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Abstract. In this paper,we research the Miintz rational approximation of two kinds of spe-
cial function classes, and give the corresponding estimates of approximation rates of these
classes.
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1 Introduction

The space Ba introduced by Ding Xiaqi is a new function spacel!l.
Definition . Let

B= {LPI [O, 1],Lp2[0, 1],‘" ,me[O, 1],---}:: {prLpz"" ame""}

be a sequence of Lebesgue spaces, p,, > 1(m=1,2,---),a={ay,az, -+ ,ap,--- } be a nonneg-

oo

ative real number sequence, if for f(x) € N L,,, . there is a real number o > 0, such that
m=1

1(f,0) = Y ano| ]2, < oo,
m=1
then we say f(x) € Ba, and the norm of Ba is defined by

HfHBa:inf{oc>O:I(f,%)§ 1. (1.1)
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Ba is a Banach space under the norm defined by (1.1)!1).
If we choose B = {Lp7Lp7”' 7Lp7"'}9 a= {1707 707'”}’ then we get I(fva) = a”fHLp

and

1
1o =inf{a> 0:1(7. ) = Wl <y gy

In this paper, we always suppose that py = inf{p,,} > 1, and denote
m

1 1
s=inf{an}, q=sup{an}.
For convenience , we denote
1£1lp = £z, 1< p < too,
I1£le = flle = max [F@O),  p=en

C always denotes an absolutely positive constant, and C(s,q,---) denotes a positive constant
depending on the letters in the brackets. Their values may be different in different place.

Let L,[0,1] be the space of all p-power integrable functions on [0,1], 1 < p < +eo. when
p = oo, it can be considered as C|0, 1], that is, the space of all continuous functions on [0,1].
Also, we denote by AC[0, 1] all the absolutely continuous functions on [0,1].

For any given real sequence {4,}:_,, denote by IL,(A) the set of Miintz polynomials of de-

gree n, that is, all linear combinations of {x*,x*, ... x*} and let R,(A) be the Miintz rational
functions of degree n, that is,
P(x)
Ra(A) = (e £ P(9.0(3) € TL(A),0(0) > 0.3 € 0,11},
P(x)

if Q(0)=0, we assume that lim+ exists and is finite.

x—0 0(x)
For f(x) € Bal0, 1], define the best Miintz rational approximation as

R,(A)p, = inf - .
2 (A)Ba re}'eI:(A)Hf rl|Ba

Our main results are following

Theorem 1. Assume % <o < +oo, given M > 0, if A1 — Ay > Mn® for all n > 1, then
forany f € BV|0,1], there is a positive constant C(s,q,M ), such that

Ro(M)safo) < Clssg, M) 70V (f).
We denote by
Wga[0,1] = {f : f € AC[0,1], f' € Ba[0,1]}

the Sobolev function class in Ba space.

Theorem 2. Assume % < a < Hoo, given M > 0, if Ay — Ay > Mn® for all n > 1, then
for any f € Wi [0, 1], there is a positive constant C(s,q,M, py), such that

Ru(f,A)afo,1] < C (5,0, M, po)n” || £ || pajo, 1)
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2 Auxiliary Lemmas

For any x € [0, 1], let

T
x=1+cos0, Egegn,
2n—2j+1
XjZI-I—COSOJ‘, Oj:nzi]-'—ﬂ:, J=12,- ’[g]
n
For convenience, we denote xy = 0, X[a]41 = 1.
Furthermore, set
I Pi(x) n n
A AR B . _
Pj(X)—X"II:Tle [7 rk(x)_ [%] ) .]_1727"'7[5]7 k_lvzv"'v[EL
Y Pi(x)
=1
where AM| = A, A=A — Ay, =2.3,---.
We construct the rational operator as follows:
(5]
Ly(f,x) =Y fQa)re(x).
k=1
We have
Lemma 12, Lerxec[x;_1,x], j=1.2, ,[g] +1LIf1<k< [g] then
ri(x) SCMe_M‘ﬁ_ﬁ‘.
Lemma2 [, Jfxe xXj—1,xj], j=1,2,--- ,[g] + 1, then
(J—k[+ 1> |j—k+1 n
’X—Xk‘SC( n2 + n \/;)7 k:17277[§]
Lemma 3 P, Lera = (a1,a2,-++ ,am,- ) be a nonnegative real number sequence, B =

{Lp,,Lp,, - ,Lp,, -} be a sequence of Lebesgue spaces (p, > 1,m=1,2,---). If f € Ba[0, 1],
then

1
Hf Pm S ;Hf”Ba7 1 < Pm S ©o.
Lemmad. Forany f €L, [0,1], we denote the Hardy-Littlewood maximum function of f

by

1
M(f)(x)= sup —
1#x,0<t<1 L —X

if po = inf{p,} > 1, then M(f) € L,,,[0,1], and

[ 17t

Pm*

1M ()l p < C(PO)Ilf
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Proof. For p,, > 1,and f € L, , from the proof of Lemma 6 in [7], we have M(f) € L,,,,
and

5pm | L 5po L
M <2 pm <2 Po ,
1M ()l pe < (pm_l) 1£llp, < (po—l) 1£11p,
this means
where s
pPo L
C =2 Po
(po) (po—l)

By the definition of norm of the space Ba and Lemma 4, it is easy to see the following
conclusion
Corollary If f € Ba[0,1], then M(f) € Bal0,1], and

HM(f)HBa < C(quvp())HfHBa-

3 Proof of Theorem
Proof of Theorem 1. We need only to prove

1f = La(f) |l aio.] < Cls,q,M)n TV (f).

Applying Jordan decomposition, for any f € BV[0, 1], there exist two monotonically increasing
functions g(x),A(x), such that

f=g=h V() =V(e)+V(h).

Furthermore, suppose g(0) = 1(0) = 0, define the monotonic function g,,(x) as follows

0, 0<x<xp,
gm(xX) = g(x) —g(xm), X <X < X1,
A X1 <x <1,
where
dn = g(xmi1) —gxm), Xm=1+cosb,, 6, = %:Hln, m=0,1,--- ,[g] +1.
Setxo =0, xjz)11 = L, then
(3]+1 [3)+1 [5]+1
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First of all, we will show

_ 1
llg —Ln(g)|lga < C(s,q,M)n 7V (g).

‘We have
(3]
lg—Ln(@)llz,, 007 = |l Z gm(x) — Ln(gm,x)) L, [0.1]
[5 ]+1
S Z Hgm gm7 )HLPW[O 1]7

hence we will estimate {|g,(x) — Lu(gm,)||,,, [0,1]-
! 1
I8 (¥) = LulgmDlepion = ([ len(0) = La(gm0)ldx)

= (Z /Xi‘ gm gm(xk))rk )’p’” )Pm

/ﬁ (3m5) )

If 0 < p<1anda,b >0, from[11] we have (a+ b)” < a” + bP. So it is easy to verify that

%
I8 = Lo(m Dy 01 < 2/ 1. (6m) gm0 )

]+1 x,‘ [%] l
F O [ en) — g man)
J=m427 -1 k=1
Xm+1 % 1
+ (/ Z — &m(x))ri(x) [P dx) e =: Ky + K> + K.

In the following, we use the method of [10]. From the construction of rx(x), we seen that
(5]
ri(x) >0, and ) ri(x) = 1. On the other hand,

k=1
e — x| = ,mwn_mwn,
J A 2n 2n
—Jj+1 1
:|2sinn Jt Tsin — 7|
2n
—j+11
— o™ Ly o).

n 2n
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Hence, by using Lemma 1 and Lemma 2, completely similar to the proof of Theorem 3 in [10],
we can get

1
Kl S CMdmn_"Tm7

1
K; < CMdmn_"Tm )

Xm+1

i gm0 (0) )

=
/W

Z dmrk

k=m-+1

pm ) Pm

n

n
2

xm+|
< d / —|— Z }"k p’" )Pm ( rk(x) =

k=m+1 k=1
< den_PLm,
therefore,
_
Hgm_Ln(gm)Hme[O,l] < Cydyn m,
furthermore,
[5]+1 !
_— L m[o 1] M 'm p— M m
llg L()Hp <Cn/> Zd =Cyn mV(g),
=0

L
g — Ln(8)llBajo,1)] < C(s,9,M)n" mV(g).
As h(x) is also a monotonically increasing function, so we also have
L
|h— Ln(h)|gajo,1] < C(s,q,M)n" mV(h),
where po = inf{p,,} > 1. Hence
m

1

1f = La(f)lBajo,1) < C(s,q,M)n"n (V(h)+V (g)) < C(s,q,M)n P V(f).
Theorem 1 is proved.

Proof of Theorem 2. Using Lemma 4, choosing ; € [x;_1,x;] =: A;, such that
M(f)(E;) = inf{M(f")(x) : x € Aj}.
Applying Jensen inequality, we can get
70— £(E))] < Cl/f )ar|
Jl
< e C]\M G
1
x—Cil(— [ M(f)P(t)det)»
< @wwﬂju>o>
< Cle=Gilnr (| M(FYP (0.
A

J
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Modifying the construction of L, (f,x) suitably,

g
L,(f,x) f( CJ rj j
j=1
then we need only to show

£ =L (f%) [ Bajo.1) < C(s,0. M, po)n ||f[| gafo, 1)

Using the results mentioned above, and applying Lemma 4, Jensen inequality, we get

%
I =Ll g = [ 300 = £GP

I:

Pm dx

pm dt) PW

2
Scpm/ Y n pmyx_gj\r] /\M
i=1
(5]
S Cpmn/ Z ’r] ‘pm‘x C’pm/ ‘M ‘pmdtdx
< (Clpo)yon | er, S MG

(5] 1
Pm / Pm 7 Pm |y — . |Pmdx.
< (Cu)mn, [ OF-a [l Gimas

Considered 0 < rj(x) < 1, by using Lemma 1 and Lemma 2, completely similar to the proof of
Theorem 2 in [10], we have

[ il

From the above, we have

.| Pm . _ 7. |Pm Pm
£lmdx < ];I/Akr](x)]x Gl < CyCrn——.

|f = Ly(fx )HL,,,,,Ol < C(M,po)n IHf,HLPm[OJ]a

I1f = L (f.2)lgao.1) < C(s,9,M, po)n ||| gafo.1)-

Theorem 2 is proved.
Acknowledgements. The authors thank the referee for giving valuable suggestions to this
paper which make them revise this paper in a better form.
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