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Abstract. This paper is concerned with the pullback dynamics and robustness for
the 2D incompressible Navier-Stokes equations with delay on the convective term in
bounded domain. Under appropriate assumption on the delay term, we establish the
existence of pullback attractors for the fluid flow model, which is dependent on the
past state. Inspired by the idea in Zelati and Gal’s paper (JMFM, 2015), the robustness
of pullback attractors has been proved via upper semi-continuity in last section.
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1 Introduction

This presented is concerned with the pullback dynamics and robustness for the 2D Navier-
Stokes equations with delay, which can be written as

?; —vAu+(u(t—p(t))-V)u+Vp=f(t), (t,x)e(1,+00)xQ,

divu =0, (t,x) € (T,400) xQ), (1.1)
u(t,x)=0, (t,x) € (T,4+00) x0Q),
u(t+6,x)=¢(0), (0,x) €[—h,0] xQ,
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where the kinematic viscosity v >0, p is the unknown pressure, the external force term is
f(t), the delay function p(t) € C}(IR;[0,k]) with

0<p'(t)<M<1forallteR,

h >0 is a constant, us(s) =u(t+s), s € [~h,0], ¢(0) is the initial datum in [—£,0], and
u(t,x)=¢(0).

The research on dynamic systems for the two dimensional incompressible Navier-
Stokes equations has attracted mathematician’s attention in 1980s, which contains the
existence of attractors and its geometric structure on different domains, see [1-3] and the
literatures therein. Delay effect can be found in many aspects, such as biology, economic
and so on, which can lead to the instability of system, even if the delay is very small. Since
the motion of fluid flow is not only dependent on current state, but also the past history
such as delay and memory, which leads to the research on incompressible functional
Navier-Stokes equations and some extended models. In 1963, Krasovskii [4] first noticed
the system with delay, constructed the Navier-Stokes equations with delay and obtained
the well-posedness of system. In past decades, there were many literatures about the
hydrodynamic system with delay, especially the Navier-Stokes equations with constant,
variable and distributed delays, which can be referred to, Taniguchi [5], Hale [6], Cara-
ballo and Real [7], Garcin-Luengo, Marin-Rubio and Planas [8-10] and more literatures
therein about the fluid flow with delays.

The hydrodynamic system with perturbation is a key research point in last thirty
decades, which includes the convergence of attractors as perturbation vanishes, i.e., the
robustness of attractors via upper and lower semi-continuity, see the theory and applica-
tion in Chapter III of Carvalho, Langa and Robinson [11]. However, the lower semi-
continuity is very difficult to verify since the lack of good regularity, which leads to
the validity of upper semi-continuity for attractors as a tool to understand turbulence,
see [11-13]. In 2009, another interesting method was given by Wang [14] to obtain the
upper semi-continuity of random attractors, and Wang [15] for the pullback attractors.
For more relating results to the convergence of attractors and solutions, we can refer
to [16-18] and so on.

To our best knowledge, there are fruitful results on the dynamics for Navier-Stokes
equations and related models with delay, which illustrated the complexity of fluid flow.
However, the research on robustness of attractors for incompressible Navier-Stokes equa-
tions with delay on convective term, i.e., the convergence of pullback attractors as delay
vanishes is still open, which is our main goal in this paper. The main features of this
paper can be summarized as follows:

(1) In Section 2, some functional spaces and related conclusions on pullback D-attra-
ctors are given. The definition of upper semicontinuity of attractors for system with delay
term is presented, which is inspired by [17];

(2) In Section 3, we use the standard Galerkin method and conclusions on compact-
ness to derive the wellposedness of solutions, and determine a continuous semi-flow
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in space My = HXx (CHﬁL%/). In addition, based on the basic conclusions, the pull-
back D-attractor A= {A(t) }+er is derived after the existence of pullback D-absorbing
set B={B(f) }+er for the semi-flow in Section 5;

(3) In Section 6, we present two lemmas to show that the pullback attractors A" =
{A"(#)}ter in My and A%={A°(t) };cr in H have the property of upper semi-continuity
as h—0, i.e., the robustness of attractors has been shown.

2 Some preliminaries

21 Some functional settings

Let be E:={u; ue (C(Q))?, divu=0}, H is the closure of E in (L?(Q2))? topology, with
norm |||z =|-| and inner product (-,-), where

2
(u,v):]; /Q ui(x)o;(x)dx, ¥ u,0€ (L2(Q))>

V is the closure of E in (H!(Q))? topology, with norm ||-||y = ||-|| and inner product
((+,+)), where

ou; v;
Z / —]—]dx Vu,ve (HHQ))?,
0 dx; 0x
i,j=1
and its dual space is written as V’ with norm ||-||.. Also, V<< H < V', and there hold
<u,o>yiy=(u,0)y, YVueHCV' veV.

A:=—Pp A is the Stokes operator with the domain (H2(Q)))2NV, Py is the Helmholtz-
Leray projection in (L?(Q)))?, and

P;: H@G(Q)—)H,

where
G(Q)=H* = {ue (L(Q))% T € (L4, (Q))%: u=V}.

Especially, < Au,v>=((1,0)). The normalized eigenfunctions {w;}?, of A are defined
on the Hilbert basis of H, which possesses eigenvalues as {/\j};’il(o <A< <A L
-, Aj— 400 as j— o). The fractional power operator A® is defined as

SM:Z)\JS'QJ'CU]', s€ER, j€Z+, M:Za]‘w]‘, a]-:(u,wj),
j j
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with the domain D(A®) ={u; Au € H}, and we still use D(A?®) to denote EP“) whose
norm is written as

a3 =] A%u> =} AT |a 2.
J

Also,

V=D(A?)={u; AtucH}={u=Y ajwj; Y Ajla;* < +oo},
] j

and ]
ulli=|Azu|=|lu|, foranyuecV.

Given a Banach space X, let Cx =C([—h,0];X) with norm

[u(0)[lcx = sup [lu(6)]|x,
6€[—h,0]

L%< is Lebesgue space in the delayed interval [—/,0], and the product space My = H x
(CyNL?) with norm

1), un) 3y, = (O P+ e, + e 1
Let P; and P, be projections from My to H and CyNL2, that is
P My=H, P,Mp=CynL3.
And we define the bilinear and trilinear operators B(-,-), b(-,-,-) given by
B(u,v):=P.((u-V)v), YuveE,

(u,0,w) Z/ul

i,j=1

d
Y w]dx— (B(u,v),w)

respectively, where B(u,?) is a linear continuous operator from V to V', and for all u,v,we
V there hold

b(u,0,0)=0,
b(u,0,w)=—-b(u,w,v), (2.1)
[b(u,0,w)| < Clu|2 ul| 2 o]l ]2 ]2,
Lemma 2.1. (The Lions-Aubin Lemma [19]) Let X,Y and Z be three Banach spaces, X and Y
are reflexive, X ——Z—Y, 1 <po,p1 <oo, and T > T is a fixed constant. If a bounded sequence

{un} satisfies that u, € LP(t,T;X) and % €LP (1, T;Y), then the sequence {u, } is precompact
in LP(7,T;Z).

Lemma 2.2. (The Lions-Magenes Theorem [19]) For 1 < p < 400, 1/p+1/p' =1, u e
LP(T,T;V), and Su € LY (t,T; V'), then u € C([t,T];H) (if necessary, some function values
could be changed in some set of zero measure in [t,T]).



Robustness of Pullback Attractors for 2D Incompressible Navier-Stokes Equations 29

2.2 Some conclusions about tempered pullback dynamic system

Before analyzing our model, we recall briefly some interesting results on pullback D-
attractors, which can be found in [11, 15,20].

Definition 2.1. Let P(X) be the family of all nonempty subsets in X, and D is a nonempty class
of families {D(t) }ter C P(X). Then D is called a universe in P(X).

Definition 2.2. Let be a metric space (X,d), R% = {(t,7) € R*|t < t}, and a family of two-
parameter mappings {U(-,-) } : R3x X — X is called process in X if

(i) U(t,7)=1d;

) U(t,HU(l,t)=U(t,1), VT<I<t

Definition 2.3. Let X be a Banach space, the process {U(t,T)|t > T} is said to be continuous in
X if the mapping U (t,T): X — X is continuous.

Definition 2.4. The family of subsets Dy = {Dy(t) }+er is said to be pullback D-absorbing for
the process {U(t,T)} in X if for any {D(t) }ter € D and any t €R, there exists T(t,D) <t such
that U(t,7)D(7) C Dy(t) for all T <t(t,D).

Definition 2.5. A process {U(t,T)} in X is said to be pullback D-asymptotically compact if for
any t € R, any sequence {1, } C (—o0o,t] with T, — —oc0 as n — +o0, and {u,} C D(1,), there
holds that {U(t,T,)uy} is relatively compact in X.

Definition 2.6. A family of compact subsets A= { A(t) }+er is called the pullback D-attractor
for the process {U(t,T)} in X, if for any T<t€R,
(i) A is invariant (U (t,T)A(t)=A(t));
(ii) A is pullback D-attracting, i.e.,
lim distx(U(t,7)D(1),A(t))=0.

T——00

Theorem 2.1. (See [8]) Let {U(t,T)} be a continuous process in a Banach space X, and D is a
universe in P(X). A family of subsets Dy={Dy(t)|t€R} is pullback D-absorbing for {U(t,T)},
and {U(t,7)} is pullback D-asymptotically compact in X. Then the process {U(t,T)} possesses
the pullback D-attractors A={A(t) }ier in X, where

A=A(D,H) =) (U U(t,r)D(r)) .

Remark. For a family of closed sets C = {C(t) }+cr which satisfies that
Tlirg distx (U(t,7)D(7),C(t)) =0,

if there always holds that A C C(t), then it is said that the pullback D-attractors A =
{A(t) }+er is minimal.
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If AC D, then it is said that the pullback D-attractors A ={A(t) }+cr is unique. And
the sufficient condition for A C D is that Dy € D, D(t) is closed for any t € R, and D is
inclusion-closed.

To study the relationship among the pullback attractors, we provide the following
definition of upper semi-continuity and related conclusion, see [11].

Definition 2.7. Suppose that X and A are metric spaces, and { A)} e is a family of subsets
of X. Then it is said that the family of subsets { Ay} has the property of upper semicontinuity as
A—=Agin X if

lim dist =0.

/\gr/%o 1S X(AA/A)\O) 0

Theorem 2.2. Suppose that, A € [Ag,Ao+1), {SA(-,-) } is a family of processes such that
(i) Sx(-,-) has a pullback attractor A (-) for all A € [Ag,Ao+1);
(ii) For any t € R, any T >0, and any bounded set D C X,

sup  d(Sa(t+s,t)ug, Sy, (t+s,t)ug) —0as A — Ag;
s€[0,T], upeD

(iii) There exist 6 >0 and ty € R such that

U UAxG)

A€(Ao,Ao+8)5<to

is bounded. Then the pullback attractors have the property of upper semicontinuity as A— Ag: for
eacht€R,

1i . —0
/\l_g\lodlSt(AA'A?\o) 0

Remark. Considering the incompressible Navier-Stokes equations, the nonlinearity of
convective term leads to that we can not use the above method to study the upper semi-
continuity of pullback attractors directly, and thus the technique in Zelati and Gal’s paper
[18] has been introduced and applied to achieve our goal.

3 Wellposedness

3.1 Abstract form and weak solution

The problems (1.1) can be written as the abstract equivalent form

aatu—i—vAu—i—B(u(t—p(t)),u):PLf(t), (3.1)
u(t+0,x)=¢(0), (6,x) € [—h,0] x Q).
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Definition 3.1. A solution u: [t,00) — H is called the weak solution to (3.1) if there hold
() ue C([t—h,T;H)NL (T, T;V), & e L2(17,T;V");
(ii)) u(t+6,x)=¢(0), 6 € [—h,0];
(iii) for any v €V and s,t € [t,T) with s <t, there holds

(u(t),v)—H//t<Au(l),v>dl+/t<B(u(l—p(l),u(l)),v>dl

S

t
—(u(s),0)+ / (PLf,0)dl; (32)
(iv) for any T > T, the energy inequality holds in the distribution sense that
1d
5> g O PHvlu(B] < (fu(®). (3.3)

Also, the inequality (3.3) can be understood in the way that there holds for any posi-
tive test function ¢ € C3°[7, T| that

T

—;/TT|u(t)|21p’(t)dt+v/TTHu(t)||21,b(t)df§/T (fu(t))p(t)dt. (3.4)

3.2 Existence, uniqueness and continuity of solutions
To study the well-posedness of solutions, we first assume that
t
/ e|f|*ds, O<r<uv.
Theorem 3.1. Let (u(7),$) € My, then there exists a unique weak solution u(t;tT,p(0)) to
system (3.1) on [T—h,T].

Proof. We first use the standard Faedo-Galerkin method to establish the existence of so-
lution to (3.1).

Step 1: Approximation solution. Consider an orthonormal basis {ej}]?’il of (L2(Q))?
which is dense in space V. Fix m > 1, write X,, =span{ey,---,en }, and define

Pyu= i(u,ej)ej, Yue(L*(0))>
j=1

We also assume that u, (t) =)Y_i_1a,(t)e; satisfies for a.e. t > T that

t t
<Ay, ;> ds+/ b(um(s—p(s)),um,ej)ds
T T

= (um(T)'ej)+/t(PmPLf(S),ej)ds, (3.5)
U (T40,x)=¢n(0), (0,x)€[—h0]xQ,

(1 (1)) +v |
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where
U (T+0) = Ebm]e]—np 0) in H,

and
PmPLf(t) —)PLf(t) in H as m — +o0.

From the basic conclusion of ordinary differential equations [21] we know that the system
(3.5) has a unique solution on some local interval [T —h,t,,), where t,, € (T,00).

Step 2: Priori estimate. Letting T <T <t,,, from (3.5) we obtain that
d 2 2 2, 1 2
57 |~ 420 |7 < 2wt || f] < VA |14 +m|f\ , aete[rT],
ie.,
d 1
e P L 36)

Using Gronwall’s inequality, we obtain
[ (1)2 <&M u(7) 2+ ZAZ 12, (3.7)

t
v [l Olldk < () + - [, 9
S UA]_ S
it follows from (3.7) and (3.8) that t,, = co for all m, and
U €LY (T—h,T;H)NL*(t—h,T; V).

Also, if we integrate (3.6) from t to t+6, 6 € [—h,0], from the fact that ¢ € Cy we have

| )e 12, <llp(0) |2, + /|f|2ds

For any v € V, there holds

| <B(um(t —P(t))/um),v>\
_/ i (E—0(£)) V011 dx < C it (£ — ()| 1|V 0 |16,

then
[|B(um (t=p(#)),m () [v: < Cllum (t—p(£)) || Lo 6m] < Clitm],

it follows that
B(um(t—p(t)),um) € L*(T,T; V).
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Since Au,, € L>(t—h,T;V’), and

%Mm =—VAuy— Bty (t—p(t)),um)+f(t),

we have %um €L(T,T;V").
Step 3: Limit procedure. From the Lions-Aubin lemma we obtain that there exist func-

tions u € L®(t—h,T;H)NL?(t—h,T;V), u; € L*(t,T;V'), and up € L?(7,T;V’) such that

Uy — U, weakly star in L®(t—h,T;H);
Uy — U, weakly in L2(t—h,T;V);
Aty — Uy, weakly in L2(t—h,T;V');

0 3.9
gum up,  weaklyin L2(7,T;V'); (59)
Uy — U, strongly in L?(7,T;H);

Up(s) —u(s) inQr (ae.),

and from the compactness results we can obtain u; = Au, up = %u. Also, the Lions-
Magenes Theorem can lead to that u,, € C([7,T];H).
Also, from (3.9) and the Sobolev interpolation inequality we can obtain that

1 1 1
[t () |3 (00) < Clltm ()7 - [ (£) |2 < Cl[um () ]|,

and uy,(t) € L*(t—h,T;L*(Q))), it follows that u,, (t—p(t))un(t) is bounded in L2(t,T;H),
which means there exists a subsequence (also written {u,, }) such that

U (t—p ()t (t) = u(t—p(t))u(t) weakly in L*(t, T; H).

In addition, u, (t—p(t))um(t) —=u(t—p(t))u(t) weakly in L>(Qr), and for any v€ V there
holds

T
/ bt (t—p(t)), Um0 dt—/ Z/umZ t)) Djttyjvidxdt
T T

i,j=1

//umZ vaum]dxdt—> Z/ /ul DU]u]dxdt

ij=1 ij=1
—/ )),u,v)dt. (3.10)

From (3.9), we can also obtain that for any v V,

T T

< At (t),0>dt— (u(t),0) +v / < Au(t),0>dt, (3.11)

T

(e (£),0) +v /

T
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and passing to the limit in (3.5)can lead to that u satisfies (3.2) and (3.3).

Step 4: Continuous dependence on initial data. Suppose that u and v are two solutions
to (3.1) with initial data ¢; and ¢, in [—h,0] X Q) respectively, we denote w(t) =u(t) —v(t),
and there holds

0 v Bu(t—p(t))1) ~ B(o(t—p(1)),0)=0.

Noting that

aat—l—vAw—i-B( (t—p(t)),u)+B(v(t—p(t)),w)=0. (3.12)

Multiplying (3.12) by w, we obtain

d
Sl 2vlwl <2lb(a(t—p(t)),uw)

< Clw(t—p(t))|2 [w(t—p(t))]|2 ||| |w]|? ||
< Cesssup [w(r)|[[u| [w(t—p(t) || w(t)| 2

relt—h,t]

C
< —esssup [w(r) [ |lul|*+e[|w(t—p(6)) | [[w(t)]]
re(t—h,t]

C 2 2 €2 2,V 2
< =esssup w(r) P ul2+ 5 [w0(t—p(0) [+ 5 ()],
re[t—h,t]

which implies

d 3v C €2
|w|*+ l\wll2 —esssup |w(r) |*[|u]l*+ = lw(t—p(t)) || (3.13)
dt € re[t—ht 2v

Choosing e =v+/1—M and integrating (3.13) over [7,t], we get

v t
w(BP =@ P+ [ olfds

—/ esssup]w () [*{|u(s) szs—i— /Hw s—p(s))||*ds
s—h,s]

2 ¢
= [ esssup |w(r)*||u(s 2d5+87/ w(s)||?ds
/ hI;’]’ )| (s) ] 2= M) T_hH (s)ll
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t T
esssup |w u(s 2ds—kz/ w(s 2ds—kz/ |w(s)|*ds
V\/li/re[s hI;” )P [us)]| 2. [w(s)]] 7).

ie.,

t
w(t) |2—|—v/ lw|2ds

D [ ole) s+ [ esssup a(r) B(1 u(s) )

rels—h,s]

and

v
esssup|w(1’)|2SHwTHZCH+§HwTH 2 —|—C/ esssup |w(r) WA+ |lu(s)||*)ds
re(t—h,t] re[s—h,s]

By the Gronwall inequality, we conclude that

t
esssup [w(r)|* < (||4>1—¢z||?:H+%H¢1—¢2Hizv) 'eXp(C/T (1+|u(s)[*)ds),

relt—h,t|

from (3.15) we can also have

t
v [ lolPds <(lpr—¢all2, +5 61— 2l
t t
(1+Cexp(C [ (1+u(s)]2)ds) [ (1+Ju(s)]2)ds)

35

(3.14)

(3.15)

which leads to the continuous dependence on initial data, and the uniqueness of solu-

tions holds naturally.

4 Regularity of solution

O]

In [22], the regularity of solution to the 2D non-homogeneous Navier-Stokes equations
in non-smooth domain was derived, and in the same way we can study the system (3.1)

and obtain the conclusion as follows.

Theorem 4.1. Let (u(7),¢) € My, and u(t) is the solution to system (3.1) as in Theorem 3.1,

then u(t) € L®(t,T;D(A%)).

Proof. We also use the Faedo-Galerkin method to consider the regularity of solution.

Step 1: Priori Estimate. From (3.5) we get fora.e. t > T

% < um,A%um > +V<Aum,A%um >ds—f—b(um(t—p(t)),um,A%um)
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=< (D), A}ty > (4.1)

and from the Sobolev embedding inequality, Holder inequality and Young inequality, we
can also derive

3|A%um(t)\2+zv|A%um|2
<2/ U (¢ VumAZumdx+2|f\|A2um|

<Cllttm (t—0(8)) | o |t || | AZ i || 3 421 f || AZ 4]
<C| ATty (£—0(£)) |||t ||| AT th| +C ] -| ATt

3 C 1 C
§V\A4”m\2+;\A4“m(t—P(t))’2\\“m\\2+m’f’2z (4.2)
1

ie.,

d 1 3 C 1 C
a|A4um|2+v|A4um|2§;HumH2|A4um(t—p(t))|2+VA%/2|f\2. (4.3)
Integrating (4.3) over [s,t], we obtain that

t
\A%um(t)y2+u/ | Ay Pk
S

1 Crt 1 C
< Ak ($) P+ [ 1A (k= (0) P 1 (1) Ptk +— 75 P ()
§ 1

C rt 1 C
< | A ()P [ esssup Ay (ko) Pl () Pk~ FP(t—s), (44)
S kye[k—ik] vA

which means
2

esssup |A%um (k)|
ke[t—h,t]

t
gg esssup | AF i (k1) 2|t (6) [P+ A ue(5) [+
S ki€lk—hk]

C
—alflft=s), 45
1

and applying the Gronwall lemma lead to that

esssup |A%um(k) ?

ke(t—h,t]

1 C C t
| Ay, (5)‘2_1— 1/)L%/z |f|2(t_5)] ‘eXp (V/s (|14 (k) ||2dk> . (4.6)
Also, Combing (3.7) and (3.8), we have

t 1 1
v/s ||um(k)|‘dk§|u(T)’2—|-TA1|f|2 (t—s+w\1>. (4.7)

<
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Lett—s= ﬁ, we use the technique as shown as in Theorem 4.11 in [22] and show that,
in any interval of length ﬁ, there exists k such that

2 2
Jin(8) P <201 () P+ 2L “8)

which, with (4.6) and (4.7), can lead to that

1 1 C 2 C 2
sup |4, (1) < (Mf |u<r>rz+vz'§/z) exp [ <1u<r>2+'f'>] )

212
£>1/vA V2AS

Step 2: Limit procedure. From (3.9) we know
Uy —u, weakly in LZ(T—]’I, T;V),

the fact that V < D(A!/*) is compact leads to there is subsequence (still written {u,,})
satisfying

IS,

Uy — U, strongly in LZ(T,T;D(A

))-

It thus follows that there exists another subsequence {uy, } such that
Up; —> 1 in D(A%) fora.e.t,
which leads to fact that

sup |Asu(t)|<C,
t>1/vAq

and the conclusion holds naturally. O

5 Existence of pullback D-attractors A

From Theorem 4.1 we know that the system (3.1) generates a continuous semi-flow S(t,7)=
(u(t,7),u’(t,7)) in My by

S$(t,7)(u(1),@) = (u(t),us).

To obtain the pullback D-attractors, we must establish the existences of pullback D-
absorbing set and the pullback D-asymptotic compactness of semi-flow. We first provide
D to denote a class of all families { D(t) }+er C P(Mp) satisfying

lim ¢7  sup |u(7)]*=0, 0<r<v.
T (u(v)9)eD(x)
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5.1 Pullback D-absorbing sets in My

Theorem 5.1. Assume (u(7),¢) € My, the semi-flow {S(t,T)} to system (3.1) possesses a
pullback D-absorbing set B={B(t) }+cr in My, where

B(t)=Br(0,pm(t)) % (Bc, (0,00(t))NB2 (0,012 (1)),
in which

1 t 1 1 t
2 _ = —rt rh rs| £]2 2 — -2 2
Ph(=1t e [ lfPds, ()= 1ph(0+ o [ IfPds,

Proof. Multiplying (3.1) by u, we obtain
Ll 2]l <2full | < v+ £
dt - B VA !
ie.,
d 2o L
— < — 1
Sl < 1P 6)

d rt 2 rt 2 1 rt 2
— < — . .
g P =) ul? < e f (5:2)

Integrating (5.2) on [7,t], we have

rt ot
u(t)P<eONu(r)P+S - [P,
1/)\1 T

which means there exists 7(D,t) < t—h such that, for t<7(D,t),

1 t
(P <14 e et [ oI fPds =g (e,

Also, we can derive that
lue|[, <ph(t), T<T(D1).

From (5.1) we obtain
v ) Pas<lue-mPe [ Ps 63)
t—h VAL Jtn
and there holds
2 1 2 1 ! 2 2
luely < b0+ ooy [ 1Pds=ph (1), T<T(D),

and the conclusion holds. O
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Remark 5.1. For the process U°(t,7), it has the pullback D-absorbing set B°={B%(t)};cr
in H, where

—rt ot
Bo(t):{u(t)eH; |u(t)|2§p%(t):1+i/\1/_ooers|f\2ds}. (5.4)

For the process U" (t,T), it has the pullback D-absorbing set B" ={B"(t)};cr in Cj, where

—rt th ot
B ()= {meCu P <=1+ [ evirpas), 55)
1 —00

And there holds

limsupp, (t) = p§(#). (5.6)
h—0

5.2 Pullback D-asymptotic compactness of S(¢,7) in My

Theorem 5.2. Let (u(7),p) € My, then the semi-flow S(t,T): My — My generated by the
system (3.1) is pullback D-asymptotically compact.

Proof. For any family D ={D(t)};cr in D, the sequence {t,} C (—oo,t] satisfies T,, — —o0
asn—oo, {(u(7,),¢")} CD(7,), and we write u" (-) =u(-;T,,u(w),¢").

Step 1. We establish the weak convergence of {u"(t,x)} in [t—h,t] and in H for any
arbitrary fixed t > T respectively.

From the conclusions and techniques in Theorems 4.1 and 5.1, we know there exists
T(D,t) <t—3h—1 such that, for T < T(D,t),

d
{u"y CL®(t—3h—1,6; H)NL*(t—2h—1,t;V), {at(u”)} CL*(t—h—1,tV").
Which together with the compactness Lemma and the diagonal procedure can lead to
that there exists a subsequence (written also as {u"}) satisfying

u" —u weakly star in L*(t—3h—1,t;H);

u" —u weakly in L2(t—2h—1,tV);
;unéiu weakly in L2(t—h—1,1;V"); (5.7)
u" —u strongly in L?(t—h—1,t;H);

u"—uin H, a.e.s€ (t—h—1,t).

Thus, from (5.7) we can conclude that u € C([t—h—1,t|;H) is a weak solution for system
(3.1) with the initial datum u(t—h—1).
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Since {u"} CL®(t—h—1,5;D(AY*)) and { & (u")} CL?(t—h—1,t;V"), the Aubin-Lions-

Simon Lemma leads to that
u" — u strongly in C([t—h—1,t];H). (5.8)

It thus follows for any {s, } C [t—h—1,t] with s, —s & [t—h—1,t] that

u"(sp) —u(s) weakly in H, (5.9)
and there holds that
. in
hnn_1>10r01f|u (sn)| > |u(s)|. (5.10)

Step 2. We establish the strong convergence of sequence {u"(s,)} in C([t—h,t|;H) for
any sequence {s, } C [t—h,t] with s, —s as n — +oo.

According to the energy equality for u" and 1, we define the following two functionals
in[t—h—1,t]

W) =l 6P [ (Fat)r, (5.11)

1= lu P [ (Fut)r 612

—h—-1

which are continuous and non-increasing in [t —h —1,t|. From (5.7) we know as n — +o0
that

/ts Fu'())dr— [ (Fu(r)dr, (5.13)

—h—1 t—h—1

it follows that
Ju(s)—J(s) ae.se(t—h—1,t), (5.14)

which means that, for any >0, there exists a constant N such that, for any > N and any
sequence {s,} C[t—h—1,],

[Ju(sn) =T (sn)| < 5. (5.15)

N ™

Also, the uniform continuity of J(s) with respect to s can lead to that for any & >0,
there exist a constant N such that, for any n > N and any sequence {s,} C [t—h—1,t]
satisfying s, —s,

J(sn) =] (s) < (5.16)

N ™
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Letting N =max{N,N} and using (5.15) and (5.16), we can obtain for n> N that

[Jn(sn) =T ()| < |Julsn) =T (sn) |+ 1] (s0) =] (s)| <e. (5.17)

It thus follows for any {s, } C [f—h—1,t] that

limsup [, (sn) <J(s), (5.18)

n—o0

which can lead to the strong convergence of {u"(s,)} in C([t—h,t];H) by using (5.10).

Step 3. We establish the strong convergence of {u"(s,,)} in L?(t—h,t;V) for any sequence
{sn} C[t—h,t] with s, —s as n— +o0. For u" and u, there hold

WP [P e-nie2 [ G o, 619

t
t—h

|u(t)|2+21// Hu(r)szr:|u(t—h)|2+2/tth(f,u(r))dr. (5.20)

Combining (5.7), (5.19) and (5.20), we can derive that as n — 40

t t
2v / " () |[2dr = 2 / u(r)|2dr, (5.21)
t—h t—h

and the strong convergence of {u" (s, )} in L?(t—h,t;V) can be derived by using (5.7) and
(5.21).

To sum up, from the upward three steps we can obtain that the semi-flow {S(#,7)}:
Mg — My generated by the system (3.1) is pullback D-asymptotically compact. O

5.3 Existence of pullback D-attractors

In Theorem 4.1 the continuity of semi-flow {S(#,7)} generated by system (3.1) is derived,
the pullback D-absorbing sets are established in Theorem 5.1, and we show that {S(¢,7) }
is pullback D-asymptotically compact in Mpy. According to Theorem 2.1 or the technique
as in [17], we obtain the conclusion as following.

Theorem 5.3. Assume (u(7),$) € My, the semi-flow S(t,T): My — Mpy generated by the
system (3.1) possesses the pullback D-attractor A={A(t) }+er in My, and the pullback attractors
corresponding to the processes U°(t,T) and U"(t,7) exist respectively, where

A'=p A, A'=pA.
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6 Upper semi-continuity of pullback attractors

When /=0, the system (3.1) can be reduced to the following system

;tu+uAu+B(u,u) =f(t), (6.1)
u(t,x)=¢(0), xeQ.

In the following way, we intend to establish some results on the convergence of pull-
back attractors A" to system (3.1) and .A° to system (6.1) as 1 —0. In view of the complex-
ity of problem in the case of strong topology in H, we use the concept of weak topology
of L? to consider the convergence problem, denote the metric by d$; in H in which the
weak topology on bounded sets is metrizable, and give the corresponding definition of
upper semi-continuity as follows.

Definition 6.1. It is said that a family of subsets { A"(t)}icr in H has the property of upper
semi-continuity if

lim sup disty(A"(t),A%(t))=0, foranytcRR,

h—>07h§9S0

where

disty;(E,S) =supinf ||¢(0)—¢||y, YECH,SCH.
(PeEq)ES

Lemma 6.1. Let {h,} C (0,h] be any sequence such that h, — 0 as n — +00, (Uru,¢n) € My,
and Uy, ur y is the solution to the system (3.1) with h=h,,. Assume that u:[t,+oc0) — H is the
solution to system (6.1), then there exists a subsequence {ny }renN such that

lim d$(UMkue,u(t))=0, Vt>T.
k— 400

Proof. Similar to the proof of Theorem 4.1, we can show that, for every T > 7, the sequence
of solution {u, (t)=U"u,} satisfies

{u,} CL®(t—h,T;H)NL*(t—h,T;V), {;un} CL*(t,T;V').
And there exists a function u: [T,+0c0) — H satisfying

{u(t)} cL®(t—h,T;H)NL*(t—h,T;V), {aatu(t)} CL*(t,T; V"),

with

uy —u, strongly in L2(t,T;H);
u, —u, weakly in L2(t—h,T;V).
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For each n €N and any s,t € [t,T|, we have
t
(it (£),0 )+1// (Adu, (1), Aro)dl + <unl—p(l)-Vun(l),v>dl

)+ / (fo)dl,  VoeV. 6.3)

From (6.2) we know that the pointwise convergence holds in H for any t€[t,T], which
means

(un(t),0) = (u(t),v), for any v € H as n — +oo,

and

t t
1// (A%un(l),A%v)dl%v/ (A%u(l),A%v)dl as n— +oo,

S

it thus follows that
(u(t), )—H// (Abu(l),Ao) dl+/ <u(l)-Vu(l),o>dl

)+ / I, VeV, (6.4)

which means u is the weak solution to system (6.1).
For any n € N, u, is the weak solution to system (3.1) with h = h;, then from the
definition of weak solution we know

_;/TT|un(t)|2¢/(t)dt+v/TT||un(t)sz(t)dt:/TT(un(t),f)tp(t)dt, (6.5)

for any T > 1 and any positive function ¢(f) € C5°(7,T). To gain our ends, we need to get
the convergence of each term in (6.5).
Since |u, (t)]?>— |u(t)|> as n— +oo for almost all ¢ € [, T], and the sequence {|u,(t)|?
¢'(t)} C LY(7,T), the Lebesgue dominated convergence theorem can lead to

T T
/ |un(t)|21p’(t)dt—>/T ()29 (1)dt, as n— +oo.

We use the conclusion (6.2) again, and from the property of weak convergence we have
T T
v [P timiny [ (0 Py(e)de
T n—r+00 T

Hence, it yields

—;/TTIu(t)|2¢/(t)dt+v/TT\!u(t)||21p(t)dt:/TT(u(t),f)gb(t)dt, (6.6)

which is just the energy inequality for 1, and the conclusion holds naturally. O
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Lemma 6.2. Let (u(7),p) € My, B"={B"(t)}icr is the pullback absorbing set of U"(t,T)
in My to system (3.1), and B° = {B°(t) };cR is the correspondingly pullback absorbing set of
U°(t, ) in H to system (6.1), then

limdists; (U"(t,7)B", U°(t,7) B°) =0.
h—0
Proof. In the following way, we use the proof by contradiction to obtain the conclusion.

Assume that there are t > 7, the sequence {h,} C (0,1), where h, —0 as n — +o0, and
Uz, € B'(T) € B such that for any n €N

inf  distS (U™ (t,7)ur,,0) >e.
velO(t,t)B0 H( ( ) o )_

Then, for any v e U°(t,7)B°, we obtain that for any n € N

disty, (U™ (t,T)tur0,0) >,
which is a contradiction with Lemma 6.1. O]
Theorem 6.1. Let (u(7),¢) € My, A"={A"(t)}cr is the pullback attractor of U"(t,T) in CyN
L2, to system (3.1), and A°={ A°(t) }1er is the correspondingly pullback attractor of U°(t,7) in

H to system (6.1), then
limdistf; (A",.4%) =0.
h—0

Proof. Ttis known that A°={A°(#)};cR is the pullback attractor of U°(t,7) in H to system
(6.1), from the definition of pullback attractor we know that, for any arbitrarily fixed
constant € > 0, there exists T, <0 such that

dists, (U°(t, 1) B®, A%) < %

From the upper lemma we know that there exist 0 <h, <1 such that for h <h,
disty, (UM (t,7) B! U°(t,7.) BY) < g
And the conclusion
u'(t,t)A(t)=A(t), AtcB!
leads to
disty; (A", U°(t,7.) B®) =disty, (U™ (¢,7.) A" U (t,7.) BY)
<dist; (U"(t,7.)B", U°(t,7.) BY), (6.7)

which implies that

disty; (A", U°(t,7.)B°) <

N[ ™

In addition, the triangle inequality
dist?; (A", A%) < disty, (A", U°(¢,7.) B%) +dist, (U (t,7.) B, U° (t,7.) B°)

ensures that the conclusion holds. O
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6.1 Further research

The convergence of pullback attractors A" to system (3.1) as i — 0 has been attained in
weak topology, which implies the robustness of dynamic system. Whereas the topology
here we considered is weak, what about the case of strong topology? Can we obtain
the structure and stability as in [23], and pullback dynamics on Lipschitz-like domain as
in [24]? This is the objective we want to be next.
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