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1 Introduction

Since Granger [17] and Engle and Granger [13], the cointegrating time series has
been a leading topic in the literature of economics. Numerous economic models,
such as consumption function, purchasing power parity, money demand func-
tion, hedging ratio of spot and futures exchange rates, and yield curves of dif-
ferent terms of maturities, have been shown to have the cointigrating structure.
The partially nonstationary Vector AR model or cointegrating time series models
without GARCH effect have been extensively discussed over the past decades,
see for example, Phillips and Durlauf [37] and Stock and Watson [43] in early
years. Recently, Wang and Phillips [46] proposed a specification test for nonlin-
ear non-stationary models. Kristensen and Rahbek [22] analyzed estimators and
tests for a general class of VEC models that allows for asymmetric and non-linear
error correction. Wang [45] established a martingale limit theorem for non-linear
cointegration systems. Cavaliere et al. [9] considered bootstrap tests on the coin-
tegration rank in vector AR models. Liang et al. [28] investigated local linear
estimation of a nonparametric cointegration model. Cavaliere et al. [8] investi-
gated a number of methods for estimating the cointegration rank in integrated
vector AR systems with unknown AR order. Cai et al. [7] studied a new class of
bivariate threshold cointegration models. Johansen and Nielsen [20] studied non-
stationary cointegration in the fractionally cointegrated VAR model. Lin et al. [29]
considered a double-nonlinear cointegration. She and Ling [40] studied a heavy-
tailed VEC model. A recent overview on times series cointegration was given by
Johansen [19].

Economic and financial time series often exhibit time-varying variances, cal-
led ARCH-type volatilities. Since Engle [11] and Bollerslve [4] proposed the
ARCH/GARCH models, this kind of time series models have been extensively
studied and applied in financial markets, see a nice review in Francq and Za-
koian [14]. Ling et al. [31-34], Seo [39] established the asymptotic theory of the
quasi-maximum likelihood estimator (QMLE) of unit root with the GARCH er-
rors. Li et al. [27] investigated vector time series that exhibit both cointegration
and time-varying variances. Li and Li [26] studied least absolute deviation esti-
mation for unit root processes with GARCH errors. Chan and Zhang [10] pro-
vided an inference procedure for unit-root models with infinite variance GARCH
errors. Lange [23] and Lange et al. [24] studied estimation and asymptotic in-
terence for the AR-ARCH model. Shinki and Zhang [41] established asymptotic
theory for fractionally integrated asymmetric power ARCH models. Zhang and
Ling [48] established the asymptotic inference for AR models with heavy-tailed
G-GARCH noises. Zhang et al. [47] studied an AR(1) model with ARCH(1) errors.
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This paper is to study a partially nonstationary VAR model with vector
GARCH noises. We study the full rank and the reduced rank QMLE of parame-
ters in the model. It is shown that both QMLE of long-run parameters asymptot-
ically converge to a functional of two correlated vector Brownian motions. Based
these, the likelihood ratio (LR) test statistic for the cointegration rank is shown to
be a functional of the standard Brownian motion and normal vector, asymptoti-
cally. The critical values of the LR test are simulated via the Monte Carlo method.
As far as we know, our test is new in the literature.

The remaining part of this paper proceeds as follows. Section 2 gives the
model and assumptions. Sections 3 and 4 study the full rank and the reduced
rank QMLEs, respectively. Section 5 studies the LR test for the cointegration
rank. Section 6 presents the method of simulating critical values. Section 7 re-
ports the results from Monte Carlo experiments and Section 8 gives an illustrative
empirical example of three interest rates. Conclusion is in Section 9. All the tech-
nical proofs are given in Appendix A. Throughout, —  denotes convergence
in distribution, O,(1) denotes a series of random numbers that are bounded in
probability, and 0, (1) denotes a series of random numbers converging to zero in
probability.

2 Model and assumptions

We consider an m-dimensional autoregressive (AR) process {Y;}, generated by

Yi=®1Y; 1+ + DY} s+, (2.1)

&= (glt/'“/emt)// q p (22)

et =it/ hir—1, hi—1=ajp+ Zaijszzt—j + ) bithit—1—k (2.3)
=1 k=1

where ®;’s are constant matrices. In (2.3), 17: = (714, mt)" is a sequence of inde-
pendently and identically distributed (i.i.d.) random vectors with zero mean and
E(111;) =T =(0ij)m=m, a positive definite matrix with 0;;=1 and ¢;j=0j;. It is easy
to see that

E(et|Fi—1)=0, E(ere;|Fi—1) =Vi_1=Dy_1I'Dy_4,

where

Fio1=0{ys,s=t—1,t—-2,...},

D 1= diag(v TR PR, hmt—l) .
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Vi_1 is the time-varying covariance matrix with constant correlation. The pro-
cess g in (2.2)-(2.3) is the multivariate generalized autoregressive conditional het-
eroskedasticity (GARCH) process proposed by Bollerslev [5] and has been widely
used in the literature, for example by Tse [44]. As a referee commented, there is
no cross-sectional dependence in the model structure of the multivariate GARCH
(2.3). This is a strong restriction. Without this, it will be more difficult to work
out the asymptotic theory of the estimated parameters and need to be further ex-
plored in the future. For example, ones may consider to extend the results in this
paper to other types of GARCH noises such as BEKK or DCC-GARCH noises.

Denote L as the lag operator and define ®(L) =1, — ;5:1<I>]'Lj . We first make
the following assumption.

Assumption 2.1. |®(z) |=0 implies that either |z|>1orz=1.

Define

S
Wi=Yi—Yi1, @f=— ) &, C=—q>(1)=—<1m—2q>j).
k=j+1

By Taylor’s formula, (L) can be decomposed as

O(z)=(1—2)Iy —Cz—s_zlcbj(l—z)zf. (2.4)

j=1
Thus, we can reparameterize process (2.1) as

s—1
Wi=CY;_1+ Zq>7wt_j+st. (2.5)

j=1

Following Ahn and Reinsel [1] and Johansen [18], we can decompose C = AB,
where A and B are respectively m X r and r x m matrices of rank r. Define d=m—r.
Denote B, as a d x m matrix of full rank such that BB', =0,,4,B= (BB’)"'B and
B, =(B; B )7!'B,,and A, asan mxd matrix of full rank such that A’A| =0,
A=AAA)Tand A=A, (A A))"L

We further impose the following condition.

Assumption 2.2. | A’ (I, — z;;ll ®*)B [#0.
From the proof of [18, Theorem 4.2], we have the following decomposition:

B Y=B|Y; 1+uy, BYi=uy, (2.6)



68 C.Sin, Z. Mi and S. Ling / Commun. Math. Res., 40 (2024), pp. 64-101

where

p(2)=[(AL4)@()(B), B (1-2)")] ",
where 1(z) exists by Assumption 2.2, see [18, p. 51]. Thus, B, Y; is I(1) while BY;
is I(0). Under Assumption 2.1, model (2.1) or (2.5) is not stationary. But since BY;
is stationary if ¢; is stationary, we call process (2.1)-(2.3) a partially nonstationary
VAR process with vector GARCH noises. A sufficient condition for the strict
stationarity of ¢; is as follows.

Assumption 2.3. For i =1,...,m,a;y > O,Qil,...,aiq,bl‘l,...,bl‘p >0, and 2?:1”!’]""
ZZ:l by <1.

The next assumption is the necessary and sufficient conditions such that the
fourth moment of each component in ¢; is finite, see [34].

Assumption 2.4. Fori=1,...,m, all eigenvalues of E(A;;® A;;) lie inside the unit
circle, where ® denotes the Kronecker product and

an s " aigny  bani " biph
A i1 Og-1x O(g—1)xp
a1 e aiq bil e bip
O(p—1)xq Ip-1 Op-1)x

We further make an assumption as follows, which is to allow the parameters
in (2.1) and those in (2.2)-(2.3) to be estimated separately without altering the
asymptotic distributions. Without this assumption, the asymptotic distribution
of the estimated parameters can be derived, but is rather complicated. To make it
simple, we avoid this case in this paper.

Assumption 2.5. 7; is symmetrically distributed.
In many empirical studies such as those in Section 8 below, model (2.5) is
augmented with an unknown constant, that is
s—1
Wi=CY,_1+ ZiCI);-kWt_]-—i—st—i— 1. (2.7)
]:
As we can see in all the subsequent sections, the asymptotic theories are essen-
tially the same, with the standard Brownian motion B,;(u) replaced by the stan-

dard Brownian bridge B,(u)— fol B;(u)du. For ease of exposition, we focus on
model (2.5). Model (2.7) will be briefly discussed in Sections 5 and 6.
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3 Full rank estimation

This section considers the full rank estimators for the mean parameters ¢ =
vec[C, D7, ... CID;‘ 1) and the estimators for the variance parameters § = [4],85]’,
o1 =[aj,al,... a bl ,bp] 4= a1j, 0] bk = b1k, byi], j=0,1,...,0,k=1,...,p,
and 5, =7(T), Wthh is obtained from vec(T') by eliminating the super-diagonal
and the diagonal elements of I (see [36, p. 27]).

Given {Y;:t=1,...,n}, conditional on the initial values Y; =0 for t <0, the
log-likelihood function (LF) (with a constant ignored), as a function of the true
parameters, can be written as

n
1
=Y I, L= ZEtVt fer— ln|Vt 1, 3.1)
=1

where

Vie1=Dy_1I'D;_1, Di_q=diag(\/hi—1,-.., v/ hmt—1).

Further denote h; 1= (h14_1,...,hpi—1) , Hi—1= (hl_t 17ee hmt1 1)~ The score func-
tion, as a function of the true parameters, can be expressed as

1
Voli==5Vohi1(1=w(ee}V, 1)) O Her+ (Xea @ In) Vg,

1
v.] —§V51ht_1 ([— (€t€ V ))®Ht—1
ot = ’

—9(I =T 'D; L eeiD; L T71)
where X; 1 =[Y{_{,W/_1,.... W/_,.1],t=(1,1,...,1)" and w()) is a vector contain-
ing the diagonal elements of the square matrlx X. For expositional sake, we
present the formulae for Vyh; 1 and Vs h;_1 in (B.1) and (B.2) of Appendix B.

We first find an initial estimator (§,0). For instance, we may adopt the LSE
(least squares estimator) considered in [27] and use the residuals of the VAR for
estimating the variance parameters (see, e.g. [32]). Given this initial estimator, we
perform a one-step iteration

-1, n
(ZB w) (qu,mw), (3.2)
t=1
-1/, n
5=6 <25t M) (Zvélt M), (3.3)
t=1
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where, in terms of the true parameters,
_ 1 _ _ _
F=—(X1X,_1®V,}) - 1 (Vohi—1)D % (T T +10) D% (Viphi—1),  (3.4)
and, in terms of the true parameters, S; = (Sijt) 22 with

1 o _
sm:—z(v(glht_l)pt_z1 (T'OT+1n) D% (V5 1),
Siot=—(Vs, 1) D; 23 ¥m (In®T ) Niw L],

Soot = —2Ly Ny [ '@ YN, LT,

¥,.,,N,, and L,, are constant matrices of dimensions mxm?2, m%2xm? and m(m—

1) /2 respectively. See [36, p. 109, pp. 48-49, pp. 96-97]. We reproduce them in
Appendix B with m =2, see (B.5)-(B.7).

Remark 3.1. Due to the different heteroskedasticity, the algorithm of this one-
step iteration is somewhat different from that in [27]. However, the proof of
our Theorem 3.1 below is similar to that of [27, Theorem 2]. We simply provide
a sketchy proof in Appendix A. In practice, we may repeat the iterative proce-
dure in (3.2)-(3.3), and get an estimator closer to the quasi-maximum likelihood
estimator (QMLE), though the asymptotic distribution is not altered.

Recall that g =vec[C,®3,...,d! ,]. In Theorem 3.1 below, we state the asymp-
totic distribution of 7n(C—C)B’, (the nonstationary mean parameters), that of
Vvnvec[(C—C)B, (D —®@3),...,(P:_;—®F )] (the stationary mean parameters),
and that of \/7(8—0) (the variance parameters). To facilitate our discussion, we
first introduce another set of score function and Hessian function in (3.5)-(3.6), in
terms of the true parameters. These score function and Hessian function will also
be used in Section 4.2

1 _ _
VIt = _Evtxzht—l (t—w(ere}V, ) OHyo1+ (U1 @ L)V ey, (3.5)
_ 1 _ _ _
Ror=—(Ur-1Uj_1@V,}) _E(VOth—l)Dt—zl (I @I +1n) D% (Vi he-1), (3.6)

where
* * ! / ! ! /
ay=vec[A,P7,...,PI_4], Ui_1=[Y{_1B ,Wt_l,...,Wt_s+1] .

As in [27, Theorem 2(a)], the asymptotic distribution of n(C—C) B/, is a functional
of two correlated vector Brownian motions, though the covariance matrix is dif-
ferent because of a different heteroskedasticity model. To facilitate our discussion
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on Theorem 3.1, first refer to the heteroskedasticity model (2.3). Fori=1,2,...,m
let
. . w
a(2)b) (2) 7' =Y v,
=1

where ] )
Y(z)= Zailzl, b(i)(z):l— Zbilzl.
I=1 I=1

Denote v; = (vy7,...,Vp)', 1 =1,2,.... Let (W,,(u),W;;/ (1))’ be a 2m-dimensional
Brownian motion (BM) with the covariance matrix

— (EVt—l) In
uQ_u< I, Q) (3.7)
where
Of =E(V})+ (A=) 0 1 (w0 E(TT),
=E[w(pmiT ) (w(nit"))'],
= (g€ O H1Hy_q).
Thus,

_1 1 1
By(1) =04, 14,045, (EVi—1) "2 Wiy (1)

is a d-dimensional standard BM, where
Qu:E(ﬂtag)r O, = [Id,der]Qu[Id,der] .
We now state our first result as follows.
Theorem 3.1. Suppose Assumptions 2.1-2.5 hold. Then
(@) n(C—C)B =nCB| —, Q;'M",
(b) /nvec[(C—C)B, (P —®}),..., (P ,—P ;)] —r N(0,0;'Q051),
(@) Vn(d=8) —r N(0,07'0;07Y),

where

O =E(V )+ (T eT+1L) oY (w0 E(I)),
=1
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1

= ([ mawaws ) ([ Baira) ontes,

1= [14,04x/] (ZlPk) [13,04x/]",

k=0
QZ — _E(RZf)I 02 - (vﬂéz i’v[let)/

Qs=—E(S1), O =E(VsliVily).

Remark 3.2. The results are similar to [27, Theorem 2(a)], but with different def-
initions of )y and M*. When ; ~ N(0,T'), the QMLE here boils down to a MLE
with normal error. In this case, the (["!®T'+1,,) in F; or Syy; in (3.5)-(3.6) may be
replaced by (A—u") and Q] = and (5 =(),. The asymptotic distributions in (b)
and (c) are simplified, as 02_10502_1 :Q§_1 :Qz_l and leﬂgﬂ(s_l =Q§_1 =Q§_1.

Remark 3.3. When the errors are conditional heteroskedastic, and h;;_1’s are not
constant, C is more efficient than the LSE of C in [1], in the sense discussed in [34].

4 Reduced rank estimation

We rewrite (2.5) in a reduced rank form as follows:

s—1
Wi=ABY;_ 1+ Zq>;fwt_]-+et, 4.1)
=1

where A and B are as defined in Section 2. This section considers the reduced
rank estimator for a = [a],a5]" with aq =vec[B] and ap = vec[A,P],..., P |]. We
tirst adopt Anderson [2,3] or Johansen [18] approach to obtain an initial estimator.
The asymptotic properties are shown in Section 4.1. In Section 4.2, we consider
the reduced rank QMLE.

4.1 Initial estimator for the “Mean” parameters

This initial estimator is essentially the QMLE which ignores the possible GARCH,
i.e. the maximizer of the LF in (3.1) with V;_1(¢,d) replaced by a constant matrix.
Alternatively put, we adopt Anderson [2,3]’s or ]ohansen [18]’s estimator. De-
note this estimator as & = [&},&5}]’ with & =vec[B] and &, = vec[A,®5,..., &7 |].
Using the arguments in [27, Section 5] (see also [18, Lemma 13.2]), we obtain the
asymptotic distribution of the normalized &; (B is normalized by (BB’)~!) and
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that of the normalized & (A is normalized by BB’). A sketchy proof can be found
in Appendix A.

Theorem 4.1. Suppose Assumptions 2.1-2.5 hold. Then

(b) /nvec[(A(BB')—A),(d;—®@7),..., (& ,—®F |)] —, N0 'Z5x 1),

where

-1

m=0d ([ Batwasn) ) ( [ BatwBiwa) outes,
B (1) = (EVi-1) "2 Win (1),
Sy =E(UUj_1®1,), T3=E(UU_1&Vi 1),

and the remaining variables are as defined in Theorem 3.1.

Remark 4.1. The normalization factors (BB’)~! and BB’ in (a) and (b) respectively
are adopted from [18]. And have been found very useful in deriving a lot of
hypothesis testing. Though we allow possible conditional heteroskedasticity, EV;
is a constant matrix and thus the asymptotic distributions in (a) and (b) are exactly
the same as those in [18, Lemma 13.2], regardless of the presence of conditional
heteroskedasticity (at least of that specified in (2.3)). Because of this, the test for
reduced rank in [18] has correct asymptotic size. See also [15,25].

Remark 4.2. As in [1], if the components of Y; can be arranged so that the last d
components are non-cointegrated, then we can impose the structure B = [I,,Bo]-
Decompose B=1[By,B,], where By is rxr and B, is rxd. Provided that B; is invert-
ible, it is easy to show that

n(B'By—By) — (A/(EV, 1) 'A) A/(EV,_ 1) Y (AL,A)MPy, (4.2)
Vnvec[(AB—A), (&7 —®F),..., (®;_1—@;_1)] — N(OZ'Z551), (43)

where Py; is a d xd matrix such that [04.,,14|[B’ ,B'] = [P»1,P»]. The distribution
in (4.2) is exactly the same as that in [1], if their Jordan canonical form applies and
A =B up to an rxr invertible matrix.
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4.2 Reduced rank estimation that incorporates GARCH

This subsection uses the initial estimator & in Section 4.1 and ¢ suggested in Sec-
tion 3 to obtain a new reduced rank estimation that incorporates GARCH. The
LF based on the error-correction form (4.1) is similar to that in (3.1), but now it is
a function of (&,6) instead. Conditional on the initial values Y; =0 for ¢ <0, the
log-likelihood function, as a function of the true parameters, can be written as

n
1
&)=Y Iy, L= zetVt her— ln|Vt 1]- (4.4)
=1

As we argue in the proof of Theorem 4.2, « and é can be estimated separately
without altering the asymptotic distributions. In the following, we confine our
attention to estimating a. The score function (with respect to a1 and a5), as a func-
tion of the true parameters, can be expressed as

1
v“llt:_iv“lht_l(l_ (EtEtVt 1))®Ht 1+(Yt 1®A )Vt 1€,
1
V,,Qlt = —Evuzht_l (l—w(stetV )) OH;_ 1+ (Ut 1®Im)V 18,5,
where we recall that U;_; =[Y] B’ W/ _,,... Wt’ ot 1] For expositional sake, we

present the formulae for V,, h;—1 and V,h;—; in (B.3) and (B.4) of Appendix B.
Given the initial estimator (&,5), we perform a one-step iteration

n -1, n
0.‘1 :&1_ ( &15) (Zlellf}&/j)/ (45)
t=1 t=1
n -1, n
fip =08y — (Zth’&j) (szlet}&j)/ (4.6)
t=1 t=1

where, in terms of the true parameters,

Ru=— (Y 1Y@ AV} 4)

(Vayhe—1)D 4 (T OT + 1) D% (Vi i 1), (4.7)

I,

Ryt =

—

ut 1Ut 1® )
— Z(v,xlh,f_l)D;_ (T OT+1u) D3 (Vi hi-1)- (4.8)

Because of the symmetry assumption in Assumption 2.5, all the results in Sec-
tions 4 and 5 will not be affected if the initial estimator ¢ satisfies the condition
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V1(6—6)=0,(1). Note that &; =vec(B). To distinguish the reduced rank estima-

tor from the full rank estimator for ®%,...,®* |, we denote ay=vec[A,®5,...,0F |].

That said, it is clear from the proofs of Theorem 3.1(b) and Theorem 4.2(b) that
forj=1,...,s—1, &7 —®7 =0p(1). The asymptotic distribution of the normalized
&1 (normalized by (BB’)~!) and that of the normalized &, (with A normalized by
(BB’)) are given in Theorem 4.2 below.

Theorem 4.2. Suppose Assumptions 2.1-2.5 hold. Then

() n((BB')"'B—B)B| =n(BB) BB, —; (AO,A) 'A'M",

(b) y/nvec[(A(BB')—A),(®;—®%),..., (®:_,—P: ;)] — N0, 051,
where M* and the remaining variables are as defined in Theorem 3.1.

Remark 4.3. The normalization factors (BB’) ! and BB’ in (a) and (b) are adopted
such that (BB')"!B—B= Op (n~1). This property plays an important role in prov-
ing Lemma 5.1, Theorems 5.1 and 5.2, see also for the discussion in [18, Sec-
tion 13.2]. The asymptotic distribution in (b) is exactly the same as that in The-
orem 3.1(b). Heuristically, the asymptotic distribution of the “stationary mean”
parameters is unaltered, regardless of we imposing the reduced rank. In contrast,
the asymptotic distribution in (a) (that of the “nonstationary mean” parameters)
is different from that in Theorem 3.1(a).

Remark 4.4. Decompose B = [By,B;|, where Bj is rxr and B, is rxd. If the com-
ponents of Y; can be arranged as in [1] such that the last d components are non-
cointegrated, and Bj is invertible, it is easy to show that

n(B;'Ba—By) —r (AMA) TAMP, (4.9)
Vnvec[(AB1—A), (9 —®5),..., (DI, — P ,)] — N0O,Q;'030,1), (4.10)

where P;; is defined around (4.3). The distribution in (4.9) is similar to that in [27],
with different definitions of ) and Wi (u).
5 Testing for reduced rank

This section considers the null and the alternative hypotheses

Hp:rank(C)=r<m vs H,:rank(C)=m. (5.1)
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The likelihood ratio (LR) test statistic is as follows:

where Ig(.,.) is the (full-rank) LF as defined in (3.1) and Ig(.,.) is the (reduced-
rank) LF as defined in (4.4). ¢ and & are respectively the full rank (see Section 3)
and the reduced rank (see Section 4) estimators for ¢ and a. ¢ is as defined in
Theorem 3.1. The following lemma gives the asymptotic distribution of LR¢.

Lemma 5.1. Suppose Assumptions 2.1-2.5 hold. Then under the null Hy, we have

-1

LRc —s¢ trK /0 1Bd(u)de(u)’>/ ( /0 1Bd(u)Bd(u)’du)
x ( /O le(u)dv;(u)') } (5.3)

where

Vi (1) =YBgy(u)

1

1 _1 2
+ [(A'Lgl—lAL)‘ZA’Lgl—lQm;lAL(AlQ;lAL) 2-YY' | Vy(u),

1 1
Y= (A Q;'A,) (A (EVi_1)AL) 2,
and (Bl;(u),V;(u))" is a 2d-dimensional standard Brownian motion.

Remark 5.1. When V; is a constant matrix, Qf =0y = (EV;_1) ", Y =1,V (u) =
B;(u). The distribution of LR is exactly the same as that in [38] and that of
a special case in [18].

In principle, the critical value of the distribution in (5.3) can be simulated via
Monte Carlo method. However, the number of nuisance parameters equals d*+
(1+d)d/2. We only consider two special cases in Theorems 5.1 and 5.2 below.

Recall the full-rank estimator ¢ =vec[C,®5,...,®F ;] (see (3.2)). We define an-
other estimator ¢ = vec[AB,®%,...,d: ], where we recall that &; = vec[B] is ob-
tained from (4.5) and A is obtained from (4.6). Expansions which are similar to

those standardly used in the likelihood theory give (see, for instance, [16, Sec-
tion 5.6])

LRo = (9=9)' (= L3RIy ) 9=+, 6.4
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where in terms of the true parameters, F; is as defined in (3.4). In ¢, one may
use CIDJ* (the reduced rank estimator) instead of CID;‘ (the full rank estimator), since
Vi (q);k—CIDJ*) =o0p(1). Eq. (5.4) gives us an asymptotically equivalent form of
the LR, which is computationally easier. We use this form in the Monte Carlo
experiments as well as in the empirical example in Sections 7 and 8 below. On the
other hand, this form suggests a Hausman-type test, which renders a distribution
simpler than that in Lemma 5.1. (The crucial arguments can be found around
(A.27) in Appendix A.)
We define a Hausman-type test statistic as follows:

n
Ho= (0 9) (- X', ) (0=, 55
t=1
where, in terms of the true parameters,
_ _ -1
i == (X1 X[ @A, (40710707 14,) 747 ). (5.6)

The following theorem gives the asymptotic distribution of Hg.

Theorem 5.1. Suppose the assumptions in Lemma 5.1 hold. Then
1 19/ 1
He —p tr{ [g(ld—Aff)urquH [C(Id—Aff)%—i—@Afz} } (5.7)

where A is a diagonal matrix containing the d eigenvalues of (I;—YHYH'),

1 1
Y= (A 070107 AL) (AL O] AL) (AL (EVi1)AL) 2,

®~ N(0,1;) and independent of

N—

- [ / 1Bd<u>Bd<u>'du} [ Batwas,

B;(u) is a d-dimensional standard Brownian motion.

Remark 5.2. When V; is a constant matrix, Q; = =(EV;_1)~!. The distribution
of Hg is exactly the same as that in [38] and that of a special case in [18].

When )] = ()4, the distribution of LR can be simplified as follows.
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Theorem 5.2. If the assumptions in Lemma 5.1 hold and (0] =)y, then
LRc=Hg+o0,(1)

sy tr{ [g(Id—Ad)%Jrchﬂ ' [g(Id—Ad)%+q>A§] } (5.8)

where Ay= A is a diagonal matrix containing the d eigenvalues of (I;—YY'), Y is as
defined in Lemma 5.1 while ® and { are as defined in Theorem 5.1.

When Q)] =();, we have YH =Y and Aff = /. Thus, the distributions in both
theorems in Theorems 5.1 and 5.2, are the same in this case.

We close this section with variants of Theorems 5.1 and 5.2, in which the AR
model contains a constant term. Modifying upon (4.1),

s—1
W;=ABY; 1+ Z@;wt_]-+st+ 1", (5.9)
j=1

where y is unknown but we do know B ¢ =0. This is a model used in many
empirical examples, including that in [38]. Denote the corresponding Hausman-
type test and LR test as Hg, and LR, respectively.

The following two corollaries can be obtained straightforwardly from Theo-
rems 5.1 and 5.2, respectively. The proofs are thus omitted.

Corollary 5.1. Suppose the assumptions in Theorem 5.1 hold. Then the Hausman-type
test statistic (with an unknown constant estimated)

_ 1 19772 1 1
Hey —r tr{ [NV EER VIR IO RV OLER Y] } (5.10)
where Al is as defined in Theorem 5.1, ® ~ N(0,1) and independent of

[= [ / 1Bd<u>éd<u>'du} - [ Batuyiztuy, B= [Bdw)— / 1Bd<u>du],

and By (u) is a d-dimensional standard Brownian motion.

Corollary 5.2. Suppose the assumptions in Theorem 5.2 hold. Then the LR test statistic
(with an unknown constant estimated)

LR, —r tr{ [g‘(ld—Ad)%Jrchﬂ[g(fd—Ad)%Jrché] } (5.11)

where A is as defined in Theorem 5.2, ® and { are as defined in Corollary 5.1.
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6 Simulating critical values and estimating nuisance
parameters

As an illustration, this section simulates and tabulates the critical values of test
statistics for the cases d =1 and d =2. Cases of higher dimensions can be done
similarly. Then we show how to estimate the nuisance parameters in practice.

When there is no unknown constant in the mean part, LR and H¢ are asymp-
totically distributed as

tr{ [g(ld—Af)%JrCDAZI%} / [g(fd—/\gf)%mmfﬂ } 6.1)
tr{ [g(fd—Ad)%Jrchﬂ ' [g(fd—Ad)%Jrchﬂ } (6.2)

respectively. When there is an unknown constant in the mean part, LRg, and
Hg,, are asymptotically distributed as

/

tr{ [C_(Id—Af)%—l—(DAf;] [C_(Id—Af)%—l—@Af%} } 6.3)

N—

14/ 1
tr{ [C_(Id—Ad)%—l—(DAg} [g‘(Id—Ad) +<1>A§} } (6.4)
respectively. If Af =/, the distributions of (6.1) and (6.3) reduce to those of (6.2)
and (6.4), respectively.

The critical values of the distribution in (6.1)-(6.4) can be simulated via Monte
Carlo method. For d =1, we denote A{{ = A1 or A{ = Aq; while for d =2, we de-
note A? =diag(A1,A2) or Ap=diag(A1,A2). For each independent replication, ®
is generated from a d-dimensional standard normal distribution, while the n (the
sample size) €;’s are generated from n i.i.d. d-dimensional standard normal dis-

tribution, which is also independent of that of ®, y;=)" ;€;. When one considers
(6.1)-(6.2),

N—

(= <n‘22yt—1yi_1)

t=1
When one considers (6.3)-(6.4),

<n_1 Zyt_lei).
=1

N—

{= <”_2 i Ye—1—7) (Y1 —y‘)') _

t=1

<”_1 Y (e —37)"?2) , g=ntY y
t=1

t=1
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We simulate the critical values with d=1 and d =2 and (A4, A3) ranging from
0.0 to 0.9. For intermediate values of (A1,A,), the critical values could be obtained
by interpolation. The simulated critical values with 100,000 replications and n =
2,000 are tabulated in Tables 1-3.

When one applies Theorem 5.1 or Corollary 5.1, the d eigenvalues of

_1 _
Ii— (AL OO0 A L) 2 (ALOTTA L) (AL (EVi ) AL)

X (AL O71AL) (A 071050 1A, )

needs to be estimated. On the other hand, when one applies Theorem 5.2 or
Corollary 5.2, the d eigenvalues of

Nl—

1 _
Ii— (AL O7 A L) (AL (EVi_)AL) (AL O7TAL)2.

Table 1: 90% simulated critical values.

HcorLRg [(AM,A)] 00 [ 01 [ 02 [ 03 [ o04a |05 06 ] 07 0871 09
d=1 2.995 [ 2.978 | 2.964 | 2.941 | 2.914 | 2.883 | 2.845 | 2.811 | 2.782 | 2.746
0.0 |10.479]10.386]10.312]10.234/10.119|10.003] 9.906 | 9.796 | 9.680 | 9.551

0.1 10.295/10.217{10.125|10.018| 9.919 | 9.808 | 9.679 | 9.561 | 9.455

0.2 10.116]10.028| 9.916 | 9.819 | 9.691 | 9.579 | 9.453 | 9.322

03 9.931 | 9.816 | 9.693 | 9.565 | 9.442 | 9.310 | 9.163

d=2 04 9.707 | 9.576 | 9.440 | 9.313 | 9.176 | 9.018
05 9.444 | 9.310 | 9.177 | 9.030 | 8.866

0.6 9.153 | 9.015 | 8.857 | 8.698

0.7 8.847 | 8.688 | 8.520

0.8 8.526 | 8.345

0.9 8.166

Hg, or LRG, [(A1,A2)] 00 [ 01 [ 02 [ 03 [ 04 [ 05[] 06 | 07 | 08 ] 09
d=1 6.588 | 6.327 | 6.051 | 5.767 | 5.457 | 5.113 | 4.715 | 4.272 | 3.794 | 3.270
0.0 [15.84215.578]15.270|14.955|14.630|14.277|13.913]13.537|13.132|12.712

0.1 15.264|14.977|14.650(14.326|13.984|13.616|13.219|12.808| 12.393

0.2 14.661|14.341|13.985|13.630|13.259(12.861|12.457| 12.034

03 14.000|13.658(13.310|12.919|12.515|12.087| 11.666

d=2 04 13.306|12.961|12.572|12.152(11.709|11.264
05 12.595(12.191|11.774|11.309(10.850

0.6 11.780|11.356|10.897|10.412

0.7 10.921|10.456| 9.956

0.8 9.963 | 9.466

0.9 8.942
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Table 2: 95% simulated critical values.

HoorLRg |(A1,A2)] 00 | 01 | 02 | 03 | 04 | 05 | 06 | 07 | 08 | 09
d=1 4153 | 4.140 | 4.138 | 4.108 | 4.083 | 4.043 | 4.013 | 3.963 | 3.920 | 3.867
0.0 |12.286]12.237|12.158[12.073|11.987|11.887|11.789|11.676|11.559| 11.446

0.1 12.140(12.071|11.987|11.902 | 11.818|11.692| 11.578|11.434|11.284

0.2 11.973|11.879(11.791|11.691|11.566|11.433|11.293|11.141

0.3 11.752|11.669|11.570|11.432| 11.296|11.158| 11.010

d=2 0.4 11.557|11.438|11.310|11.171|11.024|10.847
0.5 11.322(11.176|11.049(10.854|10.693

0.6 11.035|10.894|10.713|10.529

0.7 10.719|10.555|10.353

0.8 10.342|10.144

0.9 9.932

He, or LR, |[(A1,A2)| 00 | 01 [ 02 | 03 | 04 | 05 | 06 | 07 | 08 | 09

d=1 8.167 | 7.932 | 7.656 | 7.373 | 7.049 | 6.679 | 6.251 | 5.763 | 5.220 | 4.576
0.0 |18.064|17.783(17.508[17.201|16.877|16.516|16.137|15.739|15.332| 14.908

0.1 17.530(17.212|16.897|16.564 | 16.206|15.833| 15.439 | 15.004 | 14.561

0.2 16.917|16.583|16.246|15.894|15.495|15.094| 14.650 | 14.178

0.3 16.253|15.906|15.539|15.147| 14.736|14.277| 13.806

d=2 0.4 15.556|15.153|14.747|14.345|13.888|13.372
0.5 14.741|14.352|13.919(13.470|12.958

0.6 13.924(13.484(13.018|12.479

0.7 13.031|12.553|11.975

0.8 12.045|11.429

0.9 10.861

For this, we need to consistently estimate EV;_1, A, ()1 and (}].

EV;_1 can be consistently estimated by n~ 'Y}, V;_1. On the other hand, by
the term definition of A | (see around (2.2) above), it can be consistently estimated
by (Iy—cc’ A(A’cc’ A)=1A")c |, where ¢ = (I,0,3) and c| = (045, 1;)’, see [18,
p- 48] for a similar estimator. It is not difficult to see that

(F_1®F+Im Z Vll/l@E Hll’))

_E<Zd1ag v e )D AT oI+ 1) ;ZZdiag(VZQEt_l))
=1 =1

Denote & =Y 7> diag(v;®¢;_;). With the initial values {y=¢ 1="--= é_P+1 =0,
for t=1,...,n, we can recursively compute
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Table 3: 99% simulated critical values.

HgorLRG |(A,A2)] 00 | 01 ] 02 ] 03 | 04 | 05 ] 06 ] 07 | 0.8 | 09
d=1 7.018 | 6.941 | 6.939 | 6.931 | 6.929 | 6.895 | 6.842 | 6.839 | 6.774 | 6.718
0.0 |16.278]16.144]16.041|15.986|15.895|15.802| 15.716| 15.623|15.530| 15.435
0.1 16.105(15.991|15.920|15.806|15.643 | 15.552| 15.482 | 15.337 | 15.247
0.2 15.898|15.812|15.647 | 15.556|15.405| 15.319 | 15.191 | 15.023
0.3 15.702(15.609|15.471|15.318|15.202| 15.021| 14.870
d=2 04 15.510{15.374|15.231|15.087|14.928 | 14.747
0.5 15.298(15.115|14.954|14.820| 14.612
0.6 14.993(14.809|14.622|14.480
0.7 14.668|14.435|14.259
0.8 14.255(14.064
0.9 13.770
Hg, or LRg, |(A,A)| 0.0 | 01 | 02 | 03 | 04 | 05 | 06 | 07 | 08 | 09
d=1 11.690|11.469]11.291|11.027|10.727|10.293] 9.817 | 9.316 | 8.655 | 7.789
0.0 |22.745|22.477|22.192|21.901|21.541|21.236|20.842[20.390 | 19.987] 19.498
0.1 22.311(22.013|21.670|21.346|20.978|20.528|20.137|19.640| 19.157
0.2 21.739|21.389|21.052|20.695|20.250 | 19.815(19.281|18.757
0.3 21.093|20.787(20.360|19.921|19.441|18.904|18.329
d=2 04 20.385|20.004|19.548|19.072(18.549|17.907
0.5 19.545(19.122|18.639|18.047|17.429
0.6 18.673(18.199|17.607|16.943
0.7 17.617|17.093|16.376
0.8 16.478(15.794
0.9 15.178
. q p . .
&= diag(a©&_)+ ) & diag ().
=1 =1

()1 and ()] can be consistently estimated by
n . n 3 . . . . 3
o Vit LD (T o+ 1n) DG,
= =

n n
- o s
E;Vt—ﬁﬁgngt—l(A_”/)Dt_ﬂft/

respectively, where

A=n"1Y w (et w (i1 1) "
t=1
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7 Monte Carlo experiments

This section examines the performance of the test statistic LR in the finite sam-
ples through Monte Carlo experiments. We consider the case with rank(C) =1
under the null Hy. With I' =, ¢; is generated by the following model:

eir=ni\/ hit, hiy=01+03¢e%_+0.6h;_1, 1;~iid.N(0,1).
A tri-variate AR(1) model is considered and C in the error-correction form (4.1) is

DGP(a) C=AB, A=(—04,0.12,0.12), B=(1.0,—2.5,0.0).
DGP(b) C=xl3, x=-0.1.
DGP(c) C=xl3, x=-05.

For each DGP, the sample sizes n=200,400, 800 are considered. Reduced rank es-
timation with and without GARCH are used. The empirical means and standard
deviations of the estimated A and B for DGP(a) (the null model) are reported in
Table 4. The biases of the estimators with GARCH are comparable to those with-
out GARCH, if not smaller than. The standard deviations and the mean squared
errors are definitely smaller, even when the sample size is as small as 200. That

Table 4: Empirical means and standard deviations for DGP(a).

A1=—04|A=0.12| A3=0.12 | B=—2.5| B3=0.0

n=200 | No GARCH |Mean 04026 | 0.1244 | 0.1219 | -2.5038 | -0.0007
SD 0.0334 | 0.0343 | 0.0265 | 0.0717 | 0.0395

With GARCH | Mean 04019 | 0.1219 | 0.1209 | -2.5001 | -0.0010

SD 0.0229 | 0.0265 | 0.0204 | 0.0589 | 0.0322

n=400 | No GARCH | Mean 04016 | 0.1228 | 0.1220 | -2.5012 | -0.0002
SD 0.0225 | 0.0268 | 0.0179 | 0.0351 | 0.0188

With GARCH | Mean 04010 | 0.1211 | 0.1210 | -2.5011 | -0.0002

SD 0.0149 | 0.0176 | 0.0137 | 0.0283 | 0.0134

n=800 | No GARCH | Mean 04009 | 0.1210 | 0.1207 | -2.5007 | 0.0000
SD 0.0165 | 0.0213 | 0.0126 | 0.0164 | 0.0095

With GARCH | Mean -0.4002 | 0.1203 | 0.1204 | -2.5006 | -0.0002

SD 0.0103 | 0.0125 | 0.0094 | 0.0122 | 0.0065

number of replications =1,000.
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Table 5: Rejection frequency of testing Hy:r=1.

size = 0.05 size = 0.10

(DGP) | (@) | (b) (| DOGP)| (@] (b (c)
n=200 | LRyg | 0.077 | 0.006 | 0.361 | LRyg | 0.151 | 0.020 | 0.545
LRg 0.079 | 0.023 | 0.641 LRg | 0.135 | 0.076 | 0.767
n=400 | LRyg | 0.071 | 0.022 | 0.972 | LRy¢g | 0.127 | 0.062 | 0.995
LRg 0.078 | 0.114 | 0.997 LRg | 0.139 | 0.230 | 0.998
n=800 | LRyg | 0.058 | 0.160 | 1.000 | LRy¢ | 0.107 | 0.329 | 1.000
LRg 0.051 | 0.603 | 1.000 LRg | 0.107 | 0.774 | 1.000
number of replications =1,000.

said, as pointed out by a referee, one should be careful interpreting the standard
deviations of the estimators for B, and Bj, since their distributions have fat tails.
Rejection frequencies are summarized in Table 5, where LR is Johansen test
or Reinsel-Ahn test. Both LRyg and LRg are of the reasonably correct finite-
sample size, even when the number of observations is as small as 200. Both tests
slightly over-reject when the sample size is 200 or 400, and the over-rejections are
comparable. Moreover, it is clear that LR is more powerful than LR .

8 An empirical example

In this section, we fit our model to the logarithms of three US monthly interest
rates. The series are the federal funds rate, the 90-day treasury bill rate, and the
one-year treasury bill rate, from January 1960 to December 1979 and thus we
have 240 observations. We first estimate a VAR(s) with different order s, where
s=1,...,6. VAR(4) attains the lowest AIC. The residuals are then applied to a test
for multivariate heteroskedasticity, along the lines in [30] (see also [21], who apply
a similar test to an entirely different set of data and find no heteroskedasticity).
The x% test statistics with different numbers of terms R are reported in Table 6.

Table 6: Test statistics for multivariate heteroskedasticity.

R 1 2 3 4 5 6 7 8 9 10
30.35 | 40.08 | 49.77 | 51.08 | 67.34 | 93.83 | 108.56 | 134.11 | 138.06 | 139.30
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Table 6 clearly shows that the hypothesis of homoskedasticity is rejected and
suggests that ¢; is not i.i.d. In view of this, apart from Johansen estimation, we
also perform the full-rank as well as the reduced-rank estimation elucidated in
Sections 3-4, which incorporate a GARCH(1,1) model. Results of the LR tests for
reduced rank are summarized in Table 7. While we confine our discussion to the
case that s =4, only for completeness we report other cases of different s.

Table 7 shows the hypothesis that r =0 is rejected by both tests. While LRy
can hardly reject or only marginally rejects the null of r=1, our LR clearly rejects
it. As with the empirical findings in Stock and Watson [42] and Reinsel and Ahn
[38] who use the same dataset as ours (the former used the levels while the latter
used the logarithms), the LRy¢ does not reject the null of r =2. Due to its high
power, LR rejects the null of r =2. All in all, unlike LRy, the LR strongly
rejects that the reduced rank is 1. Judging from the LR, there is some evidence
that the rank is 3, i.e. the interest rates are stationary. Similar results are found
when we try GARCH models with different orders.

Table 7: LR test statistics.
Ho r=1

Hp:r=0 Hy:r=2

LRng

LRc

LRng

LRc

LRng

LR¢

N Ul = W N P |®»

69.70(.000)
49.07(.000)
34.86(.019)
46.43(.000)
47.26(.000)
38.65(.006)

71.17(.000)
29.08(.003)
11.89(.381)
52.25(.000)
56.77(.000)
56.77(.000)

16.21(.084)
13.02(.210)
11.35(.320)
15.60(.101)
13.25(.197)
13.43(.188)

53.97(.000)
16.32(.009)
8.10(.147)
31.01(.000)
19.54(.003)
19.54(.003)

0.107(.939)
0.757(.801)
0.692(.814)
1.044(.748)
1.231(.714)
1.085(.741)

42.048(.000)
1.519(.259)
4.317(.056)
33.044(.000)
18.168(.000)
18.168(.000)

p-values are in brackets.

9 Conclusions

This paper studied a partially nonstationary AR model with vector GARCH noi-
ses. The asymptotic theory of the full rank and reduced rank QMLEs for the
model were established. Based on the two estimators, the LR and the modi-
tied LR tests are constructed for testing the cointegration rank and their asymp-
totic distributions are derived. The simulation results show that our test for the
reduced rank has substantial improvement upon the conventional LR test sug-
gested in [38]. We also apply our approach to an empirical example of three
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interest rates. In contrast to the empirical results in the existing literature, our LR
test shows evidence that the US monthly interest rates are stationary. This result
is more in line with the common belief that the US interest rates are controllable
under the stabilization mechanism of the US Federal Reserve Board.

Appendix A. Technical proofs

Consider the one-step iteration in (3.2)-(3.3). Denote

Q" =diag(Q® I, I(s_1)m2),

D*=diag (nIdm,\/ﬁIrm+(s_1)mz),
where Q'= B’ ,B']. We first give the following lemma which is about the normal-
ized score D*~1Q*V ,/; and the normalized Hessian D*~1Q*F,Q*D*~1. n=1/2v I,

and n~!S; are also considered. The proof is similar to that of [27, Lemma 1] and
thus it is omitted.

Lemma A.1. Suppose Assumptions 2.1—2.5 hold. Then

@ YD1Vl — {vec [( /O 1Bd<u)dw,:z<u>’) 0%%] ,[N(O,Q;)]'},
t=1

(b) . ZD*—lg*FtQ‘*D*—l

t=1
1ol 1
—r dlag{ |:l/)110£1/0 Bd(u)Bd(u)/dUdell/)h@Ql] ,02},

n
(© n7 Y. Vsli —sr NOQE), —n'Y.S —, Qp
t=1 t=1
where all the variables are as defined in Theorem 3.1.

n

Proof of Theorem 3.1. Following the lines in [27, Section 4], the full rank estimator
(¢,6) admits an asymptotic expansion such that

n n

-1
D*Q*’—l(qb_qo) — _(ZD*—lQ‘*FtQ*’D*—1> (ZD*_lQ_*v(plt) +Op(1)/ (A].)
t=1 t=1

\/ﬁ((s'—(s):—(tén—lst) _1(;n_1/2V5lt) +op(1). (A2)

Theorem 3.1 then follows from (A.1)-(A.2) and Lemma A.1. O
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Proof of Theorem 4.1. From the proof of [18, Lemma 13.2], in our notation,

n(BB’)*BB'Lz(A’(Evt_l)—lA)‘lA (EV,_1)~ ( Zetzu 1)

" —1
x(n—zzzu_lzgt_l) +o,(1),

t=1

where Zj;_1 =B, Y;_1. By the definition of a; (see around (2.6)), &t = (A, A)a;
Therefore, by the arguments similar to those for proving Lemma A.1(a),

1251521;5 1=(ALA ( Zalet 1)
t=1
/

1 1 1
—r (A,A)Q; U Bd(u)dBm(u)’} le‘lf’n.
0

On the other hand, by Lemma A.1(b),
2 ! ! 3 ! ! 3 /
n Zth_lzlt_l — THQ% |:/0 Bd(u)Bd(u) du:| Qélwll'
t=1

Therefore, part (a) is proved. The proof of part (b) is straightforward and thus it
is omitted. This completes the proof. O

The following lemma is useful for proving Theorem 4.2.

Lemma A.2. Under the assumptions in Theorem 4.2, it follows that
(@) (BB')Y(B—B)=0,(n"}),
(b) A(BB')=A(BB')+0,(n"1)=A+0,(n"1),
(c) (BB')"1BP,=(BB')"'BP,+0,(n"7)=BP,+0,(n"1),
(d) (BB')"'BPy=(BB')"'BP,+0,(n"2)=BP,+0,(n"1).

Proof. (a) We first denote D,, = diag(nl,4,v/nl2) and Q** = Q(I,,® (BB')"), with
Q = (Q®I,), where we recall that Q' =[B',,B’]. Also denote &; = vec(B), & =
vec((BB')~1B) and & = vec(B). &y,&,,d, are defined accordingly.d, &,& are also
defined accordingly. Denote P=Q~!. Since Q**~' = (P'®1I,)(I,,®(BB')~1), we
have

(In®(BB") ™) (41 —&1) = Q'Dy. ' Dy, (P’ @ 1) (In @ (BB') 1) (41 — 1)
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— Q/D[;ll [DMQA**/_l (5&1 —561)] .

As Q'D, = O( ~1/2), it suffices to show D,, Q**'~ (&3 —#1) = Op(1). Since
0" = Q(1y® (BE')), by (45),

M:
=~

-1
Dlle**/ 1(061—(Xl) 11Q (R1t|1x5) **/D :|

[
Juy

)
—_

16 (mlsz}

I
1=

— |—|>< —
7=
O
?l

-1
DM(Ruu,s)Q’Dﬂ

)
—_

X
—
1=

)
—_

D;! Q(vﬂlztw)} . (A.3)

By Theorem 4.1, n(f —a1) =0p(1),/n(k—a2) =0, (1), which are in addition to
V1n(0—6)=0,(1). It is not difficult to see that

n n
Y D' OQ(Rutly5)Q' Dy =) D' QR Q' Dy +0,(1). (A.4)
t=1 t=1

On the other hand, by a Taylor expansion and (A.4), with R}, and I being evalu-
ated at a mid-point of (&,6) and (a,d),

ZD,XSQ Vailtly5) ZDM QV,xllmLZD,XllQ R}, (8 —ar)
+ZD(X11Q waylt) (B2 —a2)
:ED,;ll Q1 Vi, li+ L[%D,;f ORy;Q'D; ' +0,(1)
xlDal(P’@@Ir)[n(acl—al)]
+| DV Vilia—a). (a9

It is not difficult to see that (Y}_; D,.! Q(Vayli))/v/nis Op(1). So is the RHS of

(A.5). By Lemma (A.1)(a)-(b), (A-3)-(A.5), D, Q**' "1 (1 —&1) = Oy(1). Thus, (a)
holds.
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(b) By the /n-consistency of A(BB’) for A, and (a) of this lemma,

A(BB')=A(BB')+A(BB')(BB') '(B—B)B' = A(BB')+0,(1)0, (n"?).

Thus, (b) holds.
(c) and (d). Denote B= (BB’)~'B.
(BB)"'B=[(BB)~'BB'| '(BB')"'B=[(BB')'BB'| 'B. (A.6)

Using the formula dF~! = —F~!(dF)F~! for the r xr matrix F with F(x)=[xB] !,
and applying a Taylor expansion to [(BB’)"'BB’]~! around BB/, we have

N —

(BB)"'BB'] ' =[BB|"'—[B*B| '[(BB) 'B—E]B'[B*B]",

where B* lies between (BB’)~'B and B. Therefore, the RHS of (A.6) equals

=(BB)"'B—[B*B'|"'[(BB') 'B—B|B'[B*B'] 'B. (A7)

By (a) of this lemma, (BB')"!B—B=0,(n"'/?). From this, we can show that
[B*B')"1=0,(1). B and B are also Op(1). By (A.7), (d) holds. By Theorem 4.1,
BPy=0,(n"!) because BP; =0. By (A.7),

A v — ~

[(BB)~'BB')"Y(BB')"'BP,—[B*B')'[(BB')'B—B|B'[B*B'| 'BP,
= (BB') 'BP,+0,(n"?).
Thus, (c) holds. This completes the proof. O
Proof of Theorem 4.2. Denote

D** = dlag (nIrd/ \/Elrm+(s—1)m2) 4

Q** = dlag((BJ_ ® Ir)/Irm+(S—1)m2) :

Using Assumptions 2.1-2.5 and the arguments around [27, Eq. (5.3)], we can show
that

n
1010 (£ =op
t=1
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Thus, a and 6 can be estimated separately without altering the asymptotic dis-
tributions. In the following, we confine our attention to estimating «. Again,
using the arguments similar to those around [27, Eq. (5.5)], we can show that the
Hessian can be given as follows:

n n
D**—lQ‘** Zvi“/ZtQ**ID**_l — D**—IQ** ZRtQ**/D**—l +Op(1)/ (AS)
t=1 t=1

where R;=diag(R1t,Ryt), with Ry and Ry as defined in (4.7) and (4.8).
For any fixed positive constant K, let

En={(@d): |D"Q™" N @-a)| <K, |[vn(3-6)| <K},

where (&,5) is a generic version of (a,6). Using Assumptions 2.1-2.5 and a method
similar to that in [31], it is easy to see that on &,

(Rily 5~ R)Q™D** 1 =0,(1), (A9)

20.
M:

D**—l

-
I
[y

D**—lQ (vtxlt|,x5 \V/ l) D**—lQ‘** iRt(&_“)+OP(1)’ (A].O)

t=1

M:

-
I
[y

where Ry and V,I; are evaluated at the true parameters («,0).
Denote

QT*:(BLQQIr)(Im@(BB/)/)/ Qé*:diag((BB) ®Im/ (s— 1m2)’
&12060((31;/)—13)’ &szec[A(BB/),qA)T,..., 5_1], 0(—[0(1/ f’Z]/

It follows from the assertions (b), (c) and (d) of Lemma A.2 that (&,6) €Z,,. Thus,
by (A.9) and the block-diagonality of Ry,

n

_ZZQ R1t|,x5 )O1Y = _ZZ(BL®Ir)(R1t’a¢,$) (BL®I)

t=1
n
=n"?Y (BL@L)Ry (B @) +0p(1), (A.11)
t=1
n
**/_7’1 Z(R2t|zx(5 ZR2t+Op(1) (A.12)

t=1
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Refer to (A.8). By (A.9), (A.10) and the block-diagonality of R,

n
‘1ZQ (Vaylilys) =1 Y (BLOT) (Vaylil 5)
t=1
n n
:n_l Z(BL@)L’)VDQZV‘_ |:TZ_1 Z(BL@)L')RU(BS_@L’)
t=1 t=1
X (BL®Ir) (1 —a1)+0p(1),
1 & 1 &
n 2 Qz szzlt|,x(5): Z(Vﬂzlf|a5)
t=1 t=1

n"2 Zvazlt—i—( ZRZt) o —wp)+0p(1). (A.13)
t=1

Recall that Q7" 'a; = (B, ®I,)i1. By (4.5), (A.11) and (A.13),

-1
nQ iy =nQ* iy { ZZQ (Rutls 6) Q**/} {_12(2 (Vaalilz 6)

n

-1
=n(B, ®I,)k — [n_z Z(BL®Ir)R1t(B’L®Ir)}
t=1

X {n_l i(BL@)Ir)V,xllt] —n(BL®I) (a1 —aq)+0,(1)
=1

n -1
t=1

X [n—lf(B@I,)szt} +op(1). (A.14)
t=1

Note that
Qi iy — (B, ®I,)ay=vec[((BB') 'B—B)B .

The item (a) now follows from (A.14) and the assertions (a), (b) of Lemma A.1.
On the other hand, by (4.6), (A.12) and (A.13),

\/_Q**/ Ts \/_Q**’ 1" [ 1ZQ th’aé Q**/:| [ ZQ vﬂézlt 1x(5

=\/ﬁaz—[n_1t§R2t] 1[?! ZZV,XZ }— n(d—az)+0p(1)
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" ~1
:\/ﬁaz—[n_lzRZt] [n zZvaz }+op (A15)
t=1

The item (b) now follows from (A.15) and the assertions (a), (b) of Lemma A.1.
This completes the proof. O

Proof of Lemma 5.1. From (5.4),

LRg= ( ZFt) ¢—¢)+op(1), (A.16)

where the full-rank estimator
¢ =vec[C,D7,...,D;_4], qo vec[AB,®7,...,D;_],
Pt=—(Xt—1X§—1®Vf_1) (V hu1) Dy 1(T LOT+1n) D% (Vihe 1)
Denote A= A(BB’) and B=(BB’)~'B. Note AB= AB. Moreover,
AB—AB=(A—-A)B+A(B—B)+(A—A)(B—B).

Recall that BB| = 0,;. By Theorem 4.2, (B—B)B| =Op(n~') and (A—A) =
O,(n~1/2) under Hy. Hence,

n(AB—AB)B, =n(A—A)BB, +nA(B—B)B, +(A—A)n(B—B)B,
—nA(B—B)B| +0,(n"?). (A.17)

On the other hand, by Theorem 4.1(a) and the arguments in [18, Lemma 13.2],
(B—B)=0p(n"!). Therefore,

Vn(AB—AB)B'=+/n(A—A)BB' +/nA(B—B)B’

— V(A= A)+0,(n" 7). (A.18)
But from the proofs of Theorem 4.2(b) and Theorem 3.1(b),
Vi(A—A)—y/n(C—C)B =op(1). (A.19)

Allin all, by (A.17)-(A.19), (A.16) can be rewritten as

LR =vec[n(C—AB)B ] [ Zth]vec (C—AB)B' | +0,(1), (A.20)
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where

-1

Liy=(Zuy1Zi_ 1@V + ) [Z1t_1_zzit_1_l® (T 'OT+1n) @vlvl’QHlt)] ,
=1

Z1t1=B Y} 1.

By Lemma A.1(b), Theorem 3.1(a) and Theorem 4.2(a),
n
TZ_ZZLU —r ZR),
t=1
TZCBS_ —r Ql_lM*,
nABB, —,; A(AQ7'A)TA'M,
where .
1 1
Z Eanle {/O Bd(u)Bd (u)’du} lelpil
and M* is as defined in Theorem 3.1. Therefore,
/
LRg —, vec [(Q;l —A(A' O A) _1A’)M*} (ZoO)y)
xvec| (O —A(A'014) 7 A M|
—tr| (07 —A(A'014) A M ZM|. (A21)
Following the lines on [38, p. 359], we can rewrite Q; ' — A(A'Q1 A) 1A’ as
_ -1 _ _ _ -1 _
QN (O —MA(AMA) T A0 =014 (AL O7TA) Aol

Therefore, the asymptotic distribution in (A.21) can be rewritten as

([ moaviy) ([ mwsira) (| 1Bd(u)dVd*(u)’)], Az

where

tr

_1
Vi(u)= (A0 AL) 2 ALOTIW (1),

By the definitions around (3.7), we can write B;(u) as

N—

(A (EVie1)AL) "2 AL Win() = (A (EVi1)AL) "2 A Wiy(u).
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Therefore,

1

E[Ba(u)Vy ()] = (A'L(EVim1) A1) * ALE Wi ()W, (1) ] Q7P AL
x (AL Q7 TAL) :
=u(A (EVi_1)A])

Thus, we can rewrite V(1) as a linear combination of two independent d-dimen-
sional standard BMs

NI—=

%(A’LQ TA)?=uY'.

_1
YB,(u)+ [ (AL AL) 2 AL 071010 1A,

NI—

X (AL Q7'A L) %—YY] Va(u). (A.23)

The proof is complete. O

Proof of Theorem 5.1. Similar to (A.20) in the proof of Lemma 5.1, we have

Hg=vec[n(C—AB)B/ ] [_22L }vec (C—AB)B | +0,(1), (A.24)

where by the construction of F/? in (5.6),
- . -1
Lit= (Z111Z3 1 © AL (AL Oy 101“1 1AL) AL

By Lemma A.1(b),
n
n Y L ZoA, (AL07'0;071A,) A,

where Z is as defined in the proof of Lemma 5.1 and M* is as defined in Theo-
rem 3.1. Therefore, similar to (A.21),

Hg —¢ vec[(Ql‘l—A(A’QlA)‘lA’)M*]/(Z®AL2A’L)
xvec | (O7' = A(A' O 4) 1A ) M7,

where £= (A, Q71070 ' A )~1. However, as argued in the proof of Lemma 5.1,

-1

O] —A(AA) A =0T A L (AL 07T AL) AL o
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Therefore, /
Hg —p tr|QOM*ZM*],

where

0= (0 AL (AL O7TAL) A O (ALZA))
x (Q AL (AL O7TA ) TTA o)
=0;'A TA O

As a result, we can rewrite the asymptotic distribution in (A.25) as

tr 1Bd(u)dVdH(u)’/ 1Bd(u)Bd(u)’du B 1Bd(u)dV;I(u)’
() ) (! ) (U

where VH(u) =2712A" Q7 'Wji(u). Therefore, contrast to E[B;(u)V} ()] in
Lemma 5.1,

. (A.25)

E[Ba(u) VI ()] =u(A' (EVi_1)AL) 2 (ALO; 1AL )Tt =uy ™.

Thus, we can rewrite V(1) as a linear combination of two independent
d-dimensional standard BMs

1
YHB, (1) + [Z%A’Lﬂl—laml—lmz% —YHYH’} 2V (u)
1
=YHB,(u)+ [Id—YHYH’] Va(u). (A.26)
Thus, the asymptotic distribution can be simplified as
1 I 1’
tr U YH By (1)dBy (u)'YH +/ YHBy(u)dVy (1) (I~ Y YH )2}
0 0
1 , 171
x [ / YHB, (1) By (1) YH du]
0

X {/OlYHBd(u)dBd(u)/YHl+/01YHBd(u)dVd(u)/(Id—YHYH/)%} }

However, Y{B,(u) ~ N(0,YAYH'). Abusing the notation, we write Y? B (u)
as (YHYH')1/2 B, (u), where By(u) is (another) d-dimensional standard BM in-
dependent of V,(u). Therefore, cancelling some of the (YHYH')1/2 terms, the
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asymptotic distribution can be expressed as

/

tr{ [ /0 1Bd(u)dBd(u)’(YHYH/)%+ /0 1Bd(u)dvd(u)'(1d—yHYH’)5]
X [/Ole(u)Bd(u)’du} B
x [/Ole(u)dBd(u)’(YHYH/)%+/01Bd(u)dVd(u)’(Id—YHYH/)%} }

Since (I;—YHYH') is a real symmetric matrix, we can decompose it as @Allf C
where © is an orthogonal matrix such that ®® = I;. In view of (YHYH)1/2 —
O(I;—A)1/2@’ and (I;—YHYH1/2 — @Aéﬂ/Z@’ and due to the orthogonality
of ®, we can write the asymptotic distribution as

tr{ [/01®’Bd(u)d3d(u)'@(ld—Af)%@)’+/01®’Bd(u)dvd(u)’@/\f%@’]/
1 ~1
X {/0 @’Bd(u)Bd(u)’du(@}
x {/01®’Bd(u)dBd(u)’®(ld—Af)%®’+/01®’Bd(u)dvd(u)’@Af%G)’} }

Since ®'B,;(1)~N(0,0'®)=N(0,1,;), similar to the previous arguments, and abus-
ing the notation, we can write ®'B;(u) and ©'V;(u) as two independent standard
BMs B,;(u) and V;(u) respectively. Cancelling the orthogonal ®, we have

tr{ [/Ole(”)dBd(”)/(Id_A‘? >%+Ale(“>dVd(”)'A§I }
) -1
% {/o Bd(u)Bd(u)’du]
. [/Ole(u)dBd(”)/(Id_Afi{)%+/01Bd(u)dvd(u)/Afﬂ }

:tr{ {C(Id—Af)%—i—@Af%} / {C(Id—Af)%—i—@Af%} } (A.27)

The proof is complete. O
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Proof of Theorem 5.2. When Q; =1, YH =Y and A=A, then by Theorem 5.1,

! a1l Hy 3 Hl
LRG:HG—l—OP(l) —p tr {g([d—Ad)erCI)AdZ} {g(ld—Ad)erCI)AdZ}

Juy
—_

=tr{ {C(Id—Ad)f +<I>A§} / [g(ld—Ad)%+¢A§] }

This completes the proof. O

Appendix B. Additional formulae

We first let &=(é2,,...,€2,,). Further let v;=(y1;,...,Ym)’, for each i=1,...,m, 7, is
implicitly defined such that

p -1
(1 - ZbﬂL’) =3y mal"
=1 1=0
Refer to the discussion right before (3.3)-(3.4)

q P
Vohi_1=-2 Z Xi_1-1® Iy )diag(a; ©e;_;) Z (Vohi_1_)diag(b;)

HH

= —22 X;_1-1® Ly)diag(v,0g_p), (B.1)
=1
V(glht_l = (vaoht_l;valht_l,...,vaqht_l,'vblht_l,...,v;)pht_l)/, (BZ)
where
14 00
=1 =0

P
Vahi—1 =diag(€;—) Z Va;hi—1-1)diag(by)
Z iag (v, O _;_ ]) j=1,...49,

p
0 hy 1 =diag(h;_1-;) Z 2 hy_1_;)diag(b;)
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Zdlag NOh_1-1—j), j=1,...p.

Next refer to the discussion right before (4.5)-(4.6),

q P
lelht—l = —22 (Yt_1_1®A’)diag(al O&_1)+ Z(vtxlht—l—l)diag(bl)
I=1 I=1
t—1
=-2 (Yt 1— Z®A )dlag(vl@et l) (B3)
=1
q P
Vahi—1==2) (Up_1_1®1y)diag(a; Oe;_;) Z Va,hi_1-1)diag(b;)
=1 =1
t—1
= (U1 ®1y)diag(v;©Og;_). (B.4)

—

1

Refer to the discussion around (3.4). When m =2,

1000

‘PZ_(O 00 1)' (B.5)
1000
03 30| _

Ny= : 2 , L=(0 10 0). (B.6)
ol 1o
0001

See respectively [36, pp.109, 48-49, 96-97] for details.
Refer to the discussion around (5.8)

=

P
V,xlhfl_lz—Z (Yt_1_1®A )dlag a;O&_;) Z Vahy—1-1)diag(by)

1
t

Il
==

=-2 (Yt 1— Z®A )diag(vl(Dst_l). (B.7)
I=1
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