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Abstract

We propose and analyze a single-interval Legendre-Gauss-Radau (LGR) spectral col-
location method for nonlinear second-order initial value problems of ordinary differential
equations. We design an efficient iterative algorithm and prove spectral convergence for
the single-interval LGR collocation method. For more effective implementation, we pro-
pose a multi-interval LGR spectral collocation scheme, which provides us great flexibility
with respect to the local time steps and local approximation degrees. Moreover, we com-
bine the multi-interval LGR collocation method in time with the Legendre-Gauss-Lobatto
collocation method in space to obtain a space-time spectral collocation approximation for
nonlinear second-order evolution equations. Numerical results show that the proposed
methods have high accuracy and excellent long-time stability. Numerical comparison be-
tween our methods and several commonly used methods are also provided.

Mathematics subject classification: 65M70, 41A10, 65L05, 35L05.
Key words: Legendre-Gauss-Radau collocation method, Second-order initial value prob-
lem, Spectral convergence, Wave equation.

1. Introduction

The initial value problems (IVPs) of second-order ordinary differential equations (ODEs)
appear in many fields of science and engineering. In addition, a large number of second-order
evolution equations, especially nonlinear wave equations, such as the Klein-Gordon and sine-
Gordon equations, are often transformed into IVPs of second-order ODEs after appropriate
spatial discretization methods. In the past few decades, great progress has been made in the
study of numerical methods for the IVPs of (second-order) ODEs. Traditional and frequently
used approaches for the numerical integration of (second-order) ODEs are mainly based on
implicit and explicit finite difference, Runge-Kutta and Newmark-type schemes. We refer the
reader to the monographs [8,25,26, 28,29, 36,41] for a comprehensive review.

As we all know, spectral methods have become important numerical methods for solving
partial differential equations (PDEs), and have a wide range of applications in many fields
of scientific and engineering computation, see, e.g., [6,7, 10,16, 18,19,40] and the references
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therein. Due to their high accuracy, spectral methods (including spectral collocation methods)
have been applied to the numerical integration of ODEs in recent years. For example, Guo et al.
developed several Laguerre spectral collocation methods [20,23,51,52] and Legendre spectral
collocation methods [21,22,24,47] for nonlinear first and second-order IVPs of ODEs. In [1,2],
several spectral Galerkin and collocation methods were introduced for the numerical solutions
of nonlinear Hamiltonian (ODE) systems. For some other high order methods (including the
hp-version continuous and discontinuous Galerkin methods) for IVPs of ODEs, we refer the
reader to [3,39,48,49, 53] and the references therein.

The main purpose of the present paper is to introduce and analyze a new spectral collocation
method based on Legendre-Gauss-Radau (LGR) points for the second-order ODEs of the form

{u”(t) = F(/(t),u(t),t), te(0,T), L)
u’(0) = v, u(0) = uy,

where the values vy and ug describe the initial states of u(¢t) and f is a given function. For ease
of statement, we sometimes use the notations d;u and 9?u instead of u’ and ", respectively.

We first design a single-interval spectral collocation scheme for problem (1.1) based on N +1
LGR points (see (2.21)). We then construct a simple but efficient iterative algorithm for nu-
merical implementation of the single-interval collocation scheme by using Legendre polynomial
expansion. We carry out a rigorous error analysis for the proposed scheme. Theoretical results
show that the single-interval LGR collocation scheme has spectral accuracy, namely, for any
fixed mode N, the smoother the exact solution is, the more accurate the numerical solution
is. We also note that a Legendre-Gauss (LG) spectral collocation method has been proposed
and analyzed in [24] for second-order ODEs. The main differences between the present paper
and [24] are as follows: 1) Our collocation scheme is based on the LGR points, while the scheme
in [24] is based on the LG points, this brings us different considerations in the theoretical anal-
ysis; 2) Due to different choices of the collocation points and different analysis approaches, the
convergence of our method in N is half order higher than the method developed in [24] (see
also Remark 2.2); 3) We design a new fixed-point iterative algorithm, which is much simpler
and faster than that in [24] (see numerical comparison in subsection 2.5.2).

In order to improve the computational efficiency, we further propose a multi-interval LGR
collocation method based on domain decomposition. Roughly speaking, we divide the solution
interval (0,7 into a series of non-overlapping subintervals, and then adopt the single-interval
LGR collocation scheme and the corresponding iterative algorithm to obtain local approx-
imation on each subinterval. The multi-interval LGR collocation scheme has the following
advantages:

e For large T', we can obtain the numerical solution by the single-interval LGR collocation
method on each subinterval step by step. In particular, the corresponding nonlinear al-
gebraic system on each subinterval usually contains only a small number of unknowns.
Therefore, the multi-interval collocation scheme can be implemented efficiently and eco-
nomically. At the same time, it keeps the global spectral accuracy.

e The multi-interval LGR collocation scheme has great flexibility with respect to the lo-
cal time steps and local approximation degrees. It is a variable-step and variable-order
scheme. This feature makes it easy for us to deal with solutions with complex dynamic
behaviors, such as oscillatory, singular and long-time behaviors.
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e We use the LGR points (with right endpoint) instead of LG points as collocation points,
and thus we can obtain the initial values of the local problem to be solved on the current
subinterval from the computed results on the previous subinterval directly. This feature
simplifies actual calculations and saves some works.

e The multi-interval LGR collocation scheme produces global numerical solutions, which
can provide more information about the structures of the exact solutions. However, the
usual difference methods do not have such merit.

As an application, we apply the multi-interval LGR method to the time discretization of
nonlinear second-order evolution equations. More specifically, we combine the Legendre-Gauss-
Lobatto (LGL) collocation method in space with the multi-interval LGR method in time to
obtain a fully discrete space-time spectral collocation approximation. We also take two typical
nonlinear wave equations, such as Klein-Gorden and sine-Gorden equations as examples. Nu-
merical results show that the proposed space-time collocation scheme has excellent long-time
stability and spectral accuracy in both space and time. By the way, it is worth mentioning
that such space-time high order methods for time dependent PDEs have received considerable
attention in recent years, see, e.g., the space-time spectral Galerkin and collocation methods
[30,31,35,42-45,54,55,57, 58], the space-time hp-finite element methods [4,5,9,13,32,38] and
the references therein. We would like to emphasize that our purpose is not to compare with
those existing space-time high order methods, but to develop a new and available space-time
collocation method for nonlinear second-order evolution equations.

The paper is organized as follows. In Section 2, we introduce and analyze a single-interval
LGR collocation method for nonlinear second-order IVPs of ODEs. We further propose a multi-
interval LGR collocation method for more effective implementation. We also provide some
numerical examples and comparison to show the high accuracy and efficiency of the single and
multi-interval LGR collocation methods. In Section 3, we design a space-time spectral collo-
cation scheme for the nonlinear second-order evolution equations based on the multi-interval
LGR collocation method in time and the LGL collocation method in space. We take two typical
nonlinear wave equations as examples, numerical results show that the space-time collocation
scheme has long-time stability and high accuracy in both space and time. Finally, we give some
concluding remarks in Section 4.

2. Legendre-Gauss-Radau Spectral Collocation Method for
Second-Order IVPs

In this section, we introduce and analyze a single-interval LGR collocation method for the
model problem (1.1).

2.1. Preliminaries

Let L;(z) be the Legendre polynomial of degree [ on A := [—1,1]. The Legendre polynomials
satisfy the recursion relation

(I +1)Lis1(z) = (20 + DaLi(x) — 1Li_1(z), 1> 1, (2.1)
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where Lo(xz) = 1 and Li(z) = x. We recall that the Legendre polynomials also satisfy the
orthogonality relation

1
2
L L = — > 0. 2.2
[1 l(‘r) m(‘r)d‘r 2l+161ma Vn,mz>0 ( )

For any u,v € L?(A), we denote by (-,-) the inner product and by || - || the L?-norm of the
space L2(A), i.e.,

(u,v) :/uvdx, o]l = (v,v)%. (2.3)
A
Let {xév ;-V:O be the set of LGR quadrature nodes (arranged in ascending order with fixed

right endpoint z¥ = 1) and {wjv };-V:o be the corresponding weights. We recall that {zjv §V20
are the distinct zeros of Ly41(z) — Ly(z),2 € A. For any u,v € L?(A), we define the discrete

inner product (-,-)n and the discrete norm || - || by
N 1
(w,0)x =y _u@)o(e)w)’,  olly = (v,0)%-
j=0

Let Pn(A) be the set of polynomials of degree at most N. Due to the exactness of the LGR
quadrature (cf. [40]), for any ¢ip € Pon(A) and ¢ € Py (A), there hold

(@,9) = (¥, el = llelln- (2.4)
In addition, for any v € C'(—1, 1], we define the standard LGR interpolation Zyv € Py (A) by
IN’U(.T?[):’U(,T;V), 0<j7<N.

For our purpose, we now define the shifted Legendre polynomials Ly ;(t) by
2t
LTJ(t):Ll (——1), tE[O,T], [ >0.

Due to (2.1), the shifted Legendre polynomials also satisfy the recursion relation

2t
(L + 1) Lygsr () = (20 + 1) <? - 1) Loa(t) — 1Lpy_a(t), 1> 1. (2.5)
By (2.2), there holds
T T
L i(O) Ly (8)dt = ——— 1, 2.
| et = (2.6)

which implies that the set of {Lz,(t),l > 0} forms a complete L?(0,T)-orthogonal system.
Hence, for any v € L2(0,T), we have

— . o201 (T
v(t) = ZU[LT,l(ﬁ) with 7 = —— v(t) Ly, (t)dt. (2.7)
1=0 T Jo
Similar to (2.3), we denote by (-,-)7 the continuous inner product and by || - ||z the L?-norm

of the space L?(0,T). Clearly, we have ||v|r = (v,v)é for any v € L(0,T).
Furthermore, we define the shifted LGR nodes and weights {t3 ;, wy ;}7, by
N T

T
tTJ:E(x;V—i—l), wp;=zw), 0<j<N.
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Analogously, for any u,v € L?(0,7T), we define the discrete inner product (-,-)r,x and norm

I ll7.~ by
N

(worn = e utioel,), oy = @.0)7 5.
=0
Thanks to (2.4), for any ¢y € Pan(0,7) and ¢ € Pn(0,T), there hold
(0, ¥)r = (0, ¢¥)rNs el = [lellr,N- (2.8)
For any v € C(0,T], we then define the shifted LGR interpolation Zp nv € Pn(0,7T) by
Irno(ty,) =v(ty,;), 0<j<N. (2.9)
From (2.8), we find that
(Zr.nv,¢)r = (Zr.nv, 9)rNn = (v,0)7.N, Vo € Pn(0,T). (2.10)

Obviously, the shifted LGR interpolation Z7 yv can be expanded as

N
Irno(t) = iLr(t) (2.11)
1=0
with 20 +1 2 +1
_ + +
v = T(ITJVU’ LT,l)T = (’U, LT,l)T,N; 0 S l S N. (2.12)
For any nonnegative integer 7, let H"(0,T') be the usual Sobolev space. For simplicity, we
also denote by || - ||, and | - |, 7 the norm and semi-norm of the space H"(0,T), respectively.
In particular, we set || - |jo,r = || - ||z for r = 0.

In view of (5.4.33) and (5.4.34) of [10], for any u € H"(A) with integer 1 <7 < N +1 and
1 <m < r, there hold

Hu *INUHLZ(A) < CN7T|’LL|HT(A),
u = Inulpmay < ON*™ 727" [ulgr(a)

for the standard LGR interpolation Zyu. Then, we can easily obtain the following scaled
estimates for the shifted LGR interpolation.

Lemma 2.1. Let u € H"(0,T) with integer 1 <r < N+ 1. For 1 <m < r, there hold

||’U,7IT7N’LLHT < CVT'T]\77T|’U,|7«1T7 (213)

lu — Tp Nt < CT" " N*""3"|ul,.1. (2.14)

For analysis, we need to bound the discrete norm by the continuous norm as stated below
([56, Lemma 2.1]).

Lemma 2.2. For any ¢ € Pn4+1(0,T), there holds
lollrn < )T, (2.15)

where v1 = /2 + WQH

The following estimate can be proved by using similar techniques as in Lemma 2.2.
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Lemma 2.3. For any ¥ € Pn42(0,T), there holds

l¥llrn < vell¢llr, (2.16)

where y3 = /3 + 52

Proof. Let ¢(z) = ¢ (£ (2 4+ 1)) with 2 € A, then ¢ € Py42(A). We shall show that

lellv < r2llell- (2.17)

To this end, we expand ¢ and its LGR interpolation as

N+2

:Z@Ll(x), Ine(z ZSDILZ : (2.18)
1=0

Clearly, ZnyoL; € Pn4i(—1,1), by (2.4) we have

. 2l+1 20+ 1
L=y (Inp, L) = — (Ine, L)y

20+1

=——(@L)y=@, 0<I<N-2 (2.19)

Noting that Ly11(z}) — Ly(x}) = 0 for 0 < j < N, then using (2.1), (2.2), (2.4) and (2.18)
gives

- 2N —1 2N —1 2N —1
PN-1= T (Inyp,Ln-1) = (Ing,Ln-1)n = 5 (o, Ln-1)n

IN —1 ON -1 _

=" (@N-1LN-1,Ln_1) + (@N+2Lny2, Ln-1) N
N 2N —1 [ . 2N +3 N+1

= _ Ee—— L L L —
PN-1 T 5 (SDN+2(N+2$ N+1 — N2 N), Nl)N
~ 2N —1 [ 2N + 3 - 2N +3

= _ —x (L — L Ly, Ly_
PN-1+—5 <¢N+2N+2$( N+1 N)+<PN+2N+2$ N, N1>N
~ " 2N —1 [ 2N + 3 I L

== — I—— 1 _
PN-1 9 SDN+2N+2 NaNlN

2N —1 N+3 / N+1 N

= pn_ %) L —Ln_ Ln_
PN-1 T 5 (SDN+2N+2 (2N+1 N+1+2N+1 N1), Nl)N

PR n N(2N+3)

TPNTLT N £ 2)2N ¢ 1) PN

and
~ 2N +1 2N +1
PN = (Iny,Ly) = (o, Ln) y
2N +1 , 2N +1 -
=— (bnLn, Ln) + (@Nt1Ln1 + Ony2lnio, L)y
~ ~ 2N—|—1
= YNt PN+t (Pn+2Lny2, L)y

. . 2N+ 2N +3 N+1
= L — L Ly)— ——L L
YN T oNt1 + < <N+2 r(Lns1 N+ Ln) N 12 N>7 N)N

Gy 4G Jr2N+1 2N+3L N+1L I
= X
PN T PN+1 T2 N — N+2 N |,LN N
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U N+1_ 2N +1 ((2N +3)(N +1) _
= 9PN+ PN+1 —
N

L L
N+2<PN+2+ 5 (2N+1)(N+2)<PN+2 N+1, LN
AN +1)

:@N+$N+1+(

which together with (2.18) and (2.19) leads to

N N-—-2

2 N(@2N+3) )2

2 2
7 2= —— < 5?2 ON—
IZneell ;21+1@z_;21+1%+2]\,71 YN 1+(N+2)(2N+1)90N+2

+

20N +1) .\
9N + 1)(N + 2)‘pN+2)

N-2 2
2 4 4 N(2N +3) .
< 2 2 2
= ; it Tan vt oy T ((N+2)(2N+1)) PN+2

L6 e 6 6 2(N +1) >,
OIN+ 1N TN+ 1PN TNy I \(N+2)2N +1) ) FN+2

2 —~ ~
m (SON + YN+1 + (

N+42 9 N+2 9 N+1 9 6 9
< ~2 ~2 ~2 ~2
= ; 2+ 17" +l§;12l+1“"l +l;v 2117 T BN 1) 2N 1 3) 7N+

oL, 2N+ 2
ON —1 ' (2N +1)°) (2N +5) 7 N+2

6 1 2N +5 ,
<(3+-— 412
—( TNt (2N1+(2N+1)3))”“"”’

78
T < . 2.2
IZwell < \/3+ sl (2:20)

lelln = IZnelly = [ Znells

and thus

Moreover, by (2.4) we have

which together with (2.20) implies (2.17). Thus, a simple variable transformation of (2.17)
leads to (2.16). This completes the proof. O

2.2. Single-interval Legendre-Gauss-Radau collocation scheme

The single-interval LGR collocation scheme for solving (1.1) is to find u™ (t) € Pn42(0,T)
such that

{afuN(tiA{j) = [ (0N (), N (1Y), 1), 0<j<N, (221)

OuN (0) = vg, uN(0) = up.
Due to (2.9), we observe that
Tr.n f (0™ (t,), u™ (t7.5), t7,5) = f (O™ (t75), w™ (42,) 175 -
Then, by (2.21) we have

o2ulN (tﬁj) =Irnf (atuN(tﬁj),uN(tﬁj),tﬁj), 0<j<N.
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Since both functions 02u” and Zr y f belong to the polynomial space Py (0,T), and they have
same values at the N + 1 distinct collocation points. Then, the collocation scheme (2.21) can
be reformulated as: Find u (t) € Pn42(0,T) such that

N (t) = Irn f (O™ (1), (8),t), t€(0,T]. (2.22)

We expand the LGR collocation approximation and its derivative by

N+2 N+2
Nty = arLri(t), OuN(t) = UpdLri(t) (2.23)
and let
N o~
Ty f (O™ (£),u™ (t),t) = > feLri(t). (2.24)
k=0
Due to (2.12), there holds
72k + 1
Zf N uN ()Y ) Leg (88) wh 5, 0<k < N. (2.25)

Using (2.22)-(2.24) and properties of the shifted Legendre polynomials, a direct computation
reveals that ([54])

N+2 N N+1
o2uN(t) = Z UOf L1, (t Z kL7 k(t Z Fe0 Ly k(1)
k=0 k=1
Tive1 oo TN .
= ——0/L t ————07 L t
202N + 5% r.N+2() + 202N + K rN+1(?)
N /- .
T Je—1 Jee1 ) o2
— — 0y L t 2.26
+2kz_2(%1 Tt ) G2t (226)
where
= Tfn = Tfn_1 : T fi i
= — = —— =— — 1<k<N-1
I 202N + 1)’ In 202N — 1)’ I <2k1 2%k+3) -7
(2.27)
In view of (2.26), comparing the expansion coefficients in terms of 97 L1 x(t) leads to
- T fni1 . T fn T fia fr1
— _ A == — 2<k<N.
UNT2T 9N 13 NI T oeN 1) % —1 2k+3) “="=
(2.28)
Inserting (2.27) into (2.28), we further obtain
T2 "
m = 2.2
UN+2 4(2N+3)(2N+1)fN’ (2.29a)
T? ~
u = _ N>1 2.29b
UN+1 4(2N+1)(2N—1)fN 15 > 1, (2.29Db)
T2 -~ T3 ~
unN = o — N >2 2.29
N =N —DEN =8N T N s eN S Y =5 (2:29¢)
T2 . T2 .
Un_1= _3— _ N > 2.29d
UN=t 4(2N—3)(2N—5)fN ’ 2(2N+1)(2N—3)fN v N23, (220d)
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T2 ~ T2 - T2 "
42k — 1)(2k — ?,)f’“‘2 2(2k + 3)(2k — 1)fk T Ik )2k 1 3) Jiv2

~

Uy = (2.29¢)

for 2 < k < N — 2. Moreover, substituting ¢ = 0 into the second equality of (2.23), then using

(2.21) and the fact 9, L7 (0) = 7(—1)*"'k(k + 1) gives

N+2
- —vo + = Z k(k + 1)@y (2.30)

On the other hand, inserting ¢ = 0 into (2.23), using (2.21), (2.30) and the fact Lz (0) = (—=1)¥,

we obtain

N+2 N+2

_ _ T 1 ~
o =uo— Y (=1)*lx =ug + FU+ s (=1)*(k — 1)(k + 2)Ts. (2.31)
k=1 k=2

Thanks to (2.29)-(2.31), we can compute the expansion coefficients {@y}_; of the LGR collo-
cation approximation u’ by a simple iterative algorithm, as described in Algorithm 2.1.

Algorithm 2.1. A Simple Iterative Algorithm

N +2 and tolerance.

2: while the maximum absolute dlﬁerence between two consecutive coefficients of {uy,

1: Input: initial guess of {uy};
}N+2
is bigger than the desired tolerance do

Compute the coefficients {j?k}kN o by (2.23) and (2.25).

Update the coefficients {7y} 5> by (2.29), (2.30) and (2.31).
: end while
: Output: quantities of interest, such as u™ (tﬁj), 8tuN(t¥7j) and u™ (T).

2.3. Convergence analysis

The aim of this subsection is to analyze the convergence of the single-interval LGR colloca-
tion scheme (2.21). To this end, we set

EN(t) = Ip nu(t) — u¥ (t).
We further define
GT L(t) = OFZr nu(t) — Ir nOFul(t),
GTo(t) = f(OZrnult), u® (), t) — f(Bu™ (t),u (1), ),
Grs(t) = f(OZr nu(t), Ir nu(t),t) — f(OiZrnu(t),u (t),1),
GP4(t) = f(ZrnOwu(t), Ir yu(t),t) — f(OZr nu(t), Ir nul(t),t).
Due to (1.1) and the definition of Zp yu, there holds
Ir nOFu(ty ;) = Ofu(ty ;) = f (Bwu(ty ), ulty ;) t7 ;) = f (TrnOeulty ), Ir nulty ), tr ;)

for 0 < 7 < N, and then we have

8?IT1Nu(t¥J—) =f (atu(tﬁj),u(tﬁj),tﬁj) + Gﬁl(tﬁj), 0<j<N. (2.32)
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Combining (2.21) and (2.32) yields

4
N (+N \ _ N N .
RE (tr;) = ;GT,j(tT,j)v 0<j<N, (2.33)
8tEN(O) = GtIT,Nu(O) — Vo, EN(O) = IT,N’U,(O) — Uup.

For our purpose, we assume that f in (1.1) is continuous and satisfies uniform Lipschitz
conditions, i.e., there exist positive constants L1 and Lo such that

|f(z1,8,t) = f(2z2,8,t)] < Li|z1 — 22|, |f(z,51,1) = f(2,82,1)] < Lals1 — s2] (2.34)

for t € (0,7, |2i] < oo and |s;| < 00 (i =1,2).
The following estimates will be used to deal with the term EY.

Lemma 2.4. Let u € H"(0,T) with integer 3 <r < N + 1. Then we have

G llz.n < CT™2N3"Jul,.r, (2.35)
IG¥ollz.n < Liyi |0EY |z, (2.36)
IGY sllr.n < Love || EN |1, (2.37)
IGY Jllmn < CLAT™ INE " [ul, p (2.38)

with C' > 0 independent on T and N.
Proof. In view of (2.13), there holds for any integer 3 < r < N + 3,
|02 u — T nO?ullr < CT""2N*""|ul,.1.
This together with (2.8) and (2.14) gives

IGY lrn = 1GE Nl < 103 (Zrnvu — w)llz + 07w — Tr nOPullr < CT" 2N E"[ul,p

for any integer 3 < r < N + 1. Thus the proof of (2.35) is complete.
Combining (2.34) and (2.15) gives

HG¥,2HT,N < L1|0Zr, nu — atUN”T,N = LlHatENHT,N < Lim || 0:EN||r

upon noting that 9, EY € Pn41(0,T). This proves (2.36).
Since EN € Pn42(0,T), applying (2.34) and (2.16) yields

G sllr.n < Lol Zrnvu — u™ |l n = Lo ||EN ||7.n < Lovol|[EN |7,

which implies (2.37).
Moreover, using (2.34), (2.13) and (2.14) we deduce that

||G1A{4HT,N < Ly||Zr nOru — OdZr Nul|r. N
< L1 (|Zr,n 0w — Owu|l v, v + || Ove — O Zr Nl T, N)
< CLyT" "N "|ul,.r.

This completes the proof of (2.38). O
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We now estimate EV.
Lemma 2.5. Let u € H"(0,T) with integer 3 <r < N + 1. Then we have
10BN (£) — 8, EN (0)||r < 2T (LleatENHT + Lo || EN||7 + CC*TT*QN%*WWT) , (2.39)
0, EN(T) — 8, BN (0)| < 2T% (L171||6tEN||T + Lo || EN |7 + CC*TT_2N%_T|u|T7T) . (2.40)
where Cy, =1+ LiTN~2 and C > 0 is independent on T and N.

Proof. For simplicity, we denote Ey(t) = O,EN (t) — 0, EN(0) and Cy, = 1+ LiTN~2. Then,
we have F; € PN+1(0,T), tilEl S PN(O,T) and at(tilEl) S 'PNfl(O,T). By (28) and
integration by parts, we get

2 (B, 0/t En)) gy = 2 (B, 0t En))
=—2(E,t 7By, +2 (Bt 0B,
= _2||t_1E1H’§" + (t_la at(E%))T
= [t By |7 + T B (T (2.41)

On the other hand, by (2.8) and (2.33) we obtain

2 (By, 0t E)) gy = —2(By,t2E)) 7N + 2(Fy, t TP OPEN )N
4

=2t EF +2 [t EL Y G, : (2.42)

g=1 T,N

Combining (2.41) and (2.42) gives
4
[t Bl + T HE(T))? =) 2 (7 B, GY) Z AT ;. (2.43)
j=1

Since t1E; € Py (0,T), applying (2.8) yields
AN | =2 ’(t_lEl,Gﬁj)TyN’ <2t B |GY o, 1<j<A. (2.44)
Thus, by (2.43) and (2.44) we get

4 4
It EE < Y0 AN, <20t Ellr Y IGE Iz (2.45)
= =

Applying Lemma 2.4 to (2.45) gives

4
[t By < 22 ||G¥,j||T,N
j=1

P (L171||8tEN||T + Lo | EN||7 + CC’*TT’QN%””|u|T7T) , (2.46)

which implies that
|Billr < Tt Bullg < 2T (Laon |OEY Bl + Lol BV (0)ll7 + COT N3 " ful,.r )

This completes the proof of (2.39).
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Moreover, thanks to (2.43), (2.45) and (2.46), we find that

4 4 4
THE(T)P <)Y AY; <20t Eillr Y IGY lmn <4 [ Y IGT,
j=1 j=1 Jj=1

which together with Lemma 2.4 leads to

B (T)] < 275 (Lon |l EN )llr + Loz | BV (8)]l7 + CCT N3 " Jul,.r)

This completes the proof of (2.40).

We are ready to present the main results of this section.

T,N

Theorem 2.1. Let u € H"(0,T) with integer 3 <r < N + 1. Assume that T is suitably small

and there exist positive constants o and 8 such that

4T2L2’72

2WIim <a<1l and —— 22
m=a T 9T I

<pB <1

Then, we have
. — uN |7 < CogCLT"N3~" |uly 1,
100t — 0N || 7 < CasCuT™ " N2 |ul,,
u(T) — uN(T)] < CapCLT" 3N Jul, 1,
104u(T) — O™ (T)| < CopCLT™ 2 N3~ "|uly1,

(2.47)

where C,, > 0 is defined as in Lemma 2.5 and Cy g > 0 depends on o, 8 but not on T, N.

Proof. Noting that for any v € H(0,T'), there holds (page 279 of [21]),

max |v(t)] < T |[vf|z + T2 | 9] 7.
te[0,T)

This together with (2.33) and (2.14) yields
10, EN(0)] = 10,Zr yu(0) — 5u(0)|
< T 5|0y (Tr,nu — )|z + T2 |0 (Zr xu — u)|r
< CT™ 3N "|ul.r.
Similarly, applying Lemma 2.1 we obtain
|EY(0)] = [Zr,nu(0) — u(0)]
< T3 || Zr nu — ullp + T2 04T xu — u)| 7
<CT" N2 "|ul.r.
Combining (2.39) and (2.53) gives
10BN || < |0 E™ (t) — . BN (0)]| + |0 E¥ (0) | 7
= [0.EN () = 9. (0)|lx + T2 (0. E™ (0)]

< 2T (Lin 0B |7 + Loy | BV |7 + CCT7 N3 " ul,.r )

(2.52)

(2.53)

(2.54)
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or equivalently,
(1= 2T L) ||0:EN |7 < 2T Lovyo| | EN ||z + CCT" N5 ~" |ul,. 7. (2.55)

Suppose that T is suitably small and there is a positive constant « such that

Then, we can rewrite (2.55) as
2T Loye N 1 I
SEN|p < 22212 g CC— T INT |y, . 2.57
0By < g | BN + OO g . (257)

Upon observing that
t
BN (@)~ [EN(0)) = 2/ OENENdt < 2| EV||7|0.EN |7
0
and integrating the above inequality with respect to ¢t over the interval (0,7, we get

1
1EMZ < TIEN () + 2T | EM 2| 0.EY o < TIEY (0)* + S B |17 + 21|10, E™|I7,
which implies that
IEN |z < V212 |EN(0)] 4 2T |0 EN ||, (2.58)

Inserting (2.54) and (2.57) into (2.58) gives

|ENl < OT"NE " fulyp + —L 222Ny 4 00, — L qryEryy)
= nT 1-— 2TL1’}/1 T * 1-— 2TL1’}/1 nTs
or equivalently, thanks to (2.56), we have
4T2L2’)/2 N 7
l———FF— | |E < CoCT"NZ7 "l 1, 2.59
(1- T2 ) 15N < e (2:59)

where C, > 0 depends on « and possibly having different values in each occurrence. Suppose
that T is suitably small and there is a positive constant 8 such that

4T2L2’72
— 2" < fB<1. 2.60
1-— 2TL1’}/1 - ﬁ ( )
Then, (2.59) can be read as
|EN |7 < CosCuT"N3~"|ul 1. (2.61)

Here, C g > 0 depends on o, 3 and possibly having different values in each occurrence. Ap-
plying the triangle inequality, using (2.13) and (2.61), we obtain

lu =Nz < llu— Zrvulle + | EV |z < Ca sCT" N+ Jul,.1.

This completes the proof of (2.48). Inserting (2.61) into (2.57), then using (2.56) and (2.60)
gives

2TL2")’2 7_ 1 —1A7L—
HEN||p < ——===_C, 3C.T"Nz7"|ul, CC,———— T IN= |y,
[0:E7 |7 < 1= 2T Ly, o |ulr, T + 1= 2T, |ul, 7
2T2L2’}/2

2 22 o sC TTTINE T g + CoCL T AN Z |,
S T 0T Ly, o ulr,r + |ulr, 7
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B
2
< CopC T "N |ty . (2.62)

< 20 sC T N " ulpg + CoC T "N " |uly 1

Applying the triangle inequality, using (2.14) and (2.62), we get
R
100 — 0™ [l < [9u(u — Trww)lz + BN < Ca s O™ NE"Jul .

This proves (2.49). Since u(T') = Zr nu(T), there holds u(T) — u™(T) = EV(T). Then, thanks
to (2.52), combining (2.61) and (2.62), we obtain

ju(T) =™ (1) = |EN (D) < T2 | EV||7 + T2 |0, EV||z < CapCT™ 2 NZ " Jul,,r,

which implies (2.50).
Moreover, inserting (2.61) and (2.62) into (2.40), then using (2.56) and (2.60), we obtain
T2L2’72

= 22 (9T L) Ca sCL T 2N E " |,
T 2TL171( 171)Ca,p ulr,7

0.EN(T) — 8, EN (0)| < 27> (

+ TL171Co gCu T 2N3 " |ty 1 + CC’*T’”QN%’”|u|T7T>

< 2T (gca,gC*T’“”N%*ﬂup,T 4+ TL17Ca sC.T" 2N 2" |uly. 1

+ CC*TT‘QN%‘T|u|T,T)
< CapCL T 3ENE " ul, 1,
which together with (2.53) gives
0, EN(T)| < |0, EN(T) — 0, EN (0)] + |0, EN (0)| < Co s CuT™ 2N " utf, 1. (2.63)
Applying the triangle inequality, using (2.52), (2.14) and (2.63), we deduce that
|0:u(T) — O™ (T)| < |0eu(T) — O Zr nu(T)| + |0: EN (T)|
< T72|0y(u = Zr,xw) |0 + T2 (107 (u — Tr,ww) o+ [0 EN ()|
< CoapC T 3N |u)y 1.

This proves (2.51). O

Remark 2.1. The error estimates (2.48)-(2.51) imply that the convergence rate of the single-
interval LGR collocation method is of the order O(N %_T) for fixed T'. Clearly, the errors decay
rapidly as IV and r increase. In other words, the single-interval LGR collocation method can
yield arbitrary high-order algebraic convergence rate (i.e., spectral convergence), provided that
the solution w is smooth enough.

Remark 2.2. We note that the LG spectral collocation method was developed in [24] for
second-order ODEs, where the convergence rate of the numerical errors is of the order O(N4~7)
for fixed T' provided that 0,u € L>(0,T) (see [24, Remarks 3.3 and 3.6]). Although both meth-
ods can achieve spectral convergence, the convergence of our method in IV is half order higher
than the method proposed in [24]. Moreover, it is well-known that the Gauss-type quadrature
formulas provide powerful tools for evaluating integrals and inner products in spectral collo-
cation methods. Since the degrees of precision of the LGR and LG quadrature formulas with
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N + 1 points are 2N and 2N + 1, respectively, this leads to different consideration in the error
analysis for the spectral collocation methods based on LGR and LG points, and some new
technique results (see, e.g., Lemma 2.3) are also needed in our situation for the LGR case.

Remark 2.3. If 9,u € L>°(0,7T) and T < 1, then from (2.48)-(2.51) we deduce that
u—uN|p =0T 3NTT), |8 — Oul|r = O(T" 3N,
[u(T) =™ (T)| = O(T"N7),  [9eu(T) — 9™ (T)| = OT" ' NZ77).

2.4. Multi-interval Legendre-Gauss-Radau collocation scheme

In the last section, we proposed and analyzed a single-interval LGR collocation method,
and the theoretical results show that the numerical errors decay rapidly as N and r increase.
However, the length of the interval (0,7T) is sometimes limited due to the condition (2.47). On
the other hand, it is not convenient for us to solve the resulted discrete system with large V.
To remedy these deficiencies, we introduce a multi-interval LGR collocation scheme as follows.

For this purpose, we first divide the interval (0, T] into M subintervals {I,,, := (Tp,—1, Tn] }M_,
with nodes given by

O0=Ty<i1<---<Ty=T.

Let 7, := Ty — Trn—1, 1 < m < M. We further set u,,(t) := u(Ty—1+t) for 0 <t < 7,. In
view of (1.1), there holds
O2um(t) = f(Outum(t), um(t), Tm—1+1), 0<t<T,, 1<m<M,
Oty (0) = Opttm—1(Tm—1), Um(0) = Um—1(Tm—1), 2<m< M, (2.64)
atul( ) = o, ul(O) = Uup.
By replacing T and N by 71 and Ny in (2.21), respectively, we can obtain a local approxi-
mation u)* (£) € P, 42(0,71) for ui(t) with 9l (0) = vy and ul* (0) = ug. Similarly, we can

obtain the local numerical solutions u’¥™ () € Py, +2(0,7y) for 2 < m < M by using the time
stepping scheme

OFubym (t2m ) = f(atu () e (£ ), T, 1“@) 2<m<M, 0<j< Ny,

TmJ mJ m Tm ] TmJ - -
Ny —
Dy (0) = By (Tn1), ulim(0) = "7 (7n1), 2<m< M,

(2.65)
where {tJT\Z;" k}ggo are the shifted LGR quadrature nodes on the interval (0, 7,,,]. Then, the global
numerical solution of (1.1) is given by

uN(Tpoq +t) =ulNm(t), 0<t<7, 1<m<M. (2.66)

Clearly, ulY= (t) is an approximation to the local exact solution 1, (t) for 1 < m < M.
We now turn to the error analysis. For simplicity, we consider the case with uniform mode
N,, = N and uniform step-size 7,,, = 7. To this end, we set

EN() = I num(t) —ul (t), 1<m <M.
We further define

mGN 1 (t) = OFLr Ntm (t) — Lr N Ofum(t),
mG']r\,IQ(t) = f(atIT,NUM(t)v u%(t)v t) - f(atur]X(t)a urZX(t)a t)v
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mGg—\,]3 (t) = f(atIT,Num (t)vzr,Num (t)v t) - f(atIT,NUm (t)7 fo (t)v t)a
mGR () = f(Zr NOum (), Zr N (), ) — F(OZr N (), Lr Nt (£), 1),
Following the same line as in the derivation of (2.33), we obtain from (2.64) and (2.65) with
N,, = N and 7,,, = 7 that

OFEN (tY.) ZmGN tY,), 0<j<N, 1<m<M,

O Ep, (0) = 0, T,Num( ) = Oeugy 1 (7), (2.67)
E’rJX(O) = ITﬁNum(O) - u7j7vm71(7_)7 2 S m < M;

8tE{V(O) = 81517—7]\[’&1(0) — Vo, E{V(O) = I,r,Nul(O) — Up.

Similar to the proof of Lemma 2.5, we can easily deduce the following results.

Lemma 2.6. Assume that f satisfies (2.34). Let u,, € H"(0,7) with integer 3 < r < N + 1.
Then we have

10BN (1)~ 0 ENO)]- < Or (IEN - + 1BY - 47 >N T unl,) . (268)
OEN ()~ BN O0)] < O7% (JOBN e + 1N + 72Nl ), (269)
where the constant C > 0 is independent of T and N.

The following theorem establishes the spectral convergence of the multi-interval LGR collo-
cation scheme for the problem (1.1).

Theorem 2.2. Assume that f satisfies (2.34). Let w € H"(0,T) with integer 3 < r < N + 1.
Then, for sufficiently small T > 0, there hold

lu— ™| 2 (0,mr) < Cm" NE |l grr (0 ey, (2.70)
10 — Bpu™ 320 mry < O™ T NE " ul e (0,1, (2.71)
lu(m7) — u™N (m7)| < Cm%TT_%N%_T|u|HT(01mT), (2.72)
|0su(mT) — O™ (m7)| < Cmér’”*%N%*T|u|Hr(OﬁmT) (2.73)

for 1 <m < M, where the constant C' > 0 is independent of T and N.

Proof. According to (2.48)-(2.51), there hold

2.74
2.75
2.76
2.77

lu— ™| 2207y = llur — ud || < CT"NE"|usyr,
[10pu — B || 12007y = [Opur — Bpud ||, < CT""INE " |us .,

u(r) — u™ (7) = Jur (1) — ul ()| < O™ ENF"|ugy.r,

|Opu(T) — 8tuN(T)| = |Opus () — atul (M) < CTT_%N%_T|U1|T7-,—

~~ o~ ~~
—_ — D

for sufficiently small 7.
We next estimate the term EX for m = 2. Noting the fact that

E3'(0) = Ir,nu2(0) — uf (1) = (Zr,vu2(0) — u2(0)) + (ur(7) — uy' (7)) ,
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then using (2.54) and (2.76) gives
B (0)] < Cr ENE gl + O ENE .
SOT AN (|ualrr + fualrr) (2.78)
Similarly, due to (2.53) and (2.77), we have

0, EN(0)] < CT" 3 N%"|ug|pr + CT" 3 N5"|us)y
= Cr INT T (Jui|rr + |uglrs) - (2.79)

Using (2.79) and (2.68) with m = 2, we obtain

1 EN 7 < 10.EY (£) — BEY (0)]|- + |0, EY (0]
= |0.EY (t) — 0, EY (0)||» + 728, EN (0))]

< Or (10 - + 1EY |- + 7 > NF (i + fuslsr)) . (2:80)
Then (2.80) can be rewritten as
10:EY || < CTI|EN[lr + CT AN (Jua|rr + [uzlr,r) (2.81)
for sufficiently small 7. Similar to the derivation of (2.58), we deduce that
1B |- < V272 By (0)] + 27 0B |- (2.82)
Inserting (2.78) and (2.81) into (2.82) yields
IEY |, < CT2|EN |l + O™ NE " (|urlrr + uslrr)
which implies that
1Nl < CrNET (b + [u2ly,r) (2.83)
for sufficiently small 7. Inserting (2.83) into (2.81) gives
10 - < OT"INET (Julrr + [ualrr) (2:84)
Moreover, inserting (2.83) and (2.84) into (2.84), leads to
B3 () = B (0)] < O AN (Jualyr + [ualrr)
which together with (2.79) yields

0, By (1) < |0:E3 (1) — 0. B3 (0)| + [0:E5' (0)]
<O ENT T (Juylrr + |ug)rr) - (2.85)

Combining (2.13) and (2.83), we obtain
luz = ug [|7 < [Jus —Ir nugll- + 1ES |- < CrNET (Jutlr,r + |uzlr,r) -
Similarly, combining (2.14) and (2.84), we get

AT
(| Oruz — 8tuéVH'r < |0k (uz *IT,NUZ)”T + ||8tEéV||'r <Ccr" IN2T (|u1|r,'r + |U2|T,T)-
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Noting the fact that us(7) = Z; yua(7), then using (2.52), (2.61) and (2.62), we find
Juz(r) —ud ()| = |E3' (1) < 7 | B |- + 7% (0. B3 |-
< Cr AN (Juilrr + Juslrs)
Combining (2.14) and (2.85), we deduce that
|Opua(T) — 3tuév(7)| < [Opua (1) — O Ly Nua2(T)| + |3tEév(T>|
< CT AN (Juilrr + Juslyr)

Repeating the above process, we conclude that for 1 < m < M, there hold

[t = ul [l < CTNETS" gl s, (2.86)
j=1

|0rttr, — Bpubi|l> < CT"TINETT S gz, (2.87)
j=1

[t (7) =l (P)| < CTTENET S Juglr, (2.88)
Jj=1

|Ostin () — Dpul (1) < CT"TENETT S Jug (2.89)

j=1

Consequently, using (2.86) and the Cauchy-Schwarz inequality gives

m T m 2
|uuNnL2<0,mT>(znukum) < orrn (szrw,m)
k=1

k=1
T_
< Cmt N2 T|U|Hr(07m,r),

2

which implies (2.70). Similarly, using (2.87) and the Cauchy-Schwarz inequality gives

m % m 2
8¢ = 0™ 1 Z2(0,mr) = (Z 19rx — @t“kN||3> < CrrTUNTTE (Z klul%p(o,m)
k=1 k=1

— 7_
< Cmt" 1N2 T|U|H7‘(01m7-)’

which implies (2.71). Moreover, using (2.88), (2.89) and the Cauchy-Schwarz inequality yields

u(mr) — u® ()| = Jum (1) — ul ()] < CMET"ENE " ul g (0 1),
0u(mr) — BpuN (m7)| = By (T) — Bpull (1) < CmET""ENT "] g (0.mr)-
This proves (2.72) and (2.73). O

Remark 2.4. If §,u € L*°(0,T), then the error estimates in Theorem 2.2 imply that
1T r_B8 T o
u — uN|| 20,0y = O ENET), 9w — BN || 200y = O(T""ENETT),
u(T) —u™N(T)| = O™ "IN, |0u(T) — 9N (T)| = O(r""2N3>77).

Thus, the multi-interval LGR collocation scheme converges either as the step-size 7 is decreased
or as N is increased.
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The multi-interval LGR collocation scheme can also be applied to system of second-order
ODE:s of the form

(2.90)

d2u(t) = flova(t), a(t),t), 0<t<T,
0y(0) = v, (0) = o,

where
u(t)

f(atﬁ(t)v ’J(t)a t) = (fl(atﬁ(t)v ’J(t)a t)v f2 (atﬁ(t)a ﬁ(t)v t)a ) fn(atﬁ(t)v ’J(t)a t))

are vector valued functions, 9y and i are given vectors.
Then, the multi-interval LGR collocation scheme for (2.90) can be read as: Find @)= (¢) €
(Pn,,+2(0, 7)™ such that

Il
—~
<

[
—
~
~
<
S}
—~
~
~—
<
3
—
~
~
~
S

T

Oty

—

) = f@aym (), @ () Ty + ™), 0< k< Ny, 1<m < M,
D (0) = vty (tm1), TN (0) = T (7)), 2<m< M,

m—1
Qi (0) = o, @' (0) = .

—~

(2.91)
Clearly, the global numerical solution @ (¢) of (2.90) is given by
TN (Tpey +t) =@ (), 0<t<7,, 1<m<M. (2.92)

2.5. Numerical examples

In this section, we present some numerical examples to illustrate the performance of the
single and multi-interval LGR collocation methods.

2.5.1. Oscillating solution
Consider the linear problem ([33])

{ u'(t) = _w2u(t) + (w2 —1)sint, 0<t<T, (2.93)

W(0)=w+1, u(0)=1

with oscillating solution given by u(t) = coswt + sinwt + sint.

We first consider the performance of the single-interval LGR collocation scheme (2.21) for
problem (2.93) with T'=1 and different w. In Figs. 2.1 and 2.2, we plot the absolute function
value error EN(T) := |u(T) — u™(T)| and derivative error &, EN(T) = |0yu(T) — Oyu™ (T)|
against N in a semi-log scale, respectively. It can be seen that the numerical errors decay
exponentially as IV increases.

We next test the multi-interval LGR collocation scheme (2.65) (with uniform step-size 7, =
7) for problem (2.93) with 7" = 100 and different w. In Figs. 2.3 and 2.4, we plot the absolute
errors EN(T) and 0, EN(T) of the multi-interval scheme (2.65) with N = 12 and different 7.
Clearly, the multi-interval LGR collocation scheme is stable and accurate for large 7.

Finally, we compare our method with some commonly used numerical methods for solving
oscillatory problems. To this end, we denote these methods as follows:

e ARKN: The six-stage adapted Runge-Kutta-Nystréom method of fifth-order developed by
Franco [14].
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Fig. 2.1. Function value error: single-interval Fig. 2.2. Derivative error: single-interval scheme
scheme (2.21) for problem (2.93). (2.21) for problem (2.93).
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Fig. 2.3. Function value error: multi-interval Fig. 2.4. Derivative error: multi-interval scheme
scheme (2.65) for problem (2.93). (2.65) for problem (2.93).

e Trig-1: The trigonometric fitted integrator developed by Gautschi [17].

e Trig-2: The trigonometric fitted integrator developed by Deuflhard [12].

e Trig-3: The trigonometric fitted integrator developed by Hairer and Lubich [27].
¢ MLGRC: The multi-interval LGR collocation method proposed in this paper.

We solve the problem (2.93) with 7" = 100 and different w, by using the ARKN method
and MLGRC method with N = 5, respectively. In Table 2.1, we list the CPU elapsed times
(CPUT) and errors EN(T) for different w and step-size 7. It can be seen that although the
MLGRC method requires more CPU time, it provides much more accurate results than the
ARKN method.

We also make a simple comparison between the Trig-1, Trig-2, Trig-3 methods (see the
methods (A), (B) and (E) in Section XIII.2.2 of [28]) and the MLGRC method (with N =1
and 2) for solving the problem (2.93) with T' = 10. In Figs. 2.5 and 2.6, we plot the errors
EN(T) against 1/7 in a log-log scale for w = 5 and 15, respectively. Here, 7 is the uniform
time step-size. It can be seen that the MLGRC method exhibits higher convergence orders and
provides much more accurate results than the Trig-1, Trig-2, and Trig-3 methods.
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Table 2.1: Numerical comparison of the ARKN and MLGRC methods for problem (2.93).

ARKN MLGRC
w T
CPUT EN(T) CPUT EN(T)
0.05 | 0.0258 | 1.0968 E-06 | 0.1967 | 1.0769 E-13
5 | 0.10 | 0.0252 | 3.7403 E-05 | 0.1126 | 1.6475 E-13
0.25 | 0.0169 | 4.3402 E-03 | 0.0652 | 5.0199 E-09
0.025 | 0.0444 | 5.7196 E-07 | 0.3407 | 1.1413 E-13
10 | 0.05 | 0.0275 | 2.0454 E-05 | 0.2460 | 3.9435 E-13
0.10 | 0.0239 | 8.5573 E-04 0.1222 | 8.7454 E-10
0.025 | 0.0429 | 3.3092 E-06 | 0.3639 | 8.1934 E-14
15| 0.05 | 0.0258 | 1.4367 E-04 | 0.2544 | 4.3870 E-11
0.10 | 0.0241 | 7.4586 E-03 | 0.1487 | 8.3910 E-08
0— 0
2 oy
— _4 | _4 [
= 6r N 1 = 6l
ZLIJO 8t V\(\o 1 Z._uo
o> —0—Trig-1 o -8f|——Trig-1
) -10 ¢ —o0—Trig-2 L ——Trig-2
-12 +|—0—Trig-3 -10+ —0—Trig-3
14| MLGRC, N=1 15| |~ MLGGRC, N=T1
—£—MLGRC, N=2 ——MLGGRC, N=2 \
-16 e N :
0 05 1 15 2 25 3 35 05 1 15 2 25 3 35 4 45
Iog101/r Iogm1/7—
Fig. 2.5. Comparison of different methods for Fig. 2.6. Comparison of different methods for

problem (2.93) with 7= 10 and w = 5.

2.5.2. Hamilton system

Consider the two-body problem ([50])

problem (2.93) with 7"= 10 and w = 15.

" _ QI(t)

W= Gorgore O<=T

" _ qQ(t)

“O="Gw g 00T 200
w0 =1—e q(0) =0,

w0) =0, 4(0)=/1

where e € [0,1) is the eccentricity of elliptical orbit. It is well-known that the Hamiltonian
function of the system is defined as

H(t) o= 5 (30 + p3(0) — ——————
(af(t) + a3(1))>

where p1(t) = g (¢) and p(t) = g5 (t).
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For description of the numerical errors, we denote by ¢i¥(¢) and ¢ (¢) the LGR collocation
approximations to ¢i(t) and ga(t), respectively. We further denote by H™(t) the numerical
energy of the Hamiltonian, and by E™V(¢) the energy error at ¢, namely,

EN(t) = |HN (t) — H(0)]. (2.95)

Here, H(0) is the initial energy of the Hamiltonian.

We first consider the performance of the multi-interval LGR collocation scheme (2.91) with
uniform step-size 7 = 1 and uniform mode N = 15 for problem (2.94) with e = 0.2. In Fig. 2.7,
we plot the point-wise energy errors EV (¢) for ¢ € [0,107]. It can be seen that the multi-interval
scheme (2.91) is stable and accurate for long-time computation. In Fig. 2.8, we also plot the
numerical orbit (¢l¥ (¢), ¢ (¢)) for t € [0,107]. Clearly, the long-time behaviour of the numerical
orbit is highly stable.

We next compare the multi-interval LGR collocation (MLGRC) method (2.91) with some
existing numerical methods for solving the problem (2.94). For simplicity, we denote these
methods as follows:

e TSHM: The eighth-order standard two-step hybrid method derived by Tsitouras [46].

e EFMTSH: The eighth-order exponentially fitted modified two-step hybrid method with
seven-stage derived by Franco and Réndez [15].

e MLGC-1: The multi-interval Legendre-Gauss collocation method with Newton-Raphson
iteration developed by Guo and Yan [24].

e MLGC-2: The multi-interval Legendre-Gauss collocation method with simple fixed-point
iteration developed by Yi and Wang [54].

We solve the problem (2.94) with e = 0.2, by using the TSHM method, EFMTSH method
and MLGRC method with N = 8, respectively. In Table 2.2, we list the CPU elapsed times
and energy errors EV(t) at different time t. It can be seen that although our method requires
more CPU time at each time step, it provides much more accurate results than the TSHM and
EFMTSH methods. In particular, the MLGRC method is valid for large step-size 7. However,

%10

14 1.2
121 087 '--s.\
Tr 0.4+
e 0.8 th\l ol
qu o
06+ 04:
041
-0.87 o
02} ———
-1.2 ‘ : : : :
0% ‘ ‘ ‘ ‘ -14 -1 -06 -02 02 06 1
0 2 4 6 8 10 N
T x10° g, (t)

Fig. 2.7. Multi-interval scheme (2.91) for problem  Fig. 2.8. Numerical orbit (¢f (t),¢2 (t)) of prob-
(2.94) with 7 =1 and N = 15. lem (2.94) for 0 <t < 107.
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Table 2.2: Comparison of different numerical methods for problem (2.94).

TSHM EFMTSH MLGRC
CPUT EN(t) CPUT EN(t) CPUT EN(t)
1000 | 0.1118 | 6.4189 E-03 | 0.1044 | 1.4908 E-03 | 1.2742 | 8.8818 E-15
0.25 | 1500 | 0.1669 | 1.4453 E-02 | 0.1270 | 3.3536 E-03 | 1.8976 | 1.1435 E-14
2000 | 0.2135 | 2.5703 E-02 | 0.1714 | 5.9612 E-03 | 2.5593 | 1.1102 E-14
1500 | 0.0879 | 4.2660 E-01 | 0.0833 | 1.5620 E-00 | 0.9612 | 1.3323 E-14
0.5 | 2000 | 0.0993 | 7.3980 E-01 | 0.1206 | 1.9970 E-00 | 1.2499 | 1.0103 E-14
2500 | 0.1468 | 5.7285 E-01 | 0.1258 | 1.1844 E-00 | 1.5728 | 1.5876 E-14
2000 | 0.0531 | 2.2719 E-00 | 0.0637 | 7.8570 E+03 | 0.6479 | 1.4834 E-10
1 | 2500 | 0.0811 | 1.4269 E-00 | 0.0994 | 9.9634 E+03 | 0.8254 | 1.8521 E-10
3000 | 0.0826 | 1.6254 E-00 | 0.0764 | 1.2073 E+04 | 0.9835 | 2.2212 E-10

Table 2.3: Comparison of different spectral collocation methods for problem (2.94).

MLGC-1 MLGC-2 MLGRC
CPUT EN(t) CPUT EMN(t) CPUT EMN(t)
2000 | 4.6666 | 5.8842 E-15 | 2.0419 | 1.3212 E-14 | 2.0010 | 5.6066 E-15
4000 | 9.0601 | 3.5638 E-14 | 3.8171 | 1.5321 E-14 | 3.8759 | 5.2736 E-15
8000 | 17.9995 | 7.4274 E-14 | 7.8588 | 3.4417 E-15 | 7.9151 | 1.7653 E-14
16000 | 35.8767 | 1.4355 E-13 | 16.8501 | 6.4226 E-14 | 15.9260 | 3.6637 E-15
32000 | 72.0180 | 2.2515 E-13 | 31.5332 | 6.8612 E-14 | 31.9837 | 1.5321 E-14
64000 | 143.8829 | 4.5464 E-13 | 64.4375 | 1.2845 E-13 | 64.3382 | 7.3941 E-14

this is not the case for the other two methods. Hence, we can save the total computational
time if we use bigger time step-size.

We also compare the performances of the MLGRC, MLGC-1 and MLGC-2 methods for
solving the problem (2.94) with e = 0.2. For these three methods, we use uniform step-size
7 = 1 and uniform mode N = 14. In Table 2.3, we list the CPU elapsed times and energy
errors B (t) at different time . It can be observed that although the three methods show high
accuracy, the MLGRC and MLGC-2 methods require much less CPU time than the MLGC-1
method.

2.5.3. Singular solution

Consider the nonlinear problem

{ u”’(t) = sin(u/(t)) + cos(u(t)) + g(¢), 0<t<T,
(2.96)

u’'(0) =0, wu(0)=0,
where g¢(t) is chosen such that u(t) = ¢t with » > 1 be a non-integer. Clearly, the solution u
has an singularity at ¢ = 0.

We first consider the multi-interval LGR collocation scheme (2.65) (with uniform step-size
7 = 0.1) for problem (2.96) with 7" = 1. For our purpose, we denote by “Err” the maximum
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Fig. 2.9. Multi-interval scheme (2.65) for problem  Fig. 2.10. Multi-interval scheme (2.65) for prob-
(2.96) with uniform step-size 7 = 0.1. lem (2.96) with geometrically refined time-steps.

nodal error. In Fig. 2.9, we plot the maximum nodal errors against N in a log-log scale for
r = 1.5, 2.5 and 3.5, respectively. Clearly, we only obtain algebraic convergence rate for each r.

We next consider the multi-interval LGR collocation scheme (2.65) with non-uniform step-
sizes and non-uniform approximation degrees. More specifically, we use the concepts of geo-
metrically refined time-steps and linearly increasing approximation degrees from the hp-version
Galerkin methods (see, e.g., [39,49]). To this end, we divide the interval (0,7] into M subin-
tervals {I,,, := (Tn—1, Tn])}M_, with nodal points given by

To=0, Tp:=TcM™™ 1<m<M,

where o € (0,1) is called the geometric refinement factor. For each subinterval I,,, we use
Ny, + 1 LGR collocation points with N3 = 1 and N, = max(1, |[pm]) for 2 < m < M. Here,
w >0 and |pum] denotes the biggest integer smaller than or equal to um. Let “DOF” be the
total number of degrees of freedom. In Fig. 2.10, we plot the maximum nodal errors against the
square root of DOF for fixed 4 = 1.5 and ¢ = 0.2. Clearly, each straight error curve indicates
exponential convergence with respect to DOF'/? for each r.

3. Application to Nonlinear Wave Equations

In this section, we apply the multi-interval LGR spectral collocation method to the simu-
lation of the second-order time dependent PDEs. More specifically, we will adopt the multi-
interval LGR spectral collocation method to handle the time integration of the second-order
differential system arising after space discretization obtained with the LGL spectral collocation
method. Furthermore, we will take two typical nonlinear wave equations as examples to test
the high accuracy of the proposed space-time spectral collocation scheme.

3.1. Space-time collocation scheme for second-order evolution equations

Consider the nonlinear second-order evolution equations of the form
0?u = 02u + f(u, O, Opu, x,t), (x,t) € (—1,1) x (0,77,
w(-L8)=a(), u(l,b)=p0),  te(0,T), (3.1)
’LL(.CC,O) = 50(1'% atu(xv()) = 7/1(50)7 T e [715 1]

with suitable consistent initial and boundary conditions.
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Let {z;}2L, be the LGL points with 29 = —1 and zp = 1. We denote by {¢x}+L, the
corresponding Lagrange basis functions associated with the points {xk}gfzo Then, the LGL
spectral collocation method in space for problem (3.1) is to find UM (z,t) such that

atQUM('rk’t) = agUM('rkat)+f(UI\/[(xk7t)aatUM(zka ) a U (zka ) xkat)v
1<k<M-1, te(0,T],

UM(=1,t) = aft), UM(1,t) = B(t), t € (0,7, (32)
UM(xy,0) = p(xr), UM (xx,0) = ¢(xx), 0<k< M.
Let
UM (x,t) Zuj )o; (x (3.3)

Obviously, there holds uy(t) = UM (xy,t) for 0 < k < M. In particular, we have ug(t) = (t)
and ups(t) = B(t). Inserting (3.3) into (3.2) results into the following nonlinear second-order
differential system:

6752’“1@ ZU] ¢] xk) +f( atuk Zug z¢] wk) .Z'k,t),

Uk(O)—w(:ck), Oyuk(0) = Y(zy), lgkngl.

(3.4)

Then, we can solve the nonlinear second-order differential system (3.4) by using the multi-
interval LGR spectral collocation scheme (2.91). Accordingly, we denote by uj (¢) the LGR
spectral collocation approximation of ug(t) for 1 < k < M — 1. Then, we obtain the fully
discrete space-time collocation approximation of problem (3.1), denoted by

UMN( Z i,
with ul) (t) = a(t) and ud;(t) = B(t).

3.2. Numerical examples

In this section we present a number of numerical experiments to illustrate the performance
of the space-time collocation method for nonlinear wave equations.
For checking the numerical accuracy, we define the numerical error at T' by

EM:N(TY = ) — ul¥ (T)].
()= _max Ju(wy, T) = u(T)

Here, {u} (t)}217" is the multi-interval LGR collocation approximation (based on N + 1 collo-
cation points on each time step) of the nonlinear second-order differential system (3.4).

3.2.1. Sine-Gordon equation

Consider the nonlinear sine-Gordon equation

0?u = 92u — sinw, (x,t) € (—1,1) x (0,77,
u(—1,t) = a(t), u(l,t)=p(t), € (0,7, (3.5)
u(z,0) = p(x), Owu(z,0)=1y(z), zel[-1,1].
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We choose suitable initial and boundary conditions such that the exact solution of the
problem (3.5) is given by
u(z,t) = dtan~! (el@—eD/Vi=e) (3.6)

and
u(z,t) = 4tan™ ! (sech(z)t), (3.7)

respectively. Here, c is the velocity of the solitary wave and we take ¢ = 0.5 in the following
tests.

We first use the space-time collocation method proposed in Section 3.1 to solve problem (3.5)
with 7" = 1000 and the exact solutions give by (3.6) and (3.7), respectively. More precisely,
we combine the LGL collocation method (with M + 1 collocation points) in space with the
multi-interval LGR collocation method (with uniform N) in time. In Figs. 3.1 and 3.2, we plot
the errors EM:N(T) for the space-time collocation method with different M, N and uniform
time step-size 7 = 0.1. Clearly, the space-time collocation method gives accurate and stable
numerical results for both test solutions.

We next consider the convergence rates of the space-time collocation method in space and
time, respectively. To this end, we keep the errors in time small by using the multi-interval
LGR collocation method with 7 = 0.1 and N = 10. Fig. 3.3 shows that the numerical errors

0 200 400 600 800 1000 0 200 400 600 800 1000
T T

Fig. 3.1. Numerical errors for problem (3.5) with Fig. 3.2. Numerical errors for problem (3.5) with

u(w,t) = dtan~(e@—eD/VI=e?y, u(x,t) = 4tan~" (sech(z)t) .
0 —_— 0 : ‘
2k ]
4t
S
% p
&
8l
a0l
12
1
Fig. 3.3. Convergence in space for solution u(z,t)  Fig. 3.4. Convergence in time for solution u(z,t)

= 4tan71(e(z*“)/ v 1762)4 — 4tan71(e(zfct)/\/17¢:2).
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Fig. 3.5. Convergence in space for solution u(x,t)  Fig. 3.6. Convergence in time for solution u(z,t)
= 4tan"!(sech(z)t). = 4tan"!(sech(z)t).

for solution (3.6) decay exponentially as M increases. On the other hand, we keep the errors
in space small by using the LGL collocation method with M = 20. It can be seen from Fig. 3.4
that the numerical errors for solution (3.6) decay exponentially as N increases. In Figs. 3.5 and
3.6, we plot the numerical errors for solution (3.7). It is clearly to see that the numerical errors
decay exponentially both in space and time.

3.2.2. Klein-Gordon equation
Consider the Klein-Gordon equation with quadratic nonlinearity ([37])

0?u = 0?u —u? — xcost + 2% cos’t, (x,t) € (—1,1) x (0,7,
u(—1,t) = —cost, wu(l,t) = cost, te(0,T

1, (3.8)
u(z,0) = x, Oyu(z,0) =0, x € [-1,1].

The exact solution is given by u(z,t) = x cost.

We use the space-time collocation method to solve problem (3.8) with 7" = 1000. In Fig. 3.7,
we plot the errors EM-N(T) for the space-time collocation method with different M, N and
uniform time step-size 7 = 0.1. It can be seen that the space-time collocation method gives

—0-T=1, =0.1, M=5

log, £"N M

200 400 600 800 1000 1 > 3 s 5
T N
Fig. 3.7. Numerical errors for problem (3.8) with ~ Fig. 3.8.  Convergence in time for solution

u(z,t) = xcost. u(x,t) = xcost.
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accurate and stable numerical results again. Since the exact solution is a linear polynomial in
space, we only consider the convergence rates of the space-time collocation method in time.
Fig. 3.8 shows that the numerical errors decay exponentially as N increases.

We next compare the space-time collocation method presented in Section 3.1 with some
existing numerical methods for solving the problem (3.8). For simplicity, we denote these
methods as follows:

e RBF: Numerical method based on radial basis functions developed by Dehghan and
Shokri [11].

e TSF-1: Numerical method based on tension spline functions developed by Rashidinia and
Mohammadi (see method-1 of [37]).

e TSF-2: Numerical method based on tension spline functions developed by Rashidinia and
Mohammadi (see method-2 of [37]).

e DQM: Differential quadrature method developed by Pekmen and Tezer-Sezgin [34].
e STSC: Space-time spectral collocation method developed by Yi and Wang [54].

In Table 3.1, we list the L*°-errors at different time ¢ for different numerical methods.
It can be seen that our method and the STSC method with considerably small number of
collocation points both in time and space directions (i.e., 7 = 0.1, M = 2 and N = 4) provides
much more accurate results than the other methods, which implies that the space-time spectral
collocation methods are good choices for numerical solutions of time dependent PDEs with
smooth solutions.

Table 3.1: Comparison of different numerical methods for problem (3.8).

RBF TSF-1 TSF-2 DQM STSC Present
L°-error | L*°-error | L*°-error | L°°-error | L°°-error | L°-error
1.25E-05 1.30E-09 7.68E-10 1.74E-13 1.94E-16 1.66E-16
1.56E-05 1.00E-09 7.52E-10 | 2.68E-12 1.11E-16 | 2.22E-16
3.38E-05 | 2.56E-10 | 1.76E-10 | 3.19E-12 | 5.00E-16 | 3.33E-16
3.78E-05 1.13E-09 7.63E-10 | 2.89E-12 | 4.44E-16 | 2.22E-16
10 | 1.31E-05 9.46E-10 6.55E-10 3.60E-12 1.11E-15 6.66E-16

- Ut W =

4. Concluding Remarks

In this paper we have presented a single-interval LGR spectral collocation method for non-
linear second-order IVPs of ODEs. We have designed a simple but efficient iterative algorithm
based on Legendre polynomial expansion and shown that the single-interval LGR collocation
scheme has spectral accuracy. We have also proposed a flexible multi-interval LGR collocation
method with variable local time steps and local approximation degrees. A series of numeri-
cal experiments show that the multi-interval LGR collocation method exhibits global spectral
accuracy and long-time stability. As an application, we have adopted the multi-interval LGR
collocation method to handle the time integration of the second-order differential system arising
after space discretization of the second-order evolution equation obtained by the LGL colloca-
tion method. The numerical simulation results for two typical nonlinear wave equations show
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that the space-time collocation scheme possesses high accuracy in both space and time. Error
analysis of the proposed space-time collocation method for second-order evolution equations
will be a topic for our future research.
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