Journal of Computational Mathematics http://www.global-sci.org/jcm
Vol.41, No.6, 2023, 1137-1170. doi:10.4208/jcm.2207-m2022-0058

STABLE AND ROBUST RECOVERY OF APPROXIMATELY
E-SPARSE SIGNALS WITH PARTIAL SUPPORT INFORMATION
IN NOISE SETTINGS VIA WEIGHTED 7, (0 <p<1)
MINIMIZATION"

Biao Du and Anhua Wan"
School of Mathematics, Sun Yat-sen University, Guangzhou 510275, China
Email: dubiao@mail2.sysu.edu.cn, wananhua@mail.sysu.edu.cn

Abstract

In the existing work, the recovery of strictly k-sparse signals with partial support in-
formation was derived in the ¢2 bounded noise setting. In this paper, the recovery of
approximately k-sparse signals with partial support information in two noise settings is in-
vestigated via weighted ¢, (0 < p < 1) minimization method. The restricted isometry con-

stant (RIC) condition 6y, < —z*—— on the measurement matrix for some ¢ € [1+ 22D 9]

2%p
pnP 41
is proved to be sufficient to guarantee the stable and robust recovery of signals under

sparsity defect in noisy cases. Herein, o € [0, 1] is a parameter related to the prior support
information of the original signal, and n > 0 is determined by p, ¢t and o. The new results
not only improve the recent work in [17], but also include the optimal results by weighted
{1 minimization or by standard ¢, minimization as special cases.

Mathematics subject classification: 94A12, 94A15.
Key words: Signal recovery, weighted ¢, minimization, Approximately k-sparse signal,
Noise setting, Reconstruction error bound, Restricted isometry property.

1. Introduction

As a data acquisition paradigm, compressed sensing has been a very active research area
and has abundant applications [2,15,22]. Compressed sensing is particularly promising not only
in applications such as hyperspectral imaging where taking measurements is costly, but also in
applications such as medical and seismic imaging where the ambient dimension of the signal is
very large [18].

In standard compressed sensing theory, one observes

y= Az + z, (1.1)

where © = (21,22, ...,7,)7 € R is an unknown sparse signal, y € R™ is the observed signal,
A € R™*™ is a measurement matrix with m < n, and z € R™ denotes the noise in the
measurement. One of the central goals of compressed sensing is to recover the original high-
dimensional signal z based on the measurement matrix and the observed signal.

For signal recovery, the following noise settings

B (¢) := {z ER™: |2l < e} (1.2)
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and
BPS (¢) := {z eR™: HATZHOO < e} (1.3)

are of particular interest. Herein, ¢ > 0 denotes some known margin. The ¢ bounded noise
setting (1.2) was considered for example in [14], and the DS noise setting (1.3) was motivated
by the Dantzig Selector procedure in [5].

Denote the support of x = (x1,22,...,2,)7 as supp(x) = {i: z; # 0}. x is called k-sparse
if the number of nonzero components in x is k at most, i.e., [|z[|, = [supp(z)| < k.

The constrained £, (0 < p < 1) minimization method estimates the signal « by

7 = arg min{||z||§ : yfA:EEB}, (1.4)
zER™

1
n P

=], = (Z Iwil”>
=1

is the £, (quasi-)norm of z and B C R™ denotes some noise structure [21,24,28]. When
in particular p = 1, the ¢, minimization model (1.4) becomes the standard ¢; minimization
model [1-3].

The following restricted isometry property (RIP) is a commonly used framework for sparse

where

recovery.

Definition 1.1 ([4]). Suppose A € R™*"™ is a measurement matriz, k is an integer and
1 <k < n. For the measurement matriz A, the restricted isometry constant (RIC) of order k
is defined as the smallest number §; > 0 such that for all k-sparse vectors x € R"™,

(1 =) l=ll5 < - Azll3 < (14 6) el - (1.5)

More generally, when k is not an integer, 6y is defined as oy, where [-] denotes the ceiling
function [2].

In many practical applications, the original signal is not exactly k-sparse. As a consequence,
the stable recovery of approximately sparse signals in noisy settings is of significant interest,
and has been investigated under different sufficient RIC conditions by ¢, minimization model
(1.4) [23,26-28]. When n < 4k, under the assumption p € (0, %5(1 — ba1)] for dor, € (0,1),
Wen, Li and Zhu [26] proved the stable recovery of approximately k-sparse signals in the £
bounded noise case. For p € (0, 1], Zhang and Li [28] derived the sharp condition

n

Sopy < ————
2—p—n

(1.6)
for the stable recovery of exactly k-sparse signals in noisy cases, where n € (1 -p,1— g) is the
unique positive solution of the equation

D 2 p
L —14+==0. 1.
5" +n +2 0 (1.7)

In our previous work [8,24], general condition

_n
2—p
r—1 "

5tk < (S*(p,t) =
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for some ¢t € (1,2] is proved to be sufficient for signal recovery in noiseless case and noisy
cases, and meanwhile the original signals are not restricted to be exactly k-sparse. Herein,

n c [\/1+2p—p2—1 lf(tfm)p
1

D ’ t—

| is the unique positive solution of the following equation:

p 2 2-p
Poe v 2P _o. 1.
LA Ty 0 (1.9)

Furthermore, the sharpness of the RIC condition (1.8) was proved for all ¢ € [ﬁ, 2] in [25].
The constrained ¢, minimization method (1.4) for signal recovery is non-adaptive, since no
prior information on the signal being measured is used therein. In many applications, it may
be possible to draw an estimate of the support of the original signal or its largest components.
For instance, video and audio signals exhibit correlation over temporal frames which can be
employed to estimate a portion of the support using the previously decoded frames [16,20].
If some prior information on the support of the original signal is provided, incorporating the
prior support information into the optimization problem for signal recovery is of significant use.
Therefore, the constrained ¢, minimization (1.4) can be modified as the following constrained

weighted ¢, (0 < p < 1) minimization [18]

% = arg min{wa|xi|p: y—A:CEB}. (1.10)

TER™

i=1
Herein, w = (wy, wa,...,w,)T denotes a weight vector with w; € [0,1], i = 1,...,n. For any
given prior support estimate T' C {1,...,n} of the original signal x € R", the “indicative”
weight vector w = (w1, wa,...,w,)T can be assigned as w; = 1 — (1 —w)x#(i), where w € [0, 1]

and B
_ 1, ieT,

x+(2) = -

() {0, i¢T

denotes the characteristic function, i.e.,

w, iET, )
w; = R 1=1,2,...,n. (1.11)
1, i¢T

Therefore, w € {w, 1}". The improved method (1.10) for signal recovery is adaptive by exploit-

ing some known information on the support of the original signal. As to (1.11), the main idea

of the choice of the weights w; is that the components z; of the original signal z which are “ex-

pected” to be large in absolute value are penalized less in the weighted objective function [16].
We employ Hadamard product of the two vectors w and z, i.e.,

wox = (W1$1,W21‘2,...,Wn$n)T. (1.12)
Then we have Y77, wi|z;|” = [[woz|), and thus the constrained weighted £, (0 < p < 1)
minimization (1.10) can be reformulated as
7 = arg min{HwozHZ: yfAzGB}. (1.13)
zER™

Specifically, in the £ bounded noise setting, (1.13) becomes

I = arg min{Hwong b ly — Az|2 §5}. (1.14)

TER™
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In the DS noise setting, (1.13) becomes
i:arge]g}zin{ﬂwoxﬂg : HAT (y—Ax)HOO §5}. (1.15)
When in particular p = 1, (1.13) reduces to be the weighted ¢; minimization
iz&rg}gﬁn{”woz”l : yfA:EEB}. (1.16)
TER™

The recovery of sparse signals was analyzed by the weighted ¢; minimization [9,16]. The
weighted ¢, (0 < p < 1) minimization in ¢ bounded noise setting has been studied in the
literature [17,18]. Ge, Chen and Ng [17] studied the recovery for exactly k-sparse signals with
partial support information via the weighted ¢, minimization model of the following form:

% = arg min Zwi|xi|p: y— Az e B (1.17)
r€R" i—1
by generalizing the condition (1.8) in [8] to
20

S < 0(p,©®):={ (2—-p)© — 2’ 2—p (1.18)
1, 0=0

for some t € (d+ 3—;%@“, 2d), where z € ((1—p)©, min{1, 2320}) is the unique positive solution

of the following equation:

; 92—
ng +szp®:0. (1.19)

Therein, T = supp(z), |T| = k, |T| = pk with p > 0, |TNT| = o|T| with a € [0,1] and ap < 1,

_2
2—p7 3=

§:{w+(1—w)(1+p72ap)2 and 6:%

with

1+ (max{0,1 —2a})p, 0<w< L

Nevertheless, the original signal x € R” is restricted to be strictly k-sparse.

1 =1
d{ ) w5 (1.20)

In this paper, we propose to remove the strict k-sparsity requirement on the original sig-
nal in [17], overcome the combined obstacle induced by reducing the k-sparsity assumption
and incorporating prior support information into the the non-convex ¢, optimization problem,
establish new results for the recovery of approximately k-sparse signals with partial support
information in noiseless setting and two different noise settings by weighted £, minimization
(1.13); and moreover, we characterize the reconstruction error bounds precisely in terms of
the noise bound and the non-sparsity of the original signal together with the influence of the
prior support information, and therefore derive the stable and robust recovery of approximately
k-sparse signals with partial support information in noise settings.

The organization of the rest of this paper is as follows. In Section 2, some preliminary
notations, propositions and lemmas are introduced. In Section 3, main theorems are derived,
and a series of corollaries and comparisons are presented. The proofs of the main results
are presented in Section 4. In Section 5, numerical experiments are conducted in order to
demonstrate the performance of the weighted ¢, minimization. Finally, the conclusion of this
paper is summarized in Section 6.
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2. Preliminaries

For any vector v € R", denote vyaxk) € R™ the vector with all but the largest k£ components
of v in absolute value set to zeros, and v_ pax(k) *= ¥ — Umax(k)- Denote vr € R™ as a vector
which is equal to v on the index set I C {1,...,n} and zero elsewhere, and vre := v — vr.

It is important to note the following fact related to the accuracy of support estimate of the
original signal.

Proposition 2.1. When at least 50% of the support estimate is accurate, the RIC condition
(1.18) by weighted £, minimization is better compared with the previous RIC condition (1.8) by
regular ¢, minimization, since

d(p,©) > 5*(p,t) for «>50%. (2.1)

Proof. (i) When o > 50%, we derive

2

2-p

¢ = [w+(1—w)(1+p—2ap) 2127? €[0,1]

since w € [0,1] and p € (0,1]. By (1.20), we have d = 1.
The subsequent discussion is divided into three cases:
2
(i-1) When ¢ € (0,1), according to (1.19), we obtain §z§ + 20 = ﬁ(. According to

P

2
(1.9), we obtain gn% +n= %. Therefore, £z5 + 20 < gn% + 7. It follows from

0(§n +n)

=nr '4+1>0 for >0
on

that %n% + 7 is monotonically increasing with respect to n > 0. Consequently, zo < 7. 77%*1 is
monotonically increasing with respect to n > 0, and thus

2 (p ;-1 2 (p 2,
2 (Pt i) < (— ; 1).
2p(220 +) o, "

It follows from (1.19) that

2 p 2-1 ¢
2 (£ 1) =5
2p(2z0 * ) (t—d)zo’

and it follows from (1.9) that

2 P 2_4 1
= (By? 1) -
2—p(277 + (t— 1)y
¢ 1
Therefore, T=dm < @D
By (1.18), we have §(p, ®) = ——L——_ By (1.8), we obtain
(=P =z 1
. 1
4 (pat) = T2 1
t=1m

Hence, 6(p, ©) > 6*(p, t).
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(i-2) When ¢ = 0, by (1.18), we have §(p, ©) = 1. By (1.8), we obtain 6*(p,t) < 1. Hence,
d(p,®) > 6*(p, t). A

(i-3) When ¢ = 1, we derive zp = 7, and thus 0(p, ©) = 6*(p, t).

In summary, when o > 50%, d(p, ©) > 6*(p, t).

(if) When a = 50%, we have d = 1 and

2
2-pl2—p

C:[w+(1—w)(1+p—2ap)2 =1

and thus ﬁ = ﬁ, which yields zg = 1. Hence, when o = 50%, 5(p, ©) = §*(p, t). O
Therefore, in this paper we will focus on the problem regarding the recovery of approximately
k-sparse signals with partial support information when at least 50% of the support estimate is
accurate.
In the following, we introduce some lemmas which will be employed in the proof of the main
results.

Lemma 2.1 ([28]). Assume that x € R" satisfies ||z, = I, [lz]|l, < 7 and |[z[]}, < kTP with
k <1 being a positive integer, T > 0 and 0 < p < 1. Then x can be represented as the convex
combination of k-sparse vectors u;, i.e., T = Zf\il i, where \; > 0, N € N, sz\; No=1
and ||u;ll, < k. Moreover,

N
l _
2 . 2 2
5l < win {1 13 72 el | 22)
i=1
Lemma 2.2 ([18]). For any x = (z1,22,...,7,)7 € R™ and & = (&1,22,...,2,)7 € R,

denote h = & — x and Ty = supp(Tmaxk)). For any T C {1,...,n} and w € [0,1], define
w = (wi,wa,...,w,)T with

1, i¢T
If
Dowl <Y w [, (2.3)
=1 =1
then
he|[” < w? g [P+ (1 = wP) ||y oo oo ||
||z p W 1Pzl + (1= wP) [ hgup (Fmy) ,
P P
2 w” [lagg |2+ (= w”) 2o | |- (2.4)
p

Lemma 2.3 (Holder inequality). Assume thatar >0,b, >0(k=1,...,n), %—i—% =1,r>
1, s> 1. Then

zn:akbk S <zn: a};> T <zn: bi) S . (25)
k=1 k=1 k=1

Lemma 2.4 ([1]). Suppose that s > r, a1 > ag > -+ > as > 0,k > 0 and 22:1 a; + Kk >

Zf:T_H a;. Then for allw > 1,

1
S " 1 T " w P
Z ay <r <;Zal> +; . (2.6)

v
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3. Main Results

For signal recovery in noise settings, to be broadly applicable, the original signal which is
approximately k-sparse is expected to be recovered with bounded errors. The results for stable
and robust recovery of approximately k-sparse signals with partial support information in two
different noise settings (1.2) and (1.3) are derived in this section.

Firstly, we consider the recovery of approximately k-sparse signals with partial support
information in the ¢5 bounded noise setting.

Theorem 3.1. Consider the signal recovery model (1.1) with ||z||2 < €. Suppose that Ty =
SUPP(Tmax(k) ), the prior support estimate is T C{1,...,n} with cardinality |T| = pk (p > 0),
I ToNT| = a|T| with a € [%,1]. Suppose that &% is the minimizer of the weighted £, (0 < p < 1)
minimization (1.13) with B = B®(e) for some ¢ > € and the weight vector w € {w,1}" is
defined in (1.11). Denote

2
2-p132=p

o:=|wr+(1—-w”)(1+p—2ap) 2 } (3.1)
If the measurement matriz A satisfies
1
5tk < 5(p,t,0’) = T (32)
pne +1

w2
for some t € [1 4+ 3;—1’;0, 2], where n € [(1 — p)7%7, min{1, (1 — ﬁvjlﬂp)%}] is the unique
22 141

nonnegative solution of the following equation:

p 2 2-p
577p+n_2(t71)0_0’ (3.3)
then
Hi@ — :E||2 <Ci(e+e)+Cs HWOz—max(k)Hpv (3.4)

)
with Cy = \/1+ 232D, and Cy — \/D§ 4032 [DQ + (%)} .

The notations of D1 and Do are as follows.
(1) When odyy, # 0,

2

_ (5(p7lta‘7) 71+p) 1+6tk+\/(5(17,1t,0) 71+p) (1+5tk)+4A(17p)5(p7t70)

o 203(p, 1, 0) ) ’
. 5 3 (3.5)

DQZ[ 2u} 20-08:te) 4
(kO’) : p(l + 6tk) |:(t721_)121i66tk)i| .
with A € (0,1) and
25(]7, tv U) B (1 + 52(]7, tv U)) 5tk p (2 - p)Uétk 2%17
= —=(1 —_ .

Jpto) %(p,1,0) R [ (Y (30

(2) When o =0,
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PVI+ 6k + /P2 (1 + 0u) +4(1 — p) (1 — 64)
2(1 — 64) ’

me () [stiesm] i

Dy =
(3.7)

(3) When 5tk = 0, Dl =1 and D2 =0.

Remark 3.1. In Theorem 3.1, not only the stable and robust reconstruction of approximately
k-sparse signals with partial support information in ¢ bounded noise setting is derived via
the weighted ¢, minimization, but also the RIC condition (3.2) is characterized in uniform
representation.

Remark 3.2. As for the recovery of approximately k-sparse signals, the new results by weighted
¢, minimization include the results in [8,24] as special cases by setting the weight vector w = 1.

In particular, when w o x_ 1,.x(x) = 0, we have the following result for the stable and robust
recovery of approximately k-sparse signals with partial support information in ¢ bounded noise
setting. In this case, the reconstruction error estimation can be more tightly characterized.

Corollary 3.1. Consider the signal recovery model (1.1) with ||z]|2 < e. Suppose that Ty =
SUPP(Tmax(k) ), the prior support estimate is T C {1,...,n} with |T| = pk (p > 0), [To N
T| = o|T| with a € [3,1]. Suppose that i*> is the minimizer of the weighted €, (0 < p < 1)
minimization (1.13) with B = B%(e) for some & > ¢, the weight vector w € {w, 1}" is defined
n (1.11), o is defined in (3.1), and B(p,t,0) is deﬁned in (3.6). If wor_ ax(k)y = 0 and the
measurement matriz A satisfies (3.2) for some t € [1 + mo 2], then

| — ||, < V2Ds (e +¢), (3.8)

where

(6(p,t 51t P) V1+0u28(p,t, 0)
28(p, t,0)

\/(W 1 +p) (1+ 0sx) +4(1 — p)B(p, t,0)
" 2B(p,t,0) '

As a result of Corollary 3.1, the following result for the recovery of exactly k-sparse signals
with partial support information in ¢ bounded noise setting can be directly obtained, which

D3 =

(3.9)

corresponds to the main result in [17].

Corollary 3.2. Consider the signal recovery model (1.1) where x € R™ is k-sparse and ||z]|2 <
€. Denote T = supp(x ) Suppose that the prior support estimate is T C {1,...,n} with
IT| = pk (p > 0), [TNT| = o|T| with o € [1,1]. Suppose that &2 is the minimizer of the
weighted £, (0 < p < 1) minimization (1.13) with B = B (g) for some € > €, the weight vector
w € {w, 1}" is defined in (1.11), and o is defined in (3.1). If the measurement matriz A satisfies

(3.2) for somet € [1+ mo 2], then ||2% — x|o < V2D3(e + ¢).
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In noiseless setting, the recovery of approximately k-sparse signals with partial support
information can be obtained via weighted ¢, minimization, and the reconstruction error esti-
mation is precisely characterized, which indicates that the signal reconstruction is stable under
sparsity defect.

Theorem 3.2. Consider the signal recovery model (1.1) with z = 0. Denote Ty = supp(Zmax(k))-
Suppose that the prior support estimate is T C {1,...,n} with |T| = pk (p > 0), |[ToNT| = o|T|
with a € [1,1].

Suppose that & is the minimizer of the weighted ¢, (0 < p < 1) minimization (1.13) with
B = {0}, the weight vector w € {w,1}™ is defined in (1.11), and o is defined in (3.1). If the
measurement matriz A satisfies (3.2) for some t € [1 4+ ;;ga, 2], then

) 2 \*
H‘T_ZEH2 < \/Di—i_ (Di—i_kl—g) HWO‘rfmax(k)Hpa (310)
where
[ 2 ] g 28(p,t,0) — (14 6%(p,t,0)) duk )
(ko) p (14 6u) 82(p, 1,0) [ (Epleta |
Dy = 3.11
4 0'5,5]@ 7& 0, ( )
( 2 ); p<1+m>[ (2 = p)u ]— 0
]{;%Tp 2(1*5tk) (t*l) (1+5tk) ’ ’
0, 0 = 0.

In the DS noise setting (1.3), we deduce that the stable and robust recovery of approx-
imately k-sparse signals with partial support information can be guaranteed under the RIC
condition (3.2).

Theorem 3.3. Consider the signal recovery model (1.1) with |ATz||« < €. Denote Ty =
SUPP(Tmax(k) ). Suppose that the prior support estimate is T C{1,...,n} with|T| = pk (p > 0),
|To N T| = a|T| with o € [1,1]. Suppose &P% is the minimizer of the weighted £, (0 < p < 1)
minimization (1.13) with B = BP3(e) for some € > ¢, the weight vector w € {w,1}" is defined
in (1.11), and o is defined in (3.1). If the measurement matriz A satisfies (3.2) for some

tel+ ir;ga, 2], then

#P% — x|, < Cs (e +€) + Co [|w o 2 maxuy], (3.12)

172
where Cs = \/1+25"2Ds and Cg = \/Dg 4232 {Dg n (k%) } .

The notations of Ds and Dg are as follows.
(1) When odyy, # 0,

1-p)(1+2771) + (é(p—ltg) —1+p)\/i

Ds = Vk,
’ Mpto) 1)
Dg = max (-7 (%) p Do |
(I-p)(1+2°7") + (m -1 +p) Vi

with A € (0,1), Dy in (3.5) and B(p,t,0) in (3.6).
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(2) When o =0,

(1-p)(1+277") +p\/f\/E

Ds = 1— b ’
(3.14)
11 1_1 2-p
D6:<2)" : A-p2» * p<1+<m>[ (2~ p)u ]
k (1—p)(1+2%*1)+p\/£ 1=0u |[(t—1)(1+ be)
(3) When dy, =0,
D5 = |:(1 _p)(l + 2%71) + (W -1 +p)\/g] (5(p,f,0')\/E,
21 (3.15)
. 19 ()
6 = T .
(I—p)(1+277") + (5(p}t70) -1 +p) NG
In particular, when w o x_ .xx) = 0, we have the following result for the recovery of

approximately k-sparse signals with partial support information in the DS noise setting.

Corollary 3.3. Consider the signal recovery model (1.1) with |ATz||« < €. Denote Ty =
SUPP(Tmax(k))- Suppose that the prior support estimate is T C{1,...,n} with|T| = pk (p > 0),
| ToNT| = a|T| with o € [1,1]. Suppose that &P is the minimizer of the weighted £, (0 < p < 1)
minimization (1.13) with B = BP9(e) for some € > ¢, the weight vector w € {w, 1}" is defined
in (1.11), o is defined in (3.1), and B(p,t,0) is defined in (3.6). If Wo x_ pmaxk) = 0 and the

measurement matriz A satisfies (3.2) for some t € [1 + ir;go, 2], then

(1—p)+(m—1+p)ﬂ

2
DS
v 7ll, < vk B(p.t, o)

(e+e). (3.16)

Stable recovery of k-sparse signals with partial support information in the noise setting
BP9(¢) can be directly obtained from Corollary 3.3. When the original signal z € R" is k-
sparse, we derive T_ yaxk) = 0, and thus w o z_ .y = 0. Then the result directly follows
from Corollary 3.3.

Corollary 3.4. Consider the signal recovery model (1.1) where x € R™ is k-sparse and || AT 2|| o
< €. Denote T = supp(z). Suppose that the prior support estimate is T C {1,...,n} with
IT| = pk (p>0), [ TNT|=a|T| with a € [1,1].

Suppose that 2P% is the minimizer of the weighted £, (0 < p < 1) minimization (1.13) with
B = BPS5(¢) for some € > ¢, the weight vector w € {w,1}" is defined in (1.11), and o is defined
in (3.1). If the measurement matriz A satisfies (3.2) for some t € [1 + ;_,,_;20', 2], then (3.16)
holds.

Furthermore, when in particular ¢ = 1 (For example, if w = 1 or o = %, then o = [wP +
(1—wP)1+p— 204/))2%]% = 1), the RIC condition (3.2) coincides with the sharp condition
(1.8) derived by ¢, minimization in [24], we have the following result, and the reconstruction

error estimation can be further improved when w = 1.
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Corollary 3.5. Consider the signal recovery model (1.1) where x € R™ is k-sparse and || AT 2|| s
< €. Denote T = supp(z). Suppose that the prior support estimate is T C {1,...,n} with
IT| = pk (p>0), [ TNT|=a|T| with a € [1,1].

Suppose that 3P% is the minimizer of the weighted £, (0 < p < 1) minimization (1.13) with
B = BP3(g) for some ¢ > ¢, the weight vector w € {w,1}" defined in (1.11), and o is defined

n (3.1). If o = 1 and the measurement matriz A satisfies (3.2) for some t € [24Tp’2]’ i.e.,
Otk < 6(p,t,1), then
2(1—p) + (—5 ; *1+p) Vi
S (p:t,1)

—zll, < V2%k e+e). 3.17
I, = St 1) (c+¢) (3.17)

In particular, if w =1, then

— P+ 55D

— < _— . 3.18
el < VAR €1 (3:15)

Remark 3.3. (1) Theorems 3.1 and 3.3 include our previous results in [24] for the recovery
of approximately k-sparse signals by standard ¢, minimization method (1.4) as special cases.
Actually, since prior support information of the original signal is not known or not exploited by
the standard £, minimization (1.4), which corresponds to (1.13) with w =1 € R”, then ¢ = 1.
Therefore, the RIC condition (3.2) becomes the RIC condition (1.8) derived by ¢, minimization
in [24], i.e., 6(p,t,1) = 6*(p, t).

(2) For the recovery of approximately k-sparse signals, when at least 50% of the support
estimate is accurate, the RIC condition (3.2) by weighted ¢, minimization is better than the
condition (1.8) by regular ¢, minimization, since for w € [0, 1), 0(p, t, o) > 6*(p, t) for a > 50%
and §(p,t,0) = 6*(p,t) for a = 50%.

Remark 3.4. Theorems 3.1 and 3.3 include the main results in [9] by the weighted ¢; minimiza-
tion method as special cases. Actually, when in particular p = 1, it follows from (3.2) that o =

[w+ (1 —w)y/T+p—2ap) 2, the unique nonnegative solution the equation % U n—sa= =0

isn=,/14 3% — 1, and thus 0(1,t,0) = ﬁ = 1/1: 1+a Therefore, the RIC condition (3.2)

for p = 1 via weighted ¢; minimization is

t—1
O, < 5
\/t1+[w+(1w)\/1+p20¢p}

which is the RIC condition in [9].

Remark 3.5. The reconstruction error estimations (3.4) in Theorem 3.1 and (3.12) in Theo-
rem 3.3 indicate that the obtained result for signal recovery in the two noise settings is robust
under noise and stable under the non-sparsity of the original signal together with the influence
of the prior support information.

4. Proofs of the Main Results

In this section, the theorems and corollaries presented in Section 3 are proved.
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4.1. Proof of Theorem 3.1

(i) Firstly, we will prove that there is a unique nonnegative solution n of Eq. (3.3), i.e.,

2—-p
2t — 1)

\/t’uizl—’—l g
1-—7= L
N

2—p
2t—1)"

P2y,

5 =0,

and the solution satisfies

ne (17p)ti%amln 17

Denote

SN

+n—

o(n,p) == 3N

p
2
It follows from
©n(n,p) = n? P 4+1>0 for >0
that (7, p) is monotonically increasing for n € [0, +00).
Since « € [4,1], we have 1+ p — 2ap € [0,1]. It follows from w € [0,1] and p € (0, 1] that

o= uﬂf’+(1—uﬂ”)(l+p—204p)2%p}ﬂ € [w%,l}-

2p
Forte[l+ 3;—20, 2], wt:p < 2 < P Therefore

2_9q
1-p po 2 o P
—Llsp) = 1-p)7 [ —— 1
p(— o) 5 —1) (1-p) (tl) 1
24p\ 7!
po 2 VA%
<——|(1—p)r | — —1] <0. 4.1
<l [( (32 ] < (4.1)
The above inequality follows from the fact that (1 — p)% and (;fﬁ)%_l are monotonically
decreasing with p € (0,1] and lim,,_,+(1 — Dk (%)%_1 =e 22 =1.
We have ¢(1,p) = Q;F—p — %a >(sincet > 1+ ;;ga.
Vst
It follows from w € [0, 1] that ﬁ €3, #jt_—l] We have
w2
11 o
el {1-—F Pl 7P
V=t
po o1 1 PN Vi = po
20— \'T T L M 2(t—1
(t=1) 2141 - N R
> po 1 tu—)1+1 w? 1= tu—)1+1
St e | (t—1)7" S |
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As a consequence, the unique nonnegative solution of (3.3) satisfies n € [(1 —p);Zg, min{1, (1 —
NE—ua
i1 o
/7%4_1_’_1}7) —1 3.
(ii) In the following, we will prove stable and robust recovery of approximately k-sparse
signals with partial support information in 5 bounded noise setting.
Denote h = &% — . By virtue of Ty = SUPP(Tmax(k)) and Lemma 2.2, we have

||h— max(k)”i SHhTOC

P (4.3)

<w |l I} + (1= w)hgogy nmg s + 2 |07 oz I + (U= w”)l|ogeng 5]

<w” ||hmaX(k) ||§ +(1- wp)llhTouf\(TnTo)Hg + 2 {prngc »t (1- wp)||$fch5||§} .
Since

w?|[zzg I + (1= wP)[[@qe e I

— | 4 P @ eI+ (1 = 0P 7 1)

=w? |2 age I + 12 Fenrelh = [woz_ max(k)”i’ Y
by (4.3) we derive
i, < 0 Wi ], + 0 = 0 W [+ 2 2t - (49
Denote
[ Mol + (0 o ool +2 o 2masw ]

k

Now we divide h_ pmax(k) a8 h_ max(k) = k(1) + h(2), where the components of h(;y and ha)
respectively satisfy

. . _1
h_ max (k) (Z)a ’h, max(k) (Z)‘ > (t - 1) Py,

hey(i) = (4.7)
0, otherwise,
. . 1
h( )(z) . h_ max (k) (Z)a ’h, max(k) (Z)} < (t - 1) PV, (4 8)
2 = .
0, otherwise

fori=1,...,n.
Denote |supp(h(1))| = r. Then it follows from (4.5) that

P
kv? > ||h—max(k)||g > ||h(1)||5 > rt — 15
and thus 0 <r < (¢t — 1)k. We derive

| Ahllo = [ A2 — Az[ls < |ly — AZ%[|o + [[Az — y]2 < e + ¢, (4.9)
<A (hmax(k) + hl) aAh> < HA (hmaX(k) + hl) ||2||Ah||2

< V14 6k || hanax(ey + ha ), (e +€). (4.10)
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Moreover, we have ||A)|lco < (t — 1)7%u and

P

VP 1%
oyl = 1 iy I = e 1 < ho? = v = (6 = 1)) — 1] (111)

Therefore, by Lemma 2.1, we deduce that h () can be represented as h(z) = vazl Aiui, where
Ai >0, Zfil Ai =1, u; is [(t — 1)k — r]-sparse, and

Z)\ i3 < —llh @ 5= (4.12)

By virtue of Holder inequality and (4.11), we obtain

Z)\ i3 < —llh @3-

P 9 2(21713) VP 2—p
< ()5 (lhe )7 < 725 (l) ™ {1 - =1 2]
vP 2(1-p) P 1 2(1-p) 2
< h 2\ 2=p kuP)z—p = h 2\ 2-p kuvP)2—p
<— (l @) (k") Tk (Ilh@l3) (k")

(e l3) :
_Ulhollz) P o p] =5
Y [wp ||hmaw((k)HpJr (1 *wp>|\hTOUT\(TmTO)||g+2||WOZE—max(k)Hp}

Note that [To UT \ (T NTo)| = k + pk — 2apk = (1 + p — 2ap)k < k since o > 1. Recall
(3.1).
Therefore, we deduce
w? HhmEX(k)Hi + (- wp)HhTouT\(Tth)Hg
2-p 2-p
SwPk™Z | Pmax(i I3 + (1= W) |y uin domy) 12 [(1+ p = 20p)k] 2
WPk | hmasiy 5+ (1 = 0P) | Py |5 [(1+ p — 2ap)k] 2
= [w? + (1= w")(1+ p = 20p) " | K*7* || hanaeiry |8
=0 2" k2" || (i |15 (4.13)
As a consequence,
y (= al I\
2 2—p WOZ _ max(k) -Pp
Z:l)\z H%H; < (2+1 (O' 2 Hhmax(k)Hg + T) . (414>

For any p € [0,1], denote 3; = hyax(k) + b1y + pui (i = 1,...,N). Then

N
_Zl AiBj — gﬂi = (1 - g - u) (Pmax(r) + b)) — puuz + ph.
‘7:
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. N

It is clear that ijl A\iBj— 5B — ph and (1 - - u) (hmax(k) + h(l)) — Ly, are tk-sparse.
In addition, u; —u; is 2 [(t — 1)k — r]-sparse, and thus u; —u; is tk-sparse since 2 [(t — 1)k — 1] <
th for t € [1+ 3720, 2].

It is easy to check the following identity

D ONNAQ N85 — 550”3 + DY T ANIAWB -85
i=1 j=1

i=1 j=1
P\2
— _ = . . 2
-(1-%) 2 Ml ABIE (4.15)
We deduce
ZA 1A ZA Bi = 583
al p
= ZAz A[(l - 5 - M)(hmdx(k) + h(l)) /Luz + /Lh’]H
=1
al b p
:Z)‘iHA[(l 9 M)(hmaX( k) + h(l)) :uuz]H2
p b 2 2
+2(A[(A = 5 = 1) (hmax) + h)) = SHhe)], nAR) + p7|| ARl
al b p
:Z)‘iHA[(l T 9 M)(hmaX( k) + h(l)) :uuz]H2
b p
+2u(A[(1 - 5~ 1) (Pmax(r) + hay) — 5#’1(2)], Ah)
+p:u2 <A(hmax(k) + h(l) + h(2))a Ah) + (1 _p):U’QHAh”g
N
Z il Al — 1) (hamax(k) + 1)) — uuz]l\z
+ (2 = p)e(1 — ) (A(hmax(r) + k1)), AR) + (1 — p)p® || AR||3. (4.16)
Therefore,

p
_:uul]”g + (2 - p)ﬂ(l - M) <A(hmax(k) + h(l))a Ah>

N
p
0=> \llA[(1- 5~ W hmax) +hay) = 3

N N N
1-p P2
S planl+ 2SS A - 8 - (1- 1) S Aasg. (417
i=1 j=1 i=1
By virtue of the definition of RIC of order tk, the inequalities (4.9) and (4.10), we obtain
N N » » )
; )\iHA(; By — 551' 1+ 5tk [(1 - - u) (Pmax(k) + he1y) — 5#%} ‘2
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+(2_p \/1+6t1€Hhmax +h1)H €+€ +( p)u2(€+6)2

= (14 ds)

2
(1 = ]‘2) = 1) [maxiiy + b 13 + %lﬂ ZAi”“i”g
i=1

+ (2 = p)p(1 = )/ 1+ Suk || Panaxcry + b ||, (€ +€) + (1 — p)p®(e + €)*.
By virtue of the definition of RIC of order tk, we derive

N N
DY T ANIAWB -85

=1 j=1
N N
=p? Z Z Aidj [l A(u; — uj)13
i1 j=1
N N
<(1+ 6) p° Z Z Aikjllui — w3

i=1 j=1

(L4 0ek) p (Z)\ luill3 — |h(2)|§>

and
N
ZA IABilI3 = (1= 6u) D Nillhmax(ry + hay + pl[3
=1
) N
= (1 — du) <Hhmax(k) +hll; + 1 Z)\iHUiH%) :
i=1
By (4.15), we deduce
p 2 2 Py - 2
0 <(1+ dux) [ (1 -5~ M) (| Amax(r) + )|l + Vi > Ailluill3
i=1
N

=) D Ailluillg - 121 = p)liheay 3]
i=1
P\? 2 2 > 2
(1= o) (1 - 5) ety + oy [ + 12 D7 w3

=1
+(2 ) €+6 V 1+5tthmax +h1)H2 p)/LQ(E—f—G)Q
=1+ 6) [(1 - g - H) (| () + h(1)||2 —p*(1 p)||h(2)|§]

2 2 N
- (1= 0w) (1f§) sty + el + 26 (1~ 5) f;wuinz
+ (2= p)u(L = p) (e + VL + 0tk || hmaxr) + by, + (1= P’ (e + €)%, (4.18)

N
and the estimate (4.14) for >° \;||u;||3 yields
i=1

0< {(1 + ) (1 — g —p1)* = (1 — 6k (1 - —) ] [ (4.19)
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+(2—p)u( )(€ 4+ V1 + 0tk || Pmaxry + h1) HQ—i—(l — )P (e + €)?
20-p) N
p\2 (Ihll3) *7 2 2|[w oz maxewll, |
+ 1?20, (1—5) % 02 || hmax(i) 15 + =T -

— (1 =p) (1 + 0ur) |h(2)||§] :

Denote ¢ = Hh(g) ||; By simple calculations, we derive that the following function
2(1—p) P\ 2-p
29 s [ e 2|[w oz maxp|
260 (1-5) == (02|hmwwms+ =2 - p () (@420

for ¥ > 0 attains its maximum at

2—p

N
@-pouw 17 [ 22 2[|w 0 - max(w |
V= [m 07 [ hmax(r 15 + e

Therefore, we deduce
p 2 P\?
{(1 + Or) (1 -5 - H) — (1 =) (1 - 5) ] || naie) + h(1)H§

+(2_ \/1+6tthmax +h(1 H2 (5+6)+(1_p):u’2 (€+€)2
2(1—p)

_ 2 O T_ ax g _p)\? _ m
+m<fﬂmmwﬁ+”wxdwh>.{mﬂlz>[<2pmk}

k3" t—1 (t—1) (1 + 6ex)
(2~ p) bux rﬁ
—(1—p)(1+0 [— > 0. 4.21
Set = —a=L—. By (4.21), we obtain
pn P +2
2 ’ 2 2 ’ 2
((222) e (—) £(-2)
pnr +2 pn v +2 e +2
2
p 2-p (2 — p)odu } 2
+o | | (1490 Pnax(k) + R 4.22
2<pnp +2> ( ”“)[( D1+ o) [ Panaceqry + Ry | (4.22)

9 _
+(2-p)—t <1— — 2)\/1+5tthmax +h |, (€ +e)
PUP

pnTp + 2

B 2-p \ 2 P 2—p : @-pou 17
H p)<p772 +2> (€+)+2<p77 +2> (1+5tk)[(t—1)(1+5tk)}

2||w oz maxm |,

—
k="

2
(to | Pmasx(y + Ry || + ) =7 Moo + ool

In view of d(p,t,0) = L we deduce

2-p 2 — 1
(pn2p +2) 1- z,pp = —1+p
pnT + 2 6(pata U)
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(t—1) (14 6u)

_ 27p 25(p5t70) 75tk52(p7t50—) 75tk
a 5o 26%(p, t,0)

al=re=nl } 42

+ 201+ 60) [—(2 —P)odi ]_ }

wlﬁ

When o = 0, it follows from Eq. (3.3) that n = 0, and thus % =1n; when o > 0, it

follows from (3.3) that (2;—]”1)0 = pn% + 27, and thus the RIC condition dy < yields
pn P +1
(2 —p)od 2 Otk
1) (1+0m) (oo +20) T < 424
Hence,
26(p,t,0) = (1+6°(p,1,0)) b p (2-podu |7
:: - - 1 T N a4« N
B(p.t, o) 252 (p, 70) 2( + o) [(tl)(1+5tk)]
28(p, t, 1+ 6%(p,t,0)) o
> 200 U) ( (p.1,0)) bu ~Latsa)n
5%(p,t,0) 2
_20(p,t 1+ 6%(p,t,0)) 6
(p, 70) (1+8(p,t,0)) L s (—— 1
26%(p, t,0) 2 é(p,t,0)

1 1
:25(17,1570) (5(p,t,g) + 1) (6(p,t,0) — dex) > 0.

Therefore, the inequality (4.22) is equivalent to

1
B(pt, o) || hmax(r) + h(1)||§ - <W -1 +p) V140 (€ + €) || rmaxe) + Ry ||,

(2 - p)05tk:

m} ey + B [

C1—p)et et <1+5tk>[

wl%

p+0w) [ 2= |7 ([ e »
2 (t—1)(1+0m) 072 [|hmaxey + Ry [

2 e PN 2
. [w o a(k)Hp) 0. (4.25)

2—p

k==




Stable and Robust Recovery of Approximately k-sparse Signals 1155

(i) When od;, # 0, (4.25) is transformed to
2
AB(p,t,0) || Amax(ky + Rl

1
_Q@mw‘1+ﬂvl+Mf+ﬁW%w +hll, = (1= p) (e +¢)?

2 —p)os =
u+&w@i—£ﬁﬁ>} }Wmm il

N3

(t—1) (14 6u)

_pa+&w[ (2= p)du yf(;;
2 (t—1) (1 + du)

2||W o X_ max P\ 2

| <k>||p) <0

p
+h(1)H2 + k%Tp

+ {(1 —N)B(p,t, o) +

hmax(k)

(4.26)

for any A € (0,1).
Therefore, we derive

1omax(ey + il < Die +€) + Dz [Ww oz maxey |

p )

where

2
o (6(17750') 1+p) ‘1+5tk+\/(6(pt0') 1+p) (1+5tk)+4)\(17p)/6(p5t70—)
208(p,t,0)

1

(4.27)
and

S =

Dy = l#} 20-MBwpte) gL L (4.28)
(ko) E

2z (2—p)od, P
p (L + dur) {7@71)}8”5@}

2
(ii) When o = 0, it follows from Eq. (3.3) that n = 0. Therefore,

5(p.1.0) = —gp— =1
pn v +1
and
26(17; t, U) B (1 + 6’ (pa t, 0)) 6tk P (2 - p)05tk Zpr
B(pﬂf,o-) 262(pat70) 2 ( +6tk) |:(t_ 1) (1+6tk):| 6tk

The inequality (4.25) becomes
(1_6tk)Hhmax(k) +h(1)H2 PV 1+ (e+€) Hhmax +h 1)H2 (4.29)

) C-pou 17 (2o rmun)
—(1=p)e+e) _5(1‘1‘51:1@) [m} < = <0

which is a second-order inequality for Hhmax(k) + hy H2 By solving the inequality, we obtain

([ Amascry + hay |l (4.30)

<p\/1+5tk (e+e) 1
- 2 (1—52”@) 2 (1_5tk)

. 2 —p)ds 2—p
with B := g(k%}z)p(uatk)[%] ol

\/p2 (14+60) (e46)” +4 (1=00) [(1=P) (e + )% + B [[w 0 2 maxr [}




1156 B. DU AND A. WAN

Since

\/[p T3 o e+ 0]+ 41— 80) [ D)+ 02 + B w0 i ]

:\/[pz (14 8u) +4(1 = 6u) (1= p)] (e +€)° + 4 (1 = 6u) B [[W 0 2_ maxeiy ||

S\/p2 (1 + 5tk) + 4 (1 — 5tk> (1 — p)(E + 6) + 2\/ (1 — 5tk) B ||W ox_ max(k)Hp’

we derive
[ Bmax(ry + helly < Di(e +€) + D2 [|w 0 2 maxuy |, »
where Dy and D are given by (3.7).
(iii) When dy, = 0, we have
2—-p
28(p,t,0) — (1 + 8%(p,t,0)) b 2 —p)od N 1
26 (p,t,O') 2 (ti 1) (1+5tk) 5(p7t50)
The inequality (4.25) becomes
sy 3~ (5 148 ) (646 [y + B
o(p,t,o) 2 \d(p,t,0) e 2
—(1-p)(e+e)? <. (4.31)

We obtain Hhmax(k) + h) Hz < ¢ + ¢, which can be rewritten as

[Pmax(ry + hylly < Di(e+€) + D2 ||woz_ maxry |, (D1 =1, D2 =0).

P
For (i), (i) and (iii), in view of (4.5) and [To UT \ (T NTy)| = k + pk — 2apk < k for
a € [%, 1], we obtain HhTouT\(TmTO)Hg < HhmaX(k)Hi’ and thus

17— maxi | S0P [ Famaioy [}, + (1 = 0P 1oy o (e I+ 2 [[W 0 2 masiy [

<[Py I} + 2 {1 0 2 maxqi [ - (4.32)

By Lemma 2.4, we derive

D

2
||hm'x(k)H2 ’ 2HWO.T_maX(k)Hp ’
||h—max<k>||§§k[< Tt F -

2
(et 52zl
= max(k) || k’li% .

(4.33)

Then it follows from Jensen inequality that

2uwoxmax<k>ui>i

el = (ol + 25

1
1_ 2 \?
<27 [nhm(k)uﬁ = uwox_max(k)np] e
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Therefore,

2% = 3 = 1113 = [maxgo I3 + 5= maxco 5
s 2
< ||y || + 27 72 l”hmax(k)HQ + (k:l——%) |woa_ max(k)Hp‘|

2
< [Dl (e+€) 4 D2 ||W oz max(i) Hp}

2
2 P
+92572 lDl (€+e)+D2||wox,max(k)||p+ (kl—_%) ||W0$max(k)||p] , (4.35)

and thus
H‘fijz - ‘THQ <G (5 + 6) + s ||W O & max(k) ||p ) (436)
where
112
2_9o 2 2_9o 2 P
01: 1+2P Dl, 02: D2+2P D2+ k;lfﬂ .
2
The proof of Theorem 3.1 is therefore completed. |

Remark 4.1. (1) In particular, in the noiseless case, the coefficient Cy can be more precisely
characterized in that \/Dg +25 72Dy + (kﬁg )7]2 can be replaced by \/Dg + (D% + kﬁ% )7
Actually, in the noiseless case, ||Amax(k) + h)ll2 < D2||W 0 2_ pax(k) ||, and thus

12 — 2|3 = 1713 = || Bamaxiy |2 + || B maxei |12
2 [w o maxqo || *
e e = )

0o

2 P
<D |[w o maxpn[; + {Dg 1w o @ maxew I, + 577 1w o 2 maxii [

p

2
D% + (Dg+ F)

] [0 2 |-

Therefore, in the noiseless case,

A 2 %
Hxéz _ $|‘2 < \/Dg + (Dg + kl—_%) ||WO.T7 max(k)”p.

(2) In the proof of Theorem 3.1, we employ the estimation (4.34) of Hh, max (k) H2 based on
the following comparison:
By (4.33) and Jensen inequality, we deduce

2uwoxmax<k>ui>i

el = (ol + 25

2
2_ 2 \»
<23 1[||hmax<k>u§+ = uwox_m(k)nj- (4.37)
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On the other hand, by (4.34), i.e

2 rwoxmax<k>||§>%

|
A e

1

1_ 2 g
<2¥ ' l”hmaX(k)H2+ (klg) HWO-Tmax(k)Hp‘| ’

1 2
9 \7
el <252 ol + (525 Iosomaoll | - 039

we obtain

Now we compare the two different estimations (4.37) and (4.38) of ||h_ max(k) ||§ Since

2 \7 1 2 2 \7 >
ol (25 ) ool < ol (525 ) ool

we derive

1
) o macoll,

(NS

| 2

932 Hhmax<k>}!2+<kl
2_ [ 2 g ) 2 v

=2 il + () I omtl 420l () ool

2 2 \7
217 o 2+ () o - -

IN

Therefore, we conclude that the estimation (4.38) is more precise than another estimation
(4.37), and thus the estimation (4.34) of |/h_ max(k)HQ is employed, i.e.,

ol <247 o + ()

||woxmax<k>||p] |

4.2. Proof of Corollary 3.1

When in particular w o 2_ axx) = 0, the inequality (4.25) in the proof of Theorem 3.1
becomes

010.0.0) sty + o = (507 = 1+2) VIF 00 (4. sty + o
—(1-p)e+e? <. (4.39)
By solving the inequality, we obtain
[ Prmax(ry + )|, < Dale +e),

where

(5(Pt0) 1+p) 1+6t +\/(5(th) 1+p)2(1+6tk)+4(1_p)ﬁ(pataa)
Ds = . (4.40)
’ 26(p,t,0)
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Since W 0 X_ max(k) = 0, the inequality (4.33) in the proof of Theorem 3.1 becomes

[ [ 1 s

Therefore,
A 2 2
% = ol = o W + T < V2 iy < VEDS(e ). (4D
This completes the proof of Corollary 3.1. U

4.3. Proof of Corollary 3.2

Denote Ty = supp(Tmax(k))- Since the signal x € R™ is k-sparse and T' = supp(z), we derive
To =T and T_ pax) = 0, and thus w o x_ 4(x) = 0. Then the result directly follows from
Corollary 3.1. O

4.4. Proof of Theorem 3.2

Denote h = & — x. In the noiseless setting, e = 0 and £ = 0. Therefore, the inequality (4.25)
in the proof of Theorem 3.1 becomes

25(]7, tv U) - (1 + 52(]7, tv U)) 5tk
25%(p t,0)

et (o

[

hmax(k)

p 2||woux_ max(k ? %
+ h“)H + | — ( )Hp) <0. (4.42)
2 k=
(i) When odyy, # 0, we obtain Hhmax(k) + h(l)Hz < Dy Hw O T max(k) Hp, where
1 g _%
2 ? 28(p,t,0) — (14 6%(p,t,0))
Dy = [ - p} (p,t,0) — (1+6°(p,t,0)) tk%p 1 _ (4.43)
o) 2 —p)od P
(ko) p(1+6u) 82(p,1,0) [ 558 |

(ii) When o = 0, it follows from the RIC condition (3.2) that d(p,t,0) = 1. The inequality
(4.42) becomes

(1= 81) |y + |1

_p<1+5tk>[ (2 = p)du ]Tp 2[|w o maxii [,
2 (t—1) (1 + 6%) =P

= o

, 4.44
= (4.44)

and we obtain ||hmax(k) + h(1)||2 < Dy Hw ox_ max(k)Hp, where

_ p(1+ k) (2 — p)os = 2 »
Py aa e {(tl)(uatk)] ( ) - (4.45)
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(iii) When d;, = 0, the inequality (4.42) becomes 5(pt0) Hhmax +h 1)H2 < 0. Thus,

Hhmax(k) +h 1)H2 = 0, which can be equivalently written as Hhmax(k) + ) H2 < Dyljwo

L — max(k) ||p with D4 = 0.
Therefore, for (i), (ii) and (iii), by (4.33) in the proof of Theorem 3.1, we deduce

2w oz maxci [0
A L = e
<(D¥ 2 ’
s\Pat oz [ 0 2 maxi ||, (4.46)

and thus

15 =l =y s + 11— masco

2

2 P
S\/Dz+ <DZ+ kl—g) ||WO:C_maX(k)||p. (447)

4.5. Proof of Theorem 3.3

Denote h = P — 2. We have

A7 an]| = AT (457S — A
<||AT(AzP5 —y)||  + [|AT Az —y)|| <e+te (4.48)
The same as in the proof of Theorem 3.1, we derive the inequality (4.5), i.e.,
11 maxy [y, < @ Vmax [l}, + (1= W)y o 2oy 15 + 2 [ 0 2 mmas [ -
Then it follows from |ToUT\ (T'NTY)| = k+ pk—2apk < k for o € [1,1] that gy (Frm) b <
|| ey |[,» and thus
12— max® 15, < e |17 + 2 W 0 2 maxo [ -

By Lemma 2.4 and Jensen inequality, we derive

1
||hm x(k)” ! 2HWO$*max(k)Hp !
s, <K [( sl )7, 2ot el

2__1k [’ mdx(k)Hl < > ||wox_mdx(k)|| ]
1

2_
P
L

7 W o 2 maxw ], - (4.49)

=20 | humax(i ||, +
Therefore,
[l = [ Amaxy [} + 1A= maxee Il
< (1287 g}, + 43257 0 2 s,

< (1 + 2%—1) V| Prmaxiy |y + 577257 W0 2 maxii ], (4.50)
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‘We have
IAR|); =(h, AT Ab) < [|R]l, [| AT AR]|
< [(142570) Vil |, + B 75257 w0 2 masio [, (£ + €) (4.51)
and

<A(hmax(k) + h(l))a Ah> = <hmax(k) + h(l)a ATAh)
< [ Pnastry + heo |, [ATAR[| o < VEk || aaxci) + B[, (€ + €)- (4.52)

Similar to the proof of Theorem 3.1, for

27p :(27]7 5(pat70>

n= —p )
pn P +2 5(p,t,a)+1
by virtue of the identity (4.17), we obtain
1-— (1 7p)5(p7ta J)
(=)l (e ) — BT g + ), AB (1.53)
6tk62(pataa) + 6tk - 25(p,t,0’) 2
26%(p, t,0) HhmaX(k) + h) Hz
L P+ [ (2 — p)oun er 2 | s a4 2||lwor maxmll ) .
2 -1 1+0m) me R K -
and then
1_1 \/_ 2~
(1 =p) | (1+257") VEl|hamaxcsy + ol + o Y o r ], | (e +€)
1— (1 -p)d(p,t, o)
TSty VR EE ) [t + kol
§ik0%(p, t,0) + 61 — 28(p, t, o) 2
26%(p, t,0) HhmaX(k) + h) ||2
2
P\ »
p (14 du) (2 —p)ow v 2-p p QHWO‘T*maX(’C)Hp
hm X h’ 2 Z 07
+ 9 (t—1)(1+ o) 0?2 H ax(k) + (1)H2 + =T
ie.,
6tk62(patag) + 6tk - 26(p,t,0’) 2
By + I 4.54
262(p, t, o) H ax(k) T (1)H2 ( )
1 1—(1-p)d(p,t, o)
1—p) (14271 t| Vi h h
Ay O

+(1 _p)klﬁﬁfl HW O T max(k) Hp (e+e)

p<1+5tk>[ (2 — p)ou }
2 (t—1) (14 be)

2
N 2Hwowmax(k)H§>p > 0.

<022p ([ Panasc() + b5 + =
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Therefore, by the notation (3.6) of 8(p,t,0), we have
2
B(p,t,0) || Punax(y + hy (4.55)

1_q 1- (1 —p)é(p,t,a)
- [(1—p) (1+2571) + ot o) \/E] VE (£ + ) || Banaxtoy + Rl

_ (1 _p) k17%2%71 HW oT_ max(k)Hp (E + 6)

p(l +6tk) |: (Q—P)U(Stk
(

Lpp 2
2 t—1) (1+5tk)} Hhmax(k) +h(1)H2

2—-p P 2
p(l +4 k) (2 7p)5 k TP 2—p 2 Hwo‘rfmax(k)H P
T [(t—l)(l—f—tétk)} (" # omaxt + ey + = <0

(i) When ody, # 0, for any A € (0,1),
)‘B(pat o Hhmax +h 1)”2
- [(1 - )(1+2r1) 1= (1p)5(p’t’o)x/i] Vi (e + €) || rmaxe) + by

d(p,t,0)
_ (1 7p) k1_525_1 ||W oxr_ max(k)Hp (E + 6)

p(1+ i) (2 — p)oduk = 2
+{(1—)\)ﬁ(p,t,o)+ B |:(t1)( ):| } Hhmax(k)‘i‘h(l)HQ
p

1+ 6
2-p p_ 2
(1+6tk)[ (2 = p)du } z (U_ 2||W0z—max<k>Hp)v
(t—1) (14 61) k=2

<0.

p
Pmax(k) + h(1)H2 +

Therefore, we deduce

[[hmax() + oy (4.56)
(1= p) (14+2071) + EURBL /] VR (e 4 ) + VE

3(p,t,o)

2)8(p,t,0)

<max ’D2HWO$*maX(k)Hp

where Dy is defined in (3.5) and

E:= [(lp) (1+25‘1) - 1(1p)5(p’t’0)\/frk(€+e)2

5(p;t,0)
+40B(p,t,0) (1= p) k7257 [w oz maxry ||, (£ +€). (4.57)
Since
L 1—(1—p)d(p,t
VE<|0-p) (14 25) 4 TEE BT Vi e 1 g
2X\B(p,t,0) (1 —p)k? 725!
W O Z_ max(k (4.58)
(1—p)(1+2;1)+1<1+63mf|| x|
we obtain
sy + Bl < Date 40+ s [0 s,
where

o o
(1—p)(1+2p 1)+%\[

BOoo) Vk (4.59)

D5 =
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and
(L-p)k*52s!

D¢ = max : — (1 o) Dy p. (4.60)
_ 1 p)é(p.t.o
(1=p) (1+2771) + S02RBL /7
(ii) When o = 0, it follows from (3.3) that n = 0, and thus
1
6(p,t,0') =T = 1.
pn e 41
We have
2-p

_2(5(p,t, o) — (1 + 82%(p, t, U)) Otk p (2 — p)odu P
i) = W(0.1.0) B revriea i MRS

Therefore, the inequality (4.55) becomes

(1= 60) [rmmaxty + By [5 = (1 =) (1425 7) +pVE| VE (& + ) s + iy

—(1-p) Elvor! HW o z_max(k)Hp (e +e)

_ 52 (2w 0 2 i |7\ ¥
—g(1+5tk) [M] ( Hwozh (k)Hp> <0. (4.61)

(t—1) (14 bu) L3
By solving the above inequality, we obtain

[(lfp) (1+2%_1) +p\/f} Vk(e+e)+VF
2(1 =) ’

[ Pmas(ry + Ry, < (4.62)

where

Fi=[-p) (1425 )+pr} k(e +e)

+4 (1 - 5tk) { (1 _p) kli%Q%il HW ox_ max(k)Hp (5 + 6)

e-pin 17 (2 or )’
SR [(tn (HM)} < ==

_ [(1 —p) (1 +2%—1) +p\/irk(s+e)2

+2(1 = 6u) (1= p) K725 [|w 0 2 maxiy [, (€ +€)

@-p)dw 17 ([ 2 \* >
Lop (182 {(t_l)(lﬁm) 2 ) o - st 2 (4.63)

+

[N

We derive

Fellon () o] R e

2 —p)o. 22;‘7])1;_1
v/ (=3 | O | 0 o (4.6

—1) (14 6¢x)
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and therefore

[ Pnax(y + by, < Ds(e + €) + De [[W 0 2 maxw]|,

where
1—p) (14271
D5:( p)< i )+pﬁ¢% (4.65)
1— 6
and
()R (1-p)25 p(L+6u) [ (2-pou 17
D6_(k:) (1,p)(1+2%—1)+p\/z+ 1— |:(t1)(1+5tk):| - (466)

(iii) When &y, = 0, we have B(p,t,0) = m, and the inequality (4.55) becomes

1 2
S to) [[rmasey + Ry [ (4.67)

- [(1 _p) (14257) 4 L0 pRn L) ﬂ] V(& + €) [[Pmaxcr) + bl

o(p,t,o
S ( )
_(1_p)k p2e ||Wox7max(k)Hp(5+6)§0‘

By solving the inequality, we obtain

[ Pmaxiy + By |

<d(p,t,0) [(1 —p) (1 + 2%*1) + 1= (15(_]7,172750(1;’25’0)\/5 VE (e +¢)

+ ( —lp)kT;Qr oo .
(1*p)(1+25—1)+%ﬁ ,
Therefore,
ity + ol < D400+ Do [0 - s -
where
s = [(1 - (14287) 4 25 (15(p,pt),5f>j’t’g) Vi| 6p.1,0)VE (4.69)
and o
Dg = (1—p)kz"»2v" (4.70)

1_ 1 > .
(1—p)(1+2p 1)+%ﬁ

Analogous to (4.36) in the proof of Theorem 3.1, it can be readily derived that

1875 = all2 = [ hanaxci [ + (13- maxci[l; < Cs (& + €+ Co [[w 0 - max

172
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4.6. Proof of Corollary 3.3

When w o 2_ axk) = 0, the inequality (4.53) becomes

1—(1=p)pt o)
d(p,t,0)
5tk52 (p7 ta J) + 5tk - 25(1)7 ta g
26%(p,t,0)

(14 0u) (2 —p)ouk
T [(tl)(uatk

(I =p)lIAll(e+€)+ (A(hmax(r) + h)), Ah)

) [

2
P

)] (0% [y + R [l5) T 20, (@7D)

and the inequality (4.32) becomes

Hh— max(k) ||Z < Hhmax(k)HZ :

Then by virtue of Lemma 2.4, we derive

2

[ hmax 2 g '
[[—— w> ] = || Py |5 - (4.72)
[ hmax P ;
||h7max(k)H1 <k <w> ‘| = ||hmax(k)H1- (473)
Therefore,
Rl = [[Amaxsy |y + 1= maxm | < 2l omascir [l < 2VE | Brnay [l (4.74)

Recall (4.48), i.e., HATAhHOO < e+ e. We obtain
JARJZ = (h, AT Ay < [|All, [|AT AR]| < 2VE|maxiey [ (& + €) (4.75)
Recall (4.52) and (3.6), together with (4.71), we obtain

1—(1-p)d(p,t,
2(1 = p)VE (& + €) || Punaxcr) + by ||, + ( 5(ppt) U(f 9 ik (e + o) [ Pmaxcry + Rl (4.76)

(2=p)odu } 2;”13
(t—1)(1+ o)

N {  2(p,t,0) — (1+8%(p,t,0)) S

p
P
26%(p, t,0) + 5 (4 0w)

} [ hamaxciy + by || > 0.

It follows from (4.76) that
| hmax(ey + Byl < D7 (e +¢), (4.77)

20l v

where D7 = vk Blpt.o)

. Hence,

1825 — 2lls =/ a2 + 1o st |1
V2 || Punax(r) + by ||, < V2D7 (e +e) . (4.78)

This completes the proof of Corollary 3.3. g
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4.7. Proof of Corollary 3.5

When in particular o = 1, by virtue of Corollary 3.3, we directly derive (3.17).
If w =1, then w = 1, and thus o = 1. In addition, in view of (4.6), we obtain

1
hmax " g
V= <w> . (4.79)

Recall the definition (4.7) of h(yy € R™, i.e.,

otherwise.

)

1
. B (i (7), B ooy ()] > (= 1) 7w,
hm@{ IO DI

Since w = 1, we have

1
] A .
(t* 1) Y >V = L > Hh—max(k)Hoo > ‘h—max(k)(l)’ (480)

for t € [24Tp’ 2], and thus h(;) = 0. Then the inequality (4.52) becomes

{A(hmax(k) + h(1)), AR) =(humax(k), AT AR)
SHhmax(k)Hl HATAhHOO < \/EHhmax(k)HQ(E + 6), (481)

and therefore, the inequality (4.71) turns to be

(I=p)hll1 (e +€) + 1-Q1 *p)5(p,t,1)\/E

(€ +€) | Pmaxw [

d(p,t,1)
5tk52(p7ta1)+5tk *25(27,1571) Hh H2
262(p, 1,1) max(lla
P (2 — D)o ]ZPP 2
+Z (14 6y) | ——E o > 0. 4.82
Ll ] L 45

Recall the notation (3.6) of 3(p,t,0) and (4.74), i.e., ||h|1 < 2\/EHhmax(k) H2 Therefore, the
inequality (4.82) yields

(17p)5(p7 i, 1) \/E

1—
2(17p)\/E||hmax(k) ||2 (€+6) =+ (€+€) Hhmax(k) ||2

5(p,t, 1)
_6(17) ta 1) Hhmax(k)Hz > 0. (483)

We obtain )

L—p+ 5.t
||hmax(k) H2 S \/E ﬁ(p, t, 1) (5 + 6) ) (484>
and thus )
1—p+4+ =

7 =2y < V2 | hama ||, < mﬂ(p—;(f)m (ete). (4.85)

This completes the proof. O
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5. Numerical Experiments

In this section, we present a series of numerical experiments to illustrate the performance
of recovery of approximate k-sparse signals by the weighted ¢, (0 < p < 1) minimization (1.13).
We adopt the iteratively reweighted least squares (IRLS) algorithm proposed in [7] to solve the
nonconvex optimization problem.

First, (%) = arg min ||y — Az||3 and (**1) is the solution of
TER™

min i||y—AacH§—|—1 HW(t)xH2 (5.1)
zER™ 2\ 2 2’

where A > 0 is a regularization parameter, and the weight matrix Wi(t) is defined as

Wi(t) = diag (W <T1£2 + (zz(.t))2>p/4l/2>

for i =1,...,n. Then by (5.1), we obtain

2+ = (W(t))A (@ (W@)l)T (@ (W(t))A + )\In) - (@ (W(t))l)Ty.

70 = 1, 741 = min {Tt,vr(x(“‘l))fcﬂ}, where v € (0,1) is a constant. We set v = 0.9 and
A =109, r(2) is the rearrangement of the absolute values of = in decreasing order. k is the
number of the support estimate, we set k = k. When ¢ > 1000 or 7"(:E(t“)),;Jrl = 0, we stop the
iteration and output z(*+1).

We consider signals z € R such that z; = j=¢ for some d > 1, i = 1,...,n. In our
experiments, the measurement matrix A is generated as an m x 500 matrix with entries drawing
from i.i.d standard normal distribution. For a generated approximately sparse signal x, the
measurements y = Az + z, where A is an m x 500 Gaussian matrix with n varying between 80
and 220. In the case of noisy measurements, z is standard Gaussian white noise and % = 0.02.
In the case of noiseless measurements, z = 0. The recovery performance is assessed by the signal
to noise ratio (SNR) denoted by

SNR = 201ogy0 | ]2 (5.2)
X

— g(t+1) Il2”
and the measure of the SNR is dB.

In each experiment, we report the average results over 30 replications and set d = 2.

Fig. 5.1 illustrates the recovery performance of approximate k-sparse signal under different
measurements in the noiseless case. We set p = 0.5 and k£ = 40, i.e., the best 40-term sparse
approximation. It shows that for o > 0.5, smaller weight w yields better recovery performance.

Fig. 5.2 shows the recovery performance of approximate sparse signal under different mea-
surements in the noisy case. The results are consistent with the no-noise case.

In Fig. 5.3 and Fig. 5.4, we illustrate the impacts of p € (0, 1] for both the noiseless and noisy
measurements cases. We set & = 0.8 and p = 1. The results show that smaller p always leads
to better recovery performance. In some measurements, the recovery performance of p = 0.2 is
worse than p = 0.5 and p = 0.7. This is because a smaller p makes the minimizing functional
more nonconvex and thus more difficult to solve.
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0=08 0=05 § § L o=02

80 100 120 140 160 180 200 220 80 100 120 140 160 180 200 220 80 100 120 140 160 180 200 220
number of measurements m number of measurements m number of measurements m

(a) (b) (c)
Fig. 5.1. In the noiseless case, for p = 0.5 and p = 1, the recovery performance of the weighted ¢,
minimization when (a) a = 0.8, (b) @ = 0.5, (¢) a = 0.2.

=02, 2% noise

0=0.8, 2% noise

=05, 2% noise

——w =1 ——w =1
w=0.8 w=0.8
w=0.5] w=0.5]
——w = 0.2 o—w =02
£ 38
B0 100 120 140 160 180 200 220 80 100 120 140 160 180 200 220 B0 100 120 140 160 180 200 220
number of measurements m number of measurements m number of measurements m

(a) (b) (c)
Fig. 5.2. In the noise case, for p = 0.5 and p = 1, the recovery performance of the weighted ¢,
minimization when (a) a = 0.8, (b) @ = 0.5, (¢) a = 0.2.

w=0.5 w=0.8

80 100 120 140 160 180 200 220 80 100 120 140 160 180 200 220
number of measurements m number of measurements m

(a) (b)
Fig. 5.3. In the noiseless case, for « = 0.8 and p = 1, the recovery performance of the weighted ¢,
minimization when (a) w = 0.5, (b) w = 0.8.

W=0.5, 2% noise w=0.8, 2% noise

SNR

80 100 120 140 160 180 200 220 80 100 120 140 160 180 200 220
number of measurements m number of measurements m

(a) (b)
Fig. 5.4. In the noisy case, for « = 0.8 and p = 1, the recovery performance of the weighted ¢,
minimization when (a) w = 0.5, (b) w = 0.8.
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6. Conclusions

The recovery of approximately k-sparse signal with partial support information in two dif-
ferent noise settings is investigated by the weighted ¢, (0 < p < 1) minimization method (1.13).
The newly derived theorems and corollaries indicate that approximately k-sparse signal x € R
can be stably and robustly recovered by the minimizer & of (1.13) when there is partial and
possibly partly inaccurate prior support information. The obtained results not only improve the
work in [17] which addressed the ¢3-bounded noise setting concerning the recovery of strictly
k-sparse original signal, but also include the optimal results by weighted ¢; minimization or by
standard £, minimization as special cases.
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