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Abstract. In this paper, by making use of Divergence theorem for multiple integrals,
we establish some integral inequalities for Schur convex functions defined on bodies
B C R" that are symmetric, convex and have nonempty interiors. Examples for three
dimensional balls are also provided.
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1 Introduction

For any x = (x1,---,x,) € R", let Xjp = 2 X[y denote the components of x in
decreasing order, and let x| = (x[l], cee, x[n]> denote the decreasing rearrangement of x.
For x, y € R", x < y if, by definition,
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When x < y, x is said to be majorized by v (y majorizes x). This notation and terminology
was introduced by Hardy, Littlewood and Pélya in 1934.

Functions that preserve the ordering of majorization are said to be Schur-convex. Per-
haps Schur-increasing would be more appropriate, but the term Schur-convex is by now
well entrenched in the literature, [5, p. 80].
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A real-valued function ¢ defined on a set A C R”" is said to be Schur-convex on A if
x<y on A=¢(x)<¢(y). (1.1)

If, in addition, ¢ (x) < ¢ (y) whenever x < y but x is not a permutation of y, then ¢ is
said to be strictly Schur-convex on A. If A = R", then ¢ is simply said to be Schur-convex
or strictly Schur-convex.

For fundamental properties of Schur convexity see the monograph [5] and the refer-
ences therein. For some recent results, see [2-4] and [6-8].

The following result is known in the literature as Schur-Ostrowski theorem [5, p. 84]:

Theorem 1.1. Let I C R be an open interval and let ¢ : I" — R be continuously differentiable.
Necessary and sufficient conditions for ¢ to be Schur-convex on 1" are

¢ is symmetric on I" (1.2)

and for all i # j, withi,j € {1,--- ,n},

_\[9¢(z)  9¢(z) n
(zi — zj) [ o, ax; } >0 forall z€I", (1.3)

where ;)T‘i denotes the partial derivative of ¢ with respect to its k-th argument.

With the aid of (1.2), condition (1.3) can be replaced by the condition

(z1 —22) [agx(? - a(gg(cj)] >0 forall zeI". (1.4)

This simplified condition is sometimes more convenient to verify.

The above condition is not sufficiently general for all applications because the domain
of ¢ may not be a Cartesian product.

Let A C IR" be a set with the following properties:

(i) A is symmetric in the sense that x € A = xI1 € A for all permutations IT;
(ii) A is convex and has a nonempty interior.

We have the following result, [5, p. 85].

Theorem 1.2. If ¢ is continuously differentiable on the interior of A and continuous on A, then
necessary and sufficient conditions for ¢ to be Schur-convex on A are

¢ is symmetric on A (1.5)

and

(z1 — 22) [agb(z) - acp(z)] >0 forall z€ A (1.6)

8x1 E)xz
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It is well known that any symmetric convex function defined on a symmetric convex
set A is Schur convex, [5, p. 97]. If the function ¢ : A — R is symmetric and quasi-convex,
namely

¢ (au+ (1 —a)v) < max{¢(u),¢(v)}

foralla € [0,1] and u,v € A, a symmetric convex set, then ¢ is Schur convex on A [5,
p- 98].

In the recent paper [3] we obtained the following result for Schur convex functions
defined on symmetric convex domains of IR?.

Theorem 1.3. Let D C R? be symmetric, convex and has a nonempty interior. If ¢ is continu-
ously differentiable on the interior of D, continuous and Schur convex on D and oD is a simple,
closed counterclockwise curve in the xy-plane bounding D, then

JLo@xty < § (c-nomdrtG-pe@nal.  (7)

If ¢ is Schur concave on D, then the sign of inequality reverses in (1.7).

Motivated by the above results, we establish in this paper a generalization of the
inequality (1.7) for the case of symmetric and convex subsets in n-dimensional space R".
This is done by employing an identity obtained via the well known Divergence Theorem
for volume and surface integrals. An example for balls in three dimensional space are
also provided.

2 Some preliminary facts

Let B be a bounded open subset of R" (n > 2) with smooth (or piecewise smooth) bound-
ary 0B. Let F = (Fy,- - - , F,) be a smooth vector field defined in IR”, or at least in BU dB.
Let n be the unit outward-pointing normal of dB. Then the Divergence Theorem states,
see for instance [9]:

/ divFdV = [ F-ndA, 2.1)
B oB

where
" oF;
divF=v.F= Y 2
ivF=V-F k; o’
dV is the element of volume in R” and d A is the element of surface area on 0B.

Ifn=(ny,---,n,), x = (x1,--+,x,) € Band use the notation dx for dV we can write
(2.1) more explicitly as

S [ OR(x) ¢
,;/3 Ox dx—k; /aBFk(x)nk (x)dA. (2.2)
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By taking the real and imaginary part, we can extend the above equality for complex
valued functions Fy, k € {1,--- ,n} defined on B.

If n = 2, the normal is obtained by rotating the tangent vector through 90° (in the
correct direction so that it points out). The quantity tds can be written (dx;,dx;) along
the surface, so that

ndA = nds = (dxp, —dxy).

Here t is the tangent vector along the boundary curve and ds is the element of arc-length.
From (2.2) we get for B C R? that

/81—"1 (xl,xz dx dx +/ an xl,xz 9 (1, X2) 1dX2
B oxq

I/ Fi( x1,x2)dx2—/ %) (xl,xz)dx1, (2.3)
3B 3B

which is Green’s theorem in plane.

If n = 3 and if 0B is described as a level-set of a function of 3 variables i.e., 0B =
{x1,x2,x3 € R¥G(x1,x2,x3) = 0}, then a vector pointing in the direction of n is gradG.
We shall use the case where G (x1,x2,x3) = x3 — g(x1,x2), (x1,x2) € D, a domain in
R? for some differentiable function ¢ on D and B corresponds to the inequality x3 <
g(x1, x2), namely

B = {(x1,%2,x3) € R3|x3 < g(x1,x2)}.

Then
o (1( +g;;’ +§;,)11)/z' dA = (1483 +g%)" " dndx,
w8,
and
ndA = (—gx,, —8x,, 1) dx1dx;.
From (2.2) we get

/ <3F1 (x1,x2,x3) L oF, (x1,x2,x3) L 0F3 (x1,x2,x3)
B

ax1 ax2 ax3 > dxldedX3

——/DH (x1,x2,8(x1,%2)) §x, (X1, x2) dx1dx2
—/DH (x1,x2,8(x1,%2)) §x, (X1, X2)dx1d 27
+ /D Fs (x1, 2, §(x1, %2)) dx1dxs, (2.4)

which is the Gauss-Ostrogradsky theorem in space.
Following Apostol [1], we can also consider a surface described by the vector equation

r(u,v) = x1 (u,0) 7 + x (u,0) 7 + x3 (u,v) 7, (2.5)
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where (u,v) € [a,b] x [c,d].
If x1, x, x3 are differentiable on [a, b] X [c, d] we consider the two vectors

or  dx;—  dxo—  0x3 >
o~ ou ! Tou Tau
Jor  dx1—>  0xp—>  Odxz—>
w00 T T E

The cross product of these two vectors m X a . will be referred to as the fundamental

vector product of the representation r. Its components can be expressed as Jacobian de-
terminants. In fact, we have [1, p. 420]

8x2 8x3 8x3 8x1 axl 8x2
o o | 9y ou |7 .| ouw ou |7.| ouw ou |7
R TR N A R R N
v v v v v v

:a(xz,X3)7> d(x3,x1) >  0(x1,x2) 3
3 (u,0) a(u,0) (w0

(2.6)

Let 9B = r(T) be a parametric surface described by a vector-valued function r de-
fined on the box T = [a,b] x [c,d]. The area of dB denoted Ajyp is defined by the double
integral [1, pp. 424-425]

Aw—

(x2, xs 9 (x3,x1)\* | (3(x1, %))
= —_— ———= | dudv. 2.7
// \/ <8(u,v)> * d(u,v) nae @7)
We define surface integrals in terms of a parametric representation for the surface. One
can prove that under certain general conditions the value of the integral is independent
of the representation.
Let 0B = r(T) be a parametric surface described by a vector-valued differentiable

function r defined on the box T = [a,b] X [c,d] and let f : 0B — C defined and bounded
on dB. The surface integral of f over 9B is defined by [1, p. 430]

/andA:/ab/Cdf(xl,x_z,xB) o or

“ 30
b pd
:A[f&ﬂw@ﬂﬁ%@ﬂﬂmm)

a(xZ,X3) 2 a(X3,X1) 2 a(xl,xz) 2
X \/< 3 (u, ) + 3 (u, ) + 3 (1, 0) dudv.  (2.8)
If 0B = r(T) is a parametric surface, the fundamental vector product N = g; X g; is

normal to dB at each regular point of the surface. At each such point there are two unit

dudvo

dudv
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normals, a unit normal n;, which has the same direction as N, and a unit normal n, which
has the opposite direction. Thus

n; and np, = —n;.

N
IN]

Let n be one of the two normals n; or ny. Let also F be a vector field defined on dB and
assume that the surface integral,
/ / (F-n)dA,
JB

called the flux surface integral, exists. Here F - n is the dot or inner product.
We can write [1, p. 434]

//8B (F-n)dA = :t/ub/ch(r(u,v))- <§Z X g:}) dudo,

where the sign ” + " is used if n = n; and the ” — ” sign is used if n = n,.
If

— — -

F(x1,x2,x3) = Fi (x1,x2,x3) 1 + F(x1,x2,x3) j + F3(x1,x2,%x3) k,
— — —

r(u,v) =x1(u,0) i +x2(u,0) j +x3(u,v) k, where (u,v) € [a,b] X [c,d],

then the flux surface integral for n = n; can be explicitly calculated as [1, p. 435]

//E)B (F-n)dA :/ab/chl (x1(u,v),x2 (u,v),x3 (11, 0)) mdudv

0 (X3, xl)
d(u,v)

bpd
+ /Q/C F5 (x1 (u,0),x2 (u,v),x3(1,0)) mdudv. (2.9)

The sum of the double integrals on the right is often written more briefly as [1, p. 435]

+ /b/d B (x1 (u,0),x2(u,0),x3(u,0)) dudv

//a F (xl,xz, X3) dxy N\ dxs + //a F (Xl,XQ, X3) dxs A dxq
B B
+ //a F3 (x1, x2, x3) dx1 A dx;.
B

Let B C R be a solid in 3-space bounded by an orientable closed surface 9B, and let
n be the unit outer normal to dB. If F is a continuously differentiable vector field defined
on B, we have the Gauss-Ostrogradsky identity

/ / /B (divF)dV = / /a _(F-n)da. (2.10)
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If we express

— — —
F(x1,x2,x3) = Fy (x1,%x2,x3) i +F(x1,x2,%3) j + F3(x1,%2,%3) k,

then (2.4) can be written as

/// <3F1 (x1,x2,x3) n oF, (x1,x2,x3) n oF; (x1,x2, x3)> dx1dxadcs
B

dxq dxo dx3
= // Fy (x1,x2,x3) dxa A dxs + // F (x1,x2,x3) dx3 A dx;
9B 9B

+ //8 )2 (x1,x2, X3) dxy A\ dxs.
B

3 Main results

We start with the following identity that is of interest in itself:

(2.11)

Lemma 3.1. Assume that f : D — C has partial derivatives on the domain D C R", n > 2.

Define for j # i

of (x1,-++ ,xn of (x1,-++ ,xn
Aosp (xi, %)) := (xi—xj)<f( 1ax1~ )_ A 1axj )>,

where (x1,- -+ ,xy) € D. Then we have

n11,ia?c,< ((%—iix;)f(xl,--.,xn))

=1 j=1
1
=f(x1,"+,xn) + m 1929 Naf,p (xi,xj) .
Proof. For j # i we have
d of (x Lo, Xn
aTCZ, ((xi —Xj)f(x1,~~ /xn)) =f(x1, -, xn)+ (xi —Xj) f(BXi),

aif ((Xi_xj)f(xll'” ’x”)) - _f(xl,"’ /xn) + (xi_xj)

ax]‘

which gives

2 ((xi = x)) f (21,0, 2))

=2f (x1,--+ ,Xy) + (xl. —x]-) (af (xléxl , Xn) _ of (X1éx] ,xn))

af(xlz“' /Xn)

(3.1)
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forj #i.
If we take the sum overi,j € {1,---,n} with j # i we get

- [ () F ) -

Xj

(=) (0 00)|

ij=L A

2 F e e (L) ) g

ij=1j#i ij=1#i ox; ox;

We have

Also
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:2;(;{ ((nxk— ixJ) fxa,-- 'x”)> :

=1
By (3.2) we get

2i8?c ((nxk—ixj>f(x1,~-- ,xn)>

— j=1
=2n(n—1)f (x1,--+ ,%n)

+2 ¥ (n—x) <8f(x1,... X)) Of (xy,- ,xn)),

1<i<j<n 9x; 0x;
which is equivalent to the desired result. O
Remark 3.1. For n = 2 we get
1[0 9
3 5 (60 =m2) £ (xa )]+ 5 (G52 =) f )|
=f(x1,x2) + %Aaf,D (x1,x2) (3.3)
for (x1,x2) € D. For n = 3 we get
34252 ) (o257 )
2 (o) )
=f (x1,%2,x3) + E [Aarp (x1,X2) + Aggp (x2,%3) + Ags,p (x1,3)] (3.4)

6
for (x1,x2,x3) € D.
We have the following identity of interest:

Theorem 3.1. Let B be a bounded closed subset of R" (n > 2) with smooth (or piecewise smooth)
boundary 0B and n = (ny, - - - ,ny,) be the unit outward-pointing normal of dB. If f is a contin-
uously differentiable function on an open neighborhood of B, then we have the representation

1 k;/aB (xk—ijflxj)f(x)nk(x)dA—/Bf(x)dx

n—1

:é Z /BAaf'B (xz-, x]) dx. (35)

n(n—1) 1<i<j<n



10 S. Dragomir / Anal. Theory Appl., 39 (2023), pp. 1-15

Proof. We use the identity (3.1) on B for x = (x1,- - - , x,,) and take the volume integral to

get
—lzn:x- f(x) | dx
n—l Bklaxk n="
_/f IOF R — /AafB x;, %)) dx. (3.6)
( B 1<z<]<n
Define

F (x) = (xk—yllix])f(x), ke{l,---,n}, x€B,
=

and use the Divergence theorem (2.2) to get

LES (i) o)
-y [ <xk -2 2;) £ (x)n (x) dA. 67)

On utilising (3.6) and (3.7), we obtain

[ ——— LI [ Moss (xi ;) ax
( - 1<1<]<n
71—1 Z/ag( nl

that is equivalent to (3.5). O

1x]-> f(x)ng (x)dA,

Remark 3.2. For n = 2 we obtain the identity

;/83 [(x1 —x2) f (x1,x2) dxg + (x1 — x2) f (%1, x2) dx2]
- /Bf (XL XZ) dx1dxy

1
_5‘/BAaf'B (xl,xz) dxlde, (38)

where B is a bounded closed subset of R? with smooth (or piecewise smooth) boundary
dB and f is a continuously differentiable function on an open neighborhood of B.
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For n = 3 we obtain the identity

1 X+ Xx
3 [/BB <x1 -= 2 3> f (x1,x2,x3) dxp A dxs
X1 +x3
+/ < > f (x1,x2,x3) dx3 N dxq

+/ ( X1 +x2> f(x1,x2,x3) dxq /\dxz] - /Bf(x1,x2/x3)dx1dx2dx3

=< /B [Aaf,B (x1,x2) + Nof,B (x2,%3) + Ajr (x1;x3)] dx1dxodxs,

where B is a bounded closed subset of IR® with smooth (or piecewise smooth) boundary
dB and f is a continuously differentiable function on an open neighborhood of B.

Corollary 3.1. Let B be a bounded closed and symmetric convex subset of R" (n > 2) with
smooth (or piecewise smooth) boundary 0B and n = (ny, - - - ,ny,) be the unit outward-pointing
normal of 0B. If f is a continuously differentiable function on an open neighborhood of B and
Schur convex on B, then we have the integral inequality

1 & 1
— =Y x > : .
n—lk_zl/BB(xk nj_zlx]>f(x)nk(x)dA_/Bf(x)dx (3.9)
Proof. Since f is Schur convex on B, then by (1.3) we get Ajs,p (xi, xj) >0foralll <i<
j < n, and by using (3.5) we get the desired inequality (3.9). O

Corollary 3.2. With the assumptions of Corollary 3.1 and if there exists Lj; > 0 for 1 <i < j <
n such that

Aaf,D (xi, x]-) S Lij (xi — Xj)z fOT’ all x = (xl,- N ,xn) S B, (3.10)

then we also have the reverse inequality

n—lz/ag<k_zx]> x)ng (x)dA — /f
STV S /B(xl‘—xf)zd% (3.11)

The proof follows by the equality (3.5).
Remark 3.3. For n = 2in (3.9) we get

S% /&)B [(x1 — x2) f (x1,x2) dx1 + (x1 — x2) f (x1, x2) dx2]
_/Bf(x1/x2)dxldx2

S;L/ (x1 — xz)z dxydxy, (3.12)
B




12 S. Dragomir / Anal. Theory Appl., 39 (2023), pp. 1-15

provided that f is Schur convex on the convex and symmetric domain B C R? and there
exists L > 0 such that

Aaf/D (xll xZ) = (X1 — XQ) <af (xl,XZ) _ af (xll x2)>

8x1 axz
<L(x1— xz)2 forall x = (x1,x2) € B. (3.13)
For n = 3 we get
1 X2 + X3
E - 14
0 -3 |:/E;B (X1 2 > f (xll X2, Xg) dX2 N dX3 (3 1 )

X1+ x
=+ <x2— 12 3>f(x1,x2,X3)dx3/\dx1

9B
X1+ x2
—|—/ X3 — X1,X2, X dx/\dx]
aB<3 5 )f(lZS) 1 2

_/f(xllxz,xa)dxldxzdxg,
B

S% |:L12/ (X1 —XQ)Z dxldedX3
B

+L23/ (xp — 9(3)2 dx1dxodxs + L13/ (x1 — x3)2 dxldxzdxg} (3.15)
B B

provided that f is Schur convex on the convex and symmetric domain B C R® and

of (x1,%2,x3)  of (x1,%2,%3)
Nogp (xi,xj) = (xi = ;) ( % ox

<Ljj (xi — xj)2 forall x = (x1,%2,x3) € B, (3.16)

where L;; > 0for1 <i<j<3.

4 An example for three dimensional balls

Consider the 3-dimensional ball centered in O = (0,0,0) and having the radius R > 0,
B(O,R) := {(x1,x2,x3) € ]R3" X} + x5+ x3 < R?}
and the sphere
S(O,R) :={(x1,x2,x3) € R?|x + x5 + x5 = R*}.
Consider the parametrization of B (O, R) and S (O, R) given by:
X1 = ¥ Cos 1 cos @,
. T
B(O,R): ¢ xp=rcosysing, (r,¢,¢) € [0,R] x [_E' —] x [0,27],

) 2
X3 =rsiny,
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and
x1 = Rcoscos ¢,
. T
S(O,R): ¢ xp=Rcosysing, (P, ¢)€ [_E' E} x [0,27].
x3 = Rsiny,
We have
9%, 0x3 9 0x3
I P | _ o o AL IS S S
v oxs = —R*cos” 1 cos ¢, v oxs = R cos” ¢y sin g,
dp ¢ dp ¢
o 0x
o JY | 5.
v o = —R"sinycos .
dp  d¢

In Cartesian coordinates, we have the inequality (3.14) written as

1 XZ+X3>
0<= / x| — X1,X2,%x3)dxy N\ dx
_3[S(OR)<1 7 f (x1,x2,x3) dxz 3

X1+ X3
_|_/ — , X2, dxs Nd
So0R) (xz 5 >f(x1 X, x3) dx3 A\ dxq
X1+ x2
+:/ _ X2, %3) dxy A d ]
S(OR) <x3 5 )f(xl X2 Xs) X1 X2
— , X2, dxq1dx»d
/B(O,R)f(xl X2, x3) dx1dxpdx3
gl [Lu/ (x1 — x2)2 dx1dxodxs
6 B(O,R)

+L23/ (x2 — x3)2 dx1dxpdxs + L1z / (x1 — x3)2 dxidxydxs
B(O,R) B(O,R)

13

(4.1)

provided that f is a continuously differentiable function on an open neighborhood of

B (O, R), Schur convex on B (O, R) and the condition (3.16) is fulfilled.
Now, observe that

/ (X1 — XZ)Z dxldX2dX3
JB(O,R)

R % r2rm )
=/ / / (r cos i cos ¢ — 1 cos i sin @) 12 cos pdrdpd
o J-2Jo

= Rr“dr/g 3 yd /27r( —sing)?de = — 4 2
=, -, cos pdy A cos@ —sing) de = 53 T
8

s
2

_ 5
=15"R
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and, similarly

/ (xp — X3)2 dx1dxodxs = / (x1 — x3)2 dx1dxodxs = E7'[R5.
B(O,R) B(O,R) 15

In polar coordinates, (4.1) becomes

1 cos P sin g + sin
<— 3= —
0 _3R [ /S(O,R) <cos¢cos @ > )
x f (R cos 1 cos @, R cos P sin ¢, R sin 1) cos® ¢ cos pdpd ¢

n /S(O,R) (cos Psing — cos i Cosz(p +siny )

X f (R cos 1y cos @, R cos P sin ¢, R sin 1) cos® ¢ sin gpdpd ¢

_/ <Sin¢_cosgbcosq)+cos¢smq))
S(O,R) 2

X f (Rcos §cos ¢, R cos i sin ¢, Rsin ) sin ip cos pdipd ]
R % r2m

—/ /2/ f (rcoscos @,rcos Psin @, 7sin ) r* cos pdrdpd g
o J-zJo

4
SENR5 (L12 + Loz + L13), (4.2)
provided that f is a continuously differentiable function on an open neighborhood of
B (O, R), Schur convex on B (O, R) and satisfying the condition (3.16).
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