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Abstract. Let P(A) be a polynomial of the Laplace operator
n
02
2 72 on R™
=1 ]

We prove the existence of a bounded right inverse of the differential operator P(A) in
the weighted Hilbert space with the Gaussian measure, i.e., 12 (R", e X |2).
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1 Introduction

In this paper, we study the right inverse of the polynomial differential operator of the
Laplace
P(A) = A" +a, (A" 4o ay A+ ag,

where ag, a1, -+ ,a,—1 are complex numbers. We prove the existence of global weak so-
lutions of the equation P(A)u = f in the weighted Hilbert space L2(R",e ") by the
following result of L? estimates.
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Theorem 1.1. For each f € L2(R", e~ ¥, there exists a weak solution u € L2(R",e~x")
solving the equation
P(Au=f
in R" with the norm estimate
2, Ix g, < 1 / 2,- x4
ulce x e X.
[l < G Ju

The novelty of Theorem 1.1 is that the differential operator P(A) has a bounded right
inverse

Q:LA(R" e M) — L[2(R",e 1M,
P(A)Q =1,

with the norm estimate 1

In particular, the Laplace operator A has a bounded right inverse

IQll <

Qo: L2(R",e 1)y — L[2(R?,e 111,

which, to the best of our knowledge, appears to be even new.

As a result, a natural question could be if Theorem 1.1 would be true for more general
differential operators. For related results, see [1-4, 6]. The method employed in this
paper was motivated from the Hérmander L? method [5] for Cauchy-Riemann equations
in several complex variables.

The organization of this paper is as follows. In Section 2, we will prove several key
lemmas based on functional analysis, while the proof of Theorem 1.1 will be given in
Section 3. In Section 4, we will give some further remarks.

2 Several lemmas

In this section, we will prove the following lemma, which is key for the proof of Theorem
1.1.

Lemma 2.1. Let ¢ be a complex number. For each f € L*(R", eI’ ), there exists a weak solution
u € L2(R", e~ 1) solving the equation

Au+¢u=f in R",

with the norm estimate

1
/ u|Pe 1 dx < 871/ |f|2e~ P dx.
n IRH
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For the proof of Lemma 2.1, we need some preparation.

First we give some notations. Here, let L? (IR") be the set of all locally square-

integrable complex-valued functions on R". We consider the weighted Hilbert space

(R %) = {f|f € LB(R"); [ |fPevdx < +eo],
R»
where ¢ is a nonnegative function on R”. We denote the weighted inner product for
f,g € L2(R", e ?) by
(f 8)g = /IR fge Pdx
and the weighted norm of f € L*(R",e~?) by

1fllg = \/{f oo

Let C5°(R") denote the set of all smooth complex-valued functions with compact support.
For u, f € L2 (R"), we say that f is the Laplace of u in the weak sense, written Au = f,

loc
provided
Adx = / d
/Rnu ¢pdx - fodx

for all test functions ¢ € C°(R").

In the following, let ¢ be a smooth and nonnegative function on IR” and ¢ be a com-
plex number throughout this section. For every ¢ € Ci°(IR"), we first define the follow-
ing formal adjoint of A with respect to the weighted inner product in L? (R",e~?). Let

u € L2 (R"). We calculate as follows:

(¢, Du), = /Rn PAue ?dx = /Rn ul\ (e~ ?) dx

= Je ePul (pe=?) e Pdx = <e(/’A (pe=?), u>

—: <A(’;q§,u>q),

where A = e?A (pe~?) is the formal adjoint of A with domain in C§°(R"). Let (A +¢),,
be the formal adjoint of A + ¢ with domain in Cg°(R"). Note that I; = I, where I is the
identity operator. Then

9

(A+¢), =47, +¢.

Let V be the gradient operator on R”. Now we give several lemmas based on func-
tional analysis.

Lemma 2.2. For each f € L*(R",e~?), there exists a global weak solution u € L*>(R",e~?)
solving the equation
Au+¢u=f
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in R™ with the norm estimate
Jull3 <c

if and only if
(fphal? <c||(A+2)y ¢

2

, V¢ € Cy(R"),
¢
where ¢ is a constant.

Proof. Let A+ = H. Then (A +¢), = H,.

(Necessity). For every ¢ € Cg°(R"), from the definition of Hy and Cauchy-Schwarz
inequality, we have
‘2
.

[ phol? = |(Hu g)ol? = <u,H;;¢>¢\2 < lully |y < e |0

(Sufficiency). Consider the subspace
E={H, CO(R") p C L*(R",e™?
= He# | ¢ € C(R") € LA(R", 7).
Define a linear functional L; : E — C by
Ly (Hyp) = (F, )y = [ Fpe 9.

Since

s (Hy0)| = 10,00l < Ve | Hygl

then Ly is a bounded functional on E. Let E be the closure of E with respect to the norm
| - lp of L?(IR",e~?). Note that E is a Hilbert subspace of L*(R",e~%). So by Hahn-
Banach’s extension theorem, L £ can be extended to a linear functional L Fon E such that

7
¢

Li(@)| < velgll,, vgeE. 1)

Using the Riesz representation theorem for L #, there exists a unique ug € E such that

~

Ls(g) = (uo,8)g, Vg€ E. (2.2)
Now we prove Hug = f. For every ¢ € Cy°(R"), apply ¢ = Hy¢ in (2.2). Then
Ly (Hyo) = (o Hye) = (o 9},

Note that R
Ly (Hyg) =Ly (Hyp) = {f 9o
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Therefore,
(Huo, ), = (f,#)g, V¢ € G (RY),
ie.,
/}Rn Hugpe 9dx = /]Rn fpe ?dx, V¢ € CF(R").

Thus, Hup = f. Next we give a bound for the norm of uy. Let g = up in (2.1) and (2.2).
Then we have

luoll3, = |{uto, o)y | = |Ls(uo)| < v juoll,

Therefore, [|uol|5 < c. Note that ug € E and E C L*(R",e”?). Then up € L*(R",e"?). Let
u = up. So there exists u € L?(R",e~?) such that Hu = f with Hu||%P < c¢. The proof is
completed. O

Lemma 2.3. For every ¢ € C3°(IR"), we have

B+ 6 = I+ g+ (g8 (a19) - a5 (Ag)
[

9

Proof. Let A +¢ = H. Then (A + &), = H;. For every ¢ € C7°(R"), we have

|, = (Hio0) = (0 ir0)
={s, H;;H¢>¢ + (¢ HHyp — H;;,H¢>(P

= (Hp, H), + (¢, HHyp — H;f,qu>(p

| g0

= | Hg|l% + <¢, HH ¢ H;;Hcp>q) . 2.3)
Note that
HHyp = (A+8) (A+8), ¢
= (A+8) (8,0 +2¢)
= (859) + 3¢ + 09+ (e
and

HyHp = (A +8), (A+E) ¢
= (8;+2) (8¢ +29)
=A% (AP) + EALp + EAP + |29,
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Then
HH ¢ — HyHp = A (A;¢) — A% (M) (2.4)
So by (2.3) and (2.4), we have

[t50]] = 1012+ (9.0 (850) = 85 (89)) .

This lemma is proved. O

Lemma 2.4. Let ¢ = |x|*. Then for every ¢ € CT(R"), we have
(0.8 (850) = 85 (a9)) = 8nllgll; + 8Vl
Proof. Note that for any smooth functions « and B on R”, the following formula holds
A(aB) = BAx + aAB +2Va - Vp.

Then for every ¢ € C°(IR"), by the definition of A}, we have

Do = e (Pe=9) = AP + | Vo[> — pAp — 2V - V. (2.5)
From (2.5), we have
A (B59) =87+ A9V oP) - MpAg) —28(V9- V)

—02 + Ap| Vgl + pA(V ) +2V9 - V(|V o)
~ ApAg — pA2p — 2V - V(Ag) —20(V¢ - Vo)

and
Ao (Ap) = D¢+ APV o[> — ApAp — 2V (Ag) - V.

Then
A (B59) = By (A9) =pA( Vo) +2V¢ - V(|Vol?) — pa%p
—2V¢ -V (Ag) —2A(V¢ - Vo) +2V(Ag) - V. (2.6)

Let ¢ = |x|2. We have V¢ = 2x, Ag = 2n, |V¢|? = 4|x|?, V(|V@|*) = 8x, A(|Ve|?) =
8n. Then by (2.6) and the following formula

A(Vp-x) =V (Ap) -x+2A¢p, V¢ € C7°(R"),

we get

A (Aw) — A} (AP) = 8n¢p +16(V¢ - x) — 8AP.
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Consequently,
<¢1A (A%b) - Aq) (A¢)>¢
= (¢, 8n¢ +16(Ve - x) —8A¢),
=8n|¢p|5 +8(4,2(Ve-x) — Ag),.
Note, as the key step of the proof, that
(0,209 %) = 8¢), = [ $2(Vg-x) - Ag)e dx
_ o¢ 824))_2 ”a(aq;_z
_ 0y 9P _ lxld:_/ O (99 127 4
/]Rﬂ (P]_X; ( x] ax] ax]ax] ¢ X R" (P]; ax] ax]'e X
- Z/ , ‘P; <§?ex2> dx = Z/ g(p (?6“‘2) dx
j=1 R” x] x] =1 R" x] x]
! o > _ 2 a2
:Z/ X1 e |dx:/ Vel dx = | Vol2.
],:1 R x] R"
Then
9,0 (850) =85 (89)) = 8nllollg+8]VolG.
¢ ¢ ¢ ¢ ¢
The lemma is proved. ]
Now we give the proof of Lemma 2.1.
Proof. Let ¢ = |x|*>. By Lemmas 2.3 and 2.4, we have for every ¢ € C°(R"),
2
[a+anof =la+aly+ (o (a50) - a; (a0)
> (9,8 (830) = 85 (A9))
>8n|¢||7 (2.7)

By Cauchy-Schwarz inequality and (2.7), we have for every ¢ € C5°(R"),

(8o <I£1 19112
— (g5 712 (sn11012)

< (g I12) & + 00
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2
Letc = o |fIl- Then

(Fgdol? <c( v € CR(R").

By Lemma 2.2, there exists a global weak solution u € L?>(IR", e~ %) solving the equation

Au+Cu = f
in R” with the norm estimate
lull§ <c
ie.,
Au+C¢u=f with / u2e P dx < Sn/ |f|e I g,
The proof is completed. O

3 Proof of Theorem 1.1

Now we give the proof of Theorem 1.1.

Proof. Let ¢ = |x|2. By the fundamental theorem of algebra, the polynomial P(A) can be
rewritten as

P(A)=(A+G1) - (A+8Cm),

where ¢j is a complex number forj=1,---,m.
Let Hi = A+¢; forj=1,---,m.If m = 1, then the theorem is proved by Lemma 2.1.

Now assume that m > 2. For f and Hj, by Lemma 2.1, there exists u; € LZ(]R”,e_MZ)
such that

1
Hug = £ with [ e tPar< e P
For u; and Hp, by Lemma 2.1, there exists up € LZ(IRn,e*\X\Z) such that
1
Houp = uy  with / lup|2e 1P dx < 7/ g PP dx.
R” 8n R”

So by the same method, we have for 1 < j < m —1, uj and HJ-H, there exists Ujy1 €
L2(R", e~ ") such that

. —Ix|2 1 _Ix|2
Hjuj1 =u; with /Rn \qu]Ze P ax < n ’u].IZe I g

n JRr»
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Thus, there exists u,, € L?>(IR", e lx ‘2) such that
1
Hy---Hyuuy = f with / |1t |23_‘x‘ dx < By / |f|ze_‘x|2dx,

ie.,

: _ 1 x
P(A)uy = f with /]R” |t |? dx < &) /]R" |f|?e”! dx.

Let u,, = u. Then by the above formula, the theorem is proved. ]

4 Further remarks

Remark 4.1. Given A > 0 and xy € R", for the weight ¢ = A|x — x0|?>, we obtain the
following corollary from Theorem 1.1.

Corollary 4.1. For each f € LZ(IR”,e*)“x*xO‘z), there exists a weak solution u &
L2(R", e~ Ma—xol*) solving the equation

P(Au=f

with the norm estimate

1
/n jufPe ol dx < 2»2’“(811)/” |fPe el gy,

Proof. From f € LZ(IR”,E*)“X*XO‘Z),we have

[ 1FPG)e o < e, @.1)

Let

_ PV O
v= Lt and g) =0 = f (Ltxo)

Then by (4.1), we have
1 / 2 _ 2
T [ 18W)Pe My < too,
(va)
which implies that ¢ € L2(IR",e~¥*). For g, applying Theorem 1.1 with P(A) replaced
by

~ Ay — a
P(A):Am—l— n;LlAm—l+ YXZZAmZ_i_. /\m A"’ﬁ

there exists a weak solution v € L2(R", e~ V") solving the equation

P(A)o(y) = g(y) (4.2)
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in R" with the norm estimate
_yl2 1 2
[ Py < Lo [ gt e Ray 43
Note that y = v/A(x — x0) and g(y) = f(x). Let

1
u(x) = )va(y) = ¥ (\/X(x — x0)> :
Then (4.2) and (4.3) can be rewritten by

P(A)u(x) = f(x), (4.4a)
2 */\|X*X0|2 < 1 / 2 7/\|X*X0|2
/R Ju(x) e T < Sy o dx. (4.4b)
(4.4b) implies that u € Lz(]R”,e*)"x*xOP). Then by (4.4a) and (4.4b), the proof is com-
pleted. O

Remark 4.2. When f € L*(R ) the solutins of P(A)u = f are not necessary in L?(IR").
For example: n =1, P(A) =

vV
—_

7

K|

flx) =

<1,

R O ®
IN A

x
0,

or

* 2
u(X)Z/ (x—t)f(t)dt+61x+Cz:—§+xlnx+§+clx+cz, x>1,
0

where ¢1 and ¢, are arbitrary real constants. It is easy to see u € L2(R).
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