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Abstract. Let P(∆) be a polynomial of the Laplace operator

∆ =
n

∑
j=1

∂2

∂x2
j

on Rn.

We prove the existence of a bounded right inverse of the differential operator P(∆) in
the weighted Hilbert space with the Gaussian measure, i.e., L2(Rn, e−|x|

2
).

Key Words: Laplace operator, polynomial, right inverse, weighted Hilbert space, Gaussian mea-
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1 Introduction

In this paper, we study the right inverse of the polynomial differential operator of the
Laplace

P(∆) = ∆m + am−1∆m−1 + · · ·+ a1∆ + a0,

where a0, a1, · · · , am−1 are complex numbers. We prove the existence of global weak so-
lutions of the equation P(∆)u = f in the weighted Hilbert space L2(Rn, e−|x|

2
) by the

following result of L2 estimates.
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Theorem 1.1. For each f ∈ L2(Rn, e−|x|
2
), there exists a weak solution u ∈ L2(Rn, e−|x|

2
)

solving the equation
P(∆)u = f

in Rn with the norm estimate∫
Rn
|u|2e−|x|

2
dx ≤ 1

(8n)m

∫
Rn
| f |2e−|x|

2
dx.

The novelty of Theorem 1.1 is that the differential operator P(∆) has a bounded right
inverse

Q : L2(Rn, e−|x|
2
) −→ L2(Rn, e−|x|

2
),

P(∆)Q = I,

with the norm estimate
‖Q‖ ≤ 1

(8n)
m
2

.

In particular, the Laplace operator ∆ has a bounded right inverse

Q0 : L2(Rn, e−|x|
2
) −→ L2(Rn, e−|x|

2
),

which, to the best of our knowledge, appears to be even new.
As a result, a natural question could be if Theorem 1.1 would be true for more general

differential operators. For related results, see [1–4, 6]. The method employed in this
paper was motivated from the Hörmander L2 method [5] for Cauchy-Riemann equations
in several complex variables.

The organization of this paper is as follows. In Section 2, we will prove several key
lemmas based on functional analysis, while the proof of Theorem 1.1 will be given in
Section 3. In Section 4, we will give some further remarks.

2 Several lemmas

In this section, we will prove the following lemma, which is key for the proof of Theorem
1.1.

Lemma 2.1. Let ξ be a complex number. For each f ∈ L2(Rn, e−|x|
2
), there exists a weak solution

u ∈ L2(Rn, e−|x|
2
) solving the equation

∆u + ξu = f in Rn,

with the norm estimate ∫
Rn
|u|2e−|x|

2
dx ≤ 1

8n

∫
Rn
| f |2e−|x|

2
dx.
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For the proof of Lemma 2.1, we need some preparation.
First we give some notations. Here, let L2

loc(R
n) be the set of all locally square-

integrable complex-valued functions on Rn. We consider the weighted Hilbert space

L2(Rn, e−ϕ) =
{

f
∣∣∣ f ∈ L2

loc(R
n);

∫
Rn
| f |2e−ϕdx < +∞

}
,

where ϕ is a nonnegative function on Rn. We denote the weighted inner product for
f , g ∈ L2(Rn, e−ϕ) by

〈 f , g〉ϕ =
∫

Rn
f ge−ϕdx

and the weighted norm of f ∈ L2(Rn, e−ϕ) by

‖ f ‖ϕ =
√
〈 f , f 〉ϕ.

Let C∞
0 (Rn) denote the set of all smooth complex-valued functions with compact support.

For u, f ∈ L2
loc(R

n), we say that f is the Laplace of u in the weak sense, written ∆u = f ,
provided ∫

Rn
u∆φdx =

∫
Rn

f φdx

for all test functions φ ∈ C∞
0 (Rn).

In the following, let ϕ be a smooth and nonnegative function on Rn and ξ be a com-
plex number throughout this section. For every φ ∈ C∞

0 (Rn), we first define the follow-
ing formal adjoint of ∆ with respect to the weighted inner product in L2 (Rn, e−ϕ). Let
u ∈ L2

loc(R
n). We calculate as follows:

〈φ, ∆u〉ϕ =
∫

Rn
φ∆ue−ϕdx =

∫
Rn

u∆
(
φe−ϕ

)
dx

=
∫

Rn
eϕu∆

(
φe−ϕ

)
e−ϕdx =

〈
eϕ∆

(
φe−ϕ

)
, u
〉

ϕ

=:
〈

∆∗ϕφ, u
〉

ϕ
,

where ∆∗ϕφ = eϕ∆
(
φe−ϕ

)
is the formal adjoint of ∆ with domain in C∞

0 (Rn). Let (∆ + ξ)∗ϕ
be the formal adjoint of ∆ + ξ with domain in C∞

0 (Rn). Note that I∗ϕ = I, where I is the
identity operator. Then

(∆ + ξ)∗ϕ = ∆∗ϕ + ξ.

Let ∇ be the gradient operator on Rn. Now we give several lemmas based on func-
tional analysis.

Lemma 2.2. For each f ∈ L2(Rn, e−ϕ), there exists a global weak solution u ∈ L2(Rn, e−ϕ)
solving the equation

∆u + ξu = f
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in Rn with the norm estimate
‖u‖2

ϕ ≤ c

if and only if

|〈 f , φ〉ϕ|2 ≤ c
∥∥∥(∆ + ξ)∗ϕ φ

∥∥∥2

ϕ
, ∀φ ∈ C∞

0 (Rn),

where c is a constant.

Proof. Let ∆ + ξ = H. Then (∆ + ξ)∗ϕ = H∗ϕ.

(Necessity). For every φ ∈ C∞
0 (Rn), from the definition of H∗ϕ and Cauchy-Schwarz

inequality, we have

|〈 f , φ〉ϕ|2 = |〈Hu, φ〉ϕ|2 =

∣∣∣∣〈u, H∗ϕφ
〉

ϕ

∣∣∣∣2 ≤ ‖u‖2
ϕ

∥∥∥H∗ϕφ
∥∥∥2

ϕ
≤ c

∥∥∥H∗ϕφ
∥∥∥2

ϕ
.

(Sufficiency). Consider the subspace

E =
{

H∗ϕφ | φ ∈ C∞
0 (Rn)

}
⊂ L2(Rn, e−ϕ).

Define a linear functional L f : E→ C by

L f

(
H∗ϕφ

)
= 〈 f , φ〉ϕ =

∫
Rn

f φe−ϕdx.

Since ∣∣∣L f

(
H∗ϕφ

)∣∣∣ = ∣∣〈 f , φ〉ϕ
∣∣ ≤ √c

∥∥∥H∗ϕφ
∥∥∥

ϕ
,

then L f is a bounded functional on E. Let E be the closure of E with respect to the norm
‖ · ‖ϕ of L2(Rn, e−ϕ). Note that E is a Hilbert subspace of L2(Rn, e−ϕ). So by Hahn-
Banach’s extension theorem, L f can be extended to a linear functional L̂ f on E such that∣∣∣L̂ f (g)

∣∣∣ ≤ √c ‖g‖ϕ , ∀g ∈ E. (2.1)

Using the Riesz representation theorem for L̂ f , there exists a unique u0 ∈ E such that

L̂ f (g) = 〈u0, g〉ϕ, ∀g ∈ E. (2.2)

Now we prove Hu0 = f . For every φ ∈ C∞
0 (Rn), apply g = H∗ϕφ in (2.2). Then

L̂ f

(
H∗ϕφ

)
=
〈

u0, H∗ϕφ
〉

ϕ
= 〈Hu0, φ〉ϕ .

Note that
L̂ f

(
H∗ϕφ

)
= L f

(
H∗ϕφ

)
= 〈 f , φ〉ϕ.
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Therefore,
〈Hu0, φ〉ϕ = 〈 f , φ〉ϕ, ∀φ ∈ C∞

0 (Rn),

i.e., ∫
Rn

Hu0φe−ϕdx =
∫

Rn
f φe−ϕdx, ∀φ ∈ C∞

0 (Rn).

Thus, Hu0 = f . Next we give a bound for the norm of u0. Let g = u0 in (2.1) and (2.2).
Then we have

‖u0‖2
ϕ =

∣∣〈u0, u0〉ϕ
∣∣ = ∣∣∣L̂ f (u0)

∣∣∣ ≤ √c ‖u0‖ϕ .

Therefore, ‖u0‖2
ϕ ≤ c. Note that u0 ∈ E and E ⊂ L2(Rn, e−ϕ). Then u0 ∈ L2(Rn, e−ϕ). Let

u = u0. So there exists u ∈ L2(Rn, e−ϕ) such that Hu = f with ‖u‖2
ϕ ≤ c. The proof is

completed.

Lemma 2.3. For every φ ∈ C∞
0 (Rn), we have∥∥∥(∆ + ξ)∗ϕ φ

∥∥∥2

ϕ
= ‖(∆ + ξ) φ‖2

ϕ +
〈

φ, ∆
(

∆∗ϕφ
)
− ∆∗ϕ (∆φ)

〉
ϕ

.

Proof. Let ∆ + ξ = H. Then (∆ + ξ)∗ϕ = H∗ϕ. For every φ ∈ C∞
0 (Rn), we have

∥∥∥H∗ϕφ
∥∥∥2

ϕ
=
〈

H∗ϕφ, H∗ϕφ
〉

ϕ
=
〈

φ, HH∗ϕφ
〉

ϕ

=
〈

φ, H∗ϕHφ
〉

ϕ
+
〈

φ, HH∗ϕφ− H∗ϕHφ
〉

ϕ

= 〈Hφ, Hφ〉ϕ +
〈

φ, HH∗ϕφ− H∗ϕHφ
〉

ϕ

= ‖Hφ‖2
ϕ +

〈
φ, HH∗ϕφ− H∗ϕHφ

〉
ϕ

. (2.3)

Note that

HH∗ϕφ = (∆ + ξ) (∆ + ξ)∗ϕ φ

= (∆ + ξ)
(

∆∗ϕφ + ξφ
)

=∆
(

∆∗ϕφ
)
+ ξ∆φ + ξ∆∗ϕφ + |ξ|2φ

and

H∗ϕHφ = (∆ + ξ)∗ϕ (∆ + ξ) φ

=
(

∆∗ϕ + ξ
)
(∆φ + ξφ)

=∆∗ϕ (∆φ) + ξ∆∗ϕφ + ξ∆φ + |ξ|2φ.
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Then
HH∗ϕφ− H∗ϕHφ = ∆

(
∆∗ϕφ

)
− ∆∗ϕ (∆φ) . (2.4)

So by (2.3) and (2.4), we have∥∥∥H∗ϕφ
∥∥∥2

ϕ
= ‖Hφ‖2

ϕ +
〈

φ, ∆
(

∆∗ϕφ
)
− ∆∗ϕ (∆φ)

〉
ϕ

.

This lemma is proved.

Lemma 2.4. Let ϕ = |x|2. Then for every φ ∈ C∞
0 (Rn), we have〈

φ, ∆
(

∆∗ϕφ
)
− ∆∗ϕ (∆φ)

〉
ϕ
= 8n‖φ‖2

ϕ + 8‖∇φ‖2
ϕ.

Proof. Note that for any smooth functions α and β on Rn, the following formula holds

∆(αβ) = β∆α + α∆β + 2∇α · ∇β.

Then for every φ ∈ C∞
0 (Rn), by the definition of ∆∗ϕ, we have

∆∗ϕφ = eϕ∆
(
φe−ϕ

)
= ∆φ + φ|∇ϕ|2 − φ∆ϕ− 2∇φ · ∇ϕ. (2.5)

From (2.5), we have

∆
(

∆∗ϕφ
)
=∆2φ + ∆(φ|∇ϕ|2)− ∆(φ∆ϕ)− 2∆(∇φ · ∇ϕ)

=∆2φ + ∆φ|∇ϕ|2 + φ∆(|∇ϕ|2) + 2∇φ · ∇(|∇ϕ|2)
− ∆φ∆ϕ− φ∆2ϕ− 2∇φ · ∇(∆ϕ)− 2∆(∇φ · ∇ϕ)

and
∆∗ϕ(∆φ) = ∆2φ + ∆φ|∇ϕ|2 − ∆φ∆ϕ− 2∇(∆φ) · ∇ϕ.

Then

∆
(

∆∗ϕφ
)
− ∆∗ϕ (∆φ) =φ∆(|∇ϕ|2) + 2∇φ · ∇(|∇ϕ|2)− φ∆2ϕ

− 2∇φ · ∇(∆ϕ)− 2∆(∇φ · ∇ϕ) + 2∇(∆φ) · ∇ϕ. (2.6)

Let ϕ = |x|2. We have ∇ϕ = 2x, ∆ϕ = 2n, |∇ϕ|2 = 4|x|2, ∇(|∇ϕ|2) = 8x, ∆(|∇ϕ|2) =
8n. Then by (2.6) and the following formula

∆(∇φ · x) = ∇(∆φ) · x + 2∆φ, ∀φ ∈ C∞
0 (Rn),

we get

∆
(

∆∗ϕφ
)
− ∆∗ϕ (∆φ) = 8nφ + 16(∇φ · x)− 8∆φ.
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Consequently, 〈
φ, ∆

(
∆∗ϕφ

)
− ∆∗ϕ (∆φ)

〉
ϕ

= 〈φ, 8nφ + 16(∇φ · x)− 8∆φ〉ϕ
=8n‖φ‖2

ϕ + 8 〈φ, 2(∇φ · x)− ∆φ〉ϕ .

Note, as the key step of the proof, that

〈φ, 2(∇φ · x)− ∆φ〉ϕ =
∫

Rn
φ(2(∇φ · x)− ∆φ)e−ϕdx

=
∫

Rn
φ

n

∑
j=1

(
2xj

∂φ

∂xj
− ∂2φ

∂xj∂xj

)
e−|x|

2
dx = −

∫
Rn

φ
n

∑
j=1

∂

∂xj

(
∂φ

∂xj
e−|x|

2
)

dx

=−
n

∑
j=1

∫
Rn

φ
∂

∂xj

(
∂φ

∂xj
e−|x|

2
)

dx =
n

∑
j=1

∫
Rn

∂φ

∂xj

(
∂φ

∂xj
e−|x|

2
)

dx

=
n

∑
j=1

∫
Rn

∣∣∣∣ ∂φ

∂xj

∣∣∣∣2 e−|x|
2
dx =

∫
Rn
|∇φ|2e−|x|

2
dx = ‖∇φ‖2

ϕ.

Then 〈
φ, ∆

(
∆∗ϕφ

)
− ∆∗ϕ (∆φ)

〉
ϕ
= 8n‖φ‖2

ϕ + 8‖∇φ‖2
ϕ.

The lemma is proved.

Now we give the proof of Lemma 2.1.

Proof. Let ϕ = |x|2. By Lemmas 2.3 and 2.4, we have for every φ ∈ C∞
0 (Rn),∥∥∥(∆ + ξ)∗ϕ φ

∥∥∥2

ϕ
= ‖(∆ + ξ) φ‖2

ϕ +
〈

φ, ∆
(

∆∗ϕφ
)
− ∆∗ϕ (∆φ)

〉
ϕ

≥
〈

φ, ∆
(

∆∗ϕφ
)
− ∆∗ϕ (∆φ)

〉
ϕ

≥8n‖φ‖2
ϕ. (2.7)

By Cauchy-Schwarz inequality and (2.7), we have for every φ ∈ C∞
0 (Rn),

|〈 f , φ〉ϕ|2 ≤‖ f ‖2
ϕ ‖φ‖

2
ϕ

=

(
1

8n
‖ f ‖2

ϕ

)(
8n ‖φ‖2

ϕ

)
≤
(

1
8n
‖ f ‖2

ϕ

)∥∥∥(∆ + ξ)∗ϕ φ
∥∥∥2

ϕ
.
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Let c = 1
8n ‖ f ‖2

ϕ. Then

|〈 f , φ〉ϕ|2 ≤ c
∥∥∥(∆ + ξ)∗ϕ φ

∥∥∥2

ϕ
, ∀φ ∈ C∞

0 (Rn).

By Lemma 2.2, there exists a global weak solution u ∈ L2(Rn, e−ϕ) solving the equation

∆u + ξu = f

in Rn with the norm estimate
‖u‖2

ϕ ≤ c,

i.e.,

∆u + ξu = f with
∫

Rn
|u|2e−|x|

2
dx ≤ 1

8n

∫
Rn
| f |2e−|x|

2
dx.

The proof is completed.

3 Proof of Theorem 1.1

Now we give the proof of Theorem 1.1.

Proof. Let ϕ = |x|2. By the fundamental theorem of algebra, the polynomial P(∆) can be
rewritten as

P(∆) = (∆ + ξ1) · · · (∆ + ξm) ,

where ξ j is a complex number for j = 1, · · · , m.
Let Hj = ∆ + ξ j for j = 1, · · · , m. If m = 1, then the theorem is proved by Lemma 2.1.

Now assume that m ≥ 2. For f and H1, by Lemma 2.1, there exists u1 ∈ L2(Rn, e−|x|
2
)

such that

H1u1 = f with
∫

Rn
|u1|2e−|x|

2
dx ≤ 1

8n

∫
Rn
| f |2e−|x|

2
dx.

For u1 and H2, by Lemma 2.1, there exists u2 ∈ L2(Rn, e−|x|
2
) such that

H2u2 = u1 with
∫

Rn
|u2|2e−|x|

2
dx ≤ 1

8n

∫
Rn
|u1|2e−|x|

2
dx.

So by the same method, we have for 1 ≤ j ≤ m − 1, uj and Hj+1, there exists uj+1 ∈
L2(Rn, e−|x|

2
) such that

Hj+1uj+1 = uj with
∫

Rn
|uj+1|2e−|x|

2
dx ≤ 1

8n

∫
Rn
|uj|2e−|x|

2
dx.
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Thus, there exists um ∈ L2(Rn, e−|x|
2
) such that

H1 · · ·Hmum = f with
∫

Rn
|um|2e−|x|

2
dx ≤ 1

(8n)m

∫
Rn
| f |2e−|x|

2
dx,

i.e.,

P(∆)um = f with
∫

Rn
|um|2e−|x|

2
dx ≤ 1

(8n)m

∫
Rn
| f |2e−|x|

2
dx.

Let um = u. Then by the above formula, the theorem is proved.

4 Further remarks

Remark 4.1. Given λ > 0 and x0 ∈ Rn, for the weight ϕ = λ|x − x0|2, we obtain the
following corollary from Theorem 1.1.

Corollary 4.1. For each f ∈ L2(Rn, e−λ|x−x0|2), there exists a weak solution u ∈
L2(Rn, e−λ|x−x0|2) solving the equation

P(∆)u = f

with the norm estimate∫
Rn
|u|2e−λ|x−x0|2 dx ≤ 1

λ2m(8n)m

∫
Rn
| f |2e−λ|x−x0|2 dx.

Proof. From f ∈ L2(Rn, e−λ|x−x0|2), we have∫
Rn
| f |2(x)e−λ|x−x0|2 dx < +∞. (4.1)

Let

x =
y√
λ
+ x0 and g(y) = f (x) = f

(
y√
λ
+ x0

)
.

Then by (4.1), we have
1(√
λ
)n

∫
Rn
|g(y)|2e−|y|

2
dy < +∞,

which implies that g ∈ L2(Rn, e−|y|
2
). For g, applying Theorem 1.1 with P(∆) replaced

by

P̃(∆) = ∆m +
am−1

λ
∆m−1 +

am−2

λ2 ∆m−2 + · · ·+ a1

λm−1 ∆ +
a0

λm ,

there exists a weak solution v ∈ L2(Rn, e−|y|
2
) solving the equation

P̃(∆)v(y) = g(y) (4.2)
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in Rn with the norm estimate∫
Rn
|v(y)|2e−|y|

2
dy ≤ 1

(8n)m

∫
Rn
|g(y)|2e−|y|

2
dy. (4.3)

Note that y =
√

λ(x− x0) and g(y) = f (x). Let

u(x) =
1

λm v(y) =
1

λm v
(√

λ(x− x0)
)

.

Then (4.2) and (4.3) can be rewritten by

P(∆)u(x) = f (x), (4.4a)∫
Rn
|u(x)|2e−λ|x−x0|2 dx ≤ 1

λ2m(8n)m

∫
Rn
| f (x)|2e−λ|x−x0|2 dx. (4.4b)

(4.4b) implies that u ∈ L2(Rn, e−λ|x−x0|2). Then by (4.4a) and (4.4b), the proof is com-
pleted.

Remark 4.2. When f ∈ L2(Rn), the solutins of P(∆)u = f are not necessary in L2(Rn).
For example: n = 1, P(∆) = ∆,

f (x) =


1
x

, x ≥ 1,

x, 0 < x < 1,
0, x ≤ 0,

u(x) =
∫ x

0
(x− t) f (t)dt + c1x + c2 = − x

2
+ x ln x +

2
3
+ c1x + c2, x ≥ 1,

where c1 and c2 are arbitrary real constants. It is easy to see u 6∈ L2(R).
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