS”;Y,
where Ce is a positive constant depending only on €, 0 < € < 1t and D,(x) is the conjugate
Dirichlet kernel.

Lemma 224, [|D!(x)||1 = O(n"logn), r =0,1,2,3,---, where D’,(x) represents the r""

derivative of conjugate Dirichlet-kernel.

3 Main Result

Our main result is the following theorem:

Theorem 3.1. If a double sequence {aji} belongs to the class 1y, then ||gm, — f|| — 0 as
m-+n— oo,

Here ||.|| denotes the two-dimensional L!(7?)-norm.

Proof. First we shall show the point-wise limit f of the sum (1.7) exists in 72 and f €
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L'(T?). We have

gmn(x,y) = Aq1(ay cosrxcos ly)}

1™
=

~
Il
—_
-
Il
—
=
I
~

SE
+
agE
M=

—N—

m n m
= a% + Z Z Z[ark COSTXCOSky — ayjt1 cosrxcos(k+ 1)y
j=lk=1r=j
— a1, cos(r+ 1)xcosky + a,i 1 k41 cos(r+ 1)xcos(k+ 1)y

+ayjr1cosrxcos(k+ 1)y —ay o cosrxcos(k+2)y
— a1 jr1008(r+ 1)xcos(k+ 1)y + a1 gr2c08(r+1)xcos(k+2)y
+ -+ ay, COSFXCOSNY — Ay 41 COS rxcos(n+ l)y

— ay1008(r+ 1)xcosny + api 1 pr1cos(r+ 1)xcos(n+ 1)y

= C;ﬂ +jik2n"l[ajk cos jxcosky —ajyyrcos(j+ 1)xcosky
—ajpy1 €08 jxcos(n+1)y+ajiipp1c08(j+1)xcos(n+1)y
+aji1kcos(j+1)xcosky —ajiocos(j+2)xcosky
—ajtipr1c08(j+ 1)xcos(n+1)y+aji2v1c0s(j+2)xcos(n+ 1)y
+ -+ @y COSMXCOS MY — Ay 1 k cOS(m + 1)xcosky

— Ay pp1 €08 MxCOS(n+ 1)y + a1 pi1cos(m+ 1)xcos(n+1)y] }
n

m
Son(x,3) = Y. Y {ajnq1 cos jxcos(n+1)y+api1 gcos(m+1)xcosy}
J=li=1

+mnay, 1 py1cos(m+1)xcos(n+1)y. 3.1

exists in 72 and that f is a Fourier series i.e. f € L'(T?).

Using double summation by parts and the given hypothesis, we get

aoo m—1n—1 ajk -, ., m ale oy iy
gm(x,y) = - T Y Y An r Di(x)Di(y) = Y. Ao | £ ) Di(x)Dy, ()
J=1 k=1 J J=1 Jn
am7k ~/ ~/ am,n ~/ ~/ L .
=Y Bor (2 By, DL0) + 22D}, (5)D,0) — Y. najner cos frcos(n-+ 1)y

J=1

n
- Z My 1 1 c0S(m~+ 1)xcosy + mnay. 1 p11c08(m+ 1)xcos(n+1)y

It is known from Lemma 2.1 that

1D.(X)| = O(n) for 0<x<m. (3.2)
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By (1.9), (1.10) we note that

for all x and y such that 0 < x,y < 7.
By (1.9), (1.10) and (3.2), we have

a e -
AIO( m)D/ D/ < > D/,((y)—>0 as n-—oo
Lo (% By
uniformly in m, for all 0 < x,y < 7.

Similarly,
ZAOI(“"“)D (OD,(y) =0 as n—eo
mk

uniformly in n, for all 0 < x,y < 7.

Since {aj} is a double null sequence and by the use of the equation (3.2), we get

Amn ~, oy
D D — 0 — oo
o m(X)D), () as m-+n

forall 0 <x,y <.
Further, we know that | cosnx| is bounded in (0, 7].
Therefore, by (1.9) and (1.10) we have

Zna]n+1<z Z kz( > —0 as n— oo,

j=lk=n+1

This implies that

m
Znaj7n+1coijcos(n—|—1)y—>0 as n-— oo
J=1

uniformly in m, for all 0 < x,y < 7.

Similarly,

Zmam+1,kcos(m+1)xcosky—>0 as m— oo
k=1

uniformly in n, for all 0 < x,y < 7.
Also, by (1.9) and (1.10), we have

ajy
MNGp i1 pt1 < Z Z PN (]jk)

Jj=m+1k=n+1

ko
Z Z 2k2 ] as m-+n— oo,
Jj=m+1k=n+1

(3.3)
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Consequently, we get Jlrim gmn = f(x,y) exists in L' (T?).
mM-r+n—o0

Next, we consider
¥ an (%) 0y

I1f = gm”||<// jm+1k n+1
T ZIAIO(‘;;')D%)D’()
“ L s () Panion

+ [ / o >D;<y>(dxdy

mn

dxdy

dxdy

dxdy

(n+1)y|dxdy

(m+1)xcosy|dxdy

T T
—l—mn|am+1,n+1|/0 /0 |cos(m+ 1)xcos(n+ 1)y|dxdy
Ajk

SR> I CALTELE
LR ()
s i(%)”“ )
[ 0 00| sy G4
s
[ LJE 07 (ot
tmnlayin] [ [ loos(m e+ 1)xcos(a+ Dylaady

15()

Further, by (1.9) and (1.10), we get

L Y (%) pewnio)

j= m+1k n+1

dxdy

dxdy

dxdy

(ngE
gk

A
k> <J_;<k> cos jxcos(n+ 1)y|dxdy

dxdy

| =o0().

dxdy — 0 as m-+n— oo,
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Thus by using the equation (3.3) and the given hypothesis all the terms on the right hand
side of the inequality (3.4) tend to zero as m +n — oo. Hence, the conclusion of Theorem 3.1
holds.

We draw the following corollaries from Theorem 3.1.

Corollary 3.2. Under the condition of Theorem 3.1, the sum f of the series (1.1) is the
integrable and (1.1) is Fourier series of f.

Proof. It follows from Theorem 3.1 that f € L'(T?). Furthermore, it is known that the
convergence in L' — norm (the so-called strong convergence) implies that in weak convergence.

Now, consider

gm(x,y) = % ii{ii&ll(aﬂcosrxcosly)}

1 \r=jl=k
m

n
= Su(x,y) — Z Z {ajps1cos jxcos(n+1)y+ a1 xcos(m+1)xcosy}

+mnay, 11 py1cos(m+1)xcos(n+ 1)y

for fixed r,l > 1, we get

4 T /a
=) / / f(x,y)cos rxcos lydxdy
0o Jo

= lim //um,,xy)cosrxcoslydxdy

m-+n—oo 7'[:

m n
=ay— lim Znajn+l+zmam+lk+mnam+l n+1
mn=ee | G2 k=1

=day]

Since the limit of each term in the brace is zero (as already shown in the proof of Theorem 3.1).
This proves that (1.1) is the Fourier series of f.

Corollary 3.3. If a double sequence {aj.} belongs to the class 14, then ||Sy, — f|| — 0 as
m-+n— oo,

Proof. Consider

Hf_SmnH = Hf_gmn"f’gmn_smnuSHf_gmnH"’—Hgmn_SmnH
T [T » B
< 17— gmll+ / / M"Dm)D;(y)(dxdy
(n+1)y|dxdy
(m+1)xcosy|dxdy

T T
+mn|am+1’n+1|/0 /0 |cos(m+ 1)xcos(n+ 1)y|dxdy
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Using Theorem 3.1 the conclusion of the corollary 3.3 follows.

Remark 3.4. (a) We note that Theorem 3.1, Corollaries 3.2 and 3.3 can be considered
as analogous results of Jatinderdeep Kaur and S.S. Bhatia [3] from one dimensional to two
dimensional case.

(b) By making use of (1.10), we note that

|Anaje] < |Avoaje] + | Dv0ajir1] <Ajx+Ajjrr. (3.5)

It follows from (3.5) and the condition (1.9) that if {a;} belongs to class J,4, then {aj} €
BV, (N €,. Thus, Theorem 1.1, Corollaries 1.1 and 1.2 of [1] are particular cases of ours.

(c) Further, by setting A j; = |Axa jk|, it is not hard to verify that the class J; contains all
quasi-convex null sequences. Therefore, Corollary 3 of [2] holds in the case {aj} belonging to

the class J,.
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