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Abstract. This paper is devoted to a new high-accuracy finite difference scheme for
solving reaction-convection-diffusion problems with a small diffusivity ε. With a nov-
el treatment for the reaction term, we first derive a difference scheme of accuracy
O(ε2h+εh2+h3) for the 1-D case. Using the alternating direction technique, we then
extend the scheme to the 2-D case on a nine-point stencil. We apply the high-accuracy
finite difference scheme to solve the 2-D steady incompressible Navier-Stokes equa-
tions in the stream function-vorticity formulation. Numerical examples are given to il-
lustrate the effectiveness of the proposed difference scheme. Comparisons made with
some high-order compact difference schemes show that the newly proposed scheme
can achieve good accuracy with a better stability.
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1 Introduction

Let Ω be an open, bounded and convex polygonal domain in R
2 with boundary ∂Ω.

We consider the following boundary value problem for the scalar reaction-convection-
diffusion equation:

{

−ε∆u+a ·∇u+σu= f in Ω,
u= g on ∂Ω,

(1.1)
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where u is the physical quantity of interest (e.g., concentration of some chemical sub-
stance); ε>0 is the diffusivity, which determines the size of diffusion relative to reaction
or convection; a= (a1(x,y),a2(x,y))⊤ is the given convection field; σ≥ 0 is the reaction
coefficient; f is a given source term and g is the prescribed boundary data.

It was already known that the solution u of problem (1.1) may exhibit localized phe-
nomena such as boundary and interior layers when the diffusivity ε is small enough
compared with the size of convection field a or the reaction coefficient σ, i.e., the prob-
lem is reaction-convection-dominated. Boundary and interior layers are narrow regions
in the domain Ω where the solution u changes rapidly. It is often difficult to resolve nu-
merically the high gradients near the layer regions. However, the presence of layers in
the solution is very common in many partial differential equations arising from physical
science and engineering applications. Besides, problem (1.1) with a small diffusivity ε
serves as a vehicle for the study of more advanced incompressible Navier-Stokes equa-
tions at high Reynolds numbers. Therefore, the reaction-convection-dominated case of
problem (1.1) has been the focus of intense research for quite some time. Unfortunately,
most conventional numerical methods for the reaction-convection-dominated problems
are lacking in either stability or accuracy (cf. [14, 17, 23]). For example, when the mesh-
Péclet number Peh := ‖a‖∞h/(2ε) is large (it will occur if 0 < ε≪ 1), the second-order
central difference scheme performs very poorly since large spurious oscillations exhibit
not only near the layer regions but also in the others; similar phenomena occur in the
finite element method [2].

In this paper, we will focus on developing high-accuracy finite difference schemes
for solving problem (1.1) with a small diffusivity ε. Although the usual upwind dif-
ference scheme is a simple and stable approach for solving problem (1.1), it exhibits a
lower accuracy ofO(h+k), where h and k denote the grid sizes in the x- and y-directions,
respectively. On the other hand, higher-order finite difference approximations (that is,
approximations whose errors are proportional to O(hm+km) with m > 2) are possible,
but they typically require non-compact stencils. A compact stencil utilizes eight grid
points directly adjacent to the node about which the differences are taken for the dis-
cretization. Thus, the use of non-compact stencils complicates numerical formulations
near boundaries, increases matrix bandwidth and hence the computational cost. In [20],
Spotz proposed a class of fourth-order finite difference schemes that do not look at ex-
tra points, but instead approximate the leading terms in the truncation error to obtain
higher accuracy. This is achieved by differentiating the governing equation to find, for
example, the third derivative in terms of lower-order derivatives that can then be dif-
ferenced compactly and included in the finite difference formulation. This increases the
accuracy while still maintaining an overall compact stencil. However, a more careful
calculation shows that the accuracy of the fourth-order compact difference schemes is in-
deed O((h4+k4)/ε) and then the accuracy will be deteriorated when the diffusivity ε is
getting small (see also [26]). In practice, the fourth-order compact difference approxima-
tions may be over-smoothed when the mesh-Péclet number is greater than one.

In this paper, we will devise a new finite difference scheme of accuracy O(ε2(h+k)+
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ε(h2+k2)+(h3+k3)) for problem (1.1) with a small diffusivity ε. With a novel treatment
for the reaction term, we first derive a difference scheme of accuracy O(ε2h+εh2+h3)
for the 1-D case. Employing the alternating direction technique [6, 24], we then ex-
tend the scheme to the 2-D case on a nine-point compact stencil with an accuracy of
O(ε2(h+k)+ε(h2+k2)+(h3+k3)). Finally, as the basis of a discretization method for the
2-D incompressible Navier-Stokes equations, the high-accuracy difference scheme is ap-
plied to solve the steady incompressible viscous flow problem in the stream function-
vorticity formulation for various Reynolds numbers. For the numerical verification, we
provide a series of examples, including the lid-driven cavity flow problem, to illustrate
the performance of the proposed scheme. The numerical results obtained are also com-
pared with some higher-order difference schemes in the literature, such as the polynomial
and exponential compact schemes [18–21, 24]. From these comparisons, we may observe
that the newly proposed scheme can achieve good accuracy with a better stability when
the diffusivity ε is small.

In [6], we have proposed an enhanced upwind difference scheme for solving the prob-
lem (1.1) with a constant convection field (i.e., a is a constant vector) but without the re-
action term (i.e., σ= 0), and then apply the enhanced scheme to solve a coupled system
of convection-diffusion equations arising from the steady incompressible magnetohydro-
dynamic duct flow problem. In this paper, based on the work of [6], the newly proposed
high-accuracy difference scheme is devised to solve the problem (1.1) with a variable con-
vection field and a non-vanishing reaction term. Indeed, we propose a novel technique
for treating the reaction term to obtain the desired high accuracy. We emphasize that it
would be difficult to reach the desired high accuracy if a more direct approach is used
instead of the specific treatment for the reaction term. This point will be demonstrated
more clearly in Remark 2.1 in Section 2.

The remainder of this paper is organized as follows. We derive the high-accuracy d-
ifference scheme for 1-D problems with a small diffusivity in Section 2 and then extend
the scheme to the 2-D case by using the alternating direction technique in Section 3. In
Section 4, we apply the scheme to solve the 2-D steady incompressible Navier-Stokes e-
quations in the stream function-vorticity formulation. In Section 5, numerical examples
are presented to illustrate the effectiveness of the high-accuracy difference scheme. Final-
ly, a summary and conclusions are given in Section 6.

2 The high-accuracy finite difference scheme: 1-D case

We first consider the following equation with a constant convection coefficient:

−εu′′(x)+au′(x)+σu(x)= f (x) for x∈ (c1,c2), (2.1)

where 0< ε≪1, a and σ≥0 are both constant, and f (x) is a given smooth function. Let
xi be an interior grid point of a uniform grid on (c1,c2) with grid size h and ui the finite
difference approximation to u(x) at the grid point xi. The second-order central difference
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approximation to(2.1) at xi is given by

−εδ2
xui+aδxui+σui = fi (2.2)

with a local truncation error term

τi :=
ah2

6
u(3)(xi)−

εh2

12
u(4)(xi)+O(h4), (2.3)

where fi := f (xi) and the δ-operators are defined as

δ2
xui :=

ui+1−2ui+ui−1

h2
and δxui :=

ui+1−ui−1

2h
. (2.4)

It was already known that the central difference scheme (2.2) is unstable. When the d-
iffusivity ε is small enough such that the mesh-Péclet number Peh := |a|h/(2ε) is greater
than one, large spurious oscillations may appear in the numerical solutions. On the other
hand, applying the central difference rule to u′′(xi) and the upwind difference rule to
au′(xi), we obtain the stable upwind scheme of accuracy O(h),

−
(

ε+
|a|h

2

)

δ2
xui+aδxui+σui = fi, (2.5)

where the local truncation error term τi is given by

τi :=− ah

2
u′′(xi)+O(h2). (2.6)

The underlying idea behind the Spotz compact approach [20] is to find compact ap-
proximations to the derivatives in (2.3) by differentiating (2.1) at xi,

u(3)(xi)=
1

ε

(

au′′(xi)+σu′(xi)− f ′i
)

, (2.7a)

u(4)(xi)=
1

ε2

(

(a2+σε)u′′(xi)+aσu′(xi)−a f ′i −ε f ′′i
)

, (2.7b)

where we use the notation f ′i := f ′(xi) and f ′′i := f ′′(xi). Substituting (2.7a) and (2.7b) into
(2.3) and applying the central difference rules to the derivatives therein yields

τi=
h2

12ε

(

(a2−σε)δ2
xu(xi)+aσδxu(xi)−a f ′i +ε f ′′i

)

+O(h4/ε). (2.8)

Thus, the resulting compact difference scheme of Spotz is given by

−
(

ε+
(a2−σε)h2

12ε

)

δ2
xui+

(

a− aσh2

12ε

)

δxui+σui = fi−
ah2

12ε
f ′i +

h2

12
f ′′i . (2.9)

Although the compact difference scheme (2.9) is of fourth-order of accuracy, one can ob-
serve from (2.8) that the accuracy of the scheme will be deteriorated when the diffusivity



P.-W. Hsieh, S.-Y. Yang and C.-S. You / Adv. Appl. Math. Mech., 6 (2014), pp. 637-662 641

ε is getting small. Moreover, the numerical solutions produced by (2.9) may be over-
smoothed when the mesh-Péclet number is greater than one.

In our recent work [6], we have proposed the following scheme for (2.1) without the
reaction term σu:

−
(

ε+
|a|h

2

)

δ2
xui+aδxui= fi+C1 f ′i +C2 f ′′i , (2.10)

where C1 and C2 are given by

C1=−
|a|h
2a

and C2=
a2h2−3ε|a|h

6a2
. (2.11)

This scheme reaches an accuracy of O(ε2h+εh2+h3). We refer the reader to [6] for more
details. Now we will generalize scheme (2.10) to solve (2.1) with a non-vanishing reaction
term. We first rewrite (2.1) as

−εu′′(x)+au′(x)=F(x) for x∈ (c1,c2), (2.12)

where F is defined by

F(x) := f (x)−σu(x) for x∈ (c1,c2). (2.13)

Notice that here we move the reaction term σu to the right-hand side in (2.12). This is
a crucial step for obtaining the difference scheme with the desired accuracy. Applying
scheme (2.10) to (2.12), we have

−
(

ε+
|a|h

2

)

δ2
xui+aδxui =Fi+C1F′i +C2F′′i (2.14)

with an accuracy of O(ε2h+εh2+h3). Using the second-order central difference rules to
approximate u′(xi) and u′′(xi) involved in F′i and F′′i , respectively, we obtain

−
(

ε+
|a|h

2

)

δ2
xui+aδxui= fi−σui+C1

(

f ′i −σδxui+O(h2)
)

+C2

(

f ′′i −σδ2
xui+O(h2)

)

. (2.15)

Rearranging (2.15), we find the following finite difference scheme for (2.1),

−
(

ε+
|a|h

2
−σC2

)

δ2
xui+

(

a+σC1

)

δxui+σui = fi+C1 f ′i +C2 f ′′i , (2.16)

which still has an accuracy of O(ε2h+εh2+h3).
We next consider the following 1-D reaction-convection-diffusion equation with a

variable convection coefficient a(x),

−εu′′(x)+a(x)u′(x)+σu(x)= f (x) for x∈ (c1,c2). (2.17)
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Let ai := a(xi). Applying scheme (2.16) to the following equation with a constant convec-
tion coefficient,

−εu′′(x)+aiu
′(x)+σu(x)= f (x), (2.18)

we have

−
(

ε+
|ai|h

2
−σC2

)

δ2
xui+

(

ai+σC1

)

δxui+σui = fi+C1 f ′i +C2 f ′′i , (2.19)

where C1 and C2 are given in (2.11), but a is replaced by ai, namely,

C1 :=−|ai|h
2ai

and C2 :=
a2

i h2−3ε|ai |h
6a2

i

. (2.20)

Based on the idea proposed in [16], we can study how accurate the scheme (2.19) approx-
imates (2.17) at x = xi when we replace δ2

xui, δxui and ui by δ2
xu(xi), δxu(xi) and u(xi),

respectively. Using the Taylor expansion, one can show that

−εu′′(xi)+a(xi)u
′(xi)+σu(xi)−C1a′(xi)u

′(xi)−C2

(

a′′(xi)u
′(xi)+2a′(xi)u

′′(xi)
)

= f (xi)+O(ε2h+εh2+h3). (2.21)

From this observation, we may modify scheme (2.19) as

−
(

ε+
|ai|h

2
−σC2−2a′iC2

)

δ2
xui+

(

ai+σC1+a′iC1+a′′i C2

)

δxui+σui

= fi+C1 f ′i +C2 f ′′i , (2.22)

which is a finite difference scheme for approximating equation (2.17) with an accuracy of
O(ε2h+εh2+h3). If σ=0 then scheme (2.22) is changed into

−
(

ε+
|ai|h

2
−2a′iC2

)

δ2
xui+

(

ai+a′iC1+a′′i C2

)

δxui = fi+C1 f ′i +C2 f ′′i . (2.23)

Remark 2.1. In the derivation of scheme (2.16), we first move the reaction term σu to the
right-hand side as a part of the source term; see (2.12). Without this specific treatment
for the reaction term, it would be difficult to reach the desired high accuracy of O(ε2h+
εh2+h3). We now demonstrate this point in more details as follows. Assume that a is a
constant and σ 6=0. We are aiming to approximate (2.1) at the grid point xi in the form

−
(

ε+
|a|h

2

)

δ2
xu(xi)+aδxu(xi)+σu(xi)=C0 fi+C1 f ′i +C2 f ′′i , (2.24)

where C0, C1 and C2 are coefficients needed to be determined such that the resulting
difference scheme is consistent and with a truncation error as small as possible. Now,
just as we did in [6], using the Taylor expansion we obtain

−
(

ε+
|a|h

2

)(

u′′(xi)+
h2

12
u(4)(xi)+O(h4)

)

+a
(

u′(xi)+
h2

6
u(3)(xi)+O(h4)

)

+σu(xi)

=C0

(

−εu′′(xi)+au′(xi)+σu(xi)
)

+C1

(

−εu(3)(xi)+au′′(xi)+σu′(xi)
)

+C2

(

−εu(4)(xi)+au(3)(xi)+σu′′(xi)
)

. (2.25)
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Rearranging the above equation, we have

−εu′′(xi)+au′(xi)+σu(xi)

= fi+(C0σ−σ)u(xi)+(C0a+C1σ−a)u′(xi)

+
(

ε+
|a|h

2
−C0ε+C1a+C2σ

)

u′′(xi)+
(

C2a−C1ε− ah2

6

)

u(3)(xi)

+
( εh2

12
+
|a|h3

24
−C2ε

)

u(4)(xi)+O(εh4)+O(h4). (2.26)

For the consistency of the resulting finite difference scheme, we may, for example, take

C0σ−σ=0, C0a+C1σ−a=0 and ε+
|a|h

2
−C0ε+C1a+C2σ=0, (2.27)

i.e.,
C0=1, C1=0 and C2=−|a|h/(2σ), (2.28)

and then the truncation error becomes

(

C2a−C1ε− ah2

6

)

u(3)(xi)+
( εh2

12
+
|a|h3

24
−C2ε

)

u(4)(xi)+O(εh4)+O(h4)=O(h).

In other words, the difference scheme (2.24) with coefficients (2.28) is O(h) accurate,
which does not reach the desired high accuracy of O(ε2h+εh2+h3).

3 The high-accuracy finite difference scheme: 2-D case

In this section, using the technique of alternating direction (cf. [6, 24]), we will extend
the high-accuracy finite difference scheme (2.22) to adapt to the 2-D problem (1.1) with
a small diffusivity ε. To simplify the presentation, we assume that the 2-D domain Ω

is a rectangular region given by Ω=(c1,c2)×(d1,d2). Let xi = c1+ih and yj = d1+ jk for
i=0,1,··· ,m and j=0,1,··· ,n, where h :=(c2−c1)/m and k :=(d2−d1)/n denote the grid
sizes in the x- and y-directions, respectively. We denote by ui,j the approximation to
u(x,y) at the grid point (xi,yj). The δ-operators, δx, δy, δ2

x and δ2
y, acting on u(xi,yj) and

ui,j are defined in a usual way (cf. (2.4)).
From the 2-D differential equation in (1.1), we have

−εuxx(x,y)+a1(x,y)ux(x,y)=F1(x,y) for (x,y)∈Ω, (3.1a)

−εuyy(x,y)+a2(x,y)uy(x,y)=F2(x,y) for (x,y)∈Ω, (3.1b)

where the functions F1 and F2 are given by

F1(x,y) := f (x,y)−
(

−εuyy(x,y)+a2(x,y)uy(x,y)+σu(x,y)
)

, (3.2a)

F2(x,y) := f (x,y)−
(

−εuxx(x,y)+a1(x,y)ux(x,y)+σu(x,y)
)

. (3.2b)
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Notice that the sum of (3.1a) and (3.1b) gives the original equation in (1.1). As usual,
we define a1i,j := a1(xi,yj) and a2i,j := a2(xi,yj). Next, we are going to approximate (3.1a)
and (3.1b) at the grid point (xi,yj). To discretize (3.1a) at (xi,yj), we apply the 1-D high-
accuracy difference scheme (2.23) (i.e., (2.22) with σ= 0) if |a1i,j|h/(2ε)> 1; otherwise, if
|a1i,j|h/(2ε)≤ 1, we employ the Spotz fourth-order compact scheme (2.9) with σ= 0. A
similar strategy is applied to discretize (3.1b) as well. In what follows, we assume that
|a1ij|h/(2ε)>1 and |a2ij |k/(2ε)>1 to simplify the presentation.

Applying the 1-D high-accuracy difference scheme (2.23) to discretize (3.1a) and (3.1b)
at (xi,yj), we obtain

−
(

ε+
|a1|h

2
−2a1xα2

)

i,j
δ2

xui,j+
(

a1+a1xα1+a1xxα2

)

i,j
δxui,j

=
(

F1+α1F1x+α2F1xx

)

i,j
, (3.3a)

−
(

ε+
|a2|k

2
−2a2yβ2

)

i,j
δ2

yui,j+
(

a2+a2yβ1+a2yyβ2

)

i,j
δyui,j

=
(

F2+β1F2y+β2F2yy

)

i,j
, (3.3b)

where the notation (G)i,j denotes G(xi,yj) for a given function G and

α1 :=−
( |a1|h

2a1

)

i,j
, α2 :=

( a2
1h2−3ε|a1|h

6a2
1

)

i,j
, (3.4a)

β1 :=−
( |a2|k

2a2

)

i,j
, β2 :=

( a2
2k2−3ε|a2|k

6a2
2

)

i,j
. (3.4b)

Next taking the sum of (3.3a) and (3.3b), we obtain a difference scheme for (1.1) with
accuracy of O(ε2(h+k)+ε(h2+k2)+(h3+k3)):

−
(

ε+
|a1|h

2
−2a1xα2

)

i,j
δ2

xui,j−
(

ε+
|a2|k

2
−2a2yβ2

)

i,j
δ2

yui,j

+
(

a1+a1xα1+a1xxα2

)

i,j
δxui,j+

(

a2+a2yβ1+a2yyβ2

)

i,j
δyui,j

=
(

F1+F2+α1(F1x+F2x)+α2(F1xx+F2xx)+β1(F1y+F2y)+β2(F1yy+F2yy)

−α1F2x−α2F2xx−β1F1y−β2F1yy

)

i,j
. (3.5)

Using the identity f−σu=F1+F2, the right-hand side of (3.5) can be simplified as

(

f +α1 fx+α2 fxx+β1 fy+β2 fyy−σu−(α1σ+β1a1y+β2a1yy)ux−α2σuxx

−(β1σ+α1a2x+α2a2xx)uy−β2σuyy−(α1a2+2α2a2x+β1a1+2β2a1y)uxy

+(β1ε−α2a2)uxxy+(α1ε−β2a1)uxyy+(α2ε+β2ε)uxxyy

)

i,j
. (3.6)
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We then use the following standard second-order finite difference rules to approximate
the derivative terms ux, uxx, uy, uyy, uxy, uxxy, uxyy, and uxxyy at (xi,yj) in (3.6):

(ux)i,j =δxu(xi,yj)+O(h2), (uy)i,j=δyu(xi,yj)+O(k2),

(uxx)i,j =δ2
xu(xi,yj)+O(h2), (uyy)i,j =δ2

yu(xi,yj)+O(k2),

(uxy)i,j =δyδxu(xi,yj)+O(h2+k2), (uxxy)i,j=δyδ2
xu(xi,yj)+O(h2+k2),

(uxyy)i,j =δ2
yδxu(xi,yj)+O(h2+k2), (uxxyy)i,j=δ2

yδ2
xu(xi,yj)+O(h2+k2).

Finally, by neglecting the high-order error terms in the resulting equation, we obtain
the desired difference scheme of accuracy O(ε2(h+k)+ε(h2+k2)+(h3+k3)) for the 2-D
reaction-convection-diffusion problem (1.1) with a small ε:

−
(

ε+
|a1|h

2
−2a1xα2−α2σ

)

i,j
δ2

xui,j−
(

ε+
|a2|k

2
−2a2yβ2−β2σ

)

i,j
δ2

yui,j

+
(

a1+a1xα1+a1xxα2+α1σ+β1a1y+β2a1yy

)

i,j
δxui,j

+
(

a2+a2yβ1+a2yyβ2+β1σ+α1a2x+α2a2xx

)

i,j
δyui,j

+
(

α1a2+2α2a2x+β1a1+2β2a1y

)

i,j
δyδxui,j+

(

α2a2−β1ε
)

i,j
δyδ2

xui,j

+
(

β2a1−α1ε
)

i,j
δ2

yδxui,j−(α2ε+β2ε)δ2
yδ2

xui,j+σui,j

=
(

f +α1 fx+α2 fxx+β1 fy+β2 fyy

)

i,j
. (3.7)

We remark that if |a1ij |h/(2ε) ≤ 1 or |a2ij |k/(2ε) ≤ 1 then a high-accuracy difference
scheme can be derived in a similar way. For example, assume that |a1ij |h/(2ε)≤ 1 and
|a2ij|k/(2ε) > 1. Then, in this case, we use the Spotz fourth-order compact difference
scheme (2.9) with σ = 0 to approximate (3.1a), while the 1-D high-accuracy difference
scheme (2.23) to discretize (3.1b). However, for the sake of simplicity, we still call the
resulting scheme ”high-accuracy difference scheme (3.7)”.

4 Application to the incompressible Navier-Stokes equations

In this section, the newly proposed high-accuracy difference scheme (3.7) is used as the
basis of a discretization method for the 2-D steady incompressible Navier-Stokes equa-
tions in the stream function-vorticity formulation. The system of equations in the primi-
tive variables formulation is given by

−ν∆u+(u·∇)u+∇p= f in Ω, (4.1a)

∇·u=0 in Ω, (4.1b)

where u=(u,v)⊤ is the velocity field, p is the pressure, ν is the kinematic viscosity, and
f =( f1, f2)⊤ is a given forcing term. Introducing the vorticity ω,

ω :=∇×u=vx−uy in Ω, (4.2)
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and applying the curl operator to (4.1a), the pressure gradient term disappears and

−ν∆ω+u ·∇ω= f2x− f1y in Ω. (4.3)

The velocity field u=(u,v)⊤ is defined in terms of the stream function ψ by

u=∇×ψ :=(ψy,−ψx)
⊤ in Ω. (4.4)

The equation satisfied by ψ is obtained by applying the curl operator to (4.4),

−∆ψ−ω=0 in Ω. (4.5)

The system of Eqs. (4.3)-(4.5) is the so-called stream function-vorticity formulation of the
2-D steady incompressible Navier-Stokes equations.

The system of Eqs. (4.3)-(4.5) should be supplemented with some suitable boundary
conditions. We consider the no-slip, no-penetration boundary conditions on ∂Ω as fol-
lows [21]:

∂ψ

∂n
=V on ∂Ω, (4.6a)

∂ψ

∂t
=0 on ∂Ω, (4.6b)

where n is the outward unit vector normal to ∂Ω, t is the unit vector tangent to ∂Ω with
clockwise orientation, and V is the tangential wall velocity. The latter equation (4.6b)
implies ψ is constant on ∂Ω. For simplicity, it will be set equal to zero on ∂Ω.

Note that the boundary conditions (4.6a) and (4.6b) do not involve the vorticity ω.
Therefore, if we attempt to solve the vorticity equation (4.3) alone (e.g., as part of a block-
iterative algorithm applied to the fully coupled system), the system will be underspec-
ified because there is no immediate way to obtain vorticity values on ∂Ω. However,
suitable boundary conditions for the vorticity ω can be obtained from the discretization
of (4.6a) by using the fourth-order Jensen’s formulation on the ∂Ω. We refer the read-
er to [21]. The reader is also referred to [4, 5, 11, 20, 22, 24] and many references cited
therein for some higher-order difference discretizations of the 2-D steady incompressible
Navier-Stokes equations.

To summarize, the proposed high-accuracy difference scheme (3.7) is applied to solve
the vorticity equation (4.3), while the Poisson equation (4.5) is solved by Spotz’s fourth-
order compact difference scheme [20]. In Section 5, we perform numerical experiments
of the lid-driven cavity flow problem with various Reynolds numbers.

5 Numerical experiments

In this section, a number of examples is presented to illustrate the high performance
of the newly proposed difference scheme (3.7). We will consider examples exhibiting
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boundary or interior layers, including the lid-driven cavity flow problem. The numerical
results obtained are compared with those of some high-order compact difference schemes
in the literature, including the schemes of Spotz [20, 21], Tian-Dai [24] and Sanyasiraju-
Mishra [18, 19]. We remark that using the similar technique as in Section 2 for treating
the reaction term σu, the Tian-Dai scheme can be easily extended to solve problems with
a non-vanishing reaction term. However, it seems not easy to do so for the Sanyasiraju-
Mishra scheme. From the comparisons, we may observe that for a small diffusivity ε, our
scheme (3.7) can achieve good accuracy with a better stability.

In order to simplify the numerical implementation, we partition the domain Ω into
a uniform grid in all testings. In the first two examples, in which the exact solution is
known, we can calculate the errors of numerical solutions and then estimate the conver-
gence rates. For measuring the global errors of the finite difference approximations, we
use the usual max-norm and discrete L2-norm (cf. [10]).

Example 5.1 (An interior layer problem with an analytic solution). This example is taken
from [18] with a slight modification. We consider the Dirichlet boundary value problem
for the differential equation

−ε∆u+(1,1)⊤ ·∇u+u= f in Ω :=(0,1)×(0,1)

with the exact solution u(x,y)= e−(x6+y6)/ε, in which an interior layer appears approach-
ing the left down corner when the diffusivity ε is getting small (cf. Fig. 1).

The numerical results for ε = 10−ℓ, ℓ = 2,3,4, and different grid sizes, h =
1/20,1/40,1/80,1/160, are reported in Table 1 and Table 2, from which we have the find-
ings that when the diffusivity ε is not too small, ε = 10−2, all these difference schemes
display a high-accuracy behavior. However, the high accuracy is deteriorated when the
diffusivity ε is getting smaller. As ε=10−3 and ε=10−4, the Spotz scheme shows a lower
accuracy than the others. We depict the contour plots of exact and numerical solutions
for ε=10−ℓ, ℓ=2,3,4 and h=1/40 in Fig. 1.

Example 5.2 (A boundary layer problem with an analytic solution). This example is quot-
ed from [24] with an additional reaction term. We consider the differential equation

−ε∆u+(0,1/(1+y))⊤ ·∇u+3u= f in Ω :=(0,1)×(0,1)

with the Dirichlet boundary condition, where the source function f is determined such
that the exact solution is given by u(x,y)=ey−x+2−1/ε(1+y)1+1/ε. When the diffusivity ε
is small enough, a strong boundary layer appears near the up-edge of the boundary ∂Ω;
see the plot of exact solution given in Fig. 2 for ε=10−6.

The computed results of various difference schemes for different grid sizes are col-
lected in Table 3 and Table 4. From the numerical results, we have the following observa-
tions. When the diffusivity ε is not too small, ε=10−2, all these difference schemes show
a high-order accuracy. Again, the high accuracy is deteriorated when the diffusivity ε is
getting smaller. In particular, as ε→0+ , the Spotz scheme tends to lose its accuracy. The
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Table 1: Errors in the max-norm of the numerical solutions of Example 5.1.

ε 1/h
Spotz [20] Tian-Dai [24] Present scheme

Max-norm Rate Max-norm Rate Max-norm Rate

10−2

20 4.9627e-03 − 4.0555e-03 − 5.5884e-03 −
40 3.5394e-04 3.81 3.4234e-04 3.57 1.0042e-03 2.48
80 2.2260e-05 3.99 2.3060e-05 3.89 2.2260e-05 5.50
160 1.3900e-06 4.00 1.4686e-06 3.97 1.3900e-06 4.00

10−3

20 4.4128e-02 − 2.0136e-02 − 2.0528e-02 −
40 8.8973e-03 2.31 3.0443e-03 2.73 3.2745e-03 2.65
80 8.2670e-04 3.43 3.6288e-04 3.07 4.2502e-04 2.95
160 5.4141e-05 3.93 3.7545e-05 3.27 5.2215e-05 3.02

10−4

20 8.4587e-02 − 4.2045e-02 − 4.1993e-02 −
40 3.6256e-02 1.22 9.2731e-03 2.18 9.3184e-03 2.17
80 1.0540e-02 1.78 1.3465e-03 2.78 1.3664e-03 2.77
160 1.5087e-03 2.80 1.6879e-04 3.00 1.7418e-04 2.97

Table 2: Errors in the discrete L2-norm of the numerical solutions of Example 5.1.

ε 1/h
Spotz [20] Tian-Dai [24] Present scheme

Discrete L2 Rate Discrete L2 Rate Discrete L2 Rate

10−2

20 1.1323e-03 − 8.4543e-04 − 1.3359e-03 −
40 7.8151e-05 3.86 6.7004e-05 3.66 2.9481e-04 2.18
80 4.9121e-06 3.99 4.4835e-06 3.90 4.9121e-06 5.91
160 3.9052e-07 3.65 3.8212e-07 3.55 3.9052e-07 3.65

10−3

20 6.8732e-03 − 3.1500e-03 − 3.2078e-03 −
40 1.4205e-03 2.27 5.3453e-04 2.56 5.7247e-04 2.49
80 1.5664e-04 3.18 6.6171e-05 3.01 7.8495e-05 2.87
160 1.0512e-05 3.90 6.7835e-06 3.29 1.0075e-05 2.96

10−4

20 1.3235e-02 − 8.1021e-03 − 8.1061e-03 −
40 4.0135e-03 1.72 1.2239e-03 2.73 1.2293e-03 2.72
80 1.2867e-03 1.64 2.1626e-04 2.50 2.1933e-04 2.49
160 2.2603e-04 2.51 2.9021e-05 2.90 2.9955e-05 2.87

overall accuracy of the numerical results produced by the Tian-Dai scheme seems better
than the others. For ε= 10−4, the proposed difference scheme (3.7) shows a rather poor
convergence rate. With a closer inspection, we can find that the grid point at which the
maximum error occurs is approaching to the up-left corner of the boundary layer as halv-
ing the grid size, see Table 5. However, for such a grid point being fixed, the errors in the
max-norm approach to zero as h→0+. Numerical results produced by various difference
schemes for ε=10−6 with h=1/40 are depicted in Fig. 2.

Example 5.3 (A boundary and interior layer problem). This example is frequently used
in the literature of finite element methods [7]. We consider the propagation of a disconti-
nuity in the boundary data with a constant convection field a(x,y)=(1/2,

√
3/2)⊤ of size



P.-W. Hsieh, S.-Y. Yang and C.-S. You / Adv. Appl. Math. Mech., 6 (2014), pp. 637-662 649

Exact solution: ε = 10−2
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Figure 1: The contour plots of exact and numerical solutions of Example 5.1 with ε = 10−ℓ, ℓ= 2,3,4, and
h=1/40.
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Figure 2: The elevation plots of exact and numerical solutions of Example 5.2 with ε=10−6 and h=1/40.



650 P.-W. Hsieh, S.-Y. Yang and C.-S. You / Adv. Appl. Math. Mech., 6 (2014), pp. 637-662

Table 3: Errors in the max-norm of the numerical solutions of Example 5.2.

ε 1/h
Spotz [20] Tian-Dai [24] Present scheme

Max-norm Rate Max-norm Rate Max-norm Rate

10−2

20 4.2660e-02 − 1.2818e-02 − 3.6532e-01 −
40 3.8070e-03 3.49 1.3905e-03 3.20 3.8070e-03 6.58
80 2.2152e-04 4.10 8.5413e-05 4.02 2.2152e-04 4.10
160 1.4146e-05 3.97 5.5432e-06 3.95 1.4146e-05 3.97

10−4

20 1.9040e+00 − 4.2725e-02 − 5.3902e-02 −
40 1.8182e+00 0.07 2.3420e-02 0.87 4.1053e-02 0.39
80 1.6532e+00 0.14 1.2217e-02 0.94 4.4930e-02 -0.13
160 1.3661e+00 0.28 6.1416e-03 0.99 6.9154e-02 -0.62

10−6

20 1.9915e+00 − 4.2896e-02 − 4.6655e-02 −
40 1.9946e+00 0.00 2.3594e-02 0.86 2.5750e-02 0.86
80 1.9946e+00 0.00 1.2404e-02 0.93 1.3772e-02 0.90
160 1.9918e+00 0.00 6.3637e-03 0.96 7.5558e-03 0.87

Table 4: Errors in the discrete L2-norm of the numerical solutions of Example 5.2.

ε 1/h
Spotz [20] Tian-Dai [24] Present scheme

Discrete L2 Rate Discrete L2 Rate Discrete L2 Rate

10−2

20 9.2608e-03 − 2.7735e-03 − 8.2939e-02 −
40 6.7264e-04 3.78 2.4488e-04 3.50 6.7264e-04 6.95
80 4.1480e-05 4.02 1.5976e-05 3.94 4.1480e-05 4.02
160 2.5578e-06 4.02 9.9950e-07 4.00 2.5578e-06 4.02

10−4

20 1.1706e+00 − 8.9404e-03 − 1.1260e-02 −
40 7.0140e-01 0.74 3.5190e-03 1.35 6.1615e-03 0.87
80 3.2862e-01 1.09 1.3129e-03 1.42 4.8283e-03 0.35
160 1.4726e-01 1.16 4.7323e-04 1.47 5.3367e-03 -0.14

10−6

20 1.5060e+00 − 8.9578e-03 − 9.7233e-03 −
40 1.5285e+00 -0.02 3.5284e-03 1.34 3.8442e-03 1.34
80 1.4985e+00 0.03 1.3195e-03 1.42 1.4634e-03 1.39
160 1.3376e+00 0.16 4.8002e-04 1.46 5.6962e-04 1.36

Table 5: The grid point (xi,yj) at which the maximum error occurs of the present difference scheme for ε=10−4

and different grid sizes, Example 5.2.

(xi,yj) (0.05,0.95) (0.025,0.975) (0.0125,0.9875) (0.00625,0.99375)

1/h=20 5.3902e-02

1/h=40 6.1797e-04 4.1053e-02

1/h=80 1.7146e-07 8.0529e-04 4.4930e-02

1/h=160 4.1287e-08 2.4509e-06 2.1780e-03 6.9154e-02

one forming a 60◦ angle with the x-axis. In this test, we have

−ε∆u+a ·∇u=0 in Ω :=(0,1)×(0,1)
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with the boundary conditions given by











u=1 on {(x,y) : x=0, 0≤y<1}∪{(x,y) : 0≤ x≤1/2, y=0},
u=0 on {(x,y) : 0≤ x≤1, y=1}∪{(x,y) : x=1, 0≤y≤1}

∪{(x,y) : 1/2< x≤1, y=0}.

We consider the case of ε=10−4. The elevation and contour plots of the numerical solu-
tions of h=1/32 are displayed in Fig. 3, from which we find that the solution produced
by the Spotz scheme [20] is almost collapsed (cf. Fig. 3 top), even if we use a relatively
fine grid spacing. The other difference schemes are much better able to capture the interi-
or and boundary layer structures in the solution, except some oscillation appearing near
the interior layer region.

Example 5.4 (The double-glazing problem). This example is taken from [2]. Consider the
following boundary value problem:











−ε∆u+a ·∇u=0 in Ω :=(−1,1)×(−1,1),

u=0 on {(x,y) :−1≤ x<1,y=±1}∪{(x,y) : x=−1,−1≤y≤1},
u=1 on {(x,y) : x=1,−1≤y≤1}.

This is a simple model for the temperature distribution in a cavity with an external wall
that is ”hot”, where the convection field is given by

a(x,y)=(2y(1−x2),−2x(1−y2))⊤,

which determines a recirculating flow. There are two discontinuities at the two corners of
the hot wall and these discontinuities lead to boundary layers near these corners provid-
ed the diffusivity ε is small enough. When ε is getting smaller, boundary layers appear
around the whole boundary ∂Ω of the domain, as shown in Fig. 5 below.

We consider the case of ε=10−4. From the numerical results shown in Fig. 4 and Fig. 5,
we can observe that all the Spotz, the Tian-Dai and the Sanyasiraju-Mishra schemes with
h = 1/32 lose their stability due to the large condition number of the resulting linear
systems; see Table 6. However, reasonable results can be obtained if we take a finer grid
size such as h= 1/128 (cf. Fig. 5). The present difference scheme (3.7) always shows a
reasonable accuracy with a better stability.

Table 6: The estimates of condition number of various difference schemes for ε=10−4, Example 5.4.

h=1/32 h=1/64 h=1/128
Spotz [20] 2.0199e+09 5.1659e+07 3.9555e+07

Tian-Dai [24] 3.6284e+20 2.3641e+26 1.6593e+06
Sanyasiraju-Mishra [19] 1.2174e+21 1.3555e+25 1.6593e+06

Present scheme 5.3648e+05 9.4672e+05 1.8951e+06
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Figure 3: The elevation and contour plots of numerical solutions of Example 5.3 with ε=10−4 and h=1/32.

Example 5.5 (A nonlinear boundary layer problem). This example is quoted from [19].
We study the Dirichlet boundary value problem for the 2-D nonlinear equation

−ε∆u+uux = f in Ω :=(0,1)×(0,1)
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Figure 4: The elevation and contour plots of numerical solutions of Example 5.4 with ε=10−4 and h=1/32.

with the exact solution u(x,y)= ln(1+x/ε)+ey . When the diffusivity ε is small enough,
a strong boundary layer appears near the left edge of the unit square domain Ω; see the
plot of exact solution given in Fig. 6 for ε=10−2.
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Figure 5: The elevation and contour plots of numerical solutions of Example 5.4 with ε=10−4 and h=1/128.

For solving this nonlinear problem, an iterative successive over-relaxation procedure
is associated with the present difference scheme (3.7). The grid values of partial deriva-
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Figure 6: The elevation plots of exact and numerical solutions of Example 5.5 with ε=10−2 and h=1/40.

tives of the convection coefficient required in the scheme (3.7) are computed at the begin-
ning of the every iteration using the following fourth-order Padé scheme [13]

v′i−1+4v′i+v′i+1=
3

h
(vi+1−vi−1), (5.1a)

v′′i−1+10v′′i +v′′i+1=
12

h2
(vi+1−2vi+vi−1), (5.1b)

for i=1,2,··· ,m−1, with third-order boundary closures

v′0+2v′1=
1

2h
(−5v0+4v1+v2), (5.2a)

2v′m−1+v′m =− 1

2h
(vm−2+4vm−1−5vm), (5.2b)

v′′0 +11v′′1 =
1

h2
(13v0−27v1+15v2−v3), (5.2c)

11v′′m−1+v′′m =
1

h2
(−vm−3+15vm−2−27vm−1+13vm), (5.2d)

where the prime is the partial derivative with respect to x or y. The algorithm for the
nonlinear model is described in Algorithm 5.1. We remark that the iterative procedure
can be applied directly to the other difference schemes as well.

Algorithm 5.1. An iterative procedure associated with the difference scheme (3.7).

Step 1 Choose an initial approximation u
(0)
i,j which satisfies the boundary condition.
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Step 2 Compute the derivatives of the convection coefficient using (5.1a)-(5.2d).

Step 3 Solve −ε∆u+u(0)ux = f by using scheme (3.7) to obtain u
(1)
i,j .

Step 4 For k=1,2,··· , do the following steps until convergence.

Step 4.1 Set u
(k)
i,j ← θu

(k)
i,j +(1−θ)u

(k−1)
i,j , where θ is a relaxation factor.

Step 4.2 Update the derivatives of the convection coefficient using (5.1a)-(5.2d).

Step 4.3 Solve −ε∆u+u(k)ux = f by using scheme (3.7) to obtain u
(k+1)
i,j .

In our numerical simulations we take the initial approximation u
(0)
i,j as

u
(0)
i,j =

{

ln
(

1+
xi

ε

)

+eyj , if (xi,yj) is a boundary grid point,

1, if (xi,yj) is an interior grid point,

and choose the relaxation factor θ = 0.8 for all the considered schemes. All the iterative
procedures are repeated until the maximum difference between successive approxima-
tions is less than 10−5. The shapes of exact and numerical solutions for ε= 10−2 are de-
picted in Fig. 6. Further results are reported in Table 7. When the diffusivity ε is not too
small, ε=10−1 and 10−2, the Tian-Dai scheme [24] and the Sanyasiraju-Mishra scheme [19]
show a better accuracy than the others except the case of h= 1/20. However, when the
diffusivity ε is getting small, both the above schemes lose their stability due to a large
condition number at some iteration. In these cases, marked by the symbol ⋆ in Table 7,
the estimated condition number at that iteration is approximatelyO(1010)∼O(1015) and

Table 7: Errors in the discrete L2-norm and the number of iteration of the numerical solutions produced by
various iterative difference schemes, Example 5.5.

ε 1/h
Spotz [20] Tian-Dai [24] S.-M. [19] Present scheme

Discrete L2 Iter. Discrete L2 Iter. Discrete L2 Iter. Discrete L2 Iter.

10−1

20 8.0259e-4 9 5.6376e-4 9 2.2160e-5 9 8.0803e-4 9
40 6.1860e-5 9 4.5479e-5 9 1.7721e-6 9 6.1860e-5 9
80 4.0920e-6 9 3.0447e-6 9 1.4227e-7 9 4.0920e-6 9

160 2.5822e-7 10 1.9245e-7 10 1.1609e-8 10 2.5822e-7 10

10−2

20 1.7700e-1 11 ⋆ ⋆ 1.4999e-1 10
40 6.0852e-2 11 3.0825e-2 23 1.1594e-2 77 5.5609e-2 11
80 1.2342e-2 11 7.0847e-3 10 4.5323e-4 10 2.1241e-2 10

160 1.4887e-3 10 9.7372e-4 11 5.4083e-5 11 2.2440e-3 10

10−3

20 6.9924e-1 11 ⋆ ⋆ 8.8275e-1 12
40 5.4399e-1 11 ⋆ ⋆ 5.6387e-1 14
80 3.7441e-1 11 ⋆ ⋆ 3.1786e-1 15

160 1.9021e-1 11 ⋆ ⋆ 1.5170e-1 10

10−4

20 1.3612e+0 11 ⋆ ⋆ 2.0058e+0 14
40 1.1119e+0 12 ⋆ ⋆ 1.5528e+0 14
80 8.9652e-1 13 ⋆ ⋆ 1.1441e+0 14

160 7.5859e-1 13 ⋆ ⋆ 7.9630e-1 14
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Figure 7: The contour plots of numerical solutions of Example 5.6 with Re=1000 and h=1/64.

it can not be alleviated by using other relaxation factors or initial approximations. On
the other hand, at least for this example, the Spotz scheme [20] and the present difference
scheme (3.7) display a better stability when the diffusivity ε is sufficiently small, but with
a lower accuracy and a lower convergence rate.

Example 5.6 (The lid-driven cavity flow problem). In this example, we consider the lid-
driven cavity flow with f = 0 in the unit square domain Ω= (0,1)×(0,1). The no slip
boundary condition, u=v=0, is applied on all boundaries except at the upper boundary
where u= 1 and v= 0. Numerical results produced by the Spotz scheme [21], the Tian-
Dai scheme [24] and the scheme (3.7) with Reynolds numbers Re(= 1/ν) = 1000, 3200,
5000 are given in Figs. 7-9, respectively. The iterative procedure mentioned in Section 4
is repeated until the maximum difference between successive approximations of both ω
and ψ are smaller than 10−5. We note that the corner eddies are clearly shown in each
figure. These results are also compared with the well-documented benchmark results
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Figure 8: The contour plots of numerical solutions of Example 5.6 with Re=3200 and h=1/128.

given by Ghia-Ghia-Shin [3]. Some of the comparison is presented in Fig. 10. Apparently,
the computed results of the proposed scheme (3.7) show good agreement with that of the
other difference schemes.

6 Summary and conclusions

In this paper, we have proposed a high-accuracy finite difference scheme for solving
reaction-convection-diffusion problems with a small diffusivity ε. With a novel treatment
for the reaction term, we have first derived a three-point difference scheme for the 1-D
case with accuracy of O(ε2h+εh2+h3). We have extended the scheme to the 2-D case on
a nine-point stencil by using the alternating direction technique, and have showed that
the difference scheme offers an accuracy ofO(ε2(h+k)+ε(h2+k2)+(h3+k3)). Finally, the
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Figure 9: The contour plots of numerical solutions of Example 5.6 with Re=5000 and h=1/128.

proposed difference scheme was applied to solve the 2-D steady incompressible Navier-
Stokes equations in the stream function-vorticity formulation. In order to demonstrate
the high performance of the proposed difference scheme, we have presented a number
of examples exhibiting boundary or interior layers, including the lid-driven cavity flow
problem for various Reynolds numbers. The numerical results obtained were compared
with those of some higher-order difference schemes in the literature. From these compar-
isons, we have found that our scheme can achieve good accuracy with a better stability
for problems with a small diffusivity.

We conclude this paper with two brief remarks and speculation on future works.
First, the underlying idea behind the proposed difference scheme may be applied to solve
some coupled systems of reaction-convection-dominated equations [15]. Second, using
the techniques introduced in, e.g., [1, 8, 9, 12, 25], the proposed difference scheme can
be further extended to solve the unsteady reaction-convection-diffusion problems with
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Figure 10: The profiles of numerical velocity components of Example 5.6 vs. benchmark results of Ghia-Ghia-
Shin [3] for Re=1000,3200,5000.

a small diffusivity as well as the 2-D unsteady incompressible Navier-Stokes equations
in the stream function-vorticity formulation. These efforts are in progress and we will
report the results in the near future.
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