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Abstract

This work is concerned with the convergence and stability of the truncated Euler-
Maruyama (EM) method for super-linear stochastic differential delay equations (SDDEs)
with time-variable delay and Poisson jumps. By constructing appropriate truncated func-
tions to control the super-linear growth of the original coefficients, we present two types of
the truncated EM method for such jump-diffusion SDDEs with time-variable delay, which
is proposed to be approximated by the value taken at the nearest grid points on the left
of the delayed argument. The first type is proved to have a strong convergence order
which is arbitrarily close to 1/2 in mean-square sense, under the Khasminskii-type, global
monotonicity with U function and polynomial growth conditions. The second type is con-
vergent in ¢-th (¢ < 2) moment under the local Lipschitz plus generalized Khasminskii-type
conditions. In addition, we show that the partially truncated EM method preserves the
mean-square and H., stabilities of the true solutions. Lastly, we carry out some numerical
experiments to support the theoretical results.

Mathematics subject classification: 60H10, 60H35, 651.20.
Key words: SDDEs, Truncated EM method, Time-variable delay, Poisson jumps.

1. Introduction

The stochastic differential delay equation (SDDE) models play a significant part in many
application fields, such as economy, finance, automatic control and population dynamics (see,
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e.g., [4,5,10,11,26,27,29,35,41]). In general, such models rarely have explicit solutions avail-
able. Thus, there appears to be a practical need to estimate the true solution of the model
via numerical approach. Moreover, many important SDDE models often possess super-linear
growth coefficients in the real world, for example, stochastic delay Lotka-Volterra model arising
in population dynamics of the form (see, e.g., [4])

dX (t) = diag(X1(t), -+, Xa(t)) [(b+ AX(t — 7))dt + o X (t)dB(1)], (1.1)

where B(t) is a Brownian motion and o = (0yj)axq is & matrix representing the intensity of
noise. If we apply the explicit Euler-Maruyama (EM) scheme to the model (1.1), it is well-
documented that such EM approximation fails to converge in the strong sense to the true
solution of (1.1) (see, e.g., [23]).

When the delay component vanishes, the underlying SDDEs reduce to the classical stochastic
differential equations (SDEs), numerical methods for which have been extensively investigated
for the past decades under the global Lipschitz condition (see, e.g., [21, 25, 39]). In the setting of
SDEs whose coeflicients can be allowed to grow super-linearly, several explicit schemes have been
introduced, including tamed EM and Runge-Kutta schemes [18,24, 40], balanced EM schemes
[46,49] and truncated EM schemes [30,32,33]. Recently, the attention of some researches was
attracted to the strong convergence of explicit numerical methods for super-linear SDEs with
delay, i.e., SDDEs. Guo et al. [20] were the first to discuss the strong convergence of the
truncated EM method for SDDEs under the local Lipschitz plus the generalized Khasminskii-
type conditions. In a subsequent paper, Gao et al. [19] took the jumps into consideration and
they extended convergence results from [15,20] to the case of SDDEs with Poisson jumps. By
using a different estimate for the difference between the original and the truncated coefficients,
Fei et al. [17] relaxed the restrictive condition on the step size which is required to extremely
small and thus improved the convergence results of [20]. Moreover, Song et al. [43] achieved
a better convergence order than [17,20] by adopting the truncation techniques from [30] for such
SDDEs. Other explicit numerical methods for super-linear SDDEs, say tamed EM, balanced
EM, truncated Milstein, projected EM, are discussed in [7,12,13,28,45, 48], respectively.

Numerous studies suggest strong empirical evidences that there exist jumps within financial
markets (see, e.g., [1-3]). Jumps risks can not be ignored in the pricing of financial assets (see,
e.g., [38]). When it comes to the convergence of numerical schemes for SDEs or SDDEs with
jumps, most of the existing works impose the linear growth assumption on the jump coefficient,
such as [12, 22, 39]. In the context of the super-linear growth assumption on the jump, Deng
et al. [15] and Gao et al. [19] established the convergence results of the truncated EM method
for jump-diffusion SDEs and SDDEs in small moment (i.e., g-th moment with ¢ small than 2),
respectively. However, when the mean-square convergence order is considered, some difficulties
arise. Due to the fact that the higher moment bounds of the Poisson increments contribute to
magnitude not more than O(A), i.e.,

EIN(t+4) - NP <CA, p=>2, (1.2)

where C' is a positive constant independent of A, the order of the one-step error in the LP-
norm drops to 1/p and further decreases when we apply the truncated technology (3.8) or (4.7)
to super-linearly growing jump coefficients (see, e.g., [6,8]). If the super-linear growth of the
jump coefficient can not be addressed well, then the convergence rate in mean-square sense will
not achieve the desired order. To overcome these difficulties, we design a truncated function
depending on the Khasminskii parameter py to control the super-linear growth of the jump
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coefficient, see (3.4) and (3.8). The selected function ¢(A) or p(R) in (3.4) must be controlled
by a function with power 1/3, which is just the order observed via applying Lemma 3.3 to the
proof of the moment boundedness of truncated EM solution, see Lemma 3.5. Estimate (3.28)
explains the origin of this controlled condition (3.5). According to the property (3.8) of the
truncated functions and Lemma 3.2 on preserving the Khasminskii-type condition, a moment
boundedness result of the truncated EM solution can be established, see Lemma 3.5. By
adopting more refined moment estimation, the one-step error in our truncated EM method can
arrive at the optimal order in the sense of L%, see Lemma 3.6. Further, we prove that the
strong order of a type of truncated EM method is arbitrarily close to 1/2 in mean-square sense,
without assuming linear growth in the drift, diffusion or jump coefficients, see Theorem 3.1.

In reality, delay can behave as a function of time, namely, time-variable delay. Mao and
Sabanis [34] were the first authors to consider the strong convergence of numerical method
for such SDDEs. In contrast to the constant delay, the main difficulty in the construction of
the computational approach in case of SDDEs with time-variable delay is how to numerically
approximate the values of the solution at the delayed instants. Mao and Sabanis [34] proposed
to use the approximate values at the nearest grid points on the left of the delayed arguments
to estimate the time-variable delay. Influenced by [34], several explicit and implicit variants of
the EM method have been developed to study the convergence of the numerical solutions to
stochastic equations with time-variable delay. For instance, we refer to [36] for the convergence
in probability of EM method for highly nonlinear neutral stochastic differential equations with
time-variable delay, and to [47] for the strong convergence and almost sure exponential stability
of the backward EM method for nonlinear hybrid SDEs with time-variable delay. Further,
Deng et al. [14] discussed the strong convergence rate for the split-step theta method applied
to stochastic age-dependent population equations with Markovian switching and time-variable
delay.

Based on the above discussions, the objective of this work is to study the strong con-
vergence (including the stabilities) of explicit numerical method of super-linear SDDEs with
time-variable delay and Poisson jumps.

Following some ideas from Chen, Gan and Wang [9] who proposed a family of the tamed EM
methods for SDEs with super-linearly growing diffusion and jump coefficients, we introduce two
types of the truncated EM method for such jump-diffusion SDDEs with time-variable delay.
Then we show that the methods are convergent in the sense of £7 (¢ < 2) and £2, respectively. In
addition, we discuss the mean-square and H, stabilities of the method. The main contributions
of our paper are highlighted below.

o Assumptions. Our truncated EM method allows all the coefficients of SDDEs with jumps
to grow super-linearly and thus requires a more relaxed assumptions than that in [19],
where both drift and diffusion coefficients are allowed to grow super-linearly, but the jump
coeflicient should be required to satisfy a linear growth assumption.

e Convergence order. Our truncated EM method obtains a superior mean-square conver-
gence order to those in [19, Theorem 3.9] and [9, Theorem 4.5], see Remarks 3.1 and 3.2
for details.

e Techniques. Our technical estimates are more refined than those of [17, 20, 43], because
we develop new techniques to overcome the challenges arising due to time-variable delay
and super-linear growth of the jump coefficient, see Remark 4.1 for details.
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The remainder of the paper is organised as follows. The second section introduces some basic
notions and assumptions. Strong convergence order in mean-square sense and convergence
(without order) in ¢-th (¢ < 2) moment are discussed in the third and the forth sections,
respectively. In the fifth section, we prove some stability theorems. Numerical examples are
provided in the final section.

2. Preliminaries and Truncated EM Scheme

Throughout this paper, let (2, F,P) be a complete probability space with a filtration {F; }+>0
satisfying the usual conditions (i.e., it is increasing and right continuous while Fy contains all
P-null sets). Let 7 > 0 be a constant and denote by C([—7,0];R?%) the space of all contin-
uous functions from [—7,0] to R? with the norm ||¢|| = sup_, 4o |¢(0)|. Let B(t) be an
m-dimensional Brownian motion. Let N(¢) be a scalar Poisson p;ogess with the compensated
Poisson process N (t) = N(t) — At, where A > 0 denotes the jump intensity. Further, we assume
that B(t) and N(t) are independent. If A is a vector or matrix, its transpose is denoted by
AT, If X € RY, then |X]| is the Euclidean norm. If A is a matrix, its trace norm is denoted
by |A| = VAT A. For two real numbers a and b, a V b := max(a,b) and a A b := min(a, b). Let
R = [0, +00). For a set G, its indicator function is denoted by Ig. The scalar product of two
vectors X,Y € R? is denoted by (X,Y) or X7Y. The largest integer which is less or equal to
a real number « is denoted by |a]|. In addition, we use C' to denote the generic constant that
may change from place to place.

Let § : [0,+00) — [0,7] be the delay function which is Borel measurable. Consider the
following SDDE with Poisson jumps of the form:

dX () = f(X(1), X(t = 6(t)))dt + g(X (), X (t — 8()))dB(t)
+R(X (), X((t—8(t)7))AN(t), t>0 (2.1)

with the initial data
{X(0): =7 <0 <0} =€ € C([-7,0;RY), (2:2)

where f:R? x R? - R?, g: R x R* - R¥*™ and h:R?x RY — R? are Borel-measurable
functions. Here, X (t7) denotes lim,_,;— X (s). We impose the following assumptions:

Assumption 2.1 (Holder Continuity of Initial Data). There is a pair of constants Ky >
0 and g € (0,1] such that

|€(t)_€(5)| §K0|t—s|g, Vs, t € [_T’O]' (2'3)

Assumption 2.2. Assume that § : [0, 4+00) — [0, 7] is continuously differentiable and there is
a constant 8 € [0,1) such that ’%(:) <4, for any t > 0.

Assumption 2.3 (Local Lipschitz Condition). For any R > 0, there exists a constant L
depending on R such that

|fla1,y1) = (@2, 92) P V g(21,51) — g(w2,52) [ V [h(z1,91) — h(22,y2) 2
< Le(|r1 — z2* + [y1 — v2/?)

for any @1, xa, 91,92 € R with 21| V |z2| V |y1] V 12| < R.
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Assume that step size A € (0,1] is a fraction of 7. Take A = 7/M for some sufficiently large
integer M. Define t, = kA and 0, = [6(kA)/A], for any integer k¥ > 0. Then the boundedness
of § gives

-
0< 0 < N
Define x(t)=|t/A]A, for any t > —7. Let fa, ga and ha be the truncated functions which
are defined in the following section. Then the discrete-time truncated EM scheme is defined as

= M. (2.4)

follows:
Yk+1 = Yk + FA Wk Y5 ) A + 9A Yk, Yo—5, ) ABk + ha(Yk, Yi—s, ) ANk, k>0,
yk:§(tk), k=-M,-M-+1,...,0, (2.5)

where ABy, = B(ti4+1) — B(tx) and ANy = N(tg+1) — N(tr). Define the continuous-time step
approximations Z1(t) and Zs(t) by

Zit) = > w1, VE> -1, (2.6)
k=—M

Zo(t) = yk-5. Tt teen) (), VE >0, (2.7)
k=0

where T denotes the indicator function. Define the continuous-time approximation Ya(t) on
t € [—7,00) by

Ya(t) = £(0) + / Fa(Z1(5), Za(s))ds + / 98 (Z1(5), Z(3))dB(5)

+ [ stz mls v, 2o
Ya(t) =¢£(1), -7 <t <0. (2.8)
Thus Ya(t) is an It6 process on ¢ > 0 with It6 differential
dYA(t) = fa(Z1(t), Z2(t))dt + ga(Z1(t), Z2(t))dB(t) + ha(Z1(t7), Z2(t7))dN(t).  (2.9)
It is useful to know that for any t € [ty,tr41) with k& > 0,
Z1(t) = Yaltr) = yr,  Z2(t) = Yaltry — [0(te)/A]A) = Yr—s, (2.10)

as well as

Ya(t) - Za(t) = / Ia(Z1(s), Zo(s))ds + / 9a(Z1(s), Z(5))dB(5)

+/t ha(Z1(s™), Za(s~))dN(s), (2.11)

which means that the Ya(t) and Z;(t) coincide with the discrete solution at the grid points.

Lemma 2.1. Let Assumption 2.2 hold. For any k € {0,1,2,...}, let k—|6(kA)/A| = u, where
ve{-M,-M+1,---,0,1,---  k}. Then

#{j €{0,1,2,...} : j — [0(jA)/A| = u} <1A-86)1 +1, (2.12)
where #S denotes the number of elements of the set S.

This lemma provides an upper bound for the maximal number of indices k& € {1,2,...} for
which the expressions k — Jy are equal, the proof can be found in [37, Lemma 3].
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3. Convergence Order in L2

In this section, we mainly discuss the convergence order of the truncated EM method for
(2.1) in mean-square sense.

Assumption 3.1 (Khasminskii-type Condition). There exist constants py > 4, £ > 0 and
K, > 0 such that

_ po—1
polal? = (@, 7)) + P lg(a,)]?) + M1+ )|z )
< K1 (1+ |zfPo 4 Jy|Po), Va,y € R
Lemma 3.1. Let Assumptions 2.3 and 3.1 hold. Then for any given initial data (2.2), there

is a unique global solution X (t) to (2.1) ont € [—T,+00). Moreover, the solution X (t) has the
property that

sup E|X(#)|”° < oo, VT >0.
—7<t<T

The proof of the lemma is similar to that of [9, Theorem 2.4] and so is omitted. Let U/ be the
family of continuous function U : R? x R? — R¥ such that for any b > 0, there exists a positive
constant x; for which

Uz, 22) < Kkplxs — z2|2, Vi, zo € R?  with |x1] V |z2] < b.

Assumption 3.2. (Global Monotonicity with U Function and Polynomial Growth
Conditions). There exist constants p1 > 1, 1 > 0 and Ky > 0 as well as a function U € U
such that

2(x1 — @2, f(z1,01) — f(22,92)) + Prlg(21,91) — 9(x2, y2)|* + prAh(z1, v1) — h(z2,y2)|?

< Ko(|or — 2o + [y1 — w2f?) — %SU(JCMM) +U(y1,y2), Vo1, y1, 22,42 € R? (3.1)
and
|f(@1,91) = fla2,92)]? (3:2)
< Ko(1+ || + |zl + [l + ly2l) (|21 — z2® + |1 — 92l?),  Va1,y1, 22,92 € RY,
as well as
l9(x1,91) = g2, 42)|* V |h(@1,91) — h(z2,y2) [ (3.3)

=, 1 € € €
< Ko(1+ |1]2 + |22 + |12 + |y2l 2)(J21 — 22® + g1 — v2l?), Vo, y1, 22,52 € RY

To define the first type of truncated EM scheme, we choose a strictly increasing continuous
functions p : RT™ — RT such that u(R) — oo as R — oo and

()] v( lg(, )| )Z(M)”SMR% VR>1, (34)

p
eivigl<r (L+ |zl +yl) — \ 1+ [z] + [y| L+ [a] + y|

where constant py comes from Assumption 3.1. Denote by u~! the inverse function of u and we

—-1.

observe that g1 : [4(1),00) — RT is a strictly increasing continuous function. Define a strictly

decreasing function ¢ : (0, 1] — [(1), +00) such that

Jim o(A) =00 and o(A) < LA™3, VA € (0,1], (3.5)
—
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where L > 1V u(l). For a given step size A € (0,1], let us define a truncation mapping
7a iR o € R o] < pml (p(A)} by

Ta(@) = (|l A p (@A) o, Vo eRY (3.6)

|’

when x = 0, we set /|| = 0. In other words, ma maps to itself if |z| < p=!(h(A)) and to
pt(h(A))z/|x| if |z| > p~=t(h(A)). Define the following truncated functions:

5
&
NS
I
\
S
>
&
3
>
S

)
)

> @
SO
" 8
s s
[Nl
= 2
SE
S
BB
PO
S
SRS

(3.7)

for any z,y € RZ. Tt is useful to note from (3.4) and (3.7) that

Ifa(@,y)| < e(A)(1+ |z| + |y]),
lga(z, y)[> < o(A)(1 + |z] + [y])?,
lha(z,y)[P° < o(A) A + || + [y[)°, Vz,y € RY, (3.8)

which means that the truncated coefficients fa, ga and ha grow at most linearly for a fixed
step size A, but original coefficients f, g and h may not. Note that

ma@) <zl |ma@) <yl |7ale) —ma)? <le—yl?, Vay € RY (3.9)
Thus, from (3.2) and (3.3), we have the following growth condition:

|f(z,y)| < K3 (1 + |22 4 |y|1+z/2) ,

9@,V bz, y)* < Ko (1+ 2272+ |y2172), va,y e RY, (3.10)
and
[Fa(,y)| = 1 (ra(@), ma@)] < Ko (1+ |ma @) + ra ) +/2)
< Kg(l + || 2 4 |y|1+l/2), Y,y € RY, (3.11)
as well as
l9a (@, y)* V [ha(z,y)? < 1?3(1 + |2 4 |y|2”/2), Va,y € RY, (3.12)

where K3 is a positive constant depending on Ks.
The following theorem shows the strong convergence order of the truncated EM method for
SDDEs with time-variable delay and Poisson jumps.

Theorem 3.1. (Convergence Rate for SDDEs with Time-variable Delay and Poisson
Jumps). Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold with py > 4V (2 + 2.51). Then for any
A€ (0,1,

E|X(T) - Ya(T)]? < C (A(lplo)/\?g v [u_l(tp(A))]_(p"_l_Q)) . VT >0, (3.13)
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and
E|X(T) - Z(T)|* < C <A(1_%)A2" v [u_l(cp(A))]—(Po—l—%) , YT >0,

where C' is a positive constant independent of A. In particular, let

w(r)=Ksr'?, Vr>1 and @A) = (K3v1)A™5, VA € (0,1].

Then for any A € (0,1],

L N20

EIX(T) - Ya(D)? < cali=%)",

EIX(T) - Zu(T) < cal=5)72 yp s o,

185

(3.14)

(3.15)

(3.16)

Remark 3.1. Comparing our results Theorem 3.1 with that of [19], where the authors studied

the strong convergence rate of the truncated EM method for SDDEs with Poisson jumps, we

observe the following differences:

e Theorem 3.1 requires a slightly stronger condition on Khasminskii parameter pg, namely,
po >4V (2+ 2.51), while [19, Theorem 3.9] requires py > 2 + [, approximately.

e Theorem 3.1 allows delay to be a function of time, while [19, Theorem 3.9] requires delay
to be a constant.

e Theorem 3.1 allows the jump coefficient to grow super-linearly, but [19, Theorem 3.9]
should require the jump coefficient to satisfy a linear growth bound.

e In mean-square sense, our truncated EM method has a better convergence order (1 —

pio) A 29 than that of [19, Theorem 3.9], where the corresponding convergence order is

I 2e(po — 1 —2)
1— 2 ) A20A 20279 o some e € (0,1/4],
< p0> on ER—L rsome < € (0,1/4]

see Example 6.1 for illustration.

Remark 3.2. When the delay term vanishes, i.e., §(¢) = 0, our convergence results reduce to
that for SDEs with Poisson jumps. Under this situation, it is worth mentioning how our work

compares with that of [9], who proposed a new version of the tamed EM for such SDEs. The

differences between Theorem 3.1 and [9, Theorem 4.5] are listed below.

e Theorem 3.1 requires a weaker condition on Khasminskii parameter pg, namely, py >
4V (2+2.51), while [9, Theorem 4.5] requires pg to be an even number and pg > (6 +41) V
(24 61).

¢ In mean-square sense, our truncated EM method has a better convergence order 1 — pl—o
than that of [9, Theorem 4.5], where the corresponding convergence order is 1 — QPLO, see
Example 6.2 for illustration.

When h = 0, Theorem 3.1 reduces to the following convergence theorem of the truncated

EM method for non-jump SDEs with time-variable delay. In this case, the optimal rate of

strong convergence can be recovered.
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Theorem 3.2 (Convergence Rate for Non-jump SDDEs). Assume that h(z,y) = 0,
Va,y € R%. Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold with py > 4V (2+2.51) and A\ = 0. Then
for any A € (0,1],

E|X(T) — YA(T)? < C (AW@ v [ufl(w(A))]*@o*l*%) . VT >0, (3.17)
E|X(T) - Z\(T)? < C (AW@ v [M—l(@(A))]—@o—l—?)) , YT >0, (3.18)
where C' is a positive constant independent of A. In particular, let
w(r) = Ksr'2, Vr>1 and @(A) = (K3 V 1)A7%, VA € (0,1]. (3.19)
Then for any A € (0,1],
E|X(T) - Ya(T)? < CAY™¢  and E|X(T)— Z,(T)]* < CAYM¢ VT > 0. (3.20)
In order to show the convergence order, we need some lemmas.

Lemma 3.2. Let Assumption 3.1 hold. Then for any A € (0,1],

poleto 2 (e, Fae.)) + 2T gaa )?) + AL+ ) e )P

< Ki(1+ [af™ + [yl), Va,y € RY, (3.21)

where Ky = 2K1(1V [1/p=(o(1))]Po~1).
We left the proof to the readers.

Remark 3.3. By (3.8), we see from (2.5) that for a given step size A € (0,1], any p > 2 and
any k> 1,

Elyrl” < Cp 1ep .-
Moreover, this and (2.11) guarantee that for a given step size A € (0, 1] and any p > 2,
E|YA()|P < o0, Vt>0.

However, we can not conclude that this bound is independent of A. As a result of this obser-
vation, we need not apply stopping time arguments in the proof Lemma 3.5.

Lemma 3.3. Let (3.8) hold. Then

E[[Ya(t) = Z1(t)P| Firy] < Co(A)AL + [Z1(1) P + | Z2 (1)) 7, 2<p<po, (322
E[|Ya(t) — Z1(8)[P|Fary] < Clo(A)A)VE(L+|Z1 ()P + | Zo(t)P, 1<p<2 (3.23)

where C' is a positive constant independent of A.

Proof. For any p € [2, po], by (3.8), we observe from (2.11) that for any ¢t > 0

t t

fA(Zl(S%Zz(S))dSvL/ 9a(Z1(s), Za(s))dB(s)

E[IVa(t) = Z1(t)"| Fu) =E
K(t)

K(t)
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r(t)

n(t)]

< CE [|fa(Z1(t), Za () (t — K(1))IP | Fuqo))
+ CE [lga(Z1(t), Zo(t))(B(t) — B(5()[P| Frcr)]
+ CE [|[ha(Z1(t), Zo(£)) (N (t) — N (5(0))[P| Frsy]

P
2

(
<C (AP(@(A))” + A% (p(A)) +A(<p(A))p/p°)

X (L+|Z1(t)|P + | Z2(1)|P)
< Co(A)AL+|Z1 ()P + | Z2 (1)),

which gives (3.22). Thus, (3.23) follows from (3.22) and the Holder inequality. O
Lemma 3.4. Letp>1,1>0 and z,y € R. Then

[z +yl” = lyl" < A+ 9]’ + K@)yl?, (3.24)
where K (1)) is a positive constant depending on 1.

Proof. Let p> 1,21 >0, 7 >0 and z,y € R. By [31, Lemma 4.1, p.211], we have
! lyl?
|z +ylP < [14—5” 1] (|x|p+€—).
1

Letting [1 +&?~ 1]p =1+ 1) gives (3.24). O
Lemma 3.5. Let Assumptions 2.2, 2.3, 3.1 hold. Then

sup sup E|[YA@®)|P° <C, VT >0, (3.25)
0<A<10<t<T

where C' is a positive constant independent of A.

Proof. By the Itd formula and Lemma 3.2 as well as Lemma 3.4, we have that for any
t € 10,77,

E[Ya(®)[" = lyol

< o [ V(P2 (Y (0). £ (210, Za(6) + P o (249, Za(s)) P s

+ )\]E/O (|YA(S) — ha(Z1(s), Za(s))|Po — |YA(S>|p°)ds

< [ Va2 ((Z0(s). £ (Z1(). Za(6)) + Pg—lon(Z1(0). Zo(s) ) s
+p0E/O [YA(8)[P"*(Ya(s) — Z1(s), fa(Z1(s), Za(s)))ds

+0E/0 |YA(3)|p°ds+)\(1+5)E/O Iha(Z1(s), Zo(s))|P ds

< [ 12 ((210), 12 Z1(5), Z2(0) + g laa(Z1(9) Za(o)) ) s
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t t
+)\(1+5)E/ |hA(Z1(s),Z2(s))|p°ds+CE/ Ya(s)[Pods + I + I
0 0

t

t
< KlE/ (1 1 Zu(s)|P + |Z2(s)|p“)ds + CE/ Ya(s)Pods + 11 + I,
0 0
where

I = POE/O [Ya ()P (Ya(s) — Z1(s), fa(Z1(s), Za(s)))ds,

I := poE /Ot (|YA(S)|p072 - |Z1(s)|p°72)

< ((Z2(), Sa(Z0(). Zo())) + 2o (Z1(5), Z(s) P ) ds.

We observe that
L < poE/O [Ya(s)[P2[Ya(s) = Z1(s)|| fa(Z1(s), Za(s))|ds
< CE/O 1Z1(8)[P° 2 [Ya(s) = Z1(5)[| fa(Z1(s), Za(s))|ds

wce | ¥a(s) = Zu()PIYals) — Za(s)l|fa(Z1(s), Zo(s))lds
=: I11 + Ihs.
By (3.8), Lemma 3.3 and the condition
(p(A)*A <L,

we have
Iy =CE / |Z1(5)[P°~2[Ya(s) — Z1(5)[| fa(Z1(s), Za(s))]ds
- C/o E[121()" 2|5 (Z1(5), Za(s))[E (IVa(s) = Z1()| Fu) | ds
< Cop@AT [ B[0P0+ 2P + 122(5)P)]ds
0
< Clp(a)iad / (1+E|Z1 ()™ + | Za(s)|")ds
< c/ (14 E|Z1(s)|P° + E|Zy(s)|P0)ds.
0

For some py > 4, Lemma 3.3 gives that

E[IYA(S) - Zl(s)lp°*1|f,€(s>} < Co(A)A(L +|Z1(s)|Po~t 4| Zy(s)|Po™Y).

Thus, we have the following estimate:
t
By = CE [ [Va(s) = 219 fa(Z2(5), Ze(o))lds
0

<Col@) [ B[Vals) = )P 141215 + 1 Za) s

(3.26)

(3.27)

(3.28)
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t
< Clp@)PA [ B+ [Z(s) +|Za(s))ds
0

< C/o (1+E|Zy ()P0 + E| Zo(s) 0 )ds. (3.29)

Thus, by the Taylor formula with integral remainder term and the elementary inequality, we
have

1
P — [ 2 < (po — 2) / 17+ s(y — )P~y — glds
0
<C (g2 + 1y — g3 |y — 7l
=C (g 2ly — gl +ly —g[”?), Vy,yeR™ (3.30)
Moreover, by (3.8), we have
po—1

(. fa(w.y) + Z5—lga(e.y) < Co(Q)(1+ [af’ +|y*), ¥reRL  (3.31)

Therefore, by (3.30) and (3.31) as well as (3.8), we get that

Bl [ (Va@P =120 ) (7 (o). £(21(). Za(6)+ 25 0a(2a(5). Za(o) ) ds

<c / [(120(5) %Y (s)-2 <s>|+|YA<s>—Zl<s>|p°-2)w<A><1+|Zl<s>|2+|22<s>|2>} ds
< Cp(a / |Z1(5)P 2 (14 |21 (5) + | Z2(s)P)EIY A (5) = Z1(5) | Fco]] ds
+Cp(A) / E[(1+121() + |Z2(5)P)E[Ya (5) = Z1()["* =% Fgoy) | ds

< C[@(A)]B/QA”Q/O (1 +E[Z1(s)[* + E[Z2(s)[*)ds

+ O [ (14 Bz + Bzl
t
< C’/ (L+E|Z1(s)|P° + E|Za(s)|P°)ds. (3.32)
0
Note that
E|Zi(s)[" < sup E|Zi(u)[* < sup E[Ya(u)[",
0<u<s 0<u<s
E|Za(s)[P < sup E|Za(u)[” < [|€][** + sup E[Ya(u)[™. (3.33)
0<u<s 0<u<s

Thus, from (3.26), (3.28), (3.29) to (3.32), we observe that

E[Ya(®)™ < C/ (I+E[YA(s)[" + E[Z1(s)[" + E|Z2(s5)[")ds

<C+C/ sup E|Ya(u)[Pods.

0<u<s
Thus,
t
sup E[Va(u) <C+C [ sup BlYau)ds
0<u<t 0 0<u<s

By the Gronwall inequality, we obtain the desired assertion. O
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Lemma 3.6. Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold with pg > 4V (24 2.51). Then for any

A € (0,1] and any p € [2, —15?/2],

E|YA(t) — Z1(t)|P < CA, vt >0,
E|YA(t — 0(t)) — Zo(t)|P < CAMP vt > 0.

Moreover,
/ — fa(Ya(s)2ds < Clu~ (p(A)))~Po—t=2),

IE/ (|g Ya(s) — ga(Ya (DI + [h(¥a(s) — ha(Ya(s)[?)ds
“Lp(A)]™ (o—1/2-2)
where C' is a positive constant independent of A.

Proof. Let p € [2, t775]. For any t € [tg, tpt1) with k > 0, we see from (2.11) that

ElYa(t) = Z1(1)[" = E[Ya(t) = Ya(tx)[?
< C (APE|fa(yr, ye-5,) " + A"PE|ga (Y, Y5, )P + AEIhA (Yr, yr—5,) ) -

By (3.11), we have
| fa (i s )PP < C (14 Bl CH/2P 4 By, [04V27) < 0,
where Lemma 3.1 has been used. Similarly, we can show that
Elga (Y, Yr—s:)|F V Elha (Yx, yr—s, )| < C.

Thus,
E|Ya(t) — Z1(t)|P < CAP + CA"*? + CA < CA.

We now begin to establish assertion (3.35). Recall that d; = |0(tx)/A] and
Ya(t—6(t)) — Za(t) = Ya(t —0(t)) — Ya((k — dx)A).
By Assumption 2.2, we have the following useful estimate:
(= 8(8)) — (k — 6x)A < (|3] +4)A

see [16, Lemma 4.6].
Now consider the following four possible cases.

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

Case 1: If t —6(t) > (kK — 0x)A > 0 or (k—dx)A >t —6(t) > 0, then it follows from (3.39)

that

E|YA(t — 6(t) — Zo(t)]P = E

(k=dr)A (k—dk)A

t—6(t)
n / ha(Z(s™), Za(s™))dN (s)

(k—81)A

t—5(t) t—4(t)
/ fa(Zi(s), Za(s))ds + / 9a(Z1(s), Z2(s))dB(s)

p



The Truncated EM Method for Jump-Diffusion SDDEs 191

< Clt = o(t) = (k — ) AP~

t—8(t)
/( Elfa(Z1(5), Za(s)|Pds

k—6%)A

+C|t —6(t) — (k — §)A0>P~1

t—6(t)
| Blaa(zi). Zals)las
(k—6i)A

p

t—5(t)
+CE /( ha(Z1(s™), Z2(s™))dN(s)

k—6)A

p
< Clt —6(t) — (k — 0,)A|”5P + CRE

t—8(t)
/ ha(Zy(s), Za(s™))AN(s)
(k—81)A

< CA, (3.41)

where the Burkholder-Davis-Gundy inequality, (3.37) (3.38) and (3.40) have been used.

Case 2: If t — 0(t) < (k= 0x)A < 0or (k—d,)A <t—4§(t) <0, by Assumption 2.1 and
(3.40) we have

E|YA(t = 6(t)) — Z2(t)|P = |&(t — 6(t)) — &((k — o) A) P
< (K{j(LS |+ 4)@?) AP, (3.42)
Case 3: If t — 6(t) > 0 > (k — x)A, then
t—5(t) < (6] +4)A and  — (k—6k)A < (|5] +4)A.

Thus, we have

E|Ya(t = 6(t)) = Z2(t)[” = E[Ya(t = 6(2)) — Ya((k — 6x)A)”
< 2PIE[YA(t — 6(t)) — £(0)P +2°7HE(0) — E((k — 0k) AP
< CAMer, (3.43)

Case 4: If (k — 0;,)A > 0>t —J(t), in a similar way as (3.43) is obtained, we also have
E|YA(t — 3(t)) — Zo(t)|P < CAMP, (3.44)

Combining these different cases together, we obtain the desired assertion (3.35). Noting that
po > 2+2.50 > 2+, in a similar way as [17, (3.15)] was obtained, we also can show that (3.36)
holds. ]

Proof of Theorem 3.1. Let pg > 2+ 2.51. Set R > ||£|| and define the stopping time
pr=inf{t >0:|X()| A|Ya(t)| > R}.

Set ea(t) = X(t) — Ya(¢), for any t € [—7,T], which means that ea(t) = 0, for any ¢ € [—7,0].
By the It6 formula and the elementary inequality, we have that for any ¢ € [0,T],

Blea(t A o)l =5 [ (2(X(9) = Ya(6), F(X(6). X (s = 86)) =1 (21(6). Za(o)

+Hg(X(5), X (s = 0(s))) — 9a(Za(s), Za(s))[?
+ AR(X (s), X (5 — (5))) — ha(Z1(s), ZQ(S))F)ds
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< [ (200 = Yal6), FOK(), X5 = 8060) — TV 6, Vs = 661}
+prlg(X(5), X (s~ 8()))  9(¥a(s). Yals — ()]
+ pIAA(X (5), X (s = 6(s))) = h(Ya(s), Ya(s = 8(5)))* ) ds
#8 [7 (20006) ~ Ya0) SR, Yoo~ 56)) ~ fa(als), Za(s)
£ 1X(5) = Ya(s)/2 + Clg(Ya(s), Ya (s = 8(3))) — 9a(Z1(s), Za(s)
+ Clh(Ya(s), Yals = 8(5))) = ha(Zi(s), Za(s)) ) ds.

By Assumption 3.2 and the elmemwntary inequality, we have
2 e 2 2
Blea(tApr)® <CE [ (1X(s) = Ya(s) + X (s~ 8(s) ~ Vs - 8(s))7)ds
0

tApRr 1
i E/o ( ~ T U (X (), Ya(5) + U(X (s = 8(s)), Ya(s = 5(8))))615

T
+CE [ (1103 (6). Yals = 5(9)) = fa(Z1(s). Za() P
+19(Ya(s), Ya(s — 8(s))) — ga(Z1(s), Za(s))?
+ [(Ya(s), Ya(s —6(s))) — ha(Z1(s), Zz($))|2)d5
< CIE/O (1X(5) = Ya(s) 2 + [X (s = 8(5)) = Yals = d(s))|* ) ds
+ II; + Iy + 113, (345)
where
I, = C’]E/O |F(Ya(s), Ya(s — 6(s)) — fa(Ya(s), Ya(s — 6(s)))|ds
T
+CE [ a(Va(5) Ya(s = 6(5))) = 2 (Ya ). Ya(s = 3(s)) s
+ C’]E/O IW(Ya (), Ya(s — 8(s))) — ha(Ya(s), Ya (s — 8(s)))|2ds,
T
M, = CE / Fa(Ya(s), Ya(s — 8())) — fa(Z(s), Za(s))|%ds
+ CE/O l9a(Ya(s), Ya(s — 8(s))) — ga(Z1(s), Za(s))[Pds
T
+ C]E/O Iha (Ya(s), Ya(s — 6(5))) — ha(Zu(s), Zo(s))|2ds,
tApR 1
Ty = ]E/O (- U (X (5), Ya(5)) + U(X(s = 8(s)), Ya(s - 3(5)))) ds.

Noticing that U(X(s),Ya(s)) =0 for any s € [—7,0], we then have

/ " U(X(s—0(s)),Ya(s—d(s)))ds < LA . U(X(s),Ya(s))ds,
0 1—-4Jo
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tAPR ) 1 tApR 9
/0 X (s = 5(5))  Yals ~ 8(s)ds < - 3/0 IX(s) — Ya (s)|2ds.

Consequently, IIs < 0 and thus
tApR
Elea(t A pr)f? < C]E/ lea(s)[2ds + TL, + T
0

< C’/OtE|eA(s/\pR)|2ds+H1 + I, (3.46)
Noting that pg > 2+ 2.5l > 2 + [ and using Lemma 3.6, we have
Iy < Clu (p(A)] === (3.47)
Recall [17, Lemma 3.3] that

Fal@r ) = Fa@e o) < Ko (14 forl! + foal! + ' + fyal') (21 = 222 + yn = 92]2)),

for any x1,y1, z2,y2 € R% By the condition that py > 2 + 2.5] which implies pip_"l < 1_5?/2, we
have that for s € [0, 77,

E|fa(Ya(s), Ya(s = 6(s))) = fa(Z1(s), Za(s))?
< f@a( [Ya(s) = Z1(s)2 + [Ya(s — 6(s)) — Za(s)]]

< [+ Ya@)' +1Yals = 8(s))|" + [Z1(s)] + | Za(s)|] )

(po—1)/
< € (BIYa(s) — Zu(s)/ /P00 1 B|Ya(s — 3(s)) — Za(s) Pro/m—0) 7"

1/po
x (14 E[Ya ()P + E|Ya(s = 0(s))™ + EIZ1(s)[" +E| Za(s)|™)

)(po*l)/po )(Po*l)/}’o

< O (E|Ya(s) = Za(s)Pro/ o0 +C (ENYa(s = 8(s)) = Zo(s) P/~

po—1
< CA"v0 N (3.48)

where (3.2) and the Holder inequality as well as Lemma 3.6 have been used. Similarly, we can
show that

Elga(Ya(s),Ya(s —8(s))) — ga(Z1(s), Za(s))]* < CA”gglAzg,

Elha(Ya(s), Ya(s — 6(5))) — ha(Z1(s), Za(s))[2 < CA™S5 "2, (3.49)

Combining (3.45)-(3.49), we get
Elea(t A pr)|? < c/otmeA(s A pr)|2ds + C (AQQM v [u‘l(w(A))]‘(PU‘l‘Q)) . (3.50)
The Gronwall inequality gives
Elea(t A pr)? < C (A% 722 v i} (p(A)) "0 1) (3.51)

Letting R — oo gives assertion (3.17). While (3.18) follows from (3.17) and Lemma 3.6. Finally,
from (3.10) and (3.4), we may define p(R) and ¢(A) by (3.19), e.g.,

p(r) = Ksr2, ¥r>1 and o(A) = (K3 V1)A™Y3 VA € (0,1].
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Then
[M—l(w(A))]—(po—l—w = CAXPo=1=2)/Bh) < oA, (3.52)

due to po > 2+ 2.50, which implies that w > 1. From (3.52) and (3.17) as well as (3.18),
we obtain the assertion (3.20). Thus, the proof is complete. |

Proof of Theorem 3.2. When jump term is absent in (2.1), we set h(z,y) =0, Vz,y € R%.
Let Assumptions 2.1, 2.2, 3.1 and 3.2 hold with py > 4V (2 + 2.5]) and A = 0. Then (3.34) and
(3.35) will become

E|Ya(t) — Z1(1)|P < CA™P, vt >0, (3.53)
E[Ya(t — 8(t)) — Zo(t)|P < CALSNIP -y >0, (3.54)

respectively. In a similar way as Theoem 3.1 is proved, we conclude that Theorem 3.2 holds. [J

4. Convergence in L9 for 0 < ¢ < 2

Under certain circumstance, such as discussing stability in distribution of numerical ap-
proximation, we only need the convergence in small moment of the numerical method rather
than convergence in mean-square sense. In this situation, Assumptions 3.1 and 3.2 required in
Theorem 3.1 can be replaced by weaker Assumptions 2.3 and 4.1. Noting that under general-
ized Khasminskii-type condition, i.e., Assumption 4.1, we only obtain the boundedness of the
numerical solution in second moment, see Lemma 4.3. Thus we can establish the convergence
(without order) in g-th (¢ < 2) moment, see Theorem 4.1.

Assumption 4.1 (Generalized Khasminskii-type Condition). There exist constants K
>0, Ko >0,K3>0and 8> 2 such that

2z, f(z,9)) + lg(z, y)|* + A2(z, h(z, y)) + [h(z,y)?)
<Ky (L+ [z + y?) = Kala|” + Ksly|®, Va,y € R% (4.1)

Applying the Itd formula and using the techniques in [44] to deal with the time-variable
delay, we have the following lemma.

Lemma 4.1. Suppose that Assumptions 2.2, 2.3 and 4.1 hold with Ko > (535) > 0. Then for
any given initial data (2.2), there is a unique global solution X (t) to (2.1) on t € [—7,+00).
Moreover, the solution X (t) has the property that
sup E|X()]? <oo, VT >0. (4.2)
—r<t<T
In this section, to define the second numerical scheme, we also choose a strictly increasing
continuous functions p : RT™ — RT such that u(R) — oo as R — oo and

s [feyl gyl |z y)l <wR), YR>1.  (43)

wiviyicr (L lel+yl) - (T2l +lyl) T+ [zl +yl) —

Denote by p~! the inverse function of y and we see that p~!

s [w(1),00) — RT is a strictly
increasing continuous function. We then choose a constant L > 1V (1) and a strictly decreasing
function ¢ : (0,1] — [u(1),400) such that

lim o(A) =00 and o(A) < LA™, VA €(0,1]. (4.4)
—
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For a given step size A € (0, 1], let us define a truncation mapping 7a : R — {x € R? : || <
pH ()} by

Ta(e) = (j2o] A p~ (@A) = Vo eRY, (4.5)

x|’

where p and ¢ are from (4.3) and (4.4), respectively. Define the following truncated functions
for any =,y € R%:

From (3.4) and (4.6), we have

|[fa(z, )|V |ga(z,y)| V [ha(z,y)]
< (A1 + |7ma(@)| + [ma(y)])
<oA1+ |z +y)), Va,y € R™ (4.7)

The following lemma shows that these truncated coefficients conserve the generalized Khasmin-
skii-type condition for any A € (0,1], the proof of the lemma is similar to that of [15, Lem-
ma 3.18] and so is omitted.

Lemma 4.2. Let Assumptions 4.1 hold with Ky > K35 > 0. Then for any A € (0,1],
2('1" fA(% y)> + |9A($a y)|2 + )‘(2<'T’ hA(xa y)> + |hA($a y)|2)
< Ki(1+ 2] + [y)?) — Kalna(2)|® + Ks|ma(y)|®, Yo,y e RY, (4.8)
where Ky = 2K (1V [1/u~(p(1))]).

Lemma 4.3. Let Assumptions 2.2, 2.3 and 4.1 hold with Ky > (|(1—8)"1] +1)K5 > 0. Then
for any A € (0,1],

sup Ely> <C, VT >0, (4.9)
0<kA<T

where C' is a positive constant independent of A.

Proof. For any integer k > 0, we conclude from (2.5) that

|yk+1|2 = |yk|2 + 2<yk7 fA(ykv yk*5k)>A + |gA (ykv yk*5k)|2A + 2<yka hA(ykv yk*5k>>ANk
+ [Ba (ks Yo-5, ) ANE[* + | Fa(Urs ye—s, )P A°
+ 2(fa(Wks Yk—s,.), ha Uk, Yr—s, ) ) ANRKA + Ty, (4.10)

where

Je = 2(Yk> 98 Yk, Yr—5, ) ABR) + 2(fa(Yrs Yk—s,.), 92 Uk, Yu—s, ) ABR)A
+ 192 Wk, Yi—s, ) P (JABg|* — A) + 2(ga Yk, Yk—s5, ) ABr, ha(Yk, Ys—s, ) AN).

Obviously, EJ, = 0. Note that

EAN, = AA,  E|AN|? = AA + A2A2%, (4.11)
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By Lemma 4.2, we have

Elyer1l® < Elyel® + KB+ [yl® + [yr—s, [*) A + E| fa Wk yr—s, )P A
+ 20E(fA (Yks Yk—61 )s ha (Uke, Yk—5, ) ) A% + N Elha (Yk, Yr—s,, )| A®
+E[ - Kolma(yi)|” + Kslma(ye-s,)|°]A, VE>0.
Moreover, by (4.7), we have
E|fa (ks Ys—s0)) |7 A% + 2XE(fA Yk, Yb—6, ) has (Ui, Yo—sy, ) ) A
+ N2E|ha (i, Yr—s, )| A
< (14N (@(A)’EQ + |ye|* + |yr—s, [F)A?
< (14 A)2L2E( + [yil® + |yns, ) AZ
< (1 +N2L2E(L + |yel* + |ye—s,)?) A.
Inserting (4.13) into (4.12) gives
Elyks1]® < Elyil* + (K1 4+ (14 N)?L)E( + |ygl® + |ye—s.)A
+E[ - Kalma(yp)l” + Kslra(ye-s.)I”] A, VE > 0.

Thus, we have

k—1
Elyel* < €17 + (K1 + (1+ 2L Y B+ [y;* + lyj—s,1)A
j=0
k—1
+E |3 (= Kalra(yy)l’ + Kslmay;-s,)7) | A, VB> 1.
§=0
By Lemma 2.1, we yields that
k—1
Z |7TA(yi—5i)|BA
i=0
R k—1
<=7+ D |maly)lPa
j=—M

g
—

= (1=~ +1) i ma ()P A+ (L1 =8)7  + 1)) Imalyy)l’A

j=—M ]

<
Il
o

k—1
< (A=) + D7 + (L= + 1)) Imaly)l’A, VEk =1,
j=0

where 6, = [6(kA)/A]. Thus,

k

I
-

{— Kalma(y;)” + Kslm(yj—éj)lﬁ}A

Il
=]

g k—1
< Ks(L(1—=8)7 ) + Drllé]l® — (K2 = Ks(L(1 = 8) 7] +1)) D Imalyy)’A

Jj=0

< Ks(L(1—=8)7" + Drlle)”.

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Inserting this into (4.15), we have

Elyi|* < (I€]1* + Ka(L(1 =8~ + D7i¢]1?)
+ (K + (1+ )\)QiQ)k_l |1+ Ely; 2 + Ely; s, 1]
—0
< (ll€? + K11 - 5)‘J1J +1)7l¢]1”)
+ (K1 + (1+M)?L?) j_: [1 +2 _As;gqﬂﬂyﬂ }A vk > 1. (4.18)

As this holds for any integer k satisfying 1 < k < |T/A], while the sum of the right-hand-side
(RHS) terms is non-decreasing in k, we then have

sup Elyi* < (J¢]1° + Ks([(1 - 87" + Dr[l€ll?)
1<i<k .

%“

+ (K1 + (1+ \)2E2 {1 +2 sup Elyl?]A, (4.19)
- —M<i<j
]70
which implies that
S Elyil* < (€% + K3(L(1 = )7 + Drig]l®) (4.20)
k—1
+ (K1 + (14 M\2L2 [1+2 sup  Ely;| }A, Vk=1,2,...,|T/A.
J:O —M<i<j
By the discrete Gronwall inequality, we get the desired assertion (4.9). O

Lemma 4.4. Let Assumptions 2.2, 2.3 and 4.1 hold with K5 > (|[(1—6)"'] +1)K3 > 0. For
any R > ||¢||, define Tr = inf{t > 0:|X(t)| > R} and pa r =inf{t > 0:|Z1(t)| > R}. Then

P(par <T) < <C wrso, (4.21)

P(TR <TT) ‘R 3

R?’

where C' is a positive constant independent of A.

Proof. By the It6 formula and Assumption 4.1, we have that for any ¢ € [0, T
tATR
EIX (¢t ATr)[> < [£(0) + KlE/ (1 + X () + X (s — 5(5))|2)ds
0
tATR
2B [ (- KX + KalX(s - 8(s)]7)ds
0

<IEOP + KT+ Ky [ (BIX(s )+ ELX (s = 8(0) A7)l ) ds

K tATR B
+ ( s —K2) B[ pxe)Pas + TEL T”‘E”
1-6 0

t
§C+2K1/ ( sup E|X(u/\TR)|2)ds,
0

0<u<s
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where we have used the following estimates:

tATR (tATR)—6(tATR)
[ e -aras< — [ X () du
0 1-6 5(0)
1 tATR ﬂ t/\TR
<t X ()| Pdu < 7”5” / (s)|Pds,
1-6 1-— 1 )
and
t
/ E|X ((s — d(s)) A Tr)|*ds
0
t t
< / ( sup E|X(uA TR>|2)d8 < T|€|? Jr/ ( sup E|X (uA TR>|2)d8. (4.22)
0 N—7<u<s 0 N0<u<s
Consequently,

t
sup E|X (uA7g)|? §C—|—4K1/ ( sup IE|X(u/\TR)|2)ds.
0

0<u<t 0<u<s

The Gronwall inequality gives

sup E|X(uATR)]?> <C.
0<u<t

Thus,
E|X(T A7g)* < C.

Finally, using the Chebyshev inequality gives

C

P(TR < T) R2

Now, we begin to establish the second assertion in (4.21). The remaining proof of this lemma
is similar to that of [30, Lemma 3.2], but more refined techniques are needed to overcome the
difficulty due to time-variable delay. We observe that pa r = ¥a rA, where

Ia.r = inf{k >0 |yx| > R}.
Clearly, pa,r and 94 g are F; and Fy, stopping times, respectively. It is useful to know that
Ykt 1)A9a r — Yknvan = k<o n)Wk+1 —Ur), Yk >0, (4.23)
see [42, p. 477]. Thus, from (2.5) and (4.23), we have
Ykt 1)AIA. g = YkA9a r T [fA(yk, Yk—5: ) + ga Wk, Yr—5, ) ABr + ha(Wr, Yn—6, ) ANk | Likcon n}-
Note that

ABk]I{k<19A,R} = B(t(k+1)/\19A,R) - B(tk/\ﬁA,R) = ABk/\ﬂA,Ra
ANptk<on ny = NEgt+1)roan) = N(trava ) = ANpros g (4.24)

Consequently,

E|y(k+1)/\19A,R|2 = E|:|yk/\"9A,R|2 + 2<yk/\19A,Ra fA (yk/\ﬁA,Rv y(k—ék)AﬂA,R)>H{k<19A,R}A (425)
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+E {|9A (Yrnoa r> y(kfsk)mm,ﬂ)ABk|2]I{k<19A,R}}
{2 Yknoa,ms A Yknoa ms Yk—s)n0a,m)) AN k<o n. R}}
“hA Ykn9a s Yk—8)A0a, 1) ANk k<o s R}:|
[|fA Yknda.ms Y—s)ndan )| Lcoa np }
{2 FAWA9A s Yik—50)n0a. 1) A UkADA 1> Yemb)n0 8.1 ) ) ANE [kt i} A + 1|, VE >0,
where

jk = 2<yk/\19A,Rﬂ gAa (yk/\’ﬂA,Rv y(k—ék)/\ﬂA,R)ABk/\ﬁA,R>
+ 2<fA (yk/\ﬁA,Rv y(k—ék)/\ﬁA,R)’ ga (yk/\ﬁA,R’ y(k—ék)/\ﬁA,R)ABk/\ﬁA,R>A
+ 2(9A (Urnoa r> Yk—6)A0a. 2 ) ABEAOA 1> RAWYKAIA 13 Y(k=51)708 1) ANEAIA R )-

Since B(t) is a continuous martingale, by the Doob martingale stopping time theorem, we have
that E|ABylixcon ) Ftino, R} = 0 and for any A € R¥X™

E[JAABy P Lik<on n} 1 Ftunon )
= |A|2E[(t(k+1)/\19A,R - tk/\ﬂA,R)"FtkAﬂA,R:I
= |A|2E[]I{k<19A,R}|‘Ftk/\19A7R:|A’ (426)

see [30, p.12]. Then
EJi = 2E [ykTwA,RgA(ykwA,Ra y(kfakwA,R)E[ABkﬂ{k<ﬁA,R}|ftwA,RH
+2E {fg(yk/\ﬁA,Ra Yh—5)n0a.1)9A Uknda s Yk—s)A0 a1 ) E[ABrLikcoa 1} |]:t,€MA1R} } A

+ E[2(9a (Yknoa. > Y=o 70a. 1) ABrAIA 1> BA Uk 1 Yh—51) 708 1) ANEAIA 1)]
=0, (4.27)

and
| (Yknoar> Yk—bi)no s )] |AN1€|2]I{]€<"9A,R}:|

\ha(Uknva > Y—s)noa.r) | Likcon np (AA + )\QAQ)} ,

[
|
[2<yk/\m,m hA(Yrnoa rs y(k—ak)AﬂA,R»ANk]I{k«u,R}}
[2<ykm9A,R, ha(Yerda s y(k—ak)mA,R)ﬂ{kwA,R}/\A] : (4.28)
Moreover, by (4.7) and Lemma 4.3, we have
E“JCA(yk/\ﬂA,Ray(kak)/\ﬁA,R)|2]I{k<19A,R}} A?
= E[|fA(yk, yk—ék)|2ﬂ{k<ﬁA,R}} A?
< E[|fA<yk,yk,5k>|2]A2

Clo(A)PE[L+ [yl + s, ] A7
<CA%<CA (4.29)
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Plugging (4.27)-(4.29) into (4.25) and using Lemmas 4.2 and 4.3, we have
ElY(et1)noa rl’
< Elyrnonnl® + E[(2<ykmu,m TFa(Yknoa rs Yik—6:)A0a 1))
+ |9A(yk/\19A,R,y(k_ak)/\ﬁAWR|2)]I{k<19A7R}:| A
+ E[A@(?Jmm,m Ra(Yknoa rs Yik—6i)A0a 1)) T |hA(yk/\19AYR,y(kf(;k)/\ﬁA,R)|2)H{k<§A,R}:|A
+ E[IfA(ykwA,R, Yoh—sp)noaw)l> + N haWknva ns y(kﬂsk)/\ﬂA,R)|2]I{k<19A,R}} A?
+ E[QMfA(ykmsA,R,y(k—ak)wA,R), hA(ykwA,R,y(k_(;k)wAyR)>H{k<19AyR}}A2
< Elyknoa nl? + CA + K E [(1 + |yknoanl® + |y(k,5,€MA,R|2)H{k<%ﬂ}} A+ H,
=Elyknoanl> + CA + f(lE[(l + |yl + |y(k75k)|2)]1{k<%ﬁ}} A+ Hy
< Elypnon |’ + CA+ KﬂE{(l + |yl? + |yk—5k|2)} A+ A,
< Elyrroa pl? + CA+ Hy, Yk >0, (4.30)

where

Hy = B[ (= Kalma()l” + Kalma n—5)|") Lo ) | A

Thus, for any integer k satisfying 1 < k < |T/A|, we conclude from (4.30) that

k—1
Blyenos al® < €17+ CBA + SB[ (= Kalra ()l + Kslna (wi-s,)1") <o )| A

<

k—1
<€+ CT+E (— Kalma()l® + Kslma(yj—5,)1° ) <oa oy | A
_‘jZO
[(k—1)A(WA, R—1)
= ¢’ +CT+E (— Kalma(y)I® + Kslma(yj—s;)1?) | A. (4.31)
L ‘7:0

By Lemma 2.1, we get

(k—l)/\(ﬂAwR—l)
Z Ima(y—s,)|?
=0
(E—1)A(Pa,r—1)

<(@=97U+D DY ma))’

i=—M
R -1 . (k=1)A(Wa,rR—1)
= (L0=)7+1) Y ma)l’ + (1= +1) > ma(yi)l?
i=—M i=0

(k—1)A(Pa,r—1)
< (LA =8+ )MIEN + (L1 =871 +1) > ()|’ VE>1. (4.32)
i=0
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Consequently,

(E—1)A(Pa,r—1)
[(= Kalma(g)l? + Kslma(yi-5,)1%)] &
j=0
(k—l)/\(’&AyR—l)

< Ka([(1=0)" + D)(MA) €] + (K3([(1—0)""] + 1) — K) > ma(y;)°A
§=0

S Ks(l1=8)7' + Drfig)®, vk > 1. (4.33)
Inserting this into (4.31) gives
Elyinoanl® < IEI° + CT + Ka(L(1 =)' + Drlléll?, vk =1,2,...,|T/A].

In particular, we have

Ely|r/ajnoaxl* < C,

or equivalently,
E|Zi(T A par))* < C,

which implies that
R*P(par <T) < E[H{ﬁA,RSTHZl(ﬁA,R)F <E|ZI(T A par)* < C.
Thus, the proof is complete. O

Remark 4.1. It should be pointed out that if we use the usual continuous proof of [20, Lem-
ma 3.3] to estimate the second assertion in (4.21), then there will be a term J* with the following
form we have to address,

t t
J* ::/ |ma(Z2(s))|Pds — ([(1—0)7 | + 1)/ |ma(Z1(s))|Pds. (4.34)
0 0
Of course, by the known conditions, we can show that

T < (L =87+ Drfe)?

- (ImaWieyar-sua)l? = (=87 + Dimalyya))?) ¢ = [¢/A]).  (435)

But we see from (4.35) that this estimate remains a tail, namely, the second term on the right
hand side of (4.35) and we have no other method to address J* properly. However, if we take
t to be the grid point, then the tail will vanish. This motivates the above discrete proof in
Lemma 4.4.

The following theorem establishes the strong convergence (without order) results of the
truncated EM method.

Theorem 4.1. Let Assumptions 2.1, 2.2, 2.3 and 4.1 hold with K> > ([(1—46)"'| +1)K5 > 0.
Then for any q € [1,2),

lim E|X(T) — Zi(T)|* =0, VT > 0. (4.36)
A—0
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Proof. Let T and pa g be the same as before. Let g € [1,2). Define éAﬁR =Tr A pa,r and
éa(T) = X(T)— Z1(T), for any T > 0. By the Young inequality, for any n > 0, we have
Elea(T)|* = E[|éA(T)|qH{éA,R>T+1}} + E“éA(T”qH{éA,RgTH}]

—4q

R qn i
< E[|€A(T)|qﬂ{éAyR>T+1}} + ?E|€A(T>|2 +

In this theorem, Cr denotes a positive constant depending on R but independent of A and its
value may be different for different appearance. By Lemmas 4.1 and 4.3, we get that

Elea(T)|* < 2E|X(T)|? + 2E|Z(T)|* < C.
From Lemma 4.4, we have

. C
PlOar<T+1)<Plrp <T+1)+Ppar<T+1)< 2k

Consequently, we have

mC  (2-¢9C
2 2R2ne/(2-49)

Elea(D)|* < +E[lea(D)| g, sriny)- (4.37)

Let € > 0 be arbitrary. Choose n > 0 sufficiently small for % < ¢ and then choose R

sufficiently large for 21;;;% < &. Then for such chosen R, we see from (4.37) that

Elea(T)|? <E[lea(T)|Mg, poriay) + 26
If we can show that
iiLnO]E[|éA(T)|q]I{éA’R>T+1}} =0, (4.38)

then the desired assertion (4.36) follows. Define the truncated functions

£ Y
Fr(e,) = £ (e AR) T (ol A R) ).

z Yy
Gr(w:y) = 9((1e] A B (wl AR ).

x Yy
Hie,) = h{ (e A R) o (o] A R) )

for any =,y € R%. Without loss of any generality, we assume that A* is sufficiently small for
u=t(o(A*)) > R . Then, for any A € (0, A*], we get that

fA(xay) = FR(,T,y),
gA(x,y) = GR(Z" )7
hA(zay) = HR(zay)

for any z,y € R? with |z| V |y| < R. Consider the following SDDE:

dz(t) = Fr(z(t), 2(t — 5(t)))dt + Gr(2(t), 2(t — 5(£)))dB(?)
+ Hp(2(t7), 2((t — 8())7)dN (), t>0 (4.39)
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with the initial data z(t) = £(¢) on t € [—7,0]. By Assumption 2.3, we observe that Fr(x,y)
and Ggr(z,y) as well as Hr(z,y) are globally Lipschitz continuous with the Lipschitz constant
L. Hence, SDDE (4.39) has a unique global solution z(t) on t > —7 satisfying

P(z(t ATr) = X(t ATR) for any t € [0,T]) = 1.

On the other hand, for any A € (0, A*], we apply the (classical) EM method to the SDDE (4.39)
and we denote za(t) and Za(t) by the continuous-time continuous-sample and the piecewise
constant EM solutions, respectively. Then we see from [34, Theorem 2.1] that continuous-time
continuous-sample EM solution za (t) has the property

E[ sup |z(t) — zA(t)H < g A9(0-500) (4.40)
0<t<T

where co is a positive constant dependent of Lg, T, £, ¢ but independent of A. From this and
the fact that

Elza(T A (pa,r — 1)) = 2a(T A (pa,r — 1))|? < CrA*5@1),
see [34, Corollary 3.4], we conclude that

E2(T A (pa,r — 1)) = Za(T A (pa,r — 1))|? < CrA™019),

Moreover,
P(Z1(t A (pa,r —1)) = 2a(t A (pa,r — 1)) for any t € [0,T]) = 1.
Consequently,
E[léA(T)|qH{éA,R>T+1}}

= E“éA(T NN 1))|qH{éA7R—1>T}]

SE[X(TA@ar—1) — Z1(T A Oar—1))7

= E[|z(T A (éA,R —1)) = z2a(T A (éAJ{ — 1))|q}

< CRAq(O-f)/\Q)’
which establishes (4.38). Thus, the proof is complete. O

5. Mean-Square and H., Stabilities

In this section, we mainly discuss the mean-square and H., stabilities of the truncated EM
method for SDDE (2.1). Noting that the truncated functions can preserve the Khasminskii-type
condition (4.8), unfortunately they may not preserve the stability condition. Consequently, we
hope that the terms that work for the stability in the coefficients grow at most linearly, while
those terms which grow super-linearly have no stabilizing effect. In our truncated method for
stability, we only use the truncation technique to those super-linear terms in the coefficients.
Lemma 5.2 shows that partially truncated functions defined by (5.10) have the property of
preserving the stability condition. Thus, we assume that f, g and h can be decomposed as

f(zay) = Fl(zay) +F($,y>,
g(x,y) = Gl(‘ray) + G(x,y),
h(xay) = H1($,y) + H(‘Tay)a
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where Fi, F : R? x R = R? G1,G : R4 x RY — R*™ and Hy, H : R x R* — R%. Moreover,
F1(0,0) = F(0,0) = G1(0,0) = G(0,0) = H1(0,0) = H(0,0) = 0,

the coefficients Fi, F, G1, G, and Hy, H satisfy the following conditions.

Assumption 5.1. For any R > 0, there exists constants L and Lr depending on R such that

|Fy(z1,31) — Fi(z2,52)* V [G1(21,31) — Gi(22,92) [ V [Hy (21, y1) — Hi (22, y2) |
< Lz — 2 + [y1 — 92|?), Va1, 22,91,92 € RY, (5.1)

and

|F(z1,51) — F(z2,92)]* V |G(21,91) — G2, y2) [ V [H (21,91) — H(22,y2)|? (5.2)
< Lp(|z1 — 22?4+ ly1 — 92, Voi,22,y1,92 € RY with |21| V |za| V |y1| V |y2| < R

for any x1,xa, 91,92 € R? with 21| V |z2| V [y1] V 12| < R.

Assumption 5.2. There exist nonnegative constants 0, 11, va, a1, as, as, ag and 8 > 2 such
that

2w, Fi(w,9)) + (1+0)[Ga (, )2 + A(2(z, Hi(2,)) + (1+ 0)| Ha (2, ) )
< —vi|z]? + wly]?, Va,y € RY
2z, F(w,y) + (1+ 07 )G, )2+ A(2(e, Hiw,y) + (1+ 07| H(z,y)?)
< arz]? + azlyl? - aslz|” + aulyl?, Yo,y e R (5.3)
When 6 = 0, we set 071G (z,y)]? = 07 H(x,y)|> = 0, when 0 = oo, we set 0|G1(z,y)|* =
0|H; (x,y)|?> = 0. Clearly, Assumption 5.2 implies that
20z, (@) + lg(,y) 2 + A (2@, hiz, ) + bz, )
< —(n —a1)lz[* + (v2 + a2)yl* — aslz|” + auly)’,  Vz,y e RY (5.4)

It is not difficult to show that the SDDE (2.1) is stable in mean square sense, which can be
stated by the following lemma, see, e.g., [44, Theorem 3.6].

Lemma 5.1. Let Assumptions 2.2, 5.1 and 5.2 hold with

1
v > a1+ ~(r2 + a2), a3z >
1-96 1

1
8(14 > 0. (55)

Then for any given initial data (2.2), the unique global solution X (t) to (2.1) has the property
that

log E| X (t)[2 1. (1=
limsupM < - (*y* A ;logﬂ> , (5.6)

t—o00 t Qg

and
/ EJ X (¢)[dt < oo, (5.7)
0

where v* > 0 is the unique root to the following equation:

1 «
vy =a) + N 8(1/2+042>6’Y T4 A% (5.8)
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Lemma 5.2. Let Assumptions 2.2, 5.1 and 5.2 hold with

1 A
vi>an+ v+ (L1 O+ D+ a2), az>([(1—06)7" +1)as > 0. (5.9)
For any x,y € R%, define

fA(xay) = F1($,y) +FA($,y),

ga(z,y) = Gi(z,y) + Galz,y),
ha(z,y) = Gi(z,y) + Ha(z,y), (5.10)
where
Fa(z,y) = F(ra(z), ma(y)),
Ga(z,y) = G(ra(z), ma(y)),
Ha(z,y) = H(ra(z), ma(y))
Then

2, falw,y) +l9a (@, y) + A2, ha(ey)) + ha@,y)?)

1
<= — a1 = qea)laf’ + (v + e2)lyl? — aslma (@)’ + aulra @)’ Vao,y R (5.11)

and
[fa(@,y)* + 2XM(fal@,y), ha(z,y)) + Nlha(z,y))? < eallz® +|y[?), Vo,yeR?,  (5.12)
where
ea = (L+N)2(4L +2L1)A + 8(1 + V) (p(A))*A. (5.13)

Proof. For any x € R? with |2| < u~!(p(A)) and any y € R?, (5.11) follows from As-
sumption 5.2. While for any x € R? with |z| > p~(¢(A)) and any y € R?, in a similar way
as [20, Inequality (2.12)] and [15, Appendix C] were obtained, we have

2z, Fa(@,y) +|Ga @ y)* + A2, Ha(z,y)) + |Ha (@ y))
2

= @)

< aufof? + aslally| - aslra (@)’ + aslray) .

(aalma(@)]? + azlma(y)®) — aslma(@)]” + aalra(y)]?

By the elementary inequality and Assumption 5.2, we have
2z, fa(2.9)) + l9a @) + A(2(e, ha (@) + [hae,y))
=2(z, Fi(2,y) + Fa(z,y)) + |G(z,y) + Gala,y)?
+ A(2(e, Hi(w,y) + Halw,y)) + [Hi (2, y) + Ha (2,y)?)
< 2(e, Fu(w,y) + (1+ 0IGi (@, y)I? + A (20, Hi(,)) + (1 + 0) | Ha (2, )|?)
+2(z, Fla,y)) + (1+07)|Gla,y) 2 + A(2e, Hz,y)) + 1+ 07| H(z,y) )

(—vila® + valyl?) + (ulz® + azlz|ly| — as|ma(@)]” + alma(y))?)

IN

IN

1
- (Vl T ZO@) |z + (v2 + a2)|yl* — aslma (@)’ + auslma ), (5.14)
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where inequality |z||y| < 1]z|? + |y|? for any z,y € R? has been used. Now let us establish
(5.12). From Assumption 5.1 and the property of truncated function, we have that

\fa(z,y))? = |Fi(z,y) + Fa(z,y))?
< 2|Fi(z,y)|* + 2|Fa(z,y)|?
< 2L+ Ly)(Jz” + [y, if |z[ <1, |yl <1, (5.15)

and

[falz,y)? < 2L(12f + [y*) + 2(0(2))* (1 + |z] + [y])?
< QL+ 8(p(A)) (|2 + [y, if |al<1, |yl > 1 (5.16)

This also holds for |z| > 1, |y| <1 or || > 1, |y| > 1. Thus,

[fa(z,y)PA < (4L +2L1)A + 8(p(A)*A(|zf* + [y[*),  Va,y € R™.

Similarly,
ha(z,y)PA < (40 +2L1)A + 8(p(A)* A(jzf* + [y[?), Va,y € RY.
Consequently,
2X(fa (@), ha(z,y) + [ fale,y) [ + N |ha(e,y)?

< A fa(a,y)P + AMha(z, )] + [ fale,y)* + N [ha(z, y)?

< (N2 (| fala, )PV halz,y))

< (L4 N)?(AL + 2L1) A + 8(1 + 2)*(0(2))* Ad|af* + [y ).
Thus, the proof is complete. O

The following theorem shows that the partially truncated EM solution can share the mean-
square and H, stabilities of the true solution.

Theorem 5.1. Let Assumptions 2.2, 5.1 and 5.2 hold with

1 a
vy > o1 + Zl/g + (I_(l — (S)_IJ + 1)(1/2 + ag), g > (\_(1 — (S)_IJ + 1)(14 > 0.
Choose A* € (0,1] such that

—a—tu— (1 =0)" +1
BN Sl Bl L (LA =07 ]+ 1)(ea +V2), (5.17)
1+ (|1=0)"1]+1)
where eax is defined in (5.13). Then for any A € (0,A*) and any initial data (2.2), the
truncated EM approzimation {yi}r>0 with the truncated coefficients fa and ga as well as ha
given by (5.10) has the property that

log E|yy|? 1
limsup BB o (x 7 Lo 2o , (5.18)
k—o0 23 T (11 =06~ +1ay
where YA 1is the unique root to the following equation:
1 . L 1—eaA
v = CY1+ZV2+€A +([(1=0)""] —l—l)(ug—l—ag—i—eA)eVAT—i—T (5.19)
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MOT@OU@’/’,
li A * 2
Algl() YA <7 (5 0)

and
/ E|Z1(s)?ds < oo. (5.21)
0

Proof. Recall (4.10) that
lit11? = [ykl® + 20U, fa W Yr—6.)) A + |92 (Y, Yo—s, )| A

+ 2(yr, ha(Yk, Yr—s,, ) AN
+ 1B (ks Yr—s ) AN + 1 fa (U yh—s, )P A

+ 2(fa(Yr: Yr—6, ), ha (Y, Yr—s, ) ) ANKA + i,
where Jj, has been defined in Lemma 4.3. Obviously, EJ, = 0. Using Lemma 5.2 yields

2k fa (W, Y- )) + 1928 Wk Yr—5)1* + X (2(Uks ha (Uns Yk—6,)) + [ha (ks Yr—s,)|?)
5. (5.22)

1
< —(V1 —a; — Za2)|yk|2 + (v2 + a2)|yr—s, |* — as|ma(yr)|? + aslma(Ye—s,)

Thus,
1
Elpn* < Bl ~ (1~ o1~ g0 ) Bl PA + (2 + a2)Blp-s, A (5.23)
+ E|faWrs Yr—o, )P A% 4+ 20E(fA (Y, Yi—5.)s s Uiy Yr—s, ) ) A

+ XE|ha (o h-5,) PA% + E| = aslma(ye)* + aalma (me-s,)*| A, V> 0.

Using (5.12), we have
1
Elyk+1]? < Elyg|* - (V1 —ap - gaz— €A) Elyx|*A + (va + a2 + ea)Elyp_s, |*A

+ E( — aglma(ys)|PA + a4|7TA(yk_5k)|'6A), vk > 0. (5.24)
For an arbitrary constant r > 1, we see from (5.24) that
pBHDAR | 12 ARy, 12
<0008 = (-~ gon s ) Bl
+ (2 + ag + ea)rFTDAE|y, 5, [PA
(5.25)

+ E[ — oD A ()P A + a4r<k+1>A|m<yk_6k)|ﬂ A, Vk>0.

Consequently,
1 i i
R L O (R ) LR DO T RCED
j=0

k
+ (ra +az+€a) Z rUtDAE Y, 5 |2A
=0
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k k
+E |—ag Yy r0t 2 ma(y)? +aad_ r0 3 ma(y; 57| A, VR >0,

7=0 =0
By Lemma 2.1, we get
k k
SRy P < (=) T D DRy
= j=—M

-1

=([A=8)7 41 Do rUEDAYy,

jsz

+(@A=0)" +r Z GHDA 12

(A=) + DT o N~ Gina, 2
<l A Zr] lyil?, k=0, (5.27)

=0

and

koo —_5H-1 T
ZT(jJrl)Alﬂ'A(yj—éj)lﬁ < (a 1 z T—JAJF i HfHﬁ
=0

k
+ ATy rUTDR ma(y;))?, vk > 0. (5.28)
=0

Inserting (5.27) and (5.28) into (5.26) gives that

k
r TSRy 1|2 < Ho(r, A) — Hi(r,A) X:T(]‘JFI)AEHJJ‘FA

7=0
— Hy(r Zw“)ﬁmm( y)?A, Yk >0, (5.29)
7=0
where
A . A
Ho(r, A) = €12 + (L(1 = )71 + 1r7 |2 + a2 + ea)Ig]1> + aull€1” | 7=
1 S—1 T 1-—- TﬁA
Hi(r,A) = [ — a1 = qas —ea = (L1 =) + )r (1/2+042+6A)} -
Hy(r) = as — ([(1 = 86)71 + 1)1 ay. (5.30)
Choose A* € (0,1] such that (5.17) holds, i.e.,
. vi— a1 — s — ([(1=0)"1 + 1) (a2 + 1)
A* — ~ .
1+ ([(1=8)"1+1)
Then for any A € (0, A*), we have
1 .
Hi(1,A) =11 —a; — yichnt e (1= "+ 1)(v2 + g +ea) >0, (5.31)

A=

_ A C oy — Ly
H(rA) =277 0 with G S —— >1,  (5.32)
A (A =0)"" ]+ 1)(r2 + a2 +ea)
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and
dH:(r,A)
dr
From (5.31)-(5.33), there is a positive constant r} = r7(A) € (1,7) such that Hy(r7,A) = 0.
Let

<0. (5.33)

* =1} ry  wi ry = Aag ? 7
P =1 (&) =r{(A) Ary with ((L(lé)—lJH)M) B

then for any 1 < r < r*(A), we have Hy(r,A) > 0 and Hz(r) > 0, thus we conclude from (5.29)
that

rHDAE [y, 47 < Ho(r,A) < oo, V> 0.

Therefore,
log E|y|?
lim sup log Elyx[” < —logr. (5.34)
k—o0 k
Bearing in mind that 75 = ¢ and setting r = €7, r7 = e", then (5.34) becomes (5.18).

Moreover, notice that ex — 0 and (1 — e "12)/A = r* as A — 0. Due to ([(1—48)"1] +1) >
(1 —6)~!, we obtain the assertion (5.20) by comparing (5.8) with (5.19). Finally, we begin to
establish (5.21). By (5.24), we have

k k
1
Ely+1] < 1€(0)]* — (Vl —ap - gaz— GA) D ElyPA+ (s +as +ea) Y Ely; s, [°A
=0 =0

k k

+E | —a3 ) |ma)l® +aa d_ Imaly—s)I” | A, VE>0. (5.35)
Jj=0 j=0

Thus, Lemma 2.1 gives that

k
Zlyg 517 < (LA =87+ MNP+ Iyl (5.36)
§=0
k
ZIM yi-s,)I° < (LA =)+ DMIENT + ) Imalys)l”. (5.37)
j=0

Substituting (5.36) and (5.37) into (5.35), we obtain that for any A € (0, A*), for k > 0,

0 < Elyesa | < €12 + (L(1 = )7 + D) (2 + 0z + ea) l€]1* + aal¢]?)

k
— (a3 = (L1 =8) "'+ Daa)E | Y malyy)l®
=0
1 X k
- |:y1 -1 jaz—ea = (L1 =) 4+ 1) (e + s + eA)] ZIE|yj|2A,
j=0

which means

ZE| 124 < €12 + (L= &)~ + D7((ve +a +ea)l[€]1* + aall€]17)
v — o — iag —ea— (=01 + 1) (2 +az+e€a)

<0

holds for any k& > 0. Letting k& — oo gives (5.21). Thus, the proof is complete. O
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6. Numerical Examples

In this section, we provide some applications of our method under different situations.
Examples 6.1 and 6.2 show the superiority of our method for SDEs and SDDEs with jumps
in convergence order. Examples 6.3 and 6.4 illustrate the convergence rate and stability of our
method for non-jump SDDEs with time-variable delay, respectively.

Example 6.1. Consider the super-linear scalar SDDE with Poisson jumps (see, [19, Exam-
ple 1])

dX(t) = |2X(t) — 5X>(t) + é|X(t — 7‘)|Z} dt + B|X(t)|3 + X(t—7)| dB(t)
+ [X)+X(t—7)7)]dN(t), t>0 (6.1)

with initial data {X(t) : —7 < ¢t < 0} = € € C([-7,0];R), where B(¢) is a one-dimensional
Brownian motion and N (t) is a Poisson process with intensity A = 0.2. We conclude from [19,
Example 1] that Assumptions 3.1 and 3.2 are satisfied with [ = 4, pg = 26, p; = 2, ¢ = 25,
6 =0 and U(z1,z) = 0.5(x2 + 23)|z1 — x2|2. By [19, (5.2), Example 1], we set

w(R) =10R?, YR>1 and ¢(A)=10A"Y3  vA €(0,1].

Set ha = h, but define fao and ga by (3.7). Then, according to Theorem 3.1, the truncated
EM method has the £2-convergence order

20n (1-L) =207 2~ 2000.85 (6.2)
0 o) =20 5 = 20085, :

However, if we apply the truncated EM method from [19] to (6.1), then the convergence order
is

20 A 0.75. (6.3)

From (6.2) and (6.3), we conclude that our method has a better convergence order than that
of [19] even for the jump-diffusion SDDEs with linear jump coefficient and constant delay.

Example 6.2. Consider a jump extended version of the 3/2-volatility model (see, e.g., [9,40])

dX(t) = 3X(t)(1 — |X(t)|)dt + 0.5/ X (t)|2 dB(t) (6.4)
+0.1X (¢t ) log(1 + X*(t7))dN(t), t>0,
X(0) = 10, (6.5)

where B(t) is a one-dimensional Brownian motion and N (¢) is a Poisson process with intensity
A = 1. By [9, Example 1], we deduce that Assumptions 3.1 and 3.2 hold with p; = 2, U = 0,
po=20,e=19,1=2. Set §(t) =0 and

w(R) =4R, VR>1 and ¢(A)=4A"Y3 VA€ (0,1],

where fa, ga and ha are defined by (3.7). Then, by Theorem 3.1, the truncated EM method
has the £2-convergence order 1 — pl—o = 0.9. However, if we apply the tamed EM method from [9]
to (6.4), then the convergence order will become 1 — 2pl—0 = 0.8. Compared with the method
of [9, Theorem 4.5], our method has a slightly better convergence order for the SDEs with
Poisson jumps under almost the same conditions.
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Example 6.3. Consider the super-linear non-jump SDDE with time-variable delay (see, [17])
dX (1) = [—9X3(t) X (- 5(t))|%} dt + X2(1)dB(t), t>0 (6.6)

with initial data {X(¢) : —7 <t < 0} = £ € C([-7,0];R), where B(t) is a one-dimensional
Brownian motion. Assume that § satisfies Assumption 2.2. Clearly, the coefficients

floy) = =92 +|y*, gle,y)=2°, VoyeR (6.7)
are locally Lipschitz continuous. Moreover, if po = 18.5, then

po—1
zf(x,y) + 02

= —92* + 2ly|? + 8.752*
< —9z* +8.752* + 0.252* + 0.75y% = 0.75y2,

lg(z, y)?

which means that Assumption 3.1 is satisfied. For any x1, x2, y1,y2, € R, we have
(z1 = 22)(f(z1,91) — f(22,92))
S 745(1’% + SC§>|£L'1 — SCQ|2 + 05|SC1 — SCQ|2
+2.25[y1 — yal* +2.25(y5 + 93)ly1 — vl

and
l9(@1,91) = g(@2, )| = |21 — @3] < 2(a] + 23)|z1 — 22,
see [17, p. 2086]. Consequently,

P

(01 = 22)(F ) — F(2,02) + Pl ) — (e, va)]? (63)

< 05|z — 2a]® +2.25|y1 — y2|* — (5.5 — p1)(2F + 22) |21 — z2| + 1.125(y2 + v2)|y1 — ol

If we set p; = 3.25, 6 = 0.5 and U(z1,x2) = 1.125(2% + 23)|z1 — 2|%, then (6.8) becomes

(‘Tl - $2)(f(l'1,y1) - f(anyQ)) + pl—;l|g($1ayl) - g($2a92)|2

1
<0.5|z1 — 29]® +2.25)y; — y2|* — N 8U($1, x2) + U(y1,y2).

Moreover, it is straightforward to show that (3.2) is satisfied with [ = 4. Thus, we have verified
Assumption (3.2) with pg > 2 + 2.50. From (6.7) and (3.4), we may set

w(R) =10R%, VR>1 and ¢(A)=10A"3, VA€ (0,1].

Then, by Theorem 3.2, for any A € (0, 1] the truncated EM solution YA defined in (2.11) will
converge to the true solution X in the sense that

E|X(T) - Ya(T)]? <CA, VYT >0. (6.9)

However, if constant delay is considered in SDDE (6.6), we may also apply the truncated EM
method from [17] to SDDE (6.6) by setting

w(R)=10R®, VR>1 and ¢(A)=10A"5, VA€ (0,1],
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due to

sup  (1£(z9)| v lg(w,)|) < 10R®, VR >1.
lz|V]y|<R

Thus according to [17, Corollary 3.7], for any A € (0, 1] the truncated EM solution Ya defined
in [17] will converge to the true solution X in the sense that

E|X(T) — Ya(T)|> < CA3, VT >0, (6.10)

see [17, p.2086]. We observe from (6.9) and (6.10) that the £2-convergence order of the truncated
EM method in this paper can arrive at 1.0, however if we use the method from [17], the
corresponding order will be only 0.6.

Now, set 7 = 1, §(t) = 0.5 — 0.5sin(t) and X (¢t) = 2 for any t € [—7,0]. Truncated EM
solution with step size A = 27! is taken as the replacement of the true solution. Fig. 6.1(a)
illustrates the root of mean-square errors with different step sizes 277, 278 ... 2711 at time
T = 10 for 500 simulations. A least square fit of errors yields the strong convergence order
0.5134 and thus is close to the theoretical value 0.5.

Example 6.4. Let us consider the stochastic delay power logistic model (see, e.g., [4,5])

dX(t) = X(t)[a +bX (t — §(t)) — X2(t)]dt + cX ()X (t — 6(2))dB(t), t>0 (6.11)
with initial data {X(t) : —7 < ¢t < 0} = € € C([-7,0];R), where B(¢) is a one-dimensional
Brownian motion and a,b, ¢ are all constants. Assume that £ satisfies Assumption 2.1 with
Ko =2, p=0.5 and ¢ satisfies Assumption 2.2. Set

fx,y) = Fu(z,y) + Fz,y),  g(x,y) = Gi(z,y) + G(z,y),
where
Fi(z,y) = ax, Gi(z,y)=0, F(z,y)=bry—2* G(x,y)=cry
for any z,y € R. Clearly, Assumption 5.1 holds. Put 8 = co. Then
201 (z,y) + (14 0)|G1(z,y)|* = 2a2?,
and the elementary inequality yields that
2¢F (2,y) + (14 6071)|G(z,y)|?
= 2x(bay — 2°) + (cxy)?
< 0.52% 4+ 0.5(2by)? — 22" + 0.5z + 0.5(c*y?)?
= 2%y — 2t + 0.5¢*y?.
Thus,
M=-2a 1vs=0o1=0, =2 a3=1, oas=05c" p=4.
If we let
0.5¢ ([(1=38)"" ) +1) <1, —2a>20%(|(1—0)"1] +1),

which means that condition (5.9) is satisfied, then by Lemma 5.1, the true solution X (¢) to
SDDE (6.11) has the property that

log E| X (t)|? 1. (1-6
lim sup M < - <fy* A ~ log (0 504)> , (6.12)

t—o0 t
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o0
and / E|X (t)|*dt < oo, where v* > 0 is the unique root to the following equation:
0

1 *
—2a = ~* + 2b* —eV 7.
(1—9)

On the other hand, take
p(R) = (B + ) V)R, VR>1,
p(A) = ((|b| +1)Vv |c|)A—1/4, VA € (0,1].

Then, we apply the EM scheme (2.5) with partially truncated coefficients fa and ga given by
(5.10) to SDDE (6.11). Let {yx}r>0 be the discrete truncated EM approximation. According
to Theorem 5.1, for any A € (0, A*) and any initial data, the truncated EM approximation
{yk} x>0 has the property that

log E|yy|? 1 1
lim sup log Elyx|” < —(vA AN =log - , (6.13)
k—o00 tk T 0.5A([(1—0)"1] +1)
and Y77 Elyx|2A < oo, where yA > 0 is the unique root to the following equation:
1 — ei'YZA ~ 1 2 *
—2a = TJreAJr(L(l—(S)* 14+ 1)(20° +en)e? 7. (6.14)

Numerically, if we set
6=005 7=01 a=-3, b=1, c¢=05 ¢A)=2A"1,
then
([(1=86)"1+1)=2, A% = 3.1230,

L=5 Lr=BR>+1), ea=20A+32A%. (6.15)
Solving (5.17) gives A* = 4.2308 x 10~%. Computational results for ea and % with different
step sizes A are shown in Table 6.1. Fig. 6.1 (b) illustrates a simple path of the truncated EM
solution Ya (t) with step size A = 10~% and §(t) = 0.05—0.05sin(¢). We observe from Table 6.1
and Fig. 6.1 (b) that numerical experiments support the findings from Theorem 5.1.

10° — 25
—#— Truncated EM, slope=0.5134 -

— — — Reference Line, slope=0.5

- 2

15r

10°F E
05f

L L L
107 107 107 0 1 2 3 4 5

Root of mean-square error
Y, 0

Step Size A t
(a) Root of mean-square errors for (6.6) (b) A sample path of YA (t) for (6.11)

Fig. 6.1.Numerical simulations for (6.6) and (6.11).
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Table 6.1: ea and yA with different step sizes for solving (6.14).

A | 1074 107° 1076 1077 1078 107°
ea | 0.3220 | 0.1014 | 0.0320 | 0.0101 | 0.0032 | 0.0010
~v& | 06982 | 1.1728 | 1.3272 | 1.3764 | 1.3920 | 1.3970
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