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Abstract. In this paper, the authors prove that the multilinear fractional integral operator

T
A1,A2

Ω,α and the relevant maximal operator M
A1,A2
Ω,α with rough kernel are both bounded from

Lp(1 < p < ∞) to Lq and from Lp to Ln/(n−α),∞ with power weight, respectively, where

T
A1,A2

Ω,α ( f )(x) =

∫

Rn

Rm1
(A1;x,y)Rm2

(A2;x,y)

|x− y|n−α+m1+m2−2
Ω(x− y) f(y)dy

and

M
A1,A2
Ω,α ( f )(x) = sup

r>0

1

rn−α+m1+m2−2

∫

|x−y|<r

2

∏
i=1

Rmi
(Ai;x,y)Ω(x− y) f(y)|dy,

and 0 < α < n, Ω ∈ Ls(Sn−1)(s ≥ 1) is a homogeneous function of degree zero in Rn, Ai

is a function defined on Rn and Rmi
(Ai;x,y) denotes the mi − th remainder of Taylor series

of Ai at x about y. More precisely, Rmi
(Ai;x,y) = Ai(x)− ∑

|γ|<mi

1

γ!
DγAi(y)(x− y)r, where

Dγ (Ai) ∈ BMO(Rn) for |γ| = mi −1(mi > 1), i = 1,2.

Key words: multilinear operator, fractional integral, rough kernel, BMO
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1 Introduction

As two of the most important operators in harmonic analysis, the fractional integral operator

TΩ,α and the corresponding maximal operator MΩ,α are defined by

TΩ,α f (x) :=

∫

Rn

Ω(x− y)

|x− y|n−α
f (y)dy, (1.1)
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MΩ,α f (x) := sup
h>0

∫

|x−y|<h
|Ω(x− y) f (y)|dy, (1.2)

where 0 < α < n, 1/q = 1/p−α/n and Ω ∈ Ls(Sn−1)(s ≥ n/(n−α)) is homogeneous of degree

zero in Rn. In 1993 and 1998, Chanillo [1] and Ding [7] proved that TΩ,α and MΩ,α are bounded

from Lp(1 < p < ∞) to Lq respectively. In 1997, Ding [2] gave that if −1 < β < 0 and f ∈
L1(|x|β(n−α)/n), then TΩ,α and MΩ,α are both bounded from L1(|x|β(n−α)/n) to Ln/(n−α),∞.

It is well known that the study of multilinear fractional integral operators are received in-

creasing attentions. Let γ = (γ1,γ2, · · · ,γn), and γi(i = 1,2, · · · ,n) be nonnegtive integers. Denote

|γ | =
n

∑
i=1

γi, γ! = γ1!γ2! · · ·γn!, xγ = x
γ1

1 x
γ2

2 · · ·xγn
n

Dγ =
∂ |γ |

∂ γ1 x1∂ γ2 x2 · · ·∂ γnxn

.

Suppose that A is a function defined on Rn. Denote by Rm(A;x,y) the m-th order remainder of

the Taylor series of A at x about y, that is, Rm(A;x,y) = A(x)− ∑
|γ |<m

1

γ!
DγA(y)(x− y)r, m ≥ 1.

Then the multilinear fractional integral operator T A
Ω,α is defined by

T A
Ω,α f (x) :=

∫

Rn

Ω(x− y)Rm(A;x,y)

|x− y|n−α+m−1
f (y)dy (1.3)

and the relevant maximal operator MA
Ω,α is given by

MA
Ω,α f (x) := sup

r>0

1

rn−α+m−1

∫

|x−y|<r
|Ω(x− y)Rm(A;x,y) f (y)|dy. (1.4)

In 2001, Ding[3] proved that if DγA ∈ Lr(Rn)(1 < r ≤ ∞, |γ | = m − 1), then T A
Ω,α , MA

Ω,α are

both weighted bounded operators from Lp(wp) to Lq(wq) with the weight w ∈ A(p,q) and from

Lp(1 ≤ p < n/α) to Ln/(n−α),∞ with the power weight. Obviously, when m = 1, T A
Ω,α reduces to

the commutator generated by the fractional integral TΩ,α and the function A. In 2002, Yang and

Wu [9] proved that if DγA ∈ BMO(Rn), then T A
Ω,α and MA

Ω,α are bounded from Lp(1 < p < ∞)

to Lq. In 2003, Lu and Zhang[5] proved that if DγA ∈ ∧̇β , s >
n

n− (α + 2β )
, 0 < β < 1, 1/q =

1/p− (α + β )/n, then T A
Ω,α and MA

Ω,α are bounded from Lp(1 < p <
n

α + β
) to Lq and from L1

to Ln/n−α−β ,∞. In 2001, Lu and Ding[4] showed that if DγA j ∈ BMO(Rn), than the operator

T
A1,A2,··· ,Ak

Ω,α f (x) :=
∫

Rn

Ω(x− y)

|x− y|n−α+N

k

∏
j=1

Rm j
(A j;x,y) f (y)dy (1.5)

with N =
k

∑
j=1

(m j −1)(m j ≥ 2) and the relevant maximal operator

M
A1,A2,··· ,Ak

Ω,α f (x) := sup
r>0

1

rn−α+N

∫

|x−y|<r
|Ω(x− y)

k

∏
j=1

Rm j
(A j;x,y) f (y)|dy (1.6)
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are both weighted bounded operators from Lp(wp) to Lq(wq) with w ∈ A(p,q).

In 2006, Lan[8] proved that if DγA ∈ ∧̇β , then the operator

T
A1,A2

Ω,α f (x) :=

∫

Rn

Ω(x− y)

|x− y|n−α+N

2

∏
j=1

Rm j
(A j;x,y) f (y)dy (1.7)

with N =
2

∑
j=1

(m j −1)(m j ≥ 2) and the relevant maximal operator

M
A1,A2

Ω,α f (x) := sup
r>0

1

rn−α+N

∫

|x−y|<r
|Ω(x− y)

2

∏
j=1

Rm j
(A j;x,y) f (y)|dy (1.8)

are bounded from L1(Rn) to L
n

n−(α+2β)
,∞

(Rn) and from L1(|x| t(n−(α+2β))
n ) to L

n
n−(α+2β)

,∞
(|x|t).

Our aim in the paper is to establish the boundedness for the multilinear fractional integral

operators T
A1,A2

Ω,α and M
A1,A2

Ω,α , and obtain the following theorems:

Theorem 1.1. Let 0 < α < n, Ai is a function defined on Rn, Dγ(Ai) ∈ BMO(Rn)(|γ | =

mi − 1), i = 1,2 and Ω is homogeneous of degree zero on Rn with zero mean value on Sn−1,

Ω ∈ Ls(Sn−1) with s > n
n−α . Then if 1 < p,q < ∞, and 1/q = 1/p−α/n, there exists a constant

C, independent of A and f , such that

‖ T
A1,A2

Ω,α f ‖Lq≤C
2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖Lp , (1.9)

‖ M
A1,A2

Ω,α f ‖Lq≤C
2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖Lp . (1.10)

Theorem 1.2. Let 0 < α < n, Ai a function defined on Rn, Dγ(Ai) ∈ BMO(Rn)(|γ | = mi −
1), i = 1,2 and Ω ∈ Ls(Sn−1), s ≥ 1. Then if −1 < β < 0, there exists a constant C, independent

of A and f , such that for any λ > 0 and any f ∈ L1(|x|β(n−α)/n), the following conclusions hold:

∫

{x:|T A1 ,A2
Ω,α f (x)|>λ}

|x|β dx ≤C

(
1

λ

2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖L1(|x|β(n−α)/n)

)n/(n−α)

, (1.11)

∫

{x:|MA1 ,A2
Ω,α f (x)|>λ}

|x|β dx ≤C

(
1

λ

2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖L1(|x|β(n−α)/n)

)n/(n−α)

. (1.12)

2 Proof of Theorems

Lemma 2.1[6]. Let A be a function on Rn and DγA ∈ Ll
loc(R

n) for |γ | = m and some l > n.

Then

|Rm(A;x,y)| ≤C |x− y|m ∑
|γ |=m

(
1

|Q̃(x,y)|

∫

Q̃(x,y)
|DγA(z)|ldz

) 1
l

,
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where Q̃(x,y) is the cube centered at x with edges parallel to the axes and having diameter

16
√

n|x− y|.
Lemma 2.2[7]. Let 0 < α < n, Ω be homogeneous of degree zero on Rn, Ω ∈ Ls(Sn−1),

s ≥ n

n−α
, 1 < p,q < ∞ and 1/q = 1/p−α/n, then

‖ MΩ,α f ‖Lq≤C ‖ f ‖Lp . (2.1)

Lemma 2.3[2]. Suppose that 0 < α < n, −1 < β < 0, Ω ∈ Ls(Sn−1),s ≥ n
n−α . Then for any

λ > 0 and any f ∈ L1(|x|β(n−α)/n), there exists a constant C, independent of f , such that

∫

{x:|TΩ,α f (x)|>λ}
|x|β dx ≤C

(
1

λ
‖ f ‖L1(|x|β(n−α)/n)

)n/n−α

, (2.2)

∫

{x:|MΩ,α f (x)|>λ}
|x|β dx ≤C

(
1

λ
‖ f ‖L1(|x|β(n−α)/n)

)n/n−α

. (2.3)

Lemma 2.4[4]. Suppose that 0 < α < n, Ω is homogeneous of degree zero on Rn, Ω ∈
Ls(Sn−1)(s ≥ 1), and define the operator M̃

A1,A2

Ω,α by

M̃
A1,A2

Ω,α f (x) := sup
r>0

1

rn−α+N

∫

r/2≤|x−y|<r
|Ω(x− y)

2

∏
i=1

Rmi
(Ai;x,y) f (y)|dy.

Let |γ | = mi −1 for i = 1,2, and Dγ(Ai) ∈ BMO(Rn), then for any 1 < t < ∞, we have

M̃
A1,A2

Ω,α f (x) ≤C
2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO

[
MΩ,α f (x)+ (MΩt ,αt(| f |t)(x))1/t

]
, (2.4)

where C is a constant independent of f and t.

Proof of Theorem 1.1. By Lemma 2.4 and noting that t/q = t/p−αt/n, we obtain

‖ M̃
A1,A2

Ω,α f ‖Lq ≤C
2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO

(
‖ MΩ,α f ‖Lq + ‖ MΩt ,αt(| f |t) ‖1/t

q/t

)

≤C
2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖Lp .

Since M
A1,A2

Ω,α f (x) ≤CM̃
A1,A2

Ω,α f (x) for all x ∈ Rn, we have

‖ M
A1,A2

Ω,α f ‖Lq≤‖ M̃
A1,A2

Ω,α f ‖Lq≤C
2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖Lp .

This finishes the proof of (1.10).

Before showing (1.9), we give a proposition.
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Proposition 2.5. For any ε > 0 with 0 < α − ε < α + ε < n, we have

|T A1,A2

Ω,α f (x)| ≤Cε [M
A1,A2

Ω,α+ε f (x)MA1,A2

Ω,α−ε f (x)]1/2.

Proof. The basic idea of the proof is taken from [7]. Given x ∈ Rn and ε > 0 with 0 <

α − ε < α + ε < n, we choose δ > 0 such that δ 2ε = M
A1,A2

Ω,α+ε f (x)/M
A1,A2

Ω,α−ε f (x). Now we put

T
A1,A2

Ω,α f (x) =

∫

|x−y|<δ

Rm1
(A1;x,y)Rm2

(A2;x,y)

|x− y|n−α+m1+m2−2
Ω(x− y) f(y)dy

+

∫

|x−y|≥δ

Rm1
(A1;x,y)Rm2

(A2;x,y)

|x− y|n−α+m1+m2−2
Ω(x− y) f(y)dy

= I1 + I2.

Thus

|I1| ≤
∞

∑
j=1

∫

2− jδ≤|x−y|<2− j+1δ

|Rm1
(A1;x,y)Rm2

(A2;x,y)|
|x− y|n−α+m1+m2−2

|Ω(x− y)|| f(y)|dy

≤
∞

∑
j=1

(2− jδ )−(n−α+m1+m2−2)
∫

|x−y|<2− j+1δ
|Rm1

(A1;x,y)Rm2
(A2;x,y)||Ω(x− y)|| f(y)|dy

≤Cε

∞

∑
j=1

(2− j+1δ )−(n−α+ε+m1+m2−2)
∫

|x−y|<2− j+1δ
|Rm1

(A1;x,y)Rm2
(A2;x,y)||Ω(x− y)|| f(y)|dy

≤Cεδ ε M
A1,A2

Ω,α−ε f (x).

Similarly,

|I2| ≤Cε δ−ε M
A1,A2

Ω,α+ε f (x).

Therefore, we get

|T A1,A2

Ω,α f (x)| ≤Cε [δ
ε M

A1,A2

Ω,α−ε f (x)+ δ−ε M
A1,A2

Ω,α+ε f (x)]

≤Cε [M
A1,A2

Ω,α+ε f (x)]1/2[MA1,A2

Ω,α−ε f (x)]1/2.

The proposition is proved.

Take 0 < ε < α satisfying α + ε/n < 1/p < 1 , 1 < q1,q2 < ∞ satisfying 1/q1 = 1/p−
(α + ε)/n and 1/q2 = 1/p− (α − ε)/n. Noting that 1/q = 1/2q1 + 1/2q2, by Proposition 2.5.

Holder,s inequality and (1.10), we obtain

‖ T
A1,A2

Ω,α f ‖Lq ≤C ‖ [MA1,A2

Ω,α+ε f ]1/2 ‖2q1
‖ [MA1,A2

Ω,α−ε f ]1/2 ‖2q2

≤C
2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖Lp .

This finishes the proof of (1.9).
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Proof of Theorem 1.2. At first we show (1.12). By Lemma 2.4, we get

M̃
A1,A2

Ω,α f (x) ≤C
2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO

[
MΩ,α f (x)+ (MΩt ,αt(| f |t)(x))1/t

]
.

For any λ > 0, if C
2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO
.
= C0, we get

∫

{x:|MA1 ,A2
Ω,α f (x)|>λ}

|x|β dx ≤
∫

{x:C0MΩ,α f (x)>λ/2}
|x|β dx

+
∫

{x:C0MΩt ,αt (| f |t )(x))1/t>λ/2}
|x|β dx := J1 + J2.

Using Lemma 2.3, we have

J1 ≤
(

C0
1

λ
‖ f ‖L1(|x|β(n−α)/n)

)n/(n−α)

≤C

(
1

λ

2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖L1(|x|β(n−α)/n)

)n/(n−α)

.

Now let us give the estimation of J2. Note that

J2 ≤ (
2C0

λ
)n/(n−α)

∫

Rn
(MΩt ,αt(| f |t)(x))1/t·n/(n−α)|x|β dx

≤ (
2C0

λ
)n/(n−α)

(∫

Rn

[
(MΩt ,αt(| f |t)(x))1/t |x|β(n−α)/n

]n/(n−α)
dx

) n−α
n

n
n−α

≤
(

C0

λ
‖ (MΩt ,αt | f |t)1/t |x|β(n−α)/n ‖

L
n

n−α

)n/(n−α)

.

By −1 < β < 0 and 0 < α < n,
1

n/(n−α)
= 1− α

n
, applying (L1,L

n
n−α ) boundedness of MΩ,α

with power weights [11], and that
t

n/(n−α)
= t − αt

n
, we have

‖ (MΩt ,αt | f |t)1/t |x|β(n−α)/n ‖
L

n
n−α

≤C ‖ (MΩt ,αt | f |t)|x|β(n−α)/n ‖1/t

L
n

(n−α)t

≤C ‖ f |x|β(n−α)/n ‖L1

= C ‖ f ‖L1(|x|β(n−α)/n) .

So

J2 ≤
(

C0

1

λ
‖ f ‖L1(|x|β(n−α)/n)

)n/(n−α)

≤C

(
1

λ

2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖L1(|x|β(n−α)/n)

)n/(n−α)

.
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Combining the estimates for J1 and J2 we get

∫

{x:|MA1 ,A2
Ω,α f (x)|>λ}

|x|β dx ≤C

(
1

λ

2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖L1(|x|β(n−α)/n)

)n/(n−α)

.

We finish the proof of (1.12).

From the proof of Proposition 2.5, we have

|T A1,A2

Ω,α f (x)| ≤Cε [δ
ε M

A1,A2

Ω,α−ε f (x)+ δ−ε M
A1,A2

Ω,α+ε f (x)].

For any λ > 0, by (1.12) we get

∫

{x:|T A1 ,A2
Ω,α f (x)|>λ}

|x|β dx ≤
∫

{x:Cε δ−εMΩ,α+ε f (x)>λ/2}
|x|β dx

+

∫

{x:Cε δ ε M
A1 ,A2
Ω,α−ε f (x)>λ/2}

|x|β dx

≤C

(
1

λ

2

∏
i=1

∑
|γ |=mi−1

‖ DγAi ‖BMO‖ f ‖L1(|x|β(n−α)/n)

)n/(n−α)

.

We finish the proof of (1.11). The proof of the theorems are complete.

Remark 1. Theorem 1.1 also holds for the operators T
A1,A2,··· ,Ak

Ω,α and M
A1,A2,··· ,Ak

Ω,α , k ∈ N.
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