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Abstract. We introduce Besov spaces with general smoothness. These spaces unify
and generalize the classical Besov spaces. We establish the ϕ-transform characteriza-
tion of these spaces in the sense of Frazier and Jawerth and we prove their Sobolev
embeddings. We establish the smooth atomic, molecular and wavelet decomposition
of these function spaces. A characterization of these function spaces in terms of the
difference relations is given.
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1 Introduction

Function spaces have been a central topic in modern analysis, and are now of increas-
ing applications in many fields of mathematics especially harmonic analysis and par-
tial differential equations. The most known general scales of function spaces are the
scales of Besov spaces and Triebel-Lizorkin spaces and it is known that they cover many
well-known classical function spaces such as Hölder-Zygmund spaces, Hardy spaces and
Sobolev spaces. For more details one can refer to Triebel’s books [58–60].

In recent years many researchers have modified the classical spaces and have gen-
eralized the classical results to these modified ones. For example: Function spaces of
generalized smoothness. These types of function spaces have been introduced by several
authors. We refer, for instance, to Bownik [8], Cobos and Fernandez [14], Goldman [30]
and [31], and Kalyabin [38]; see also Kalyabin and Lizorkin [39].

The theory of these spaces had a remarkable development in part due to its usefulness
in applications. For instance, they appear in the study of trace spaces on fractals, see

Edmunds and Triebel [22, 23], where they introduced the spaces Bs,Ψ
p,q , where Ψ is a so-

called admissible function, typically of log-type near 0. For a complete treatment of these
spaces we refer the readers to the work of Moura [46].
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Besov [2–4] defined function spaces of variable smoothness and obtained their char-
acterizations by differences, interpolation, embeddings and extension. Such spaces are
a special case of the so-called 2-microlocal function spaces. The concept of 2-microlocal
analysis, or 2-microlocal function spaces, is due to Bony [5]. These type of function spaces
have been studied in detail in [40]. We mention the papers [41, 42] and references given
therein.

More general function spaces of generalized smoothness can be found in Farkas and
Leopold [24], and reference therein.

Tyulenev has introduced in [62] a new family of Besov spaces of variable smoothness
which cover many classes of Besov spaces, where the norm on these spaces was defined
with the help of classical differences.

Based on this weighted class and the Fourier-analytical methods we introduce Besov
spaces of variable smoothness consisting of tempered distributions and present their es-
sential properties such as the ϕ-transforms characterization, Sobolev embeddings, atom-
ic, molecular and wavelet decompositions.

The paper is organized as follows. First we give some preliminaries where we fix
some notations and recall some basic facts on the Muckenhoupt classes and the weighted
class of Tyulenev. Also we give some key technical lemmas needed in the proofs of the
main statements. We then define the Besov spaces as follows. Let S(Rn) be the set of all
Schwartz functions ϕ on Rn, i.e., ϕ is infinitely differentiable and

∥∥ϕ|SM

∥∥ := sup
β∈Nn

0 ,|β|≤M

sup
x∈Rn

|∂β ϕ(x)|(1+|x|)n+M+|β|
<∞

for all M∈N. Select a Schwartz function ϕ such that

suppFϕ⊂
{

ξ :
1

2
≤|ξ|≤2

}

and

|Fϕ(ξ)|≥ c, if
3

5
≤|ξ|≤ 5

3
,

where c>0 and we put ϕk =2kn ϕ(2k·), k∈Z. Here Fϕ denotes the Fourier transform of
ϕ, defined by

Fϕ(ξ) :=(2π)−n/2
∫

Rn
e−ix·ξ ϕ(x)dx, ξ∈R

n .

Let

S∞(R
n) :=

{
ϕ∈S(Rn) :

∫

Rn
xβ ϕ(x)dx=0 for all multi-indices β∈N

n
0

}
.

Following Triebel [58], we consider S∞(Rn) as a subspace of S(Rn), including the topol-
ogy. Thus, S∞(Rn) is a complete metric space. Equivalently, S∞(Rn) can be defined as a
collection of all ϕ∈S(Rn) such that semi-norms

∥∥ϕ
∥∥

M
:= sup

|β|≤M

sup
ξ∈Rn

|∂β ϕ(ξ)|
(
|ξ|M+|ξ|−M)

<∞
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for all M ∈ N0, see [7, Section 3]. The semi-norms {
∥∥ ·

∥∥
M
}M∈N0

generate a topology
of a locally convex space on S∞(Rn) which coincides with the topology of S∞(Rn) as a
subspace of a locally convex space S(Rn). Let S ′

∞(R
n) be the topological dual of S∞(Rn),

namely, the set of all continuous linear functionals on S∞(Rn). Let 0< p≤∞ and 0< q≤
∞. Let {tk} be a p-admissible sequence i.e. tk ∈ Lloc

p (Rn), k ∈Z. The Besov-type space

Ḃp,q(Rn,{tk}) is the collection of all f ∈S ′
∞(Rn) such that

∥∥ f |Ḃp,q(R
n,{tk})

∥∥ :=
( ∞

∑
k=−∞

∥∥tk(ϕk∗ f )|Lp(R
n)
∥∥q
) 1

q
<∞

with the usual modifications if q = ∞. In this section several basic properties such as
the ϕ-transform characterization are obtained and we extend well-known embeddings
to these function spaces. The main statements are formulated in Section 4, where we give
the atomic, molecular and wavelet decomposition of these function spaces. In Section 6
we study the inhomogeneous spaces Bp,q(Rn,{tk}), and we outline analogous results for
these spaces. In addition we present an characterization of these function spaces in terms
of the difference relations.

2 Some fundamental maximal inequalities

Our arguments of this paper are essentially rely on the weighted boundedness of Hardy-
Littlewood maximal function. In this paper we will assume that the weight sequence {tk}
used to define the space Ḃp,q(Rn,{tk}) lies in the new weighted class Ẋα,σ,p (see Definition
2.3). Therefore we need a new version of Hardy-Littlewood maximal inequality.

2.1 Notation and conventions

Throughout this paper, we denote by Rn the n-dimensional real Euclidean space, N the
collection of all natural numbers and N0 =N∪{0}. The letter Z stands for the set of all
integer numbers. The expression f . g means that f ≤ cg for some independent constant
c (and non-negative functions f and g), and f ≈g means f .g. f . As usual for any x∈R,
⌊x⌋ stands for the largest integer smaller than or equal to x.

For x∈Rn and r>0 we denote by B(x,r) the open ball in Rn with center x and radius
r. By supp f we denote the support of the function f , i.e., the closure of its non-zero set.
If E ⊂Rn is a measurable set, then |E| stands for the (Lebesgue) measure of E and χE

denotes its characteristic function. By c we denote generic positive constants, which may
have different values at different occurrences.

A weight is a nonnegative locally integrable function on Rn that takes values in (0,∞)
almost everywhere. For a measurable set E⊂Rn and a weight γ, γ(E) denotes

∫

E
γ(x)dx.
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Given a measurable set E⊂Rn and 0<p≤∞, we denote by Lp(E) the space of all functions
f : E→C equipped with the quasi-norm

∥∥ f |Lp(E)
∥∥ :=

(∫

E
| f (x)|p

dx
) 1

p
<∞

with 0< p<∞ and ∥∥ f |L∞(E)
∥∥ :=ess-sup

x∈E

| f (x)|<∞.

For a function f in Lloc
1 (Rn), we set

MA( f ) :=
1

|A|
∫

A
| f (x)|dx

for any A⊂Rn. Furthermore, we put

MA,p( f ) :=
( 1

|A|
∫

A
| f (x)|p

dx
) 1

p

with 0< p<∞. Notice that if 0< p<q<∞, then

MA,p( f )≤MA,q( f ).

Further, given a measurable set E⊂Rn and a weight γ, we denote the space of all func-
tions f :Rn→C with finite quasi-norm

∥∥ f |Lp(R
n,γ)

∥∥ :=
∥∥ f γ|Lp(R

n)
∥∥

by Lp(Rn,γ).
Let 0 < p,q ≤ ∞. The space ℓq(Lp) is defined to be the set of all sequences { fk} of

functions such that

∥∥{ fk}|ℓq(Lp)
∥∥ :=

( ∞

∑
k=−∞

∥∥ fk|Lp(R
n)
∥∥q
) 1

q
<∞

with the usual modifications if q=∞.
Let 0<p≤∞. The space ℓp(Zn) is defined to be the set of all sequences u={um}m∈Zn⊂

C such that
∥∥u|ℓp(Zn)

∥∥ :=
(

∑
m∈Zn

|um|p
) 1

p
<∞,

with the usual modifications if p=∞. Let 0< p,q≤∞. The space ℓq(ℓp(Zn)) is defined to
be the set of all sequences a={ak}k∈Z,ak ∈ ℓp(Zn) such that

∥∥a|ℓq(ℓp(Zn))
∥∥<∞,
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where
∥∥a|ℓq(ℓp(Zn))

∥∥ :=
( ∞

∑
k=−∞

∥∥ak|ℓp(Zn)
∥∥q
) 1

q
,

with the usual modifications if q=∞ or p=∞.
If 1 ≤ p ≤ ∞ and 1

p +
1
p′ = 1, then p′ is called the conjugate exponent of p. In what

follows, Q will denote a cube in the space Rn with sides parallel to the coordinate axes
and l(Q) will denote the side length of the cube Q. For all cubes Q and r> 0, let rQ be
the cube concentric with Q having the side length rl(Q). For k∈Z and m∈Zn, denote by
Qk,m the dyadic cube,

Qk,m :=2−k([0,1)n+m).

For the collection of all such cubes we use

Q :={Qk,m : k∈Z,m∈Z
n}.

For each cube Q, we denote by xk,m the lower left-corner 2−km of Q=Qk,m. Also, we set
χk,m=χQk,m

,k∈Z, m∈Zn.

Recall that ηk,m(x) := 2nk(1+2k |x|)−m, for any x ∈ Rn, k ∈ Z and m > 0. Note that
ηk,m ∈ L1(Rn) when m> n and that ‖ηk,m‖1 = cm is independent of k, where this type of
function was introduced in [18] and [35].

2.2 Muckenhoupt weights

The purpose of this subsection is to review some known properties of the Muckenhoupt
class.

Definition 2.1. Let 1<p<∞. We say that a weight γ belongs to the Muckenhoupt class Ap(Rn)
if there exists a constant C>0 such that the following inequality holds:

sup
Q: cube in Rn

MQ(γ)M
Q,

p′
p

(γ−1)≤C. (2.1)

The smallest constant C, for which (2.1) holds, is denoted by Ap(γ). As an example,
we can take

γ(x)= |x|α, α∈R.

Then γ∈Ap(Rn), 1<p<∞, if and only if −n<α<n(p−1). For p=1 we rewrite the above
definition in the following way.

Definition 2.2. We say that a weight γ belongs to the Muckenhoupt class A1(R
n) if there exists

a constant C>0 such that the following inequality holds:

sup
Q: cube in Rn

MQ(γ)
∥∥γ−1|L∞(Q)

∥∥≤C. (2.2)
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The smallest constant C, for which (2.2) holds, will be denoted by A1(γ). The above
classes have been first studied by Muckenhoupt [47] and use to characterize the bound-
edness of the Hardy-Littlewood maximal function on Lp(Rn,γ), see the monographs [28]
and [32] for a complete account on the theory of Muckenhoupt weights.

We recall a few basic properties of the class Ap(Rn) weights, see [21, Chapter 7], [32,
Chapter 7] and [57, Chapter 5].

Lemma 2.1. Let 1≤ p<∞.

• (i) If γ∈Ap(Rn), then for any 1≤ p<q, γ∈Aq(Rn).

• (ii) Let 1< p<∞. γ∈Ap(Rn) if and only if γ1−p′∈Ap′(R
n).

• (iii) Let γ ∈ Ap(Rn). There is C > 0 such that for any cube Q and a measurable subset
E⊂Q ( |E|

|Q|
)p−1

MQ(γ)≤CME(γ).

• (iv) Suppose that γ∈ Ap(Rn) for some 1< p<∞. Then there exists 1< p1 < p<∞ such
that γ∈Ap1

(Rn).

• (v) Let 1≤ p<∞ and γ∈ Ap(Rn). Then there exist δ∈ (0,1) and C>0 depending only
on n, p, and Ap(γ) such that for any cube Q and any measurable subset S of Q we have

MS(γ)

MQ(γ)
≤C

( |S|
|Q|

)δ−1
.

The following theorem gives a useful property of Ap(Rn) weights (reverse Hölder
inequality), see [32, Chapter 7] or [45, Chapter 1].

Theorem 2.1. Let 1≤ p < ∞ and γ ∈ Ap(Rn). Then there exist constants C > 0 and εγ > 0
depending only on n,p and on Ap(γ), such that for every cube Q,

MQ,1+εγ(γ)≤CMQ(γ).

2.3 The weight class Ẋα,σ,p

Let 0< p≤∞. A weight sequence {tk} is called p-admissible if tk ∈ Lloc
p (Rn) for all k∈Z.

We mention here that (∫

E
t

p
k (x)dx

) 1
p

≤ c(k)

for any k∈Z and any compact set E⊂Rn with the usual modifications if p=∞. For a
p-admissible weight sequence {tk} we set

tk,m :=
∥∥tk|Lp(Qk,m)

∥∥, k∈Z, m∈Z
n.

Tyulenev [61] introduced the following new weighted class and use it to study Besov
spaces of variable smoothness.
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Definition 2.3. Let α1, α2 ∈R, p, σ1, σ2 ∈ (0,+∞], α= (α1,α2) and let σ = (σ1,σ2). We let
Ẋα,σ,p= Ẋα,σ,p(Rn) denote the set of p-admissible weight sequences {tk} satisfying the following
conditions. There exist numbers C1,C2>0 such that for any k≤ j and every cube Q,

MQ,p(tk)MQ, σ1
(t−1

j )≤C12α1(k−j), (2.3)

M−1
Q,p(tk)MQ, σ2

(tj)≤C22α2(j−k). (2.4)

The constants C1,C2>0 are independent of both the indexes k and j.

Remark 2.1. (i) We would like to mention that if {tk} satisfies (2.3) with σ1 = r
( p

r

)′
and

0< r< p≤∞, then t
p
k ∈ A p

r
(Rn) for any k∈Z with 0< r< p<∞ and t−r

k ∈ A1(R
n) for any

k∈Z with p=∞.
(ii) We say that tk ∈Ap(Rn), k∈Z, 1< p<∞ have the same Muckenhoupt constant if

Ap(tk)= c, k∈Z,

where c is independent of k.
(iii) Definition 2.3 is different from the one used in [61, Definition 2.1] and Definition 2.7
in [62], because we used the boundedness of the maximal function on weighted Lebesgue
spaces.

Example 2.1. Let 0<r<p<∞, a weight ωp∈A p
r
(Rn) and {sk}={2ksωp}k∈Z, s∈R. Clearly,

{sk}k∈Z lies in Ẋα,σ,p for α1=α2= s, σ=(r( p
r )

′,p).

Remark 2.2. Let 0< θ ≤ p<∞. Let α1, α2 ∈R, σ1,σ2 ∈ (0,+∞], σ2 ≥ p, α=(α1,α2) and let

σ=(σ1= θ
( p

θ

)′
,σ2). Let {tk}∈ Ẋα,σ,p be a p-admissible weight sequence. Then

α2≥α1.

Indeed, applying Hölder’s inequality we find that for any cube Q

1=
( 1

|Q|
∫

Q
t−θ

j (y)tθ
j (y)dy

) 1
θ ≤MQ,p(tj)MQ,σ1

(t−1
j ), j∈Z.

Hence
M−1

Q,σ1
(t−1

j )≤MQ,p(tj)

and since {tk}∈ Ẋα,σ,p, we get for any k≤ j

M−1
Q,p(tk)M−1

Q,σ1
(t−1

j )≤C2α2(j−k).

Therefore, for some positive constant c independent of k and j the following estimate is
valid:

2(α2−α1)(j−k)≥ c,

that obviously implies α2≥α1.
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Lemma 2.2. Let 0<θ≤p<∞ and {tk} be a p-admissible weight sequence such that t
p
k ∈A p

θ
(Rn),

k∈Z with

A p
θ
(t

p
k )≤C, k∈Z,

where C is a positive constant independent of k. Then

∥∥tkηj,N |Lp(R
n)
∥∥≤ c 2

jn(1− 1
p )MB(0,2−j),p(tk)

holds for any N> n
θ and any j,k∈Z where the positive constant c is independent of k and j. In

addition and under the same assumption on N, we have

∥∥tkηj,N |Lp(R
n)
∥∥≤ c 2jn(1− 1

θ )MB(0,1),p(tk), j≤0, k∈Z,

where the positive constant c is independent of k and j.

Proof. This is probably a known result but we include the proof of the first estimate for
convenience. We can write

2jn(1−p)
∥∥tkηj,N |Lp(R

n)
∥∥p≤MB(0,2−j)(t

p
k )+

∫

Rn\B(0,2−j)
t

p
k (x)ηj,N p(x)dx.

The second integral can be rewritten as

∞

∑
i=0

∫

2i−j≤|x|<2i−j+1
t

p
k (x)ηj,N p(x)dx

≤
∞

∑
i=0

2−iN p+jn
∫

2i−j≤|x|<2i−j+1
t

p
k (x)dx.

∞

∑
i=0

2−i(N− n
θ )pMB(0,2−j)(t

p
k )

. MB(0,2−j)(t
p
k ),

since N> n
θ where in the second estimate we have used Lemma 2.1 (iii).

Further notation will be properly introduced whenever needed.

2.4 Auxiliary results

In this subsection we present some results which are useful for us. As usual, we put

M( f )(x) :=sup
Q

1

|Q|
∫

Q
| f (y)|dy, f ∈Lloc

1 (Rn),

where the supremum is taken over all cubes with sides parallel to the axis and x∈Q. Also
we set

Mσ( f ) :=
(
M(| f |σ)

) 1
σ , 0<σ<∞.
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Theorem 2.2. Let 1< p≤∞. Then

∥∥M( f )|Lp(R
n)
∥∥.

∥∥ f |Lp(R
n)
∥∥

holds for all f ∈Lp(Rn).

For the proof see [32, Chapter]. We need the following version of the Calderón-
Zygmund covering lemma, see [15, Lemma 3.3], [16, Appendix A] and [50, Chapter 7].

Lemma 2.3. Let f be a measurable function such that 1
|Q|

∫
Q | f |→0 as |Q|→∞. Given a>2n+1,

for each i∈Z there exists a disjoint collection of maximal dyadic cubes {Qi,h}h such that for each
h,

ai ≤ 1

|Qi,h|

∫

Qi,h
| f (x)|dx≤2n ai,

Ωi :={x∈R
n :M( f )(x)>4nai}⊂∪h3Qi,h.

Let

Ei :=∪hQi,h, Ei,h :=Qi,h\(Qi,h∩Ei+1).

Then Ei,h ⊂Qi,h, there exists a constant β>1, depending only on a, such |Ei,h|β≥|Qi,h| and the
sets Ei,h are pairwise disjoint for all i and h.

Now we state the main result of this subsection.

Lemma 2.4. Let 1<θ≤p<∞. Let {tk} be a p-admissible weight sequence such that t
p
k∈A p

θ
(Rn),

k∈Z. Assume that t
p
k , k∈Z, have the same Muckenhoupt constant, A p

θ
(t

p
k )=C,k∈Z. Then

∥∥M( fk)|Lp(R
n,tk)

∥∥≤ c
∥∥ fk|Lp(R

n,tk)
∥∥ (2.5)

for all sequences of functions fk ∈Lp(Rn,tk), k∈Z, where c>0 is independent of k.

Proof. By duality the left-hand side of (2.5) can be estimated by

sup
∫

Rn
tk(x)M( fk)(x)|gk(x)|dx=supTk,

where the supremum is taken over all sequences of functions gk ∈Lp′(R
n) with

∥∥gk|Lp′(R
n)
∥∥≤1, k∈Z,

where p′ is the conjugate exponent of p. Let Q be a cube. By Hölder’s inequality,

MQ( fk)≤
1

|Q|
∥∥tk fk|Lp(Q)

∥∥∥∥t−1
k |Lp′(Q)

∥∥≤ c

|Q|
∥∥t−1

k |Lp′(Q)
∥∥, k∈Z.
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Since t
p
k ∈A p

θ
(Rn), k∈Z, by Lemma 2.1 (i), t

p
k ∈Ap(Rn), k∈Z and

1

|Q|
∥∥t−1

k |Lp′(Q)
∥∥≤C

∥∥tk|Lp(Q)
∥∥−1

,

where the positive constant C is independent of k. Moreover
∥∥tk|Lp(Q)

∥∥→∞ as |Q|→∞

for any k∈Z, by Lemma 2.1 (v). Hence, we can apply Lemma 2.3. Let

Ωi
k :={x∈R

n :M( fk)(x)>4nλi}, k,i∈Z,

with λ>2n+1 and

Hi
k :={x∈R

n : 4nλi
<M( fk)(x)≤4nλi+1}, k,i∈Z.

We have

Tk =
∞

∑
i=−∞

∫

Hi
k

tk(x)M( fk)(x)|gk(x)|dx≤4n
∞

∑
i=−∞

λi+1
∫

Ωi
k

tk(x)|gk(x)|dx.

Let {Qi,k,h}h be the collection of maximal dyadic cubes as in Lemma 2.3 with

Ωi
k ⊂∪h3Qi,k,h,

which implies that

Tk ≤4n
∞

∑
i=−∞

∞

∑
h=0

λi+1
∫

3Qi,k,h
tk(x)|gk(x)|dx, k∈Z. (2.6)

Applying Hölder’s inequality,

∫

3Qi,k,h
tk(x)|gk(x)|dx≤

(∫

3Qi,k,h
tτ
k (x)dx

) 1
τ
(∫

3Qi,k,h
|gk(x)|τ′

dx
) 1

τ′

= |3Qi,k,h|M3Qi,k,h,τ(tk)M3Qi,k,h,τ′(gk)

with τ>1. Put τ=p(1+εt
p
k
) with εt

p
k

as in Theorem 2.1, which is possible since t
p
k ∈A p

θ
(Rn)

for any k∈Z. Obviously, we have

M3Qi,k,h,τ(tk)=M3Qi,k,h,p(1+ε
t
p
k
)(tk)≤ c M3Qi,k,h,p(tk), k∈Z.

Since t
p
k , k∈Z, have the same Muckenhoupt constant and from the proof of Theorem 7.2.2

in [32] the constant c in (2.7) is independent of k. Therefore,

∫

3Qi,k,h
tk(x)|gk(x)|dx. |Qi,k,h|M3Qi,k,h,p(tk)M3Qi,k,h,τ′(gk).



28 Drihem D / J. Math. Study, 56 (2023), pp. 18-92

We deduce from the above that

λi
∫

3Qi,k,h
tk(x)|gk(x)|dx. |Qi,k,h

k |M3Qi,k,h,p(tk)M
Qi,k,h

k
( fk)M3Qi,k,h,τ′(gk).

By Hölder’s inequality,

MQi,k,h( fk)≤M3Qi,k,h,
σ1
θ
(t−1

k )M3Qi,k,h,
p
θ
(tk fk),

M3Qi,k,h,
σ1
θ
(t−1

k )≤M3Qi,k,h,σ1
(t−1

k )

with σ1= θ( p
θ )

′. Hence

λi
∫

3Qi,k,h
tk(x)|gk(x)|dx. |Qi,k,h|M3Qi,k,h,

p
θ
(tk fk)M3Qi,k,h,τ′(gk).

Since |Qi,k,h| ≤ β|Ei,k,h|, with Ei,k,h = Qi,k,h\(Qi,k,h∩(∪hQi+1,k,h)) and the family Ei,k,h are
pairwise disjoint, the last expression is bounded by

c
∫

Ei,k,h
M3Qi,k,h,

p
θ
(tk fk)M3Qi,k,h,τ′(gk)dx.

∫

Rn
M p

θ
(tk fk)(x)Mτ′(gk)(x)χEi,k,h(x)dx.

Therefore, (2.6) does not exceed

c
∞

∑
i=−∞

∞

∑
h=0

∫

Rn
M p

θ
(tk fk)(x)Mτ′(gk)(x)χEi,k,h(x)dx.

∫

Rn
M p

θ
(tk fk)(x)Mτ′(gk)(x)dx.

This implies that

Tk.
∫

Rn
M p

θ
(tk fk)(x)Mτ′(gk)(x)dx

for any k∈Z. By Hölder’s inequality Tk can be estimated by

c
∥∥M p

θ

(
tk fk

)
|Lp(R

n)
∥∥∥∥Mτ′(gk)|Lp′(R

n)
∥∥.

∥∥tk fk|Lp(R
n)
∥∥,

where we used Theorem 2.2 and the fact that
∥∥gk|Lp′(R

n)
∥∥≤1, k∈Z.

The proof is complete.

Remark 2.3. (i) We would like to mention that the result of this lemma is true if we
assume that tk ∈A p

θ
(Rn), k∈Z, 1< θ< p<∞ with

A p
θ
(t

p
k )≤ c, k∈Z,

where c is a positive constant independent of k.

(ii) The property (2.5) can be generalized in the following way. Let 1<θ≤ p<∞ and {tk}
be a p-admissible sequence such that t

p
k ∈A p

θ
(Rn), k∈Z.
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• If t
p
k , k∈Z satisfies (2.3), then

∥∥M( f j)|Lp(R
n,tk)

∥∥≤ c 2α1(k−j)
∥∥ f j|Lp(R

n,tj)
∥∥

holds for all sequences of functions f j ∈ Lp(Rn,tj), j ∈Z and j ≥ k, where c > 0 is
independent of k and j. Indeed, we use the same schema as in the proof of Lemma
2.4, we arrive at the inequality

λi
∫

3Qi,j,h
tk(x)|gk(x)|dx. |Qi,j,h

k |M3Qi,j,h,p(tk)M
Q

i,j,h
k

( f j)M3Qi,j,h,τ′(gk). (2.7)

By Hölder’s inequality and (2.3), we obtain

MQi,j,h( f j)≤ M3Qi,j,h,σ1
(t−1

j )M3Qi,j,h,
p
θ
(tj f j)

. 2α1(k−j)
(

M3Qi,j,h,p(tk)
)−1

M3Qi,j,h,
p
θ
(tj f j), j≥ k. (2.8)

Plug (2.8) into (2.7). Then this gives

λi
∫

3Qi,j,h
tk(x)|gk(x)|dx.2α1(k−j)M3Qi,j,h,

p
θ
(tj f j)M3Qi,j,h,τ′(gk).

The remaining arguments are similar to those in the proof of Lemma 2.4.

• If t
p
k , k∈Z satisfies (2.4) with σ2≥ p, then

∥∥M( f j)|Lp(R
n,tk)

∥∥≤ c 2α2(k−j)
∥∥ f j|Lp(R

n,tj)
∥∥

holds for all sequences of functions f j ∈ Lp(Rn,tj), j ∈Z and k ≥ j, where c > 0 is
independent of k and j. Indeed, we use again the same schema as in the proof of
Lemma 2.4, we arrive at the estimate (2.7). By (2.4), we obtain

M3Qi,j,h,p(tk).2α2(k−j)M3Qi,j,h,p(tj).

The remaining part of the argument is quite similar to those used in the proof of Lemma
2.4.

(iii) A proof of this result for t
p
k =ω, k∈Z may be found in [47].

(iv) In view of Lemma 2.1 (iv) we can assume that t
p
k ∈Ap(Rn), k∈Z, 1< p<∞ with

Ap(t
p
k )≤ c, k∈Z,

where c>0 is independent of k.

We need the following lemma, which is a discrete convolution inequality, see for ex-
ample [6, p. 135].



30 Drihem D / J. Math. Study, 56 (2023), pp. 18-92

Lemma 2.5. Let 0< a<1 and 0< q≤∞. Let {κk} be a sequences of positive real numbers and
denote

δk :=
k

∑
j=−∞

ak−jκj, k∈Z, ηk :=
∞

∑
j=k

aj−kκj, k∈Z.

Then there exists constant c>0 depending only on a and q such that

( ∞

∑
k=−∞

δ
q
k

) 1
q
+
( ∞

∑
k=−∞

η
q
k

) 1
q ≤ c

( ∞

∑
k=−∞

κ
q
k

) 1
q
.

The next lemma is important for the study of our function spaces.

Lemma 2.6. Let K≥0,1< θ≤ p<∞,1< q<∞ and α=(α1,α2)∈R2. Let {tk}∈ Ẋα,σ,p be a p-

admissible weight sequence with σ=(σ1=θ
( p

θ

)′
,σ2≥ p). Then for all sequences {tk fk}∈ℓq(Lp),

( ∞

∑
k=−∞

( k

∑
j=−∞

2(j−k)K
∥∥M( f j)|Lp(R

n,tk)
∥∥
)q) 1

q
.
( ∞

∑
k=−∞

∥∥ fk|Lp(R
n,tk)

∥∥q
) 1

q

if K>α2 and

( ∞

∑
k=−∞

( ∞

∑
j=k

2(j−k)K
∥∥M( f j)|Lp(R

n,tk)
∥∥
)q) 1

q
.
( ∞

∑
k=−∞

∥∥ fk|Lp(R
n,tk)

∥∥q
) 1

q

if K<α1.

Proof. This is a direct consequence of Remark 2.3 and Lemma 2.5.

3 The space Ḃp,q(Rn,{tk})
In this section we present the Fourier analytical definition of Besov spaces of variable
smoothness and we prove their basic properties in analogy to the classical Besov spaces.

3.1 Definition and some properties

Select a pair of Schwartz functions ϕ and ψ satisfy

suppFϕ,suppFψ⊂
{

ξ :
1

2
≤|ξ|≤2

}
, (3.1)

|Fϕ(ξ)|,|Fψ(ξ)|≥ c if
3

5
≤|ξ|≤ 5

3
, (3.2)

∞

∑
k=−∞

Fϕ(2−kξ)Fψ(2−kξ)=1 if ξ 6=0, (3.3)

where c> 0. Throughout the paper, for all k ∈Z and x∈Rn, we put ϕk(x) := 2kn ϕ(2kx)

and ϕ̃(x) := ϕ(−x).
Now, we define the spaces under consideration.
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Definition 3.1. Let 0< p≤∞ and 0<q≤∞. Let {tk} be a p-admissible weight sequence. Let ψ
and ϕ∈S be a function satisfying (3.1) and (3.2).The Besov space Ḃp,q(Rn,{tk}) is the collection
of all f ∈S ′

∞(R
n) such that

∥∥ f |Ḃp,q(R
n,{tk})

∥∥ :=
( ∞

∑
k=−∞

∥∥tk(ϕk∗ f )|Lp(R
n)
∥∥q
) 1

q
<∞

with the usual modifications if q=∞.

Remark 3.1. (i) We would like to mention that the elements of the spaces Ḃp,q(Rn,{tk})
are not distributions but equivalence classes of distributions, i.e., we have to calculate
modulo polynomials. If f is a polynomial then

∥∥ f |Ḃp,q(Rn,{tk})
∥∥=0.

(ii) In [61–63] Tyulenev introduced and investigated function spaces of generalised s-
moothness. These spaces are defined in terms of the difference relations. Let M∈N,0<
p,r<∞ and 0<q≤∞. Let {tk} be a p-admissible weight sequence. The class B̃M

p,q,r(R
n,{tk})

of Tyulenev is defined to be the collection of all f ∈Lloc
r (Rn) satisfying

∥∥ f |B̃M
p,q,r(R

n,{tk})
∥∥<∞,

where

∥∥ f |B̃M
p,q,r(R

n,{tk})
∥∥ :=

∥∥ f |B̃M
p,q,r(R

n,{tk})
∥∥•+

∥∥t0

∥∥ f |Lr(·+ In)
∥∥∣∣Lp(R

n)
∥∥

with
∥∥ f |B̃M

p,q,r(R
n,{tk})

∥∥• :=
( ∞

∑
k=1

t
q
k

∥∥δM
r (·+2−k In) f |Lp(R

n)
∥∥q
) 1

q
,

where

δM
r (x+2−k In) f :=

( 1

2−2nk

∫

2−k In

∫

x+2−k In

∣∣∣∆M
h f (y)

∣∣∣
r
dydh

) 1
r
,

x∈Rn,k∈N and In :=(−1,1)n. Here ∆M
h is the differences of order M, see Section 5.

(iii) The Triebel-Lizorkin version of B̃M
p,q,r(R

n,{tk}) is given in [20], see [64] for some prop-

erties of the inhomogeneous counterparts of Ḃp,q(Rn,{tk}).

Using the system {ϕk} we can define the quasi-norms

∥∥ f |Ḃs
p,q(R

n)
∥∥ :=

( ∞

∑
k=−∞

2ksq
∥∥ϕk∗ f |Lp(R

n)
∥∥q
) 1

q

for constants s∈R and 0<p,q≤∞, with the usual modifications if q=∞. The Besov space
Ḃs

p,q(R
n) consist of all distributions f ∈S ′

∞(R
n) for which

∥∥ f |Ḃs
p,q(R

n)
∥∥<∞.
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It is well-known that these spaces do not depend on the choice of the systems {ϕk} (up
to equivalence of quasinorms). Further details on the classical theory of these spaces,
included the nonhomogeneous case, can be found in [25-27, 52, 58-60].

One recognizes immediately that if {tk}={2sk}, s∈R, then

Ḃp,q(R
n,{2sk})= Ḃs

p,q(R
n).

Moreover, for {tk}= {2skw}, s ∈ R with a weight w we re-obtain the weighted Besov
spaces; we refer, in particular, to the papers [10-13, 36, 51, 53, 54] for a comprehensive
treatment of the weighted spaces. See the papers [1, 17, 19, 42]for more information
about Besov and Triebel-Lizorkin spaces of variable smoothness and integrability.

A basic tool to study the above function spaces is the following Calderón reproducing
formula, see [67, Lemma 2.1].

Lemma 3.1. Suppose ϕ, ψ∈S(Rn) satisfying (3.1) through (3.3). If f ∈S ′
∞(R

n), then

f =
∞

∑
k=−∞

2−kn ∑
m∈Zn

ϕ̃k∗ f (2−km)ψk(·−2−km), (3.4)

where ϕ̃(x)≡ ϕ(−x) for all x∈Rn.

Let ϕ, ψ∈S(Rn) satisfying (3.1) through (3.3). Recall that the ϕ-transform Sϕ is de-
fined by setting

(Sϕ f )k,m = 〈 f ,ϕk,m〉, k∈Z,m∈Z
n ,

where ϕk,m(x)=2
kn
2 ϕ(2kx−m), k∈Z and m∈Zn. The inverse ϕ-transform Tψ is defined

by

Tψλ :=
∞

∑
k=−∞

∑
m∈Zn

λk,mψk,m,

where λ={λk,m}k∈Z,m∈Zn ⊂C, see [26].

Now we introduce the corresponding sequence spaces of Ḃp,q(Rn,{tk}).

Definition 3.2. Let 0< p≤∞ and 0<q≤∞. Let {tk} be a p-admissible weight sequence. Then
for all complex valued sequences λ={λk,m}k∈Z,m∈Zn ⊂C we define

ḃp,q(R
n,{tk}) :=

{
λ :

∥∥λ|ḃp,q(R
n,{tk})

∥∥<∞
}

,

where
∥∥λ|ḃp,q(R

n,{tk})
∥∥ :=

( ∞

∑
k=−∞

2
knq

2
∥∥ ∑

m∈Zn

tkλk,mχk,m|Lp(R
n)
∥∥q
) 1

q

with the usual modifications if q=∞.
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Allowing the smoothness tk, k∈Z to vary from point to point will raise extra diffi-
culties to study these function spaces. But by the following lemma the problem can be
reduced to the case of fixed smoothness. The proof is obvious.

Proposition 3.1. Let 0<p≤∞ and 0<q≤∞. Let {tk} be a p-admissible weight sequence. Then

∥∥λ|ḃp,q(R
n,{tk})

∥∥∗ :=
( ∞

∑
k=−∞

2
knq

2

(
∑

m∈Zn

|λk,m|pt
p
k,m

) q
p
) 1

q
,

is an equivalent quasi-norm in ḃp,q(Rn,{tk}).

The following important properties of the sequence spaces will be required in what
follows.

Lemma 3.2. Let 0 < θ ≤ p < ∞ and 0 < q ≤ ∞. Let {tk} be a p-admissible weight sequence

satisfying (2.3) with σ1 = θ
( p

θ

)′
and j= k. Let k∈Z,m∈Zn and λ∈ ḃp,q(Rn,{tk}). Then there

exists c>0 independent of k and m such that

|λk,m|≤ c 2−
kn
2 t−1

k,m

∥∥λ|ḃp,q(R
n,{tk})

∥∥.

Proof. Let λ∈ ḃp,q(Rn,{tk}),k∈Z and m∈Zn. Since {tk} is a p-admissible sequence satis-

fying (2.3) with σ1= θ
( p

θ

)′
, we get by Hölder’s inequality

|λk,m|=
( 1

|Qk,m|
∫

Qk,m

|λk,m|θdy
) 1

θ

≤ MQk,m,p(λk,mtk)MQk,m,σ1
(t−1

k )

≤ c 2−
kn
2 t−1

k,m

∥∥λ|ḃp,q(R
n,{tk})

∥∥,

where c>0 is independent of k∈Z and m∈Zn.

Lemma 3.3. Let α=(α1,α2)∈R2,0<θ≤p<∞ and 0<q≤∞. Let {tk}∈Ẋα,σ,p be a p-admissible

weight sequence with σ=(σ1 = θ
( p

θ

)′
,σ2 ≥ p). Let ψ∈S(Rn) satisfy (3.1) and (3.2). Then for

all λ∈ ḃp,q(Rn,{tk})

Tψλ :=
∞

∑
k=−∞

∑
m∈Zn

λk,mψk,m,

converges in S ′
∞(R

n); moreover, Tψ : ḃp,q(Rn,{tk})→S ′
∞(Rn) is continuous.

Proof. Let λ∈ ḃp,q(Rn,{tk}) and ϕ∈S∞(Rn). We see that

∞

∑
k=−∞

∑
m∈Zn

|λk,m||〈ψk,m,ϕ〉|= I1+ I2,
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where

I1 :=
0

∑
k=−∞

∑
m∈Zn

|λk,m||〈ψk,m,ϕ〉| and I2 :=
∞

∑
k=1

∑
m∈Zn

|λk,m||〈ψk,m,ϕ〉|.

It suffices to show that both I1 and I2 are dominated by

c
∥∥λ|ḃp,q(R

n,{tk})
∥∥.

(1) Estimate of I1. Let us recall the following estimate, see (3.18) in [8]. For any L>0,
there exists a positive constant M∈N such that for all ϕ, ψ∈S∞(Rn),i,k∈Z and m,h∈Zn,

|〈ϕk,m,ψi,h〉|.
∥∥ϕ

∥∥
SM+1

∥∥ψ
∥∥
SM+1

(
1+

|2−km−2−ih|n
max(2−kn,2−in)

)−L
min

(
2(i−k)nL,2(k−i)nL

)
.

Therefore,

|〈ψk,m,ϕ〉|.
∥∥ϕ

∥∥
SM+1

∥∥ψ
∥∥
SM+1

(
1+

|2−km|n
max(1,2−kn)

)−L
2−|k|nL.

Our estimate employs partially some decomposition techniques already used in [26] and
[43]. For each j∈N we define

Ωj :={m∈Z
n : 2j−1

< |m|≤2j}, Ω0 :={m∈Z
n : |m|≤1}.

Thus,

I1.
0

∑
k=−∞

2knL ∑
m∈Zn

|λk,m|(
1+|m|

)nL

= c
0

∑
k=−∞

2knL
∞

∑
j=0

∑
m∈Ωj

|λk,m|(
1+|m|

)nL

.
0

∑
k=−∞

2knL
∞

∑
j=0

2−nLj ∑
m∈Ωj

|λk,m|.

We claim that there exists 0< ̺<min(1,θ) such that 1
̺ =

1
τ +

1
σ1

with 0< τ< p. Indeed, if

θ>1, then σ1>1 and we choose

0<τ<min
( 1

1− 1
σ1

,p
)
.

Now, if 0< θ≤1, then we choose 0<τ< p and we obtain that

1

̺
=

1

τ
+

1

σ1
>

1

θ
,
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which proves the above claim. We have

I1.
0

∑
k=−∞

2knL
∞

∑
j=0

2−nLj
(

∑
m∈Ωj

|λk,m|̺
) 1

̺
.

= c
0

∑
k=−∞

2knL
∞

∑
j=0

2
( 1

̺−L)nj
(

2(k−j)n
∫

∪z∈Ωj
Qk,z

∑
m∈Ωj

|λk,m|̺χk,m(y)dy
) 1

̺
.

Let y∈∪z∈Ωj
Qk,z and x∈Q0,0. Then y∈Qk,z for some z∈Ωj and 2j−1< |z|≤2j . From this

it follows that

|y−x|≤ |y−2−kz|+|x−2−kz|≤
√

n 2−k+|x|+2−k |z|≤2j−k+δn , δn ∈N,

which implies that y is located in the ball B(x,2j−k+δn). In addition, from the fact that

|y|≤ |y−x|+|x|≤2j−k+δn+1≤2j−k+cn , cn ∈N,

we have that y is located in the ball B(0,2j−k+cn). Therefore, by Hölder’s inequality

(
2(k−j)n

∫

∪z∈Ωj
Qk,z

∑
m∈Ωj

|λk,m|̺χk,m(y)dy
) 1

̺

≤
(

2(k−j)n
∫

B(x,2j−k+cn)

∑
m∈Ωj

|λk,m|τtτ
k χk,m(y)dy

) 1
τ

MB(0,2j−k+cn),σ1
(t−1

k )

. Mτ

(
∑

m∈Zn

tk |λk,m|χk,m

)
(x)MB(0,2j−k+cn),σ1

(t−1
k ).

Since t−σ1

k ∈A(
p
θ )

′(Rn), k∈Z, by Lemma 2.1/(iii), (2.3) and (2.4) we obtain

MB(0,2j−k+cn),σ1
(t−1

k ). 2
(j−k) n

p MB(0,1),σ1
(t−1

k )

. 2
(j−k) n

p

(
MB(0,1),p(tk)

)−1

. 2
(j−k) n

p−kα2

(
MB(0,1),σ2

(t0)
)−1

for any k≤0 and any j∈N0. Hence, for any L large enough,

I1.
0

∑
k=−∞

2
k(nL−α2− n

p )Mτ

(
∑

m∈Zn

tk|λk,m|χk,m

)
(x), x∈Q0,0.

The last term is bounded in the Lp(Q0,0)-quasi-norm by

c
∥∥λ|ḃp,q(R

n,{tk})
∥∥
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with the help of Theorem 2.2.

(2) Estimate of I2. We have

|〈ψk,m,ϕ〉|.2−knL
∥∥ϕ

∥∥
SM+1

∥∥ψ
∥∥
SM+1

(
1+2−kn|m|n

)−L
, k≥1.

For each j,k∈N, define

Ωj,k :={m∈Z
n : 2j+k−1

< |m|≤2j+k},

Ω0,k :={m∈Z
n : |m|≤2k}.

Then we find

I2.
∞

∑
k=1

2−knL ∑
m∈Zn

|λk,m|(
1+2−k|m|

)nL

= c
∞

∑
k=1

2−knL
∞

∑
j=0

∑
m∈Ωj,k

|λk,m|(
1+2−k|m|

)nL

≤ c
∞

∑
k=1

2−knL
∞

∑
j=0

2−nLj ∑
m∈Ωj,k

|λk,m|.

Let 0<̺<min(1,θ) be such that 1
̺ =

1
τ +

1
σ1

with 0<τ< p. Using the embedding ℓ̺ →֒ ℓ1

we find that

I2.
∞

∑
k=1

2−knL
∞

∑
j=0

2−nLj
(

∑
m∈Ωj,k

|λk,m|̺
) 1

̺ .

= c
∞

∑
k=1

2−knL
∞

∑
j=0

2
( n

̺ −nL)j
(

2(k−j)n
∫

∪z∈Ωj,k
Qk,z

∑
m∈Ωj,k

|λk,m|̺χk,m(y)dy
) 1

̺
.

Let y∈∪z∈Ωj,k
Qk,z and x∈Q0,0. Then y∈Qk,z for some z∈Ωj,k and 2j−1<2−k|z|≤2j . From

this it follows that

|y−x|≤ |y−2−kz|+|x−2−k|≤
√

n 2−k+|x|+2−k|z|≤2j+δn , δn∈N,

which implies that y is located in the ball B
(

x,2j+δn
)
. In addition, from the fact that

|y|≤ |y−x|+|x|≤2j+δn+1≤2j+cn , cn ∈N,

we have that y is located in the ball B(0,2j+cn). Therefore,

(
2(k−j)n

∫

∪z∈Ωj,k
Qk,z

∑
m∈Ωj,k

|λk,m|̺χk,m(y)dy
) 1

̺

≤ 2
k n

̺

(
2−jn

∫

B(x,2j+δn)

∑
m∈Ωj,k

|λk,m|τtτ
k χk,m(y)dy

) 1
τ

MB(0,2j+cn),σ1
(t−1

k )

. 2
k n

̺ Mτ

(
∑

m∈Zn

tkλk,mχk,m

)
(x)MB(0,2j+cn),σ1

(t−1
k ).
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By (2.3) and Lemma 2.1 (v) we obtain

MB(0,2j+cn),σ1
(t−1

k ).2−kα1
(

MB(0,2j+cn),p(t0)
)−1

.2
j( n

p− nδ
p )−kα1

(
MB(0,1),p(t0)

)−1
.

Therefore

I2.
∞

∑
k=1

2
−k(nL− n

̺ +α1)Mτ

(
tk ∑

m∈Zn

λk,mχk,m

)
(x), x∈Q0,0 (3.5)

for any L large enough. Now we take the Lp(Q0,0)-quasi-norm of both sides of (3.5) and
then use Theorem 2.2, we obtain

I2.
∥∥λ|ḃp,q(R

n,{tk})
∥∥.

The proof is finished.

For a sequence λ={λk,m}k∈Z,m∈Zn ⊂C,0< r≤∞ and a fixed d>0, set

λ∗
k,m,r,d :=

(
∑

h∈Zn

|λk,h|r
(1+2k|2−kh−2−km|)d

) 1
r

and λ∗
r,d :={λ∗

k,m,r,d}k∈Z,m∈Zn ⊂C, with the usual modifications if q=∞.

Lemma 3.4. Let α = (α1,α2)∈R2,0 < θ ≤ p < ∞,0< q ≤ ∞,γ∈ Z and d > n. Let {tk} be a

p-admissible weight sequence satisfying (2.3) with σ1= θ
( p

θ

)′
and α1∈R. Then

∥∥λ∗
p,d|ḃp,q(R

n,{tk−γ})
∥∥≈

∥∥λ|ḃp,q(R
n,{tk−γ})

∥∥. (3.6)

In addition if {tk} satisfies (2.4) with σ2≥ p and α2∈R, then

∥∥λ∗
p,d|ḃp,q(R

n,{tk−γ})
∥∥.A

∥∥λ|ḃp,q(R
n,{tk})

∥∥, (3.7)

where

A=

{
2−γα2 , if γ<0,
2−γα1 , if γ≥0.

Proof. First we prove (3.6). Obviously,

∥∥λ|ḃp,q(R
n,{tk−γ})

∥∥≤
∥∥λ∗

p,d|ḃp,q(R
n,{tk−γ})

∥∥.

Let
np
d < a< p. For each j∈N,m∈Zn define

̥j,m :={h∈Z
n : 2j−1

< |h−m|≤2j},

̥0,m :={h∈Z
n : |h−m|≤1}.
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Thus,

∑
h∈Zn

|λk,h|p(
1+|h−m|

)d
=

∞

∑
j=0

∑
h∈̥j,m

|λk,h|p(
1+|h−m|

)d
.

∞

∑
j=0

2−dj ∑
h∈̥j,m

|λk,h|p,

which is bounded by

c
∞

∑
j=0

2−dj
(

∑
h∈̥j,m

|λk,h|a
) p

a
,

which can be rewritten as

c
∞

∑
j=0

2(
np
a −d)j

(
2(k−j)n

∫

∪z∈̥j,m
Qk,z

∑
h∈̥j,m

|λk,h|aχk,h(y)dy
) p

a
. (3.8)

Let y∈∪z∈̥j,m
Qk,z and x∈Qk,m. Therefore y∈Qk,z for some z∈̥j,m and 2j−1< |z−m|≤2j .

From this it follows that

|y−x|≤ |y−2−kz|+|x−2−kz|
≤

√
n 2−k+|x−2−km|+2−k|z−m|

≤ 2j−k+δn , δn ∈N,

which implies that y is located in the ball B(x,2j−k+δn). Therefore, (3.8) can be estimated
by

c
(
Ma

(
∑

h∈Zn

λk,hχk,h

)
(x)

)p
,

where the positive constant c is independent of x and k. Consequently

∥∥λ∗
p,d|ḃp,q(R

n,{tk−γ})
∥∥ (3.9)

does not exceed

c
( ∞

∑
k=−∞

2
knq

2

∥∥tk−γMa

(
∑

h∈Zn

λk,hχk,h

)
|Lp(R

n)
∥∥q
) 1

q

= c
( ∞

∑
k=−∞

2
knq

2

∥∥Ma

(
∑

h∈Zn

λk,hχk,h

)
|Lp(R

n,tk−γ)
∥∥q
) 1

q
.

Applying Lemma 2.4 we estimate (3.9) by

c
( ∞

∑
k=−∞

2
knq

2

∥∥ ∑
h∈Zn

λk,hχk,h|Lp(R
n,tk−γ)

∥∥q
) 1

q
= c

∥∥λ|ḃp,q(R
n,{tk−γ})

∥∥.

To prove (3.7) we use again Lemma 2.4 combined with Remark 2.3 (ii)-(iii).
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Now we have the following result which is called the ϕ-transform characterization in
the sense of Frazier and Jawerth. It will play an important role in the rest of the paper.

Theorem 3.1. Let α=(α1,α2)∈R2,0<θ≤p<∞ and 0<q≤∞. Let {tk}∈Ẋα,σ,p be a p-admissible

weight sequence with σ=(σ1 = θ
( p

θ

)′
,σ2 ≥ p). Let ϕ, ψ∈S(Rn) satisfying (3.1) through (3.3).

The operators

Sϕ : Ḃp,q(R
n,{tk})→ ḃp,q(R

n,{tk}),
Tψ : ḃp,q(R

n,{tk})→ Ḃp,q(R
n,{tk})

are bounded. Furthermore, Tψ◦Sϕ is the identity on Ḃp,q(Rn,{tk}).
Proof. The proof is a straightforward adaptation of [26, Theorem 2.2]. For any f ∈S ′

∞(Rn)
we put sup( f ) :={supk,m( f )}k∈Z,m∈Zn where

sup
k,m

( f ) :=2−
kn
2 sup

y∈Qk,m

|ϕ̃k∗ f (y)|, k∈Z, m∈Z
n.

For any γ∈N0, we define the sequence infγ( f ) :={infk,m,γ( f )}k∈Z,m∈Zn by setting

infk,m,γ( f ) :=2−
kn
2 max

{
inf
y∈Q̃

|ϕ̃k∗ f (y)| : Q̃⊂Qk,m,l(Q̃)=2−k−γ

}
, k∈Z, m∈Z

n,

where ϕ̃k :=2kn ϕ(−2k·).
Step 1. In this step we prove that

∥∥infγ( f )|ḃp,q(R
n,{tk})

∥∥.
∥∥ f |Ḃp,q(R

n,{tk})
∥∥.

Define a sequence λ={λj,h}j∈Z,h∈Zn by

λj,h =2−
jn
2 inf

y∈Q j,h

|ϕ̃j−γ∗ f (y)|, j∈Z,h∈Z
n .

Then for all 0< r<∞, any k∈Z,m∈Zn and a fixed λ>n, we have

infk,m,γ( f )χk,m.2γ( d
r +

n
2 ) ∑

h∈Zn,Qk+γ,h⊂Qk,m

λ∗
k+γ,h,r,dχk+γ,h.

Picking r= p, we obtain
∥∥infγ( f )|ḃp,q(R

n,{tk})
∥∥

. 2
γ( d

p+
n
2 )
( ∞

∑
k=−∞

2
knq

2
∥∥ ∑

h∈Zn

tkλ∗
k+γ,h,r,dχk+γ,h|Lp(R

n)
∥∥q
) 1

q

. 2
γ d

p

( ∞

∑
k=−∞

2
knq

2

∥∥ ∑
h∈Zn

tk−γλ∗
k,h,r,dχk,h|Lp(R

n)
∥∥q
) 1

q
.
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Applying Lemma 3.4, we estimate the last expression by

c2
γ d

p

( ∞

∑
k=−∞

2
knq

2

∥∥ ∑
h∈Zn

tk−γλk,hχk,h|Lp(R
n)
∥∥q
) 1

q

. 2
γ d

p

( ∞

∑
k=−∞

∥∥tk(ϕ̃k∗ f )|Lp(R
n)
∥∥q
) 1

q

. 2
γ d

p
∥∥ f |Ḃp,q(R

n,{tk})
∥∥.

Step 2. We will prove that
∥∥infγ( f )|ḃp,q(R

n,{tk})
∥∥≈

∥∥ f |Ḃp,q(R
n,{tk})

∥∥≈
∥∥sup( f )|ḃp,q(R

n,{tk})
∥∥. (3.10)

Applying Lemma A.4 of [26], see also Lemma 8.3 of [8], to the function (ϕ̃k∗ f )(2−jx) we
obtain

infγ( f )∗p,d≈sup( f )∗p,d.

Hence for γ>0 sufficiently large we obtain by applying Lemma 3.4,
∥∥infγ( f )∗p,d|ḃp,q(R

n,{tk})
∥∥≈

∥∥infγ( f )|ḃp,q(R
n,{tk})

∥∥,
∥∥sup( f )∗p,d|ḃp,q(R

n,{tk})
∥∥≈

∥∥sup( f )|ḃp,q(R
n,{tk})

∥∥.

Therefore, ∥∥infγ( f )|ḃp,q(R
n,{tk})

∥∥≈
∥∥sup( f )|ḃp,q(R

n,{tk})
∥∥. (3.11)

From the definition of the spaces Ḃp,q(Rn,{tk}) it follows that

∥∥ f |Ḃp,q(R
n,{tk})

∥∥.
∥∥sup( f )|ḃp,q(R

n,{tk})
∥∥.

Consequently (3.11) and Step 1 yield (3.10).

Step 3. In this step we prove the boundedness of Sϕ and Tψ. We have

|(Sϕ f )k,m|= |〈 f ,ϕk,m〉|=2−
kn
2 | f ∗ ϕ̃k(2

−km)|≤sup
k,m

( f ).

Step 2 yields that ∥∥Sϕ f |ḃp,q(R
n,{tk})

∥∥.
∥∥ f |Ḃp,q(R

n,{tk})
∥∥.

To prove the boundedness of Tψ suppose λ={λj,h}j∈Z,h∈Zn . Then

Tψλ :=
∞

∑
j=−∞

∑
h∈Zn

λj,hψj,h.

Obviously

ϕ̃k∗Tψλ=
k+1

∑
j=k−1

∑
h∈Zn

λj,h ϕ̃k∗ψj,h.
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Since ϕ̃ and ψ belong to S(Rn) we obtain

|ϕ̃k∗ψj,h(x)|.2
jn
2 (1+2j|x−2−jh|)−

d
min(1,p) , d>n,

where the implicit constant is independent of j,k,h and x. Therefore, if x∈Qk+1,z⊂Qk,m⊂
Qk−1,l, z,l∈Zn , then we obtain

|ϕ̃k∗Tψλ(x)|.2
kn
2

k+1

∑
j=k−1

∑
h∈Zn

|λj,h|
(1+2j|x−2−jh|)

d
min(1,p)

.

Assume that 0< p≤1. Using the inequality
(

∑
h∈Zn

|ah|
)p

≤ ∑
h∈Zn

|ah|p, {ah}h∈Zn ⊂C,

we obtain

|ϕ̃k∗Tψλ(x)|.2
kn
2

k+1

∑
j=k−1

(
∑

h∈Zn

|λj,h|p
(1+2j|x−2−jh|)d

) 1
p
. (3.12)

Now if p>1, then by the Hölder inequality and the fact that

∑
h∈Zn

1

(1+2j|x−2−jh|)d
.1,

we also have (3.12) with p>1. Hence if x∈Qk+1,z ⊂Qk,m ⊂Qk−1,l, then we have

|ϕ̃k∗Tψλ(x)|.2
kn
2 (λ∗

k−1,l,p,d+λ∗
k,m,p,d+λ∗

k+1,z,p,d).

Consequently
∥∥Tψλ|Ḃp,q(R

n,{tk})
∥∥.

1

∑
i=−1

Ii,

where

Ii=
( ∞

∑
k=−∞

2
knq

2
∥∥ ∑

h∈Zn

tk+iλ
∗
k,h,p,dχk,h|Lp(R

n)
∥∥q
) 1

q
, i=−1,0,1.

Applying (3.7) we obtain
∥∥Tψλ|Ḃp,q(R

n,{tk})
∥∥.

∥∥λ|ḃp,q(R
n,{tk})

∥∥.

The proof is complete.

This theorem can then be exploited to obtain a variety of results for the Ḃp,q(Rn,{tk})
spaces, where arguments can be equivalently transferred to the sequence space, which is
often more convenient to handle. More precisely, under the same hypothesis of the last
theorem, ∥∥ f |Ḃp,q(R

n,{tk})
∥∥≈

∥∥{〈 f ,ϕk,m〉}k∈Z,m∈Zn |ḃp,q(R
n,{tk})

∥∥. (3.13)

From Theorem 3.1, we obtain the next important property of the spaces Ḃp,q(Rn,{tk}).
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Corollary 3.1. Let α=(α1,α2)∈R2,0<θ≤p<∞ and 0<q≤∞. Let {tk}∈Ẋα,σ,p be a p-admissible

weight sequence with σ = (σ1 = θ
( p

θ

)′
,σ2 ≥ p). The definition of the spaces Ḃp,q(Rn,{tk}) is

independent of the choices of ϕ∈S(Rn) satisfying (3.1) and (3.2).

The proof of the completeness of Ḃp,q(Rn,{tk}) is based on the following lemma.

Lemma 3.5. Let 0 < θ ≤ p < ∞ and 0 < q ≤ ∞. Let {tk} be a p-admissible weight sequence

satisfying (2.3) with σ1=θ
( p

θ

)′
. ḃp,q(Rn,{tk}) are quasi-Banach spaces. They are Banach spaces

if 1≤ p<∞ and 1≤q≤∞.

Proof. Let {λ(j)}j∈N0
be a Cauchy sequence in ḃp,q(Rn,{tk}). We use the equivalent quasi-

norm given in Proposition 3.1. Then for any ε>0 there exists n0∈N such

∥∥λ(i)−λ(j)|ḃp,q(R
n,{tk})

∥∥∗< ε, i, j≥n0.

This yields that

( ∞

∑
k=−∞

2
knq

2

(
∑

m∈Zn

t
p
k,m|λ

(i)
k,m−λ

(j)
k,m|p

) q
p
) 1

q
< ε, i, j≥n0.

We put

A(i)={A
(i)
k }k∈Z, A

(i)
k ={2

kn
2 tk,mλ

(i)
k,m}m∈Zn , k∈Z,i∈N0,

it follows that {A(i)}i∈N0
is a Cauchy sequence in ℓq(ℓp(Zn)), so it is converges to some

A∈ ℓq(ℓp(Zn)), where

A={Ak}k∈Z, Ak={Ak,m}m∈Zn , k∈Z.

Define

̺k,m =2−
kn
2 t−1

k,m Ak,m, k∈Z, m∈Z
n and ̺={̺k,m}k∈Z,m∈Zn .

Thus

∥∥λ(j)−̺|ḃp,q(R
n,{tk})

∥∥∗

=
( ∞

∑
k=−∞

2
knq

2

(
∑

m∈Zn

t
p
k,m|λ

(j)
k,m−̺k,m|p

) q
p
) 1

q

=
( ∞

∑
k=−∞

(
∑

m∈Zn

|2 kn
2 tk,mλ

(j)
k,m−Ak,m|p

) q
p
) 1

q

=
∥∥A(j)−A|ℓq(ℓp(Zn))

∥∥< ε, j≥n1,

where n1 is large enough. Consequently {λ(j)}j∈N0
converges to ̺, which belongs to the

space ḃp,q(Rn,{tk}). This completes the proof.
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Applying Lemma 3.5, Theorem 3.1 and by a similar argument before, see [29], we
obtain the following useful properties of these function spaces.

Theorem 3.2. Let α = (α1,α2)∈ R2,0< θ ≤ p < ∞ and 0 < q ≤ ∞. Let {tk} ∈ Ẋα,σ,p be a p-

admissible weight sequence with σ=(σ1=θ
( p

θ

)′
,σ2≥ p). Then Ḃp,q(Rn,{tk}) are quasi-Banach

spaces. They are Banach spaces if 1≤ p<∞ and 1≤q<∞.

Let 0< p<∞ and 0<q<∞. We know that

S∞(R
n) →֒ Ḃp,q(R

n,{2ks}) →֒S ′
∞(Rn), s∈R,

see [58, Theorem 5.1.5]. We mention that Ḃp,q(Rn,{2ks}) is just the classical Besov space
Ḃp,q(Rn). Our aim is to extend this result to the above function spaces, but to this end
we need the weighted version of Plancherel-Polya-Nikolskij inequality. This inequality
(cf. [58, 1.3.2/5, Rem. 1.4.1/4]), plays an important role in theory of function spaces and
PDE’s, and says that

∥∥ f |Lq(Rn)
∥∥ can be estimated by

c R
n
(

1
p− 1

q

)∥∥ f |Lp(R
n)
∥∥

for any 0< p≤q≤∞, R>0 and any f ∈Lp(Rn)∩S ′(Rn) with suppF f ⊂{ξ∈Rn : |ξ|≤R}.
The constant c>0 is independent of R.

Lemma 3.6. Let 1< θ≤ p<∞ and {tk} be a p-admissible weight sequence satisfying (2.3) with

σ1=θ
( p

θ

)′
and j=k. Let εt

p
k

be as in Theorem 2.1 and fk∈Lp(Rn,tk) such that suppF fk ⊂{ξ∈
Rn : |ξ|≤2k},k∈Z. Then

∥∥ fk|Lr(R
n,tk)

∥∥≤ c2
nk( 1

p− 1
r )
∥∥ fk|Lp(R

n,tk)
∥∥ (3.14)

holds for any k∈Z and p≤ r≤ p(1+εt
p
k
), where c>0 is independent of k.

Proof. Let ω∈S(Rn) and β>1 be such that Fω(x)=1 if x∈supp F fk,

r

p
<β<1+εt

p
k
<∞ if r< p(1+εt

p
k
),

β=1+εt
p
k

if r= p(1+εt
p
k
).

We put ωk=2knω(2k·),k∈Z. By duality
∥∥ fk|Lr(Rn,tk)

∥∥ can be rewritten as

sup
∫

Rn
tk(x)|ωk∗ fk(x)||gk(x)|dx=sup I(gk),

where the supremum is taken over all functions gk∈Lr′(R
n) with

∥∥gk|Lr′(R
n)
∥∥≤1. Split-

ting the integration with respect to the cubes Qk,m we obtain

I(gk)≤ ∑
m∈Zn

∫

Qk,m

tk(x)|ωk∗ fk(x)||gk(x)|dx. (3.15)
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Let x∈Qk,m. We have

|ωk∗ fk(x)|.
∫

Rn
ηk,̺(x−y)| fk(y)|dy

= c ∑
h∈Zn

∫

Qk,m+h

ηk,̺(x−y)| fk(y)|dy

. ∑
h∈Zn

(1+|h|)−̺MQk,m+h
( fk)

= c ∑
h∈Zn

(1+|h|)−̺ϑk,h,m, ̺>0

where the positive constant c is independent of x and k, and

ϑk,h,m=MQk,m+h
( fk), k∈Z,h, m∈Z

n.

Applying Hölder’s inequality,

∫

Qk,m

tk(x)|gk(x)|dx≤
(∫

Qk,m

tτ
k (x)dx

) 1
τ
(∫

Qk,m

|gk(x)|τ′
dx

) 1
τ′

= |Qk,m|MQk,m,τ(tk)MQk,m,τ′(gk)

with τ>1. Put τ= r
β (1+εt

p
k
). Observe that τ≥ r, r

β ≤ p. Then by Theorem 2.1, we obtain

MQk,m,τ(tk)=MQk,m, r
β (1+ε

t
p
k
)(tk)≤ c MQk,m,p(tk), k∈Z,m∈Z

n ,

where c>0 is independent of k and m. Therefore

ϑk,h,m

∫

Qk,m

tk(x)|gk(x)|dx. |Qk,m |MQk,m,p(tk)MQk,m,τ′(gk)ϑk,h,m.

We derive from Hölder’s inequality that

ϑk,h,m≤MQk,m+h,
σ1
θ
(t−1

k )MQk,m+h,
p
θ
(tk fk), σ1= θ(

p

θ
)′,

MQk,m+h,
σ1
θ
(t−1

k )≤MQk,m+h,σ1
(t−1

k ).

Observe that

Qk,m ⊂B(xk,m,
√

n2−k) and Qk,m+h⊂B(xk,m,
√

n(1+|h|)2−k).

Hence
MQk,m,p(tk)MQk,m+h,σ1

(t−1
k )≤ c(1+|h|) n

θ ,

where c>0 is independent of k,h and m, and

ϑk,h,m

∫

Qk,m

tk(x)|gk(x)|dx. (1+|h|) n
θ |Qk,m|MQk,m+h,

p
θ
(tk fk)MQk,m,τ′(gk)

= c(1+|h|) n
θ

∫

Qk,m

MQk,m+h,
p
θ
(tk fk)MQk,m,τ′(g)dx.
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Now if x∈Qk,m, then we find that

MQk,m+h,
p
θ
(tk fk). (1+|h|)δ θ

p
(
ηk,δ∗(tk| fk|)

p
θ (x)

) 1
p
θ , δ>n,

MQk,m,τ′(g).
(
ηk,δ∗|gk |τ

′
(x)

) 1
τ′ , x∈Qk,m.

Again by Hölder’s inequality we estimate

ϑk,h,m

∫

Rn
tk(x)|gk(x)|dx

by

c(1+|h|)δ θ
p+

n
θ
∥∥ηk,δ∗(tk| fk|)

p
θ |L rθ

p
(Rn)

∥∥ θ
p
∥∥ηk,δ∗|gk |τ

′ |L r′
τ′
(Rn)

∥∥ 1
τ′ .

Put 1
rθ
p

+1= 1
θ +

1
µ . Since

p
r −1≤0 and θ>1, we have 1≤µ<∞. Young’s inequality gives

∥∥ηk,δ∗(tk| fk|)
p
θ
∥∥

θ
p

rθ
p

≤
∥∥ηk,δ|Lµ(R

n)
∥∥ θ

p
∥∥t

p
θ

k | fk|
p
θ |Lθ(R

n)
∥∥ θ

p

. 2
nk( 1

p− 1
r )
∥∥ fk|Lp(R

n,tk)
∥∥,

where the implicit constant is independent of k but depends on p and r. Consequently
(3.15) is bounded by

c2
nk( 1

p− 1
r )
∥∥ fk|Lp(R

n,tk)
∥∥ ∑

h∈Zn

(1+|h|)δ θ
p−̺+ n

θ .2
nk( 1

p− 1
r )
∥∥ fk|Lp(R

n,tk)
∥∥

for any ̺ large enough.

Remark 3.2. (i) This lemma can be generalized to the case of 0< θ≤ p≤ r≤ p(1+εt
p
k
) in

view of the fact that

| fk|≤ c
(
ηk,m∗| fk |δ

) 1
δ , δ>0, m>n

for any fk∈Lp(Rn,tk)∩S ′(Rn) such that suppF fk⊂{ξ∈Rn :|ξ|≤2k},k∈Z, see [17, Lemma
A.7].

(ii) The property (3.14) can be generalized in the following way. Let 0<θ≤p<∞ and {tk}
be a p-admissible weight sequence such that t

p
k ∈A p

θ
(Rn), k∈Z. Let εt

p
k

be as in Theorem

2.1. Let fk ∈Lp(Rn,tk)∩S ′(Rn) be such that suppF fk ⊂{ξ∈Rn : |ξ|≤2k},k∈Z.

• If t
p
k , k∈Z satisfies (2.3), then

∥∥ fk|Lr(R
n,tj)

∥∥≤ c 2
α1(j−k)+nk( 1

p− 1
r )
∥∥ fk|Lp(R

n,tk)
∥∥

holds for all p≤ r≤ p(1+εtk
),k∈Z and k≥ j, where the positive constant c is inde-

pendent of k and j.
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• If t
p
k , k∈Z satisfies (2.4) with σ2≥ p, then

∥∥ fk|Lr(R
n,tj)

∥∥≤ c 2
α2(j−k)+nk( 1

p− 1
r )
∥∥ fk|Lp(R

n,tk)
∥∥

holds for all p≤ r≤ p(1+εt
p
k
),k∈Z and j≥ k, where the positive constant c is inde-

pendent of k and j.

Theorem 3.3. Let 0 < θ ≤ p < ∞ and 0 < q ≤ ∞. Let {tk} ∈ Ẋα,σ,p be a p-admissible weight

sequence with σ=(σ1 = θ
( p

θ

)′
,σ2≥ p) and α=(α1,α2)∈R2.

(i) We have the embedding

S∞(R
n) →֒ Ḃp,q(R

n,{tk}).

In addition S∞(Rn) is dense in Ḃp,q(Rn,{tk}) with 1< θ≤ p<∞ and 0<q<∞.

(ii) Let 1< θ≤ p<∞ and 0<q≤∞. Then

Ḃp,q(R
n,{tk}) →֒S ′

∞(Rn).

Proof. Proof of (i). Let f ∈S∞(Rn). Let us recall the estimate of [66, Lemma 2.2]. For any
M∈N, there exists a positive constant C=C(M,n) such that for all ϕ,ψ∈S∞(Rn),i, j∈Z

and x∈Rn,

|ϕj∗ψi(x)|≤C
∥∥ϕ|SM+1

∥∥∥∥ψ|SM+1

∥∥2−|i−j|M 2−(i∧j)M

(2−i∧j+|x|)n+M
,

where i∧ j=min(i, j). Let ϕ∈S(Rn) satisfy (3.1) and (3.2). Then we easily obtain

|ϕk∗ f (x)|.
∥∥ f |SM+1

∥∥2kMηk,n+M(x), k≤0,

|ϕk∗ f (x)|.
∥∥ f |SM+1

∥∥2−kMη0,n+M(x), k>0.

Using Lemma 2.2, we obtain that

∥∥tkη0,n+M|Lp(R
n)
∥∥.MB(0,1),p(tk), k>0, M>

n

θ
.

Similarly we obtain

∥∥tkηk,n+M|Lp(R
n)
∥∥.2kn(1− 1

θ )MB(0,1),p(tk), k≤0, M>
n

θ
.

We now consider two cases. If k>0, then by (2.4) we obtain

MB(0,1),p(tk)≤2kα2 MB(0,1),p(t0).

If k≤0, then by (2.3) we find that

MB(0,1),p(tk)MB(0,1),σ1
(t−1

0 )≤2kα1 .
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Taking M large enough we get

∞

∑
k=−∞

∥∥ϕk∗ f |Lp(R
n,tk)

∥∥q
.

∥∥ f |SM+1

∥∥
( 0

∑
k=−∞

2k(α1+n− n
θ +M)q+

∞

∑
k=1

2k(α2−M)q
)

.
∥∥ f |SM+1

∥∥,

which completes the proof of the embedding S∞(Rn) →֒ Ḃp,q(Rn,{tk}).
Let us prove the density of S∞(Rn) in Ḃp,q(Rn,{tk}) if 1<θ≤ p<∞ and 0<q<∞. Let

ϕ, ψ∈S(Rn) satisfying (3.1) through (3.3) and f ∈ Ḃp,q(Rn,{tk}). Let

fN :=
N

∑
k=−N

ψ̃k∗ϕk∗ f , N∈N.

Because

ϕj∗ψ̃k =0, if k /∈{j−1, j, j+1}

we have, see Lemma 2.4,

∥∥ fN |Ḃp,q(R
n,{tk})

∥∥=
(

∑
|k|≤N+1

∥∥tk(ϕk∗ψ̃k∗ ϕ̄k∗ f )|Lp(R
n)
∥∥q
) 1

q

.
(

∑
|k|≤N+1

∥∥tkM(ϕk∗ f )|Lp(R
n)
∥∥q
) 1

q

.
∥∥ f |Ḃp,q(R

n,{tk})
∥∥<∞

for any N∈N where ϕ̄k= ϕk−1+ϕk+ϕk+1,k∈Z. Consequently,

∥∥ f − fN |Ḃp,q(R
n,{tk})

∥∥≤
(

∑
|k|≥N+1

∥∥tk(ϕk∗ψ̃k∗ ϕ̄k∗ f )|Lp(R
n)
∥∥q
) 1

q

.
(

∑
|k|≥N+1

∥∥tkM(ϕk∗ f )|Lp(R
n)
∥∥q
) 1

q

.
(

∑
|k|≥N+1

∥∥tk(ϕk∗ f )|Lp(R
n)
∥∥q
) 1

q
,

where we have used again Lemma 2.4. The dominated convergence theorem implies
that fN approximates f in Ḃp,q(Rn,{tk}). But fN , N ∈N is not necessary an element of
S∞(Rn), so we need to approximate fN in S∞(Rn). Let ω ∈ S(Rn) with ω(0) = 1 and
suppFω⊂{ξ : |ξ|≤1}. Put

fN,δ := fNω(δ·), 0<δ<1.
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We have fN,δ∈S∞(Rn) see [66, Lemma 5.3], and

fN− fN,δ=
N

∑
k=−N

(ψ̃k∗ϕk∗ f )(1−ω(δ·)).

After simple calculation, we obtain

ϕj∗[(ψ̃k∗ϕk∗ f )(ω(δ·))](x)=
∫

Rn
ϕk∗ f (y)ϕj∗(ψ̃kω(δ(·+y))(x−y)dy, x∈R

n,

which together with the fact that

suppF(ψ̃kω(δ(·+y))⊂{ξ : 2k−2 ≤|ξ|≤2k+2}, y∈R
n, |k|≤N

if 0<δ<2−N−3 yield that

ϕj∗[(ψ̃k∗ϕk∗ f )(ω(δ·))]=0 if |j−k|≥2.

Therefore, we obtain that
∥∥ fN− fN,δ|Ḃp,q(Rn,{tk})

∥∥ can be estimated by

(
∑

|k|≤N+2

∥∥∥tk(ϕk∗
2

∑
i=−2

[(ψ̃k+i∗ϕk+i∗ f )(1−ω(δ·))])|Lp(R
n)
∥∥∥

q) 1
q

.
2

∑
i=−2

(
∑

|k|≤N+2

∥∥∥tk+i

(
(ψ̃k+i∗ϕk+i∗ f )(1−ω(δ·))

)
|Lp(R

n)
∥∥∥

q) 1
q
.

Again, by Lebesgue’s dominated convergence theorem fN,δ approximates fN in the s-
paces Ḃp,q(Rn,{tk}). This prove that S∞(Rn) is dense in Ḃp,q(Rn,{tk}).

Proof of (ii). Let ϕ,ψ∈S(Rn) such that supp Fϕ, supp Fψ are compact and bounded
away from the origin and (3.3) holds. If f ∈ Ḃp,q(Rn,{tk}) and ω ∈S∞(Rn), then 〈 f ,ω〉
denotes the value of the functional f of S ′

∞(R
n) for the test function ω. We obtain

|〈 f ,ω〉|≤
∞

∑
k=−∞

|〈ψk∗ ϕ̃k∗ f ,ω〉|

≤
∞

∑
k=−∞

∥∥ϕ̃k∗ f |Lp(R
n,t0)

∥∥∥∥ψk∗ω|Lp′(R
n,t−1

0 )
∥∥. (3.16)

The right-hand side of (3.16) can be rewritten as I1+ I2, where

I1 :=
0

∑
k=−∞

∥∥ϕ̃k∗ f |Lp(R
n,t0)

∥∥∥∥ψk∗ω|Lp′(R
n,t−1

0 )
∥∥,

I2 :=
∞

∑
k=1

∥∥ϕ̃k∗ f |Lp(R
n,t0)

∥∥∥∥ψk∗ω|Lp′(R
n,t−1

0 )
∥∥.
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We estimate I1. Similarly, as in the proof of (i),

|ψk∗ω(x)|.2kLηk,M(x), k≤0, M>0,

with L large enough. Observe that t
p
0 ∈Ap(Rn) and from Lemma 2.1 (ii),

t
−p′

0 ∈Ap′(R
n).

By Lemma 2.1 (iv) there exists 1< κ< p′ such that t
−p′

0 ∈ A p′
κ

(Rn). Using Lemma 2.2, we

obtain that
∥∥t−1

0 ηk,M|Lp′(R
n)
∥∥.2kn(1− 1

κ )MB(0,1),p′(t
−1
0 ), k≤0, M>

n

κ
.

These estimates guarantee that, I1 is bounded by c
∥∥ f |Ḃp,∞(Rn,{tk})

∥∥.

We proceed in a similar way and by

|ψk∗ω(x)|.2−kLη0,M(x), k>0,

the term I2 can be estimated by c
∥∥ f |Ḃp,∞(Rn,{tk})

∥∥, which completes the proof.

3.2 Embeddings

For our spaces introduced above we want to show some embedding theorems. We say
a quasi-Banach space A1 is continuously embedded in another quasi-Banach space A2,
A1 →֒ A2, if A1 ⊂ A2 and there is a c> 0 such that ‖ f |A2‖≤ c‖ f |A1‖ for all f ∈ A1. We
begin with the following elementary embeddings.

Theorem 3.4. Let 0<p<∞,0<q≤r≤∞, and {tk} be a p-admissible weight sequence satisfying

(2.3) with σ1= θ
( p

θ

)′
and j= k. We have

Ḃp,q(R
n,{tk}) →֒ Ḃp,r(R

n,{tk}).
The proof can be obtained by using the properties of sequence Lebesgue spaces. The

main result of this subsection is the following Sobolev-type embedding. In the classical
setting this was done in [37] and [58]. We set

wk,Q(p1) :=
(∫

Q
w

p1

k (x)dx
) 1

p1 and tk,Q(p0) :=
(∫

Q
t

p0

k (x)dx
) 1

p0 , Q∈Q

with ℓ(Q)=2−k.

Theorem 3.5. Let 0<θ≤p0<p1<∞ and 0<q≤∞. Let {tk} be a p0-admissible weight sequence

satisfying (2.3) with p= p0, σ1 = θ
( p0

θ

)′
and j= k. Let {wk} be a p1-admissible weight sequence

satisfying (2.3) with p = p1, σ1 = θ
( p1

θ

)′
and j = k. If wk,Q(p1). tk,Q(p0) for all Q∈Q with

ℓ(Q)=2−k, then we have

ḃp0,q(R
n,{tk}) →֒ ḃp1 ,q(R

n,{wk}).
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Proof. By the embedding ℓp0 →֒ ℓp1
and the fact that wk,m(p1)≤ tk,m(p0), k ∈ Z, m ∈Zn,

where
wk,m(p1)=wk,Qk,m

(p1) and tk,m(p0)= tk,Qk,m
(p0),

we obtain our embedding. Hence the theorem is proved.

From Theorems 3.1 and 3.5, we have the following Sobolev-type embedding conclu-
sions for Ḃp,q(Rn,{tk}).
Theorem 3.6. Let 1< θ ≤ p0 < p1 <∞ and 0< q≤∞. Let {tk} ∈ Ẋα0 ,σ,p0 be a p0-admissible

weight sequence with σ=(σ1=θ
( p0

θ

)′
,σ2≥ p0) and α0=(α1,0,α2,0)∈R2. Let {wk} ∈ Ẋα1 ,σ,p1

be

a p1-admissible weight sequence with σ=(σ1= θ
( p1

θ

)′
,σ2≥ p1) and α1=(α1,1,α2,1)∈R2. Then

Ḃp0,q(R
n,{tk}) →֒ Ḃp1,q(R

n,{wk}),

holds if
wk,Q(p1). tk,Q(p0)

for all Q∈Q and all k∈Z.

From Theorem 3.6 we can obtain some special Sobolev embeddings.

Theorem 3.7. Let 1<θ≤p0≤p1<∞, 0<q≤∞. Let {tk}∈Ẋα,σ0 ,p0
∩ Ẋα,σ1,p1

with α=(α1,α2)∈
R2,σ0 =(σ0

1 = θ
( p0

θ

)′
,σ0

2 ≥ p0) and σ1 =(σ1
1 = θ

( p1

θ

)′
,σ1

2 ≥ p1). Let εt
p0
k

be as in Theorem 2.1.

Then
Ḃp0,q(R

n,{tk}) →֒ Ḃp1,q(R
n,{2

( n
p1
− n

p0
)k

tk})
holds if p0≤ p1< p0(1+εt

p0
k
).

4 Atomic, molecular and wavelet decompositions

In recent years, it turned out that atomic and molecular, as well as wavelet decomposi-
tions of some function spaces are extremely useful in many aspects. This concerns, for
instance, the investigation of (compact) embeddings between function spaces. The idea
of atomic and molecular decompositions leads back to M. Frazier and B. Jawerth in their
series of papers [25, 26], see also [33, 60, 68].

The main goal of this section is to prove atomic, molecular and wavelet decomposi-
tion results for Ḃp,q(Rn,{tk}).

4.1 Atomic and molecular decompositions

We will use the notation of [26]. We shall say that an operator A is associated with the
matrix {aQk,mPv,h

}k,v∈Z,m,h∈Zn , if for all sequences λ={λk,m}k∈Z,m∈Zn ⊂C,

Aλ={(Aλ)k,m}k∈Z,m∈Zn :=
{ ∞

∑
v=−∞

∑
h∈Zn

aQk,mPv,h
λv,h

}
k∈Z,m∈Zn

.
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We will use the following notation

J :=
n

min(1,p)
, 0< p<∞.

We say that A, with associated matrix {aQk,mPv,h
}k,v∈Z,m,h∈Zn , is almost diagonal on ḃp,q(Rn,

{tk}) if there exists ε>0 such that

sup
k,v∈Z,m,h∈Zn

|aQk,mPv,h
|

ωQk,mPv,h
(ε)

<∞,

where

ωQk,mPv,h
(ε) :=

(
1+

|xQk,m
−xPv,h

|
max

(
2−k,2−v

)
)−J−ε

{
2(v−k)(α2+

n+ε
2 ), if v≤ k,

2(v−k)(α1− n+ε
2 −J+n), if v> k.

Due to Lemma 2.6, the following theorem is a generalization of [26, Theorem 3.3], see
also [68, Theorem 3.1].

Theorem 4.1. Let α1,α2∈R, 0< θ≤ p<∞ and 0< q≤∞. Let {tk}k ∈ Ẋα,σ,p be a p-admissible

weight sequence with σ1 = θ
( p

θ

)′
and σ2 ≥ p. An almost diagonal operator on ḃp,q(Rn,{tk}) is

bounded.

Definition 4.1. Let α1,α2 ∈ R, 0< p < ∞ and 0 < q ≤ ∞. Let {tk} be a p-admissible weight
sequence. Let N=max{J−n−α1,−1} and α∗

2 =α2−⌊α2⌋.

(i) A function ̺Qk,m
, k∈Z,m∈Zn , is called an homogeneous smooth synthesis molecule for the

space Ḃp,q(Rn,{tk}) supported near Qk,m if there exist a real number δ∈(α∗
2 ,1] and a real number

M∈ (J,∞) such that

∫

Rn
xβ̺Qk,m

(x)dx=0 if 0≤|β|≤N, (4.1)

|̺Qk,m
(x)|≤2k n

2 (1+2k|x−xQk,m
|)−max(M,M−α1), (4.2)

|∂β̺Qk,m
(x)|≤2k(|β|+ n

2 )(1+2k|x−xQk,m
|)−M if |β|≤⌊α2⌋, (4.3)

|∂β̺Qk,m
(x)−∂β̺Qk,m

(y)| (4.4)

≤2k(|β|+ n
2 +δ)|x−y|δ sup

|z|≤|x−y|
(1+2k|x−z−xQk,m

|)−M if |β|=⌊α2⌋.

A collection {̺Qk,m
}k∈Z,m∈Zn is called a family of homogeneous smooth synthesis molecules for

the space Ḃp,q(Rn,{tk}), if each ̺Qk,m
is an homogeneous smooth synthesis molecule for the space

Ḃp,q(Rn,{tk}) supported near Qk,m.

(ii) A function bQk,m
, k∈Z,m∈Zn , is called an homogeneous smooth analysis molecule for the

space Ḃp,q(Rn,{tk}) supported near Qk,m if there exist a κ∈((J−α2)∗,1] and an M∈(J,∞) such
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that such that
∫

Rn
xβbQk,m

(x)dx=0 if 0≤|β|≤⌊α2⌋, (4.5)

|bQk,m
(x)|≤2k n

2 (1+2k|x−xQk,m
|)−max(M,M+n+α2−J), (4.6)

|∂βbQk,m
(x)|≤2k(|β|+ n

2 )(1+2k|x−xQk,m
|)−M if |β|≤N, (4.7)

|∂βbQk,m
(x)−∂βbQk,m

(y)| (4.8)

≤2k(|β|+ n
2 +κ)|x−y|κ sup

|z|≤|x−y|
(1+2k|x−z−xQk,m

|)−M if |β|=N.

A collection {bQk,m
}k∈Z,m∈Zn is called a family of homogeneous smooth analysis molecules for

the space Ḃp,q(Rn,{tk}), if each bQk,m
is an homogeneous smooth synthesis molecule for the space

Ḃp,q(Rn,{tk}) supported near Qk,m.

We will use the notation {bk,m}k∈Z,m∈Zn instead of {bQk,m
}k∈Z,m∈Zn .

Lemma 4.1. Let α1,α2, J,M,N,δ,κ,p and q be as in Definition 4.1. Let {tk} be a p-admissible
weight sequence. Suppose {̺v,h}v∈Z,h∈Zn is a family of smooth synthesis molecules for Ḃp,q(Rn,
{tk}) and {bk,m}k∈Z,m∈Zn is a family of homogeneous smooth analysis molecules for Ḃp,q(Rn,{tk}).
Then there exist a positive real number ε1 and a positive constant c such that

|〈̺v,h,bk,m〉|≤ c ωQk,mPv,h
(ε), k,v∈Z,h ,m∈Z

n

if ε≤ ε1.

Proof. The proof is a slight modification of [26, Corollary B.3]. Possibly reducing δ, ̺, or

M, we may assume that δ−α∗
2 =

M−J
2 = κ−(J−α2)∗> 0. First we suppose that k≥ v and

α2≥0. We have
〈̺v,h,bk,m〉= gv,h∗bk,m(xPv,h

)

with gv,h(x)=̺v,h(xPv,h
−x). Applying Lemma B.1 of [26] we obtain

|〈̺v,h,bk,m〉|≤ c 2−(k−v)(⌊α2⌋+ n
2 +δ)(1+2v|xPv,h

−xQk,m
|)−M

≤ c 2−(k−v)(α2+
n+ε

2 )(1+2v|xPv,h
−xQk,m

|)−M

if ⌊α2⌋+δ≥α2+
ε
2 for some ε>0 small enough, but this is possible since δ>α∗

2. In view if
the fact that δ≤1, we will take ε<2(δ−α∗

2).
Now if k≥v and α2<0, then by Lemma B.2 of [26], we find that

|〈̺v,h,bk,m〉|≤ c 2−(k−v) n
2 (1+2v|xPv,h

−xQk,m
|)−M

≤ c 2−(k−v)(α2+
n+ε

2 )(1+2v|xPv,h
−xQk,m

|)−M

if 0< ε<−2α2.
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We suppose that k<v and N≥0. We have 〈̺v,h,bk,m〉=gk,m∗̺v,h(xQk,m
), with gk,m(x)=

bk,m(xQk,m
−x). Again, using Lemma B.1 of [26], we obtain

|〈̺v,h,bk,m〉|≤ c 2−(v−k)(N+ n
2 +κ)(1+2k|xQv,h

−xQk,m
|)−M

≤ c 2(v−k)(α1−J− ε−n
2 )(1+2k|xQv,h

−xQk,m
|)−M,

since

N+
n

2
+κ>

ε

2
+ J− n

2
−α1

for any 0< ε<2κ.
Now if that k<v and N=−1, then we apply Lemma B.2 of [26], since N=−1 implies

n+α1> J so that n>−α1+
ε
2+ J, and obtain

|〈̺v,h,bk,m〉|≤ c 2−(v−k) n
2 (1+2k|xQv,h

−xQk,m
|)−M

≤ c 2(v−k)(α1−J− ε−n
2 )(1+2k|xQv,h

−xQk,m
|)−M

if 0< ε<2(α1− J+n). The proof is complete.

As an immediate consequence, we have the following analogues of the corresponding
results on [26, Corollary B.3].

Corollary 4.1. Let α1,α2, J,M,N,δ,κ,p and q be as in Definition 4.1. Let {tk} be a p-admissible
weight sequence. Let Φ and ϕ satisfy, respectively (3.1) and (3.2).

(i) If {̺k,m}k∈Z,m∈Zn is a family of homogeneous synthesis molecules for the function space
Ḃp,q(Rn,{tk}), then the operator A with matrix entry aQk,mPv,h

=〈̺v,h,ϕk,m〉, k,v∈Z,m,h∈
Zn, is almost diagonal.

(ii) If {bk,m}k∈Z,m∈Zn is a family of homogeneous smooth analysis molecules for the function
space Ḃp,q(Rn,{tk}), then the operator A, with matrix entry aQk,mPv,h

= 〈ϕv,h,bQk,m
〉, k,v∈

Z,m,h∈Zn , is almost diagonal.

Let f ∈Ḃp,q(Rn,{tk}) and {bk,m}k∈Z,m∈Zn be a family of homogeneous smooth analysis
molecules. To prove that 〈 f ,bQk,m

〉, k ∈ Z,m ∈ Zn, is well defined for all homogeneous

smooth analysis molecules for Ḃp,q(Rn,{tk}), we need the following result, which was
proved in [7, Lemma 5.4]. Suppose that Φ is a smooth analysis (or synthesis) molecule
supported near Q ∈Q . Then there exist a sequence {ϕk}k∈N ⊂S(Rn) and c > 0 such
that cϕk is a smooth analysis (or synthesis) molecule supported near Q for every k, and
ϕk(x)→Φ(x) uniformly on Rn as k→∞.

Now we have the following smooth molecular characterization of Ḃp,q(Rn,{tk}).

Theorem 4.2. Let α1, α2 ∈R, 0< θ≤ p<∞ and 0< q≤∞. Let {tk}∈ Ẋα,σ,p be a p-admissible

weight sequence with σ1= θ
( p

θ

)′
and σ2≥ p. Let J,M,N,δ and κ be as in Definition 4.1.
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(i) If f =∑
∞
k=−∞ ∑m∈Zn ̺k,mλk,m, where {̺k,m}k∈Z,m∈Zn is a family of homogeneous smooth

synthesis molecules for Ḃp,q(Rn,{tk}), then for all λ∈ ḃp,q(Rn,{tk})
∥∥ f |Ḃp,q(R

n,{tk})
∥∥.

∥∥λ|ḃp,q(R
n,{tk})

∥∥.

(ii) Let {bk,m}k∈Z,m∈Zn be a family of homogeneous smooth analysis molecules. Then for all
f ∈ Ḃp,q(Rn,{tk})

∥∥{〈 f ,bk,m〉}k∈Z,m∈Zn |ḃp,q(R
n,{tk})

∥∥.
∥∥ f |Ḃp,q(R

n,{tk})
∥∥.

Proof. Proof of (i). By (3.4) we can write

̺v,h=
∞

∑
k=−∞

2−kn ∑
m∈Zn

ϕ̃k∗̺v,h(2
−km)ψk(·−2−km)

for any v∈Z,h∈Zn . Therefore,

f =
∞

∑
k=−∞

∑
m∈Zn

Sk,mψk,m =TψS,

where S={Sk,m}k∈Z,m∈Zn , with

Sk,m =2−
kn
2

∞

∑
v=−∞

∑
h∈Zn

ϕ̃k∗̺v,h(2
−km)λv,h.

From Theorem 3.1, we have
∥∥ f |Ḃp,q(R

n,{tk})
∥∥=

∥∥TψS|Ḃp,q(R
n,{tk})

∥∥.
∥∥S|ḃp,q(R

n,{tk})
∥∥.

But

Sk,m=
∞

∑
v=−∞

∑
h∈Zn

aQk,mPv,h
λv,h

with
aQk,mPv,h

= 〈̺v,h, ϕ̃k,m〉, k,v∈Z,m,h∈Z
n .

Applying Lemma 4.1 and Theorem 4.1 we find that
∥∥S|ḃp,q(R

n,{tk})
∥∥.

∥∥λ|ḃp,q(R
n,{tk})

∥∥.

Proof of (ii). We have

〈 f ,bk,m〉=
∞

∑
v=−∞

2−vn ∑
m∈Zn

〈ψv(·−2−vh),bk,m〉ϕ̃v∗ f (2−vh)

=
∞

∑
v=−∞

∑
m∈Zn

〈ψv,h,bk,m〉λv,h

=
∞

∑
v=−∞

∑
h∈Zn

aQk,mPv,h
λv,h,
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where
aQk,mPv,h

= 〈ψv,h,bk,m〉, λv,h =2−
vn
2 ϕ̃v∗ f (2−vh).

Again by Lemma 4.1 and Theorem 4.1 we find that

∥∥{〈 f ,bk,m〉}k∈Z,m∈Zn |ḃp,q(R
n,{tk})

∥∥.
∥∥{λv,h}v∈Z,h∈Zn |ḃp,q(R

n,{tk})
∥∥

= c
∥∥{(Sϕ)v,h}v∈Z,h∈Zn |ḃp,q(R

n,{tk})
∥∥.

Applying Theorem 3.1 we find that

∥∥{〈 f ,bk,m〉}k∈Z,m∈Zn |ḃp,q(R
n,{tk})

∥∥.
∥∥ f |Ḃp,q(R

n,{tk})
∥∥.

Definition 4.2. Let α1,α2 ∈R, 0< p<∞, 0< q≤∞ and N =max{J−n−α1,−1}. Let {tk}
be a p-admissible weight sequence. A function aQv,m

is called an homogeneous smooth atom for
Ḃp,q(Rn,{tk}) supported near Qk,m, k∈Z and m∈Zn, if

supp aQk,m
⊆3Qk,m, (4.9)

|∂βaQk,m
(x)|≤2kn(|β|+1/2) if 0≤|β|≤max(0,1+⌊α2⌋), x∈R

n (4.10)

and if ∫

Rn
xβaQk,m

(x)dx=0 if 0≤|β|≤N and k∈Z. (4.11)

A collection {aQk,m
}k∈Z,m∈Zn is called a family of homogeneous smooth atoms for

Ḃp,q(Rn,{tk}), if each aQk,m
is an homogeneous smooth atom for Ḃp,q(Rn,{tk}) supported

near Qv,m. We point out that in the moment condition (4.11) can be strengthened into that

∫

Rn
xβaQk,m

(x)dx=0 if 0≤|β|≤ Ñ and k∈Z

and the regularity condition (4.10) can be strengthened into that

|∂βaQk,m
(x)|≤2kn(|β|+1/2) if 0≤|β|≤ K̃, x∈R

n,

where K̃ and Ñ are arbitrary fixed integer satisfying K̃≥max(0,1+⌊α2⌋) and Ñ≥max{J−
n−α1,−1}. If an atom a is supported near Qv,m, then we denote it by av,m.

Now we come to the atomic decomposition theorem.

Theorem 4.3. Let α1, α2 ∈R, 0< θ ≤ p <∞, 0< q ≤∞. Let {tk} ∈ Ẋα,σ,p be a p-admissible

weight sequence with σ1=θ
( p

θ

)′
and σ2≥p. Then for each f ∈ Ḃp,q(Rn,{tk}), there exist a family

{̺k,m}k∈Z,m∈Zn of homogeneous smooth atoms for Ḃp,q(Rn,{tk}) and λ = {λk,m}k∈Z,m∈Zn ∈
ḃp,q(Rn,{tk}) such that

f =
∞

∑
k=−∞

∑
m∈Zn

λk,m̺k,m, converging in S ′
∞(R

n),
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and ∥∥{λk,m}k∈Z,m∈Zn |ḃp,q(R
n,{tk})

∥∥.
∥∥ f |Ḃp,q(R

n,{tk})
∥∥.

Conversely, for any family of homogeneous smooth atoms for Ḃp,q(Rn,{tk}) and λ

={λk,m}k∈Z,m∈Zn ∈ ḃp,q(Rn,{tk})
∥∥∥∥

∞

∑
k=−∞

∑
m∈Zn

λk,m̺k,m|Ḃp,q(R
n,{tk})

∥∥∥∥.
∥∥{λk,m}k∈Z,m∈Zn |ḃp,q(R

n,{tk})
∥∥.

The proof of this theorem can be obtained by repeating the arguments of [26, Theorem
4.1].

4.2 Wavelet decompositions

Based on the decomposition system for L2(Rn), the main aim of this section consists in
proving another characterization of the above spaces. We use the method developed by
Kyriazis [43]. First we give some notation which will be used here. Let E={1,··· , j}, j∈N

be a finite set and
Φ={̺k,m,i : i∈E,k∈Z,m∈Z

n}
a decomposition system for L2(Rn) with dual functionals

Φ̃={˜̺k,m,i : i∈E,k∈Z,m∈Z
n}

and in addition

f =
j

∑
i=1

∞

∑
k=−∞

∑
m∈Zn

〈 f , ˜̺k,m,i〉̺k,m,i, (4.12)

in the sense of L2(Rn). For every κ∈N we define

Sκ(R
n) :=

{
ϕ∈S(Rn) :

∫

Rn
xγ ϕ(x)dx=0 for all multi-indices |γ|≤κ

}

and we identify the dual space of Sκ(Rn) with S ′
κ(R

n) the set of all continuous linear
functionals on Sκ(Rn). Let ϕ∈S(Rn) satisfies (3.1)–(3.3) with ψ= ϕ. Let {tk}∈ Ẋα,σ,p be a

p-admissible weight sequence with 0<θ≤p≤∞, α=(α1,α2)∈R2 and σ=(σ1=θ
( p

θ

)′
,σ2≥p).

From [43, Section 2]

f =
∞

∑
k=−∞

ϕk∗ ϕ̃k∗ f , in S ′
κ(R

n),

with κ =max(⌊α2− nδ
p ⌋,−1) and f ∈ Ḃp,q(Rn,{tk}), where δ is the positive constant ob-

tained by Lemma 2.1 (v). Indeed, again from [43, Lemma 6.2] we need only to prove
that

−1

∑
k=−∞

∂β(ϕk∗ ϕ̃k∗ f ), (4.13)

converges in S ′(Rn) for every |β|>κ. To do this we need the following lemma.
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Lemma 4.2. Let 0< θ ≤ p<∞,0< q≤∞ and δ be as in Lemma 2.1 (v). Let {tk}∈ Ẋα,σ,p be a

p-admissible weight sequence with σ=(σ1=θ
( p

θ

)′
,σ2≥ p) and α=(α1,α2)∈R2. Let ϕ∈S(Rn)

satisfies (3.1) and (3.2). Then

|〈ϕk∗ f ,ωmin(0,k)〉|.̟k

∥∥ f |Ḃp,q(R
n,{tk})

∥∥

holds for any k∈Z, ω∈S(Rn) and any f ∈ Ḃp,q(Rn,{tk}), where

̟k=

{
2
( nδ

p −α2)k if k≤0,

2
( nδ

p −α1)k if k∈N.

Proof. We have

|〈ϕk∗ f ,ωmin(0,k)〉|≤
∫

Rn
|ϕk∗ f (y)||ωmin(0,k)(y)|dy.

Splitting the integration with respect to the cubes Qk,m we derive

|〈ϕk∗ f ,ωmin(0,k)〉|≤ ∑
m∈Zn

∫

Qk,m

sup
z∈Qk,m

|ϕk∗ f (z)| |ωmin(0,k)(y)|dy.

We recall the following estimate see (2.11) in [25],

sup
z∈Qk,m

|ϕk∗ f (z)|.2k n
τ

(
∑

h∈Zn

(1+|h|)−M
∫

Qk,m+h

|ϕk∗ f (x)|τ dx
) 1

τ
, (4.14)

with M>n,τ>0. Taking 1
τ =

1
p+

1
σ1

, we get by Hölder’s inequality that

(∫

Qk,m+h

|ϕk∗ f (x)|τ dx
) 1

τ ≤ |Qk,m+h|
1
τ MQk,m+h,p(tk(ϕk∗ f ))MQk,m+h,σ1

(t−1
k )

≤ |Qk,m+h|
1

σ1

∥∥ϕk∗ f |Lp(R
n,tk)

∥∥MQk,m+h,σ1
(t−1

k ).

From (2.3),

MQk,m+h,σ1
(t−1

k )≤C
(

MQk,m+h,p(tk)
)−1

,

where the positive constant C is independent of k, m and h. First assume that k≤ 0. In
(2.4) putting Q=Q

k,m̃+h
and j=0, where

Q
k,m̃+h

=
n

∏
i=1

[
2−k(mi+hi),2

−k(mi+hi)+21−k
)
,

we get

MQ
k,m̃+h

(t
p
0)≤

(
MQ

k,m̃+h
(tσ2

0 )
) p

σ2 .2−α2 pkMQ
k,m̃+h

(t
p
k ), k≤0, m∈Z

n.
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Obviously
Q

k,m̃+h
⊂Ek,m+h, k≤0, m,h∈Z

n ,

where

Ek,m+h=
n

∏
i=1

(ai,bi)

with

ai =min(−21−k,−2−k|m+h|), i=1,··· ,n,

bi=max(21−k|m+h|,2−k |m+h|+21−k), i=1,··· ,n

if m+h 6=0 and

Ek,m+h=
n

∏
i=1

[
−21−k,21−k

)
,

if m+h=0. Since t
p
k ∈A p

θ
, k∈Z, from Lemma 2.1 (iii) there exists constant C>0 such that

MQk,m+h
(t

p
k )≥C

( |Qk,m+h|
|Q

k,m̃+h
|
) p

θ −1
MQ

k,m̃+h
(t

p
k ), k≤0, m,h∈Z

n,

MQ
k,m̃+h

(t
p
0)≥C

( |Q
k,m̃+h

|
|Ek,m+h|

) p
θ −1

MEk,m+h
(t

p
0)

≥C2kn(1− p
θ )
(

2−k+2−k|m+h|
) −np

θ +n
MEk,m+h

(t
p
0 )

≥C2kn (1+|m+h|)
−np

θ t
p
0 (Ek,m+h),

where the constant C is independent of k,m and h. Using the fact that

A=
n

∏
i=1

[
−1,1

)
⊂Ek,m+h,

and Lemma 2.1 (v) we get

(
MQk,m+h,p(tk)

)−1
.2

( nδ
p −α2− n

p )k(1+|m+h|)
n
θ − δn

p M−1
A,p(t0), k≤0, m,h∈Z

n,

where the implicit constant is independent of k,m and h. Therefore

(∫

Qk,m+h

|ϕk∗ f (y)|τ dy
) 1

τ

does not exceed

c2
( nδ

p −α2)k(1+|m+h|)
n
θ − δn

p |Qk,m+h|
1
τ

∥∥ f |Ḃp,∞(R
n,{tk})

∥∥.
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It is not difficult to see that the term (1+|m+h|)
n
θ − δn

p does not exceed

(1+|h|)
n
θ − δn

p

(
1+2k|y|

) n
θ − δn

p
, y∈Qk,m.

We observe that we can ensure that the following bounds holds

∥∥
(

1+2k|·|
) n

θ − δn
p

ωk|L1(R
n)
∥∥.1, k≤0

and we finally get that

|〈ϕk∗ f ,ωk〉|.2
( nδ

p −α2)k
∥∥ f |Ḃp,q(R

n,{tk})
∥∥, k≤0,

by taking M in (4.14) large enough. Now assume that k∈N. We have

MQk,m+h,σ1
(t−1

k ).2−kα1
(

MQk,m+h,p(t0)
)−1

, k∈N,

by (2.3). We have

Qk,m+h⊂Ek,m+h,

but Ek,m+h=∏
n
i=1(ai,bi), with

ai =min(−1,−2−k|m+h|) and bi=2+2−k|m+h|, i=1,··· ,n

if m+h 6=0 and Ek,m+h=∏
n
i=1

[
−1,1

)
, if m+h=0. Again from Lemma 2.1 (iii) there exists

constant C>0 such that

MQk,m+h
(t

p
0)≥ C

( |Qk,m+h|
|Ek,m+h|

) p
θ −1

MEk,m+h
(t

p
0 )

≥ C2kn(1− p
θ )
(

1+2−k|m+h|
)− np

θ
t

p
0(Ek,m+h).

Since A⊂Ek,m+h, we get

MQk,m+h,σ1
(t−1

k ).2
( n

θ − n
p−α1)k

(
1+2−k|m+h|

) n
θ − nδ

p
M−1

A,p(t0), k∈N, m,h∈Z
n .

By the argument same as in case k≤0, we also obtain

|〈ϕk∗ f ,ω〉|.2
( nδ

p −α1)k
∥∥ f |Ḃp,q(R

n,{tk})
∥∥, k∈N,

which completes the proof.
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From Lemma 4.2, we get

|〈∂β(ϕk∗ ϕ̃k∗ f ),ω〉|
= 2|β|k+kn|〈∂β ϕ̃(2k·)∗ϕk∗ f ,ω〉|
= 2|β|k+kn|〈ϕk∗ f ,∂β ϕ̃(2k·)∗ω〉|
. 2

(|β|+ nδ
p −α2)k

∥∥ f |Ḃp,s(R
n,{tk})

∥∥, k≤0,

which ensures that the series (4.13) converges in S ′(Rn) for every |β|> κ. Therefore the
elements of Ḃp,q(Rn,{tk}) can be regarded as equivalence classes of distributions modulo

polynomials in Pκ with κ=max(⌊α2− nδ
p ⌋,−1) and

f =
∞

∑
k=−∞

2−kn ∑
m∈Zn

ϕ̃k∗ f (2−km)ϕk(·−2−km) in S ′
κ(R

n).

The main result of this section is the following.

Theorem 4.4. Let E = {1,··· , j}, j ∈ N be a finite, α1,α2 ∈ R,0 < θ ≤ p < ∞,0 < q ≤ ∞. Let

{tk}∈ Ẋα,σ,p be a p-admissible weight sequence with σ1=θ
( p

θ

)′
and σ2≥ p. Let δ be as in Lemma

2.1(v). Let

Φ={̺k,m,i : i∈E,k∈Z,m∈Z
n},

Φ̃={˜̺k,m,i : i∈E,k∈Z,m∈Z
n}

be a decomposition system for L2(Rn) satisfying (4.12) in the sense of L2(Rn),

|∂β̺k,m,i(x)|≤ c2
n
2 +n|β|

(
1+2k|x−xk,m|

)−MΦ

, |β|≤ rΦ ,

|∂β ˜̺k,m,i(x)|≤ c2
n
2 +n|β|

(
1+2k|x−xk,m|

)−MΦ̃

, |β|≤ rΦ̃ ,
∫

Rn
xβ̺k,m,i(x)dx=0 if 0≤|β|≤ rΦ̃−1,

∫

Rn
xβ ˜̺k,m,i(x)dx=0 if 0≤|β|≤ rΦ−1

for every i∈E,k∈Z and m∈Zn where rΦ,rΦ̃ ∈N0 with

rΦ≥α2, rΦ̃ ≥ J−n−α1+
n

σ1

and

MΦ,MΦ̃>max(J+
n

θ
− nδ

p
,n+rΦ,n+rΦ̃).

Then for each f ∈ Ḃp,q(Rn,{tk}),

f =
j

∑
i=1

∞

∑
k=−∞

∑
m∈Zn

〈 f , ˜̺k,m,i〉̺k,m,i, in S ′
κ(R

n)
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and in Ḃp,q(Rn,{tk}) for 0<q<∞. Moreover

∥∥ f |Ḃp,q(R
n,{tk})

∥∥≈
j

∑
i=1

∥∥{〈 f , ˜̺k,m,i〉}k∈Z,m∈Zn |ḃp,q(R
n,{tk})

∥∥.

The proof of this theorem is based on some technical results established in [43] for the
classical Besov and Triebel-Lizorkin spaces.

Lemma 4.3. Let r∈N0 and M>n+r. Let {̺v,h}v∈Z,h∈Zn and {bk,m}k∈Z,m∈Zn are families of
functions on Rn satisfying

|̺v,h(x)|≤ c2v n
2 (1+2v|x−xv,h|)−M

,

|∂βbk,m(x)|≤ c2k( n
2 +n|β|)

(
1+2k|x−xk,m|

)−M
, |β|≤ r,

∫

Rn
xβ̺v,h(x)dx=0 if 0≤|β|≤ r−1

for every k,v∈Z and h,m∈Zn. Then

|〈bk,m,̺v,h〉|≤ c2(k−v)(r+ n
2 )
(
1+2k|xv,h−xk,m|

)−M
, k≤v.

For the proof, we refer the readers to [26], see also [43, Lemma 3.1]. Notice that for
r = 0 there are no moment conditions on ̺v,h. Let r1, r2 ∈ N0 and M > n+max{r1,r2},
{̺v,h}v∈Z,h∈Zn and {bk,m}k∈Z,m∈Zn are families of functions on Rn satisfying

|∂β̺v,h(x)|≤ c2v( n
2 +

n|β|
2 )(1+2v|x−xv,h|)−M

, |β|≤ r1, (4.15)

|∂βbk,m(x)|≤ c2k( n
2 +

n|β|
2 )

(
1+2k|x−xk,m|

)−M
, |β|≤ r2, (4.16)

∫

Rn
xβ̺v,h(x)dx=0 if 0≤|β|≤ r2−1, (4.17)

∫

Rn
xβbk,m(x)dx=0 if 0≤|β|≤ r1−1 (4.18)

for every k,v∈Z and h,m∈Zn. We have the following:

Proposition 4.1. Let α1, α2∈R, 0<θ≤p<∞ and 0<q≤∞. Let {tk}∈Ẋα,σ,p be a p-admissible

weight sequence with σ1=θ
( p

θ

)′
and σ2≥ p. Let {̺v,h}v∈Z,h∈Zn and {bk,m}k∈Z,m∈Zn be families

of functions satisfying (4.15)–(4.18) for some r1, r2∈N0 and M>n+max{r1,r2}. Assume that

r2>α2, r1> J−n−α1, M> J.

Then the matrix A = {〈̺v,h,bk,m〉}v,k∈Z,h,m∈Zn is bounded on ḃp,q(Rn,{tk}). Moreover, there
exists a positive constant c such that

∥∥Aλ|ḃp,q(R
n,{tk})

∥∥≤c
∥∥λ|ḃp,q(R

n,{tk})
∥∥

holds for all λ∈ ḃp,q(Rn,{tk}).
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Proof. Let λ={λk,m}k∈Z,m∈Zn ∈ ḃp,q(Rn,{tk}). We write A≡A0+A1 with

(A0λ)v,h=
v

∑
k=−∞

∑
m∈Zn

〈̺v,h,bk,m〉λk,m,

(A1λ)v,h=
∞

∑
k=v+1

∑
m∈Zn

〈̺v,h,bk,m〉λk,m.

From Lemma 4.3, we obtain

∣∣(A0λ)v,h

∣∣≤
v

∑
k=−∞

∑
m∈Zn

2(k−v)(r2+
n
2 )

|λk,m|(
1+2k|xk,m−xv,h|

)M

=
v

∑
k=−∞

2(k−v)(r2+
n
2 )Sk,v,h.

For each j∈N we define

Ωj,k,v,h :={m∈Z
n : 2j−1

<2k|xk,m−xv,h|≤2j},

Ω0,k,v,h :={m∈Z
n : 2k|xk,m−xv,h|≤1}.

Let n
M <τ<min(1,p) be such that r1>

n
τ −n−α1. We rewrite Sk,v,h as follows

Sk,v,h=
∞

∑
j=0

∑
m∈Ωj,k,v,h

|λk,m|(
1+2k|xk,m−xv,h|

)M
≤

∞

∑
j=0

2−Mj ∑
m∈Ωj,k,v,h

|λk,m|

and by the embedding ℓτ →֒ ℓ1 we deduce that

Sk,v,h≤
∞

∑
j=0

2−Mj
(

∑
m∈Ωj,k,v,h

|λk,m|τ
) 1

τ

=
∞

∑
j=0

2(
n
τ −M)j

(
2(k−j)n

∫

∪z∈Ωj,k,v,h
Qk,z

∑
m∈Ωj,k,v,h

|λk,m|τχk,m(y)dy
) 1

τ
. (4.19)

We proceed as in Lemma 3.3. We easily obtain that (4.19) does not exceed

cMτ

(
∑

m∈Zn

λk,mχk,m

)
(x)

for any x ∈ Qv,h and any k ≤ v. Applying Lemma 2.6, because of r2 > α2, we obtain∥∥A0λ|ḃp,q(Rn,{tk})
∥∥ is bounded by c

∥∥λ|ḃp,q(Rn,{tk})
∥∥.

Again from Lemma 4.3, we see that

∣∣(A1λ)v,h

∣∣≤
∞

∑
k=v+1

∑
m∈Zn

2(v−k)(r1+
n
2 )

|λk,m|(
1+2v|xk,m−xv,h|

)M
=

∞

∑
k=v+1

2(v−k)(r1+
n
2 )Tk,v,h.
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As before,

Tk,v,h≤ c2(k−v) n
τ Mτ

(
∑

m∈Zn

λk,mχk,m

)
(x), k>v,x∈Qv,h ,

where the positive constant c is independent of k,v,x and h. Again applying Lemma 2.6,
because of r1>

n
τ−n−α1, we obtain

∥∥A1λ|ḃp,q(Rn,{tk})
∥∥ is bounded by c

∥∥λ|ḃp,q(Rn,{tk})
∥∥.

Hence the lemma is proved.

Lemma 4.4. Let α1, α2∈R, 0<θ≤ p<∞,0<q≤∞. Let {tk}∈ Ẋα,σ,p be a p-admissible weight

sequence with σ1 = θ
( p

θ

)′
and σ2≥ p. Let δ be as in Lemma 2.1 (v) and κ=max(⌊α2− nδ

p ⌋,−1).

Let {bk,m}k∈Z,m∈Zn be families of functions satisfying (4.16) and (4.18) for some r1, r2∈N0, and
M> J. Assume that

r2 >α2, r1> J−n−α1+
n

σ1

and

M>max

{
J+

n

θ
− nδ

p
,n+r1,n+r2

}
.

If λ∈ ḃp,q(Rn,{tk}) then the series

f =
∞

∑
k=−∞

∑
m∈Zn

bk,mλk,m, (4.20)

converges in S ′
κ(R

n) and in Ḃp,q(Rn,{tk}) for 0<q<∞, and

∥∥ f |Ḃp,q(R
n,{tk})

∥∥.
∥∥λ|ḃp,q(R

n,{tk})
∥∥. (4.21)

Proof. We have to subdivide the proof into three steps.

Step 1. We will prove the convergence of the series (4.20) in S ′
κ(R

n). Let ω∈Sκ(Rn).
We write

∞

∑
k=−∞

∑
m∈Zn

λk,m〈bk,m,ω〉=: I1+ I2,

where

I1 :=
0

∑
k=−∞

∑
m∈Zn

λk,m〈bk,m,ω〉 and I2 :=
∞

∑
k=1

∑
m∈Zn

λk,m〈bk,m,ω〉.

By Lemma 3.2, we find that

|λk,m|.2−
kn
2 t−1

k,m

∥∥λ|ḃp,q(R
n,{tk})

∥∥, k∈Z,m∈Z
n .

As in Lemma 4.2, we derive that

t−1
k,m .2

( nδ
p −α2)k (1+|m|)

n
θ − nδ

p M−1
A,p(t0), k≤0,m∈Z

n . (4.22)
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We see that

|〈bk,m,ω〉|.2k(κ+1+ n
2 )
(
1+|m|

)−M
, k≤0,

by Lemma 4.3, with the help of the fact that r2≥κ+1. Using this estimate, by Lemma 3.2
and (4.22), we get

I1.
∥∥λ|ḃp,q(R

n,{tk})
∥∥

0

∑
k=−∞

∑
m∈Zn

2k(κ+1)t−1
k,m

(
1+|m|

)−M

.
∥∥λ|ḃp,q(R

n,{tk})
∥∥

0

∑
k=−∞

2
k(κ+1−α2+

nδ
p )

.
∥∥λ|ḃp,q(R

n,{tk})
∥∥,

because of κ>α2− nδ
p −1. To estimate I2, notice that

|〈bk,m,ω〉|≤ c2−k(r1+
n
2 )
(
1+2−k|m|

)−M
, k∈N,

see again Lemma 4.3. For each j∈N we define

Ωj,k :={m∈Z
n : 2j+k−1

< |m|≤2j+k},

Ω0,k :={m∈Z
n : |m|≤2k}.

Let n
M− n

θ +
nδ
p

<τ<min(1,p) be such that τ> n
r1+n+α1− n

σ1

. Then we find

I2.
∞

∑
k=1

2−k(r1+
n
2 ) ∑

m∈Zn

|λk,m|(
1+2−k|m|

)M

= c
∞

∑
k=1

2−k(r1+
n
2 )

∞

∑
j=0

∑
m∈Ωj,k

|λk,m|(
1+2−k|m|

)M

.
∞

∑
k=1

2−k(r1+
n
2 )

∞

∑
j=0

2−Mj ∑
m∈Ωj,k

|λk,m|.

Let 0<̺<min(1,θ) be such that 1
̺ =

1
τ +

1
σ1

with 0<τ< p. Using the embedding ℓ̺ →֒ ℓ1

we find that

I2.
∞

∑
k=1

2−k(r1+
n
2 )

∞

∑
j=0

2−Mj
(

∑
m∈Ωj,k

|λk,m|̺
) 1

̺
.

= c
∞

∑
k=1

2−k(r1+
n
2 )

∞

∑
j=0

2
( n

̺ −M)j
(

2(k−j)n
∫

∪z∈Ωj,k
Qk,z

∑
m∈Ωj,k

|λk,m|̺χk,m(y)dy
) 1

̺
.
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Let y∈∪z∈Ωj,k
Qk,z and x∈Q0,0. Then y∈Qk,z for some z∈Ωj,k and 2j−1<2−k|z|≤2j . From

this it follows that

|y−x|≤ |y−2−kz|+|x−2−kz|≤
√

n 2−k+|x|+2−k|z|≤2j+δn , δn ∈N,

which implies that y is located in the ball B
(

x,2j+δn
)
. In addition, from the fact that

|y|≤ |y−x|+|x|≤2j+δn+1≤2j+cn , cn ∈N,

we have that y is located in the ball B(0,2j+cn). Therefore, by Hölder’s inequality

(
2(k−j)n

∫

∪z∈Ωj,k
Qk,z

∑
m∈Ωj,k

|λk,m|̺χk,m(y)dy
) 1

̺

≤ 2
k n

̺

(
2−jn

∫

B(x,2j+δn)

∑
m∈Ωj,k

|λk,m|τtτ
k (y)χk,m(y)dy

) 1
τ

MB(0,2j+cn),σ1
(t−1

k )

. 2
k n

̺ Mτ

(
∑

m∈Zn

tkλk,mχk,m

)
(x)MB(0,2j+cn),σ1

(t−1
k ),

where the implicit constant is independent of k, j and x. By (2.3), Lemma 2.1/(v), we find
that

MB(0,2j+cn),σ1
(t−1

k ).2−kα1
(

MB(0,2j+cn),p(t0)
)−1

.2
j( n

p− nδ
p )−kα1

(
MB(0,1),p(t0)

)−1
.

Therefore, since M>
n
τ +

n
θ − nδ

p ,

I2.
∞

∑
k=1

2
−k(r1+

n
2 − n

̺ +α1)Mτ

(
tk ∑

m∈Zn

λk,mχk,m

)
(x), x∈Q0,0.

The last term is bounded in the Lp(Q0,0)-quasi-norm by c
∥∥λ|ḃp,q(Rn,{tk})

∥∥, with the help
of Lemma 2.4 and the fact that r1> J−n−α1+

n
σ1

. Hence we have proved the convergence
of

∞

∑
k=−∞

∑
m∈Zn

bk,mλk,m

in S ′
κ(R

n).

Step 2. We will prove (4.21). From (3.13), it follows that

∥∥ f |Ḃp,q(R
n,{tk})

∥∥≈
∥∥{〈 f ,ϕk,m〉}k∈Z,m∈Zn |ḃp,q(R

n,{tk})
∥∥. (4.23)

Thanks to Proposition 4.1, the matrix

A={〈ϕk,m,bv,h〉}v,k∈Z,h,m∈Zn ,
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is bounded on ḃp,q(Rn,{tk}). But

〈 f ,ϕk,m〉=
∞

∑
v=−∞

∑
h∈Zn

λv,h〈ϕk,m,bv,h〉, k∈Z, m∈Z
n.

Hence the right hand side of (4.23) is just

∥∥Aλ|ḃp,q(R
n,{tk})

∥∥.
∥∥λ|ḃp,q(R

n,{tk})
∥∥.

Step 3. We will prove the convergence of the series (4.20) in Ḃp,q(Rn,{tk}) for 0<q<∞.
Again from (4.23), we obtain that

∥∥∥∥ f − ∑
|v|≤N

∑
h∈Zn

bv,hλv,h|Ḃp,q(R
n,{tk})

∥∥∥∥,

can be estimated by

∥∥∥∥
{

∑
|v|>N

∑
h∈Zn

λv,h〈bv,h,ϕk,m〉
}

k∈Z,m∈Zn

|ḃp,q(R
n,{tk})

∥∥∥∥. (4.24)

Now, we put

A={〈ϕk,m,bv,h〉}|v|>N,k∈Z,h,m∈Zn and λ={λk,m}|k|>N,m∈Zn .

Therefore

Aλ={(Aλ)k,m}k∈Z,m∈Zn =
{

∑
|v|>N

∑
h∈Zn

λv,h〈bv,h,ϕk,m〉
}

k∈Z,m∈Zn
.

Hence (4.24) is just

∥∥Aλ|ḃp,q(R
n,{tk})

∥∥.
∥∥λ|ḃp,q(R

n,{tk})
∥∥= c

(
∑

|k|>N

2
knq

2

(
∑

m∈Zn

|λk,m|pt
p
k,m

) q
p
) 1

q
,

which tends to zero if N tends to infinity. This completes the proof of Lemma 4.4.

Proof of Theorem 4.4. We will divide the proof into two steps.

Step 1. Let f ∈ Ḃp,q(Rn,{tk}). We will prove that

f =
j

∑
i=1

∞

∑
k=−∞

∑
m∈Zn

〈 f , ˜̺k,m,i〉̺k,m,i.

From (3.4), we obtain

f =
∞

∑
k=−∞

∑
m∈Zn

〈 f , ϕ̃k,m〉ϕk,m.
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Since ϕk,m∈L2(Rn), k∈Z,m∈Zn , we find that

ϕk,m=
j

∑
i=1

∞

∑
v=−∞

∑
h∈Zn

〈ϕk,m, ˜̺v,h,i〉̺v,h,i

in L2(Rn) sense and consequently in the distributional sense as well as in the spaces
Ḃp,q(Rn,{tk}) for 0<q<∞. Indeed, by Lemma 4.4 it suffices to show that

{〈ϕk,m, ˜̺v,h,i〉}v∈Z,h∈Zn ∈ ḃp,q(R
n,{tv})

for any k∈Z,m∈Zn . Observe that

{〈ϕk,m, ˜̺v,h,i〉}v∈Z,h∈Zn =
{ ∞

∑
l=−∞

∑
z∈Zn

〈ϕl,z, ˜̺v,h,i〉λl,z

}
v∈Z,h∈Zn

,

where

λl,z =

{
1, if l= k and z=m,
0, otherwise.

We put λ={λl,z}l∈Z,z∈Zn . From Proposition 4.1, we get

∥∥{〈ϕk,m, ˜̺v,h,i〉}v∈Z,h∈Zn |ḃp,q(R
n,{tk})

∥∥.
∥∥λ|ḃp,q(R

n,{tk})
∥∥<∞.

Now

f =
∞

∑
k=−∞

∑
m∈Zn

〈 f , ϕ̃k,m〉ϕk,m=
∞

∑
k=−∞

∑
m∈Zn

j

∑
i=1

∞

∑
v=−∞

∑
h∈Zn

〈 f , ϕ̃k,m〉〈ϕk,m, ˜̺v,h,i〉̺v,h,i. (4.25)

Define

dv,h,i=
∞

∑
k=−∞

∑
m∈Zn

〈 f , ϕ̃k,m〉〈ϕk,m, ˜̺v,h,i〉, v∈Z, h∈Z
n, i∈{1,··· , j}

and di ={dv,h,i}v∈Z,h∈Zn , i∈{1,··· , j}. Thanks to Proposition 4.1, the matrix

Ai={〈ϕk,m, ˜̺v,h,i〉}v,k∈Z,h,m∈Zn , i∈{1,··· , j}

is bounded on ḃp,q(Rn,{tk}). Let λ={〈 f , ϕ̃k,m〉}k∈Z,m∈Zn ∈ ḃp,q(Rn,{tk}). Then

∥∥di|ḃp,q(R
n,{tk})

∥∥=
∥∥Aiλ|ḃp,q(R

n,{tk})
∥∥.

∥∥λ|ḃp,q(R
n,{tk})

∥∥<∞.

Therefore by Lemma 4.4, we have that

∞

∑
v=−∞

∑
h∈Zn

∞

∑
k=−∞

∑
m∈Zn

|〈 f , ϕ̃k,m〉||〈ϕk,m, ˜̺v,h,i〉||〈̺v,h,i,ω〉|<∞
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for any ω∈Sκ(Rn). So we can change the order of the summations in (4.25), and obtain

f =
j

∑
i=1

∞

∑
v=−∞

∑
h∈Zn

∞

∑
k=−∞

∑
m∈Zn

〈 f , ϕ̃k,m〉〈ϕk,m, ˜̺v,h,i〉̺v,h,i

=
j

∑
i=1

∞

∑
v=−∞

∑
h∈Zn

〈 f , ˜̺v,h,i〉̺v,h,i.

Step 2. In this step we prove that

∥∥ f |Ḃp,q(R
n,{tk})

∥∥≈
j

∑
i=1

∥∥{〈 f , ˜̺k,m,i〉}k∈Z,m∈Zn |ḃp,q(R
n,{tk})

∥∥.

From Step 1, we obtain

〈 f ,ϕk,m〉=
j

∑
i=1

∞

∑
v=−∞

∑
h∈Zn

〈 f , ˜̺v,h,i〉〈̺v,h,i,ϕk,m〉, k∈Z, m∈Z
n.

Define

Ai={〈̺v,h,i,ϕk,m〉}v,k∈Z,h,m∈Zn , λi ={λv,h,i= 〈 f , ˜̺v,h,i〉}v∈Z,h∈Zn ,

Aiλi={(Aiλi)k,m}k∈Z,m∈Zn =
{ ∞

∑
v=−∞

∑
h∈Zn

〈 f , ˜̺v,h,i〉〈̺v,h,i,ϕk,m〉
}

k∈Z,m∈Zn
,

where i∈{1,··· , j}. From (3.13) and Proposition 4.1 we have that

∥∥ f |Ḃp,q(R
n,{tk})

∥∥

.
∥∥{〈 f ,ϕk,m〉}k∈Z,m∈Zn |ḃp,q(R

n,{tk})
∥∥.

j

∑
i=1

∥∥Aiλi|ḃp,q(R
n,{tk})

∥∥

.
j

∑
i=1

∥∥λi|ḃp,q(R
n,{tk})

∥∥= c
j

∑
i=1

∥∥{〈 f , ˜̺k,m,i〉}k∈Z,m∈Zn |ḃp,q(R
n,{tk})

∥∥.

Similarly,

〈 f , ˜̺k,m,i〉=
∞

∑
v=−∞

∑
h∈Zn

〈ϕv,h, ˜̺k,m,i〉〈 f , ϕ̃v,h〉, k∈Z, m∈Z
n, i∈{1,··· , j}.

Define now

Ai={〈ϕv,h, ˜̺k,m,i〉}v,k∈Z,h,m∈Zn , λ={λv,h = 〈 f , ϕ̃v,h〉}v∈Z,h∈Zn ,

Aiλ={(Aiλ)k,m}k∈Z,m∈Zn =
{ ∞

∑
v=−∞

∑
h∈Zn

〈ϕv,h, ˜̺k,m,i〉〈 f , ϕ̃v,h〉
}

k∈Z,m∈Zn
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with i∈{1,··· , j}. Again by Proposition 4.1 we obtain
∥∥{〈 f , ˜̺k,m,i〉}k∈Z,m∈Zn |ḃp,q(R

n,{tk})
∥∥

does not exceed
∥∥{〈 f , ϕ̃k,m〉}k∈Z,m∈Zn |ḃp,q(R

n,{tk})
∥∥.

∥∥ f |Ḃp,q(R
n,{tk})

∥∥,

where we have used (3.13). This finishes the proof of the theorem.

Remark 4.1. (i) Further results, concerning, for instance, characterizations via oscilla-
tions, box spline and tensor-product B-spline representations are given in [20].
(ii) We mention that the techniques of [35] are not capable of dealing with spaces of vari-
able smoothness. Also our assumptions on the weight {tk} play an exceptional role in
the paper.
(iii) We draw the readers attention to paper [44] where generalized Besov-type and
Triebel-Lizorkin-type spaces are studied. They assumed that the weight sequence {tk}
lies in some class different from the class Ẋα,σ,p.

5 The non-homogeneous space Bp,q(Rn,{tk}k∈N0
)

In this section, we present the inhomogeneous version of our results given above. Let
Φ,ψ,ϕ and Ψ satisfy

Φ,Ψ,ϕ,ψ∈S(Rn), (5.1)

suppFΦ, suppFΨ⊂B(0,2), |FΦ(ξ)|,|FΨ(ξ)|≥ c, (5.2)

if |ξ|≤ 5
3 and

suppFϕ, suppFψ⊂B(0,2)\B(0,1/2), |Fϕ(ξ)|,|Fψ(ξ)|≥ c, (5.3)

if 3
5 ≤|ξ|≤ 5

3 , such that

FΦ(ξ)FΨ(ξ)+
∞

∑
k=1

Fϕ(2−kξ)Fψ(2−kξ)=1, ξ∈R
n, (5.4)

where c>0. Recall that the ϕ-transform Sϕ is defined by setting (Sϕ f )0,m=〈 f ,Ψm〉 where

Ψm(x)=Ψ(x−m) and (Sϕ f )k,m=〈 f ,ϕk,m〉 where ϕk,m(x)=2
kn
2 ϕ(2kx−m), k∈N and m∈Zn .

The inverse ϕ-transform Tψ is defined by

Tψλ := ∑
m∈Zn

λ0,mΨm+
∞

∑
k=1

∑
m∈Zn

λk,mψk,m,

where λ={λk,m}k∈N0,m∈Zn ⊂C, see again [26]. Let Φ,ϕ∈S(Rn) satisfy, respectively, (5.2)
and (5.3). We recall that by [26, pp. 130-131] or [27, Lemma 6.9], there exist functions
Ψ∈S(Rn) satisfying (5.2) and ψ∈S(Rn) satisfying (5.3) such that (5.4) holds.

Now we present the inhomogenous version of Definition 2.3.
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Definition 5.1. Let α1, α2 ∈ R, σ1, σ2 ∈ (0,+∞], α = (α1,α2) and let σ = (σ1,σ2). We let
Xα,σ,p=Xα,σ,p(Rn) denote the set of p-admissible weight sequences {tk}k∈N0

satisfying (2.3) and
(2.4) for any 0≤ k≤ j, with constants C1,C2>0 are independent of both the indexes k and j.

Example 5.1. A sequence {γj}j∈N0
of positive real numbers is said to be admissible if

there exist two positive constants d0 and d1 such that

d0γj ≤γj+1≤d1γj, j∈N0. (5.5)

For an admissible sequence {γj}j∈N0
, let

γ
j
:= inf

k≥0

γj+k

γk
and γj :=sup

k≥0

γj+k

γk
, j∈N0.

Let

αγ := lim
j−→∞

logγj

j
and βγ := lim

j−→∞

logγ
j

j
,

be the upper and lower Boyd index of the given sequence {γj}j∈N0
, respectively. Then

γ
j
γk≤γj+k≤γjγk, j,k∈N0

and for each ε>0,
c12(βγ−ε)j≤γ

j
≤γj≤ c22(αγ+ε)j, j∈N0

for some constants c1 = c1(ε)>0 and c2 = c2(ε)>0. Also, γ
1

and γ1 are the best possible
constants d0 and d1 in (5.5), respectively.

Clearly the sequence {γj}j∈N0
lies in Xα,σ,p for α1=βγ−ε,α2=αγ+ε and 0<p,σ1,σ2≤∞.

These type of admissible sequences are used in [24] to study Besov and Lizorkin-Triebel
spaces in terms of a generalized smoothness, see also [34].

Let us consider some examples of admissible sequences. The sequence {γj}j∈N0
,

γj :=2sj(1+ j)b(1+log(1+ j))c, j∈N0

with arbitrary fixed real numbers s,b and c is a an admissible sequence with βγ =αγ= s.

Example 5.2. Let 0<r< p<∞, a weight ωp∈A p
r
(Rn) and {sk}={2ksωp(2−k)}k∈N0

, s∈R.

Obviously, {sk}k∈N0
lies in Xα,σ,p for α1=α2= s, σ=(r( p

r )
′,p).

Now, we define the spaces under consideration.

Definition 5.2. Let 0< p≤∞ and 0< q≤∞. Let {tk}k∈N0
be a p-admissible weight sequence.

Let Φ,ϕ∈S(Rn) satisfy (5.2) and (5.3), respectively, and we put ϕk =2kn ϕ,k∈N0. The Besov
space Bp,q(Rn,{tk}k∈N0

) is the collection of all f ∈S ′(Rn) such that

∥∥ f |Bp,q(R
n,{tk}k∈N0

)
∥∥ :=

( ∞

∑
k=0

∥∥tk(ϕk∗ f )|Lp(R
n)
∥∥q
) 1

q
<∞

with the usual modifications if q=∞, where ϕ0 is replaced by Φ.
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Now we introduce the inhomogeneous sequence spaces bp,q(Rn,{tk}k∈N0
). Let 0<p≤

∞ and 0< q≤∞. Let {tk}k∈N0
be a p-admissible weight sequence. Then for all complex

valued sequences λ={λk,m}k∈N0 ,m∈Zn ⊂C we define

bp,q(R
n,{tk}k∈N0

) :=
{

λ :
∥∥λ|bp,q(R

n,{tk}k∈N0
)
∥∥<∞

}
,

where
∥∥λ|bp,q(R

n,{tk}k∈N0
)
∥∥ :=

( ∞

∑
k=0

2
knq

2
∥∥ ∑

m∈Zn

tkλk,mχk,m|Lp(R
n)
∥∥q
) 1

q
.

We have the following analogue of Theorem 3.1.

Theorem 5.1. Let α=(α1,α2)∈R2,0< θ ≤ p<∞ and 0< q≤∞. Let {tk}k∈N0
∈Xα,σ,p be a

p-admissible weight sequence with σ = (σ1 = θ
( p

θ

)′
,σ2 ≥ p). Let ϕ, ψ satisfying (5.1) through

(5.4). The operators

Sϕ : Bp,q(R
n,{tk}k∈N0

)→bp,q(R
n,{tk}k∈N0

),

Tψ : bp,q(R
n,{tk}k∈N0

)→Bp,q(R
n,{tk}k∈N0

)

are bounded. Furthermore, Tψ◦Sϕ is the identity on Bp,q(Rn,{tk}k∈N0
).

As a consequence the analogues of Corollary 3.1 are now clear. We obtain the follow-
ing useful properties of these function spaces.

Theorem 5.2. Let α=(α1,α2)∈R2,0< θ ≤ p<∞ and 0< q≤∞. Let {tk}k∈N0
∈Xα,σ,p be a

p-admissible weight sequence with σ=(σ1=θ
( p

θ

)′
,σ2≥p). Bp,q(Rn,{tk}k∈N0

) are quasi-Banach
spaces. They are Banach spaces if 1≤ p<∞ and 1≤q<∞.

Let 0<θ≤p<∞ and 0<q≤∞. Let {tk}k∈N0
∈Xα,σ,p be a p-admissible weight sequence

with σ=(σ1=θ
( p

θ

)′
,σ2≥p) and α=(α1,α2)∈R2. As in Theorem 3.3 we have the embedding

S(Rn) →֒Bp,q(R
n,{tk}k∈N0

).

In addition S(Rn) is dense in Bp,q(Rn,{tk}k∈N0
) with 1< θ≤ p<∞ and 0<q<∞. Also if

1< θ≤ p<∞ and 0<q≤∞, then

Bp,q(R
n,{tk}k∈N0

) →֒S ′(Rn).

All the results in Subsection 3.2 are true for the inhomogeneous case.
We shall say that an operator A is associated with the matrix {aQk,mPv,h

}k,v∈N0,m,h∈Zn , if
for all sequences λ={λk,m}k∈N0 ,m∈Zn ⊂C,

Aλ={(Aλ)k,m}k∈N0 ,m∈Zn :=
{ ∞

∑
v=0

∑
h∈Zn

aQk,mPv,h
λv,h

}
k∈N0,m∈Zn

.
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We say that A, with associated matrix {aQk,mPv,h
}k,v∈N0 ,m,h∈Zn, is almost diagonal on bp,q

(Rn,{tk}k∈N0
) if there exists ε>0 such that

sup
k,v∈N0,m,h∈Zn

|aQk,mPv,h
|

ωQk,mPv,h
(ε)

<∞,

where ωQk,mPv,h
(ε) as in Section 5. Let α1,α2∈R,0<θ≤ p<∞ and 0<q≤∞. Let {tk}k∈N0

∈
Xα,σ,p be a p-admissible weight sequence with σ1= θ

( p
θ

)′
and σ2≥ p. It is obvious that an

operator A on bp,q(Rn,{tk}k∈N0
) given by an almost diagonal matrix is bounded.

Let J be defined as in Section 5. we present the inhomogeneous versions of Definition
4.1.

Definition 5.3. Let α1,α2∈R, 0< p<∞ and 0<q≤∞. Let {tk}k∈N0
be a p-admissible weight

sequence. Let N=max{J−n−α1,−1} and α∗
2 =α2−⌊α2⌋.

(i) We say that ̺Qk,m
, k ∈N0, m ∈ Zn, is an inhomogeneous smooth synthesis molecule for

Bp,q(Rn,{tk}k∈N0
) supported near Qk,m if it satisfies, for some real number δ∈ (α∗

2 ,1] and
a real number M∈ (J,∞), (4.1)–(4.4) if k∈N. If k=0 we assume (4.3), (4.4) and

|̺Q0,m
(x)|≤ (1+|x−xQ0,m

|)−M.

A collection {̺Qk,m
}k∈N0,m∈Zn is called a family of inhomogeneous smooth synthesis molecules

for Bp,q(Rn,{tk}k∈N0
), if each ̺Qk,m

is an inhomogeneous smooth synthesis molecule for
Bp,q(Rn, {tk}k∈N0

) supported near Qk,m.

(ii) We say that bQk,m
, k ∈ N0, m ∈ Zn, is an inhomogeneous smooth analysis molecule for

Bp,q(Rn, {tk}k∈N0
) supported near Qk,m if it satisfies, for some κ ∈ ((J−α2)∗,1] and an

M∈ (J,∞), (4.5)–(4.8) if k∈N. If k=0 we assume (4.7), (4.8) and

|bQ0,m
(x)|≤ (1+|x−xQ0,m

|)−M.

A collection {bQk,m
}k∈N0 ,m∈Zn is called a family of inhomogeneous smooth analysis molecules for

Bp,q(Rn,{tk}k∈N0
), if each bQk,m

is an inhomogeneous smooth synthesis molecule for Bp,q(Rn,
{tk}k∈N0

) supported near Qk,m.

As a consequence, we obtain the inhomogeneous version of Theorem 4.2.

Theorem 5.3. Let α1, α2∈R, 0<θ≤p<∞ and 0<q≤∞. Let {tk}k∈N0
∈Xα,σ,p be a p-admissible

weight sequence with σ1= θ
( p

θ

)′
and σ2≥ p. Let J,M,N,δ and κ be as in Definition 5.3.

(i) If f =∑
∞
k=0 ∑m∈Zn ̺k,mλk,m, where {̺k,m}k∈N0 ,m∈Zn is a family of inhomogeneous smooth

synthesis molecules for Bp,q(Rn,{tk}k∈N0
), then for all λ∈bp,q(Rn,{tk}k∈N0

)

∥∥ f |Bp,q(R
n,{tk}k∈N0

)
∥∥.

∥∥λ|bp,q(R
n,{tk}k∈N0

)
∥∥.
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(ii) Let {bk,m}k∈N0 ,m∈Zn be a family of inhomogeneous smooth analysis molecules. Then for all
f ∈Bp,q(Rn,{tk}k∈N0

)
∥∥{〈 f ,bk,m〉}k∈N0,m∈Zn |bp,q(R

n,{tk}k∈N0
)
∥∥.

∥∥ f |Bp,q(R
n,{tk}k∈N0

)
∥∥.

Now we present the analogue of smooth atomic decomposition. First we need the
definition of inhomogeneous smooth.

Definition 5.4. Let α1,α2∈R,0< p<∞,0<q≤∞ and N=max{J−n−α1,−1}. Let {tk}k∈N0

be a p-admissible weight sequence. A function aQk,m
is called an inhomogeneous smooth atom for

Bp,q(Rn,{tk}k∈N0
) supported near Qk,m, k∈N0 and m∈Zn, if it is satisfies (4.9), (4.10) and

(4.11) if k∈N. If k=0 we assume (4.9) and (4.10).

A collection {aQk,m
}k∈N0 ,m∈Zn is called a family of inhomogeneous smooth atoms for

Bp,q(Rn,{tk}k∈N0
), if each aQk,m

is an inhomogeneous smooth atom for Bp,q(Rn,{tk}k∈N0
)

supported near Qk,m.
Now we come to the atomic decomposition theorem.

Theorem 5.4. Let α1, α2 ∈ R, 0 < θ ≤ p < ∞, 0 < q ≤ ∞. Let {tk}k∈N0
∈ Xα,σ,p be a p-

admissible weight sequence with σ1 = θ
( p

θ

)′
and σ2 ≥ p. Then for each f ∈ Bp,q(Rn,{tk}k∈N0

),
there exist a family {̺k,m}k∈N0 ,m∈Zn of inhomogeneous smooth atoms for Bp,q(Rn,{tk}k∈N0

) and
λ={λk,m}k∈N0 ,m∈Zn ∈bp,q(Rn,{tk}k∈N0

) such that

f =
∞

∑
k=0

∑
m∈Zn

λk,m̺k,m, converging in S ′(Rn)

and ∥∥{λk,m}k∈N0 ,m∈Zn |bp,q(R
n,{tk}k∈N0

)
∥∥.

∥∥ f |Bp,q(R
n,{tk}k∈N0

)
∥∥.

Conversely, for any family of inhomogeneous smooth atoms for Bp,q(Rn,{tk}k∈N0
) and λ =

{λk,m}k∈N0 ,m∈Zn ∈bp,q(Rn,{tk}k∈N0
)

∥∥∥∥
∞

∑
k=0

∑
m∈Zn

λk,m̺k,m|Bp,q(R
n,{tk}k∈N0

)

∥∥∥∥.
∥∥{λk,m}k∈N0 ,m∈Zn |bp,q(R

n,{tk}k∈N0
)
∥∥.

5.1 Characterization by differences

Let f be an arbitrary function on Rn and x,h∈Rn . Then

∆h f (x) := f (x+h)− f (x), ∆M+1
h f (x) :=∆h(∆

M
h f )(x), M∈N.

These are the well-known differences of functions which play an important role in the
theory of function spaces. Using mathematical induction one can show the explicit for-
mula

∆M
h f (x) :=

M

∑
j=0

(−1)j C
j
M f (x+(M− j)h),
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where C
j
M are the binomial coefficients. By the ball means of differences we mean the

quantity

dM
t f (x) := t−n

∫

|h|≤t

∣∣∣∆M
h f (x)

∣∣∣dh=
∫

B

∣∣∣∆M
th f (x)

∣∣∣dh,

where B :={x∈Rn : |x|≤1} is the unit ball of Rn, t>0 is a real number and M is a natural
number. Let 0< p,q≤∞,

∥∥ f |Bs
p,q

∥∥∗ :=
∥∥ f |Lp(R

n)
∥∥+

( ∞

∑
k=0

2ksq
∥∥dM

2−k f |Lp(R
n)
∥∥q
) 1

q

with σp < s<M, where

σp :=nmax
( 1

p
−1,0

)
.

It was proven in [58] that
∥∥ f |Bs

p,q

∥∥∗ is an equivalent quasi-norm in Bs
p,q. Later on this type

of characterization was extended by Besov in [2] and [4] to spaces B
{tk}k
p,q with p,q∈(1,∞).

It was assumed that the weight sequence {tk}k∈N0
lies in locYα3

α1,α2
. locYα3

α1,α2
is the set of all

weight sequences t={tk}k∈N0
={tk(·)}k∈N0

satisfying for α1, α2∈R,

c12α1(k−j)≤ tk(x)

tj(x)
≤ c22α2(k−j) for j≤ k∈N0, x∈R

n; (5.6)

and

tk(x)≤ tk(y) for x,y∈R
n, k∈N0, |x−y|≤2−k ,

under the condition 0<α1 ≤α2<M.

Kempka and Vybı́ral [42] gave a characterization of Besov spaces of variable smoothness
and integrability by the ball means of differences. The weight sequence satisfies (5.6) and

tk(x)≤ c3tk(y)(1+2k|x−y|)α3 for α3≥0, k∈N0, x,y∈R
n,

under the condition

0< p,q≤∞, σp

(
1+

α3

n
p
)
<α1≤α2<M.

They also gave the same characterization for Triebel-Lizorkin spaces of variable smooth-
ness and integrability.

In this subsection we want to extend this type of characterization to function spaces
of generalized smoothness. In the next we shall interpret Lloc

1 (Rn) as the set of regular
distributions.
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Theorem 5.5. Let α=(α1,α2)∈R2,1< θ≤ p<∞,1≤ q≤∞ and α1>0. Let {tk}k∈N0
∈Xα,σ,p

be a p-admissible weight sequence with σ1 = θ
( p

θ

)′
and σ2≥ p. Then

Bp,q(R
n,{tk}k∈N0

) →֒ Lloc
1 (Rn).

Proof. Let Φ,ϕ∈S(Rn) satisfy (5.2) and (5.3), respectively. From Lemma 3.6 combined
with Remark 3.2, we immediately obtain

∥∥ϕk∗ f |Lp(R
n,t0)

∥∥≤ c 2−α1k
∥∥ϕk∗ f |Lp(R

n,tk)
∥∥ (5.7)

holds for all k∈N0, with ϕ0=Φ, where c>0 is independent of k. This guarantees that

Bp,q(R
n,{tk}k∈N0

) →֒ Lp(R
n,t0) →֒ Lloc

1 (Rn),

because of α1>0. This finishes the proof.

The following lemma plays a central role in the characterization of these spaces in
terms of the difference relations.

Lemma 5.1. Let α=(α1,α2)∈R2,1< θ≤ p<∞,1≤q≤∞ and α1>0. Let {tk}k∈N0
∈Xα,σ,p be

a p-admissible weight sequence with σ1= θ
( p

θ

)′
and σ2≥ p. There exists a constant c such that

∥∥ f |L̃p(R
n,t0)

∥∥≤ c
∥∥ f |Bp,q(R

n,{tk}k∈N0
)
∥∥, (5.8)

∥∥ f |Lp(R
n,t0)

∥∥≤ c
∥∥ f |Bp,q(R

n,{tk}k∈N0
)
∥∥ (5.9)

hold for all f ∈Bp,q(Rn,{tk}k∈N0
), where

L̃p(R
n,t0) :=

{
f :
∥∥ f |L̃p(R

n,t0)
∥∥<∞

}
,

where In :=(−1,1)n and

∥∥ f |L̃p(R
n,t0)

∥∥ :=
(∫

Rn
t

p
0(x)

∥∥ f |L1(x+ In)
∥∥p

dx
) 1

p
.

Proof. Let Φ,ψ,ϕ and Ψ satisfy (5.1) through (5.4), f ∈Bp,q(Rn,{tk}k∈N0
) and

̺k =
k

∑
j=0

ψj∗ ϕ̃j∗ f , k∈N0,

where ϕ̃j(·) := 2jn ϕ(−2j·), j ∈N, ϕ̃0 = Φ and ψ0 = Ψ. From Theorem 5.5 f is a regular
distribution.

Step 1. We prove (5.9). From Theorem 5.5 {̺k}k∈N0
converges to h∈ Lp(Rn,t0). Let

ϕ∈S(Rn). We write

〈 f −h,ϕ〉= 〈 f −̺N ,ϕ〉+〈h−̺N ,ϕ〉, N∈N0.



76 Drihem D / J. Math. Study, 56 (2023), pp. 18-92

Here 〈·,·〉 denotes the duality bracket between S ′(Rn) and S(Rn). The first term tends to
zero as N→∞, while by Hölder’s inequality there exists a constant c>0 is independent
of N such that

|〈h−̺N ,ϕ〉|≤
∥∥h−̺N |Lp(R

n,t0)
∥∥∥∥ϕ|Lp′(R

n,t−1
0 )

∥∥.
∥∥h−̺N |Lp(R

n,t0)
∥∥,

which tends to zero as N→∞, where the last inequality follows by Lemma 2.2. Then

f =
∞

∑
j=0

ψj∗ ϕ̃j∗ f , a.e.

Step 2. We prove (5.8). We see that

∥∥̺k|L̃p(R
n,t0)

∥∥≤
k

∑
j=0

(∫

Rn
t

p
0(x)

∥∥ψj∗ ϕ̃j∗ f |L1(x+ In)
∥∥p

dx
) 1

p
.

We have ∥∥ψj∗ ϕ̃j∗ f |L1(x+ In)
∥∥=

∫

x+In
|ψj∗ ϕ̃j∗ f (y)|dy,

which is bounded by

cM(M(ϕ̃j∗ f ))(x), x∈R
n, j∈N0,

where c>0 is independent of j and x. Therefore

∥∥ψj∗ ϕ̃j∗ f |L̃p(R
n,t0)

∥∥≤ c
∥∥M(M(ϕ̃j∗ f ))|Lp(R

n,t0)
∥∥

≤ c
∥∥ϕ̃j∗ f |Lp(R

n,t0)
∥∥. (5.10)

From Lemma 3.6, with the help of Remark 3.2, we obtain

∥∥̺k|L̃p(R
n,t0)

∥∥≤ c
k

∑
j=0

∥∥ϕ̃j∗ f |Lp(R
n,t0)

∥∥

≤ c
k

∑
j=0

2−jα1
∥∥ϕ̃j∗ f |Lp(R

n,tj)
∥∥

≤ c
∥∥ f |Bp,q(R

n,{tk}k∈N0
)
∥∥.

Furthermore, {̺k} is a Cauchy sequence in L̃p(Rn,t0) and hence it converges to g ∈
L̃p(Rn,t0), and ∥∥g|L̃p(R

n,t0)
∥∥.

∥∥ f |Bp,q(R
n,{tk}k∈N0

)
∥∥.

Let us prove that f = g a.e. We have

∥∥ f −g|L̃p(R
n,t0)

∥∥≤
∥∥ f −̺k|L̃p(R

n,t0)
∥∥+

∥∥g−̺k|L̃p(R
n,t0)

∥∥, k∈N0
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and by (5.10) and (5.7) we have that

∥∥ f −̺k|L̃p(R
n,t0)

∥∥≤
∞

∑
j=k+1

∥∥ψj∗ ϕ̃j∗ f |L̃p(R
n,t0)

∥∥

.
∞

∑
j=k+1

∥∥ϕ̃j∗ f |Lp(R
n,t0)

∥∥

.
∥∥ f |Bp,q(R

n,{tk}k∈N0
)
∥∥

∞

∑
j=k+1

2−jα1 .

Taking k to infinity, we get g= f a.e. This finishes the proof.

Let M∈N,k∈N0. For f ∈Lloc
1 (Rn),x∈Rn and a cube Q, we put

δM(Q) f :=
1

[l(Q)]2n

∫

l(Q)In

∫

Q

∣∣∣∆M
h f (x)

∣∣∣dxdh,

δM(x+2−k In) :=22kn
∫

2−k In

∫

x+2−k In

∣∣∣∆M
h f (y)

∣∣∣dydh,

where 2−k In =(−2−k,2−k)n. Now we present the definition of Besov spaces of variable
smoothness B̃M

p,q(R
n,{tk}k∈N0

) as introduced recently in [62].

Definition 5.5. Let M∈N, 0< p,q≤∞, and let {tk}k∈N0
be a p-admissible weight sequence.

We set
B̃M

p,q(R
n,{tk}k∈N0

) :=
{

f : f ∈Lloc
1 (Rn),

∥∥ f |B̃M
p,q(R

n,{tk}k∈N0
)
∥∥<∞

}
,

where

∥∥ f |B̃M
p,q(R

n,{tk}k∈N0
)
∥∥ :=

( ∞

∑
k=1

∥∥tkδM(·+2−k In) f |Lp(R
n)
∥∥q
) 1

q
+
∥∥ f |L̃p(R

n,t0)
∥∥,

making the obvious modifications for p=∞ and/or q=∞.

Let M∈N,0< p<∞,0< q≤∞, and let {tk}k∈N0
be a p-admissible weight sequence.

We set

∥∥ f |B̃M
p,q(R

n,{tk}k)
∥∥∗ :=

∥∥ f |B̃M
p,q(R

n,{tk}k)
∥∥∗,1

+
(

∑
m∈Zn

t
p
0,m

∥∥ f |L1(Q0,m)
∥∥p

) 1
p
,

where
∥∥ f |B̃M

p,q(R
n,{tk}k)

∥∥∗,1
:=

( ∞

∑
k=1

(
∑

m∈Zn

t
p
k,m(δ

M(Qk,m) f )p
) q

p
) 1

q

with

δM(Qk,m) f :=
1

[l(Qk,m]2n

∫

2−k In

∫

Qk,m

∣∣∣∆M
h f (z)

∣∣∣dzdh.
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Theorem 5.6. Let α1,α2 ∈R and α= (α1,α2). Let M∈N,1< θ ≤ p<∞ and 1≤ q≤∞. Let

{tk}k∈N0
∈Xα,σ,p be a p-admissible sequence with σ=(σ1,σ2), σ1= θ

( p
θ

)′
and σ2≥ p. Then

∥∥·|B̃M
p,q(R

n,{tk}k∈N0
)
∥∥∗

is an equivalent norm in B̃M
p,q(R

n,{tk}k∈N0
).

This theorem is given in [62].
The following lemma plays a central role in the characterization of Bp,q(Rn,{tk}k∈N0

)
spaces in terms of the difference relations.

Lemma 5.2. Let α=(α1,α2)∈R2,1< θ≤ p<∞,1≤q≤∞ and α1>0. Let {tk}k∈N0
∈Xα,σ,p be

a p-admissible weight sequence with σ1 = θ
( p

θ

)′
and σ2 ≥ p. Let f ∈ B̃M

p,q(R
n,{tk}k∈N0

). There
exists a constant c such that

∥∥ f |Lp(R
n,t0)

∥∥≤ c
∥∥ f |B̃M

p,q(R
n,{tk}k∈N0

)
∥∥. (5.11)

Proof. We follow the arguments of [20]. Let Ψ be a function in S(Rn) satisfying 0≤Ψ(x)≤
1 for all x and Ψ(x)= 0 for |x| ≥ 1

M and
∫

Rn Ψ(x)dx= 1. We make use of an observation
made by Nikol’skij [49, 5.2.1, p. 185] (see also [56, Lemma 10, pp. 228-229] and [64, pp.
387-388]). We put

ψ(x) :=(−1)M+1
M−1

∑
i=0

(−1)i Ci
M

1

(i−M)n Ψ(
x

i−M
).

The function ψ satisfies ψ(x)=0 for |x|≥1 and
∫

Rn ψ(x)dx=
∫

Rn Ψ(x)dx=1. Then, taking

ϕ0=ψ, ϕ=ψ−2−nψ( ·
2 ) and ϕj=2jn ϕ(2j·) for j=1,2,3,··· . From [51, Theorem 1.6, p. 152]

for any N > 0 there exist two functions ̟0,̟∈D(Rn) such that
∫

Rn xβ̟(x)dx= 0 for all
multi-indices β with |β|≤N and

f =
∞

∑
j=0

̟j∗ϕj∗ f (5.12)

for all f ∈D′(Rn) with ̟j = 2jn̟
(
2j·

)
, j∈N. Let f ∈ B̃M

p,q(R
n,{tk}k∈N0

). Obviously, we
need to proof the following estimate

∞

∑
j=0

∥∥t0(̟j∗ϕj∗ f )|Lp(R
n)
∥∥.

∥∥ f |B̃M
p,q(R

n,{tk}k∈N0
)
∥∥ (5.13)

and the sequence of functions
N

∑
j=0

̟j∗ϕj∗ f converges to f almost everywhere which im-

plys (5.11). Let us prove the estimate (5.13). We have

|ϕ0∗ f (x)|.
∫

B(x,1)
| f (y)|dy.

∫

x+In
| f (y)|dy= c

∥∥ f |L1(x+In)
∥∥, x∈R

n,
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which, together with Lemma 2.4, yield

∥∥t0(̟0∗ϕ0∗ f )|Lp(R
n)
∥∥.

∥∥t0M(ϕ0∗ f )|Lp(R
n)
∥∥

.
∥∥t0

∥∥ f |L1(·+ In)
∥∥|Lp(R

n)
∥∥.

Now, it holds for x∈Rn and j=1,2,··· ,

ϕj∗ f (x)=(−1)M+12jn
∫

Rn
∆M

h f (x)Ψ̃(2jh)dh,

where Ψ̃(·)=Ψ(·)−2−nΨ( ·
2 ). The function ϕj∗ f is the sum of

(−1)M+12jn
∫

|h|≤ 2−j

M

∆M
h f (x)Ψ(2jh)dh=ω1,j(x),

(−1)M+12(j−1)n
∫

|h|≤ 21−j

M

∆M
h f (x)Ψ(2j−1h)dh=ω2,j(x).

Assume that supp̟⊂{x∈Rn : |x|≤2i−1},i∈N. By similarity, we only estimate the first
term. Let x∈Rn. We have

|̟j∗ω1,j(x)|≤
∫

x+2i−jIn
|̟j(x−y)||ω1,j(y)|dy

. 2jn
∫

2−j In

∫

x+2i−jIn
|̟j(x−y)||∆M

h f (y)|dydh. (5.14)

Let j≤ i+1. Using the definition of ∆M
h f , we can estimate (5.14) by

c
∫

x+2N In
| f (y)|dy

for some N∈N, where the positive constant c is independent of x. Therefore

i+1

∑
j=1

∥∥t0(̟j∗ω1,j)|Lp(R
n)
∥∥.

∥∥t0

∥∥ f |L1(·+2N In)
∥∥|Lp(R

n)
∥∥.

Let us prove that the last norm is bounded by

c
∥∥ f |B̃M

p,q(R
n,{tk}k∈N0

)
∥∥.

We estimate ∥∥t0

∥∥ f |L1(·+2N In)
∥∥|Lp(R

n)
∥∥p

(5.15)

by

∑
m∈Zn

t
p
0,m

∥∥ f |L1(CQ0,m)
∥∥p

(5.16)
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for some positive constant C. Let m′∈Zn be such that Q0,m′∩CQ0,m 6=∅. Then

|m′−m|≤ c

for some positive constant c independent of m and m′. Therefore
∥∥ f |L1(CQ0,m)

∥∥p
. ∑

m′∈Zn

Q0,m′∩CQ0,m 6=∅

∥∥ f |L1(Q0,m′)
∥∥p

. (5.17)

Substitute (5.17) into (5.16). This gives (5.15) can be estimated by

c ∑
m∈Zn

t
p
0,m ∑

m′∈Zn

Q0,m′∩CQ0,m 6=∅

∥∥ f |L1(Q0,m′)
∥∥p

. ∑
m∈Zn

∑
m′∈Zn

Q0,m′∩CQ0,m 6=∅

t
p
0,m′

∥∥ f |L1(Q0,m′)
∥∥p

. ∑
m∈Zn

t
p
0,m

∥∥ f |L1(Q0,m)
∥∥p

,

where for the first inequality we used Lemma 2.1 (iii). Now let j> i+1. Obviously,

|̟j∗ω1,j(x)|. 22jn
∫

2−j In

∫

x+2i−jIn
|∆M

h f (y)|dydh

. 22jn
∫

2i−j In

∫

x+2i−jIn
|∆M

h f (y)|dydh

= cδM(x+2i−j In) f , x∈R
n.

Let x∈Qj−i,m, m∈Zn. We find that x+2i−j In ⊂Qj−i,m+2i−j In. Therefore

δM(x+2i−j In) f ≤δM(Qj−i,m+2i−j In) f =
1

|Qj−i,m|
∫

Q j−i,m

δM(Qj−i,m+2i−j In) f dy.

Obviously
Qj−i,m+2i−j In=y+Qj−i,m−y+2i−j In, y∈Qj−i,m.

We have Qj−i,m−y⊂2i−j In for all y∈Qj−i,m and this implies that

Qj−i,m+2i−j In ⊂y+21+i−j In, y∈Qj−i,m.

Therefore, for any x∈Qj−i,m,

δM(x+2i−j In) f ≤ 1

|Qj−i,m|
∫

Q j−i,m

δM(y+21+i−j In) f dy

. M(δM(·+21+i−j In) f )(x),

where the implicit constant is independent of j,m and x, which yields that
∥∥t0(̟j∗ω1,j)|Lp(R

n)
∥∥.

∥∥t0M(δM(·+21+i−j In) f )|Lp(R
n)
∥∥

. 2α1(i−j)
∥∥δM(·+21+i−j In) f |Lp(R

n,tj−i−1)
∥∥,
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by Lemma 2.4 combined with Remark 2.3 (ii). Consequently

∞

∑
j=i+2

∥∥t0(̟j∗ω1,j)|Lp(R
n)
∥∥.

∥∥ f |B̃M
p,q(R

n,{tk}k∈N0
)
∥∥.

Now we prove that
{

̺N =
N

∑
j=0

̟j∗ϕj∗ f
}

converges to f almost everywhere. From (5.13), the sequence {̺N} converges to

g=
∞

∑
j=0

̟j∗ϕj∗ f

almost everywhere and g belongs to Lp(Rn,t0). Let ϕ∈D(Rn). We write

〈 f −g,ϕ〉= 〈 f −̺N ,ϕ〉+〈g−̺N ,ϕ〉, N∈N0.

Here 〈·,·〉 denotes the duality bracket between D′(Rn) and D(Rn). By (5.12) the first
term tends to zero as N →∞, while by Hölder’s inequality there exists a constant c> 0
independent of N such that

|〈g−̺N ,ϕ〉|≤
∥∥g−̺N |Lp(R

n,t0)
∥∥∥∥ϕ|Lp′(R

n,t−1
0 )

∥∥.
∥∥g−̺N |Lp(R

n,t0)
∥∥,

which tends to zero as N→∞, where the last inequality follows by Lemma 2.2. Therefore
f = g almost everywhere.

Remark 5.1. Let ψ be a function in S(Rn) satisfying

0≤ψ≤1 and ψ(x)=

{
1, if |x|≤1,

0, if |x|≥ 3
2 .

We put Fφ0=ψ, Fφ1=ψ( ·2)−ψ and Fφk=Fφ1(2
1−k·) for k=2, 3,··· . Then {Fφk}k∈N0

is
a smooth dyadic resolution of unity,

∞

∑
k=0

Fφk(x)=1

for all x∈Rn. Thus we obtain the Littlewood-Paley decomposition

f =
∞

∑
k=0

φk∗ f

of all f ∈S ′(Rn) (convergence in S ′(Rn)). We can easily prove that

∥∥ f |Bp,q(R
n,{tk}k∈N0

)
∥∥≈

( ∞

∑
k=0

∥∥tk(φk∗ f )|Lp(R
n)
∥∥q
) 1

q

for any f ∈Bp,q(Rn,{tk}k∈N0
).
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In the following theorem we will establish characterizations of Bp,q(Rn,{tk}k∈N0
) in

terms of the difference relations.

Theorem 5.7. Let α=(α1,α2)∈R2,1<θ≤p<∞,1≤q≤∞ and M∈N\{0}. Let {tk}k∈N0
∈Xα,σ,p

be a p-admissible weight sequence with σ1= θ
( p

θ

)′
and σ2≥ p. Assume that

0<α1 ≤α2<M.

Then

Bp,q(R
n,{tk}k∈N0

)= B̃M
p,q(R

n,{tk}k∈N0
),

in the sense of equivalent norm.

Proof. We will divide the proof into two steps.

Step 1. We prove that

∥∥ f |B̃M
p,q(R

n,{tk}k∈N0
)
∥∥≤ c

∥∥ f |Bp,q(R
n,{tk}k∈N0

)
∥∥

for all f ∈Bp,q(Rn,{tk}k∈N0
). By Lemma 5.1,

∥∥ f |L̃p(Rn,t0)
∥∥ can be estimated from above

by c
∥∥ f |Bp,q(Rn,{tk}k∈N0

)
∥∥. Let

{
Fφj

}
j∈N0

be a smooth dyadic resolution of unity. We

need to estimate

( ∞

∑
k=1

∥∥∥
k

∑
j=0

tkδM(·+2−k In)(φj∗ f )|Lp(R
n)
∥∥∥

q) 1
q
, (5.18)

( ∞

∑
k=1

∥∥∥
∞

∑
j=k+1

tkδM(·+2−k In)(φj∗ f )|Lp(R
n)
∥∥∥

q) 1
q
. (5.19)

We have

δM(x+2−k In) f .2kn
∫

x+2−k In
dM√

n2−k f (z)dz, x∈R
n.

Let

φ∗,a
j f (x) := sup

y∈Rn

|φj∗ f (y)|
(1+2j|x−y|)a

be the Peetre maximal function. As in [58, 2.5.10] we immediately obtain that

dM√
n2−k(φj∗ f )(z)≤ c2( j−k)Mφ∗,a

j f (z)≤ c2(j−k)Mφ∗,a
j f (x)

if a> 0,0≤ j ≤ k,k∈N, x∈Rn and z∈ x+2−k In, where c> 0 is independent of j,k and x.
Since α2<M, (5.18) does not exceed

( ∞

∑
j=0

∥∥φ∗,a
j f |Lp(R

n,{tk}k∈N0
)
∥∥q
) 1

q
.
∥∥ f |Bp,q(R

n,{tk}k∈N0
)
∥∥,
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by Lemma 2.6 combined with the fact that

φ∗,a
j f .M(φj∗ f ),

where a is large enough. Let j> k. Let x∈Qk,m, for some m∈Zn. Recalling the definition
of dM

2−k(ϕj∗ f ), we can estimate

2kn
∫

x+2−k In
dM√

n2−k f (y)dy (5.20)

by

22kn
M

∑
i=0

Ci
M

∫
√

n2−k In

∫

x+N2−k In

∣∣φj∗ f (y)
∣∣dydh.2kn

∫

CQk,m

∣∣φj∗ f (y)
∣∣dy,

where the positive constants C and N do not depend on k and m. Therefore (5.20) is
bounded by cM(φj∗ f )(x) for any j> k and x∈Rn. Hence

tk

∞

∑
j=k+1

δM(·+2−k In)(φj∗ f )

can be estimated from above by

c tk

∞

∑
j=k+1

M(φj∗ f ),

where the positive constant c is independent of k. We obtain that (5.19) is bounded by

( ∞

∑
j=0

∥∥tjM(φj∗ f )|Lp(R
n)
∥∥q
) 1

q ≤ c
∥∥ f |Bp,q(R

n,{tk}k∈N0
)
∥∥,

where we used Lemma 2.6.
Step 2. Let Ψ be a function in S(Rn) satisfying Ψ(x)= 1 for |x|≤ 1 and Ψ(x)= 0 for

|x|≥ 3
2 , and in addition radial symmetric. We make use again of an observation made by

Nikol’skij [49] (see also [56]). We put

ψ(x) :=(−1)M+1
M−1

∑
i=0

(−1)i Ci
MΨ(x(M−i)).

The function ψ satisfies ψ(x)= 1 for |x| ≤ 1/M and ψ(x)= 0 for |x| ≥ 3/2. Then, taking
Fϕ0(x)=ψ(x),Fϕ1(x)=ψ(x)−ψ( x

2 ) and Fϕk(x)= ϕ1(2
−k+1x) for k=2,3,··· , we obtain

that {ϕk}k∈N0
is a smooth dyadic resolution of unity. This yields that

( ∞

∑
k=0

∥∥tk(ϕk∗ f )|Lp(R
n)
∥∥q
) 1

q
(5.21)
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is an equivalent norm in Bp,q(Rn,{tk}k∈N0
). Let us prove that the last term is bounded by

c
∥∥ f |B̃M

p,q(R
n,{tk}k∈N0

)
∥∥. (5.22)

We observe that

ϕ0∗ f (x)=(−1)M+1
∫

Rn
F−1Ψ(z)∆M

−z f (x)dz+ f (x)
∫

Rn
F−1Ψ(z)dz, x∈R

n.

From Lemma 5.2,
∥∥ f |Lp(Rn,t0)

∥∥, can be estimated by (5.22). Moreover, it holds for x∈Rn

and k=1,2,···
ϕk∗ f (x)=(−1)M+1

∫

Rn
∆M
−2−ky

f (x)Ψ̃(y)dy,

where Ψ̃(·)=F−1Ψ(·)−2−nF−1Ψ( ·
2 ). Obviously we need to estimate

∫

Rn
|∆M

2−ky
f (x)g(y)|dy,

where g∈S(Rn), x∈Rn and k∈N0. We split the last integral into two parts:

∫

|y|≤1
|∆M

2−ky
f (x)||g(y)|dy+

∫

|y|>1
|∆M

2−ky
f (x)||g(y)|dy.

By similarity we estimate only the second integral. We write

∫

|y|>1
|∆M

2−ky f (x)|g(y)|dy=
∞

∑
j=0

∫

2j<|y|≤2j+1
|∆M

2−ky f (x)||g(y)|dy

≤ c
∞

∑
j=0

2kn−Vj
∫

2j−k<|h|≤2j−k+1
|∆M

h f (x)|dh,

where the positive constant c is independent of k, V > n is at our disposal and we have
used the properties of the function g,

|g(x)|≤ c(1+|x|)−V

for any x∈Rn and any V>n. Let us recall the following useful estimate which essentially
from [55] and [68]. In [35], but traced back to Brudnyi [9] and Nevskii [48], is established
the following inequality. Let r∈(0,∞], M∈N, ̺∈(0,1] and f ∈Lloc

r (Rn). Then there exists
a positive constant C=C(M,̺,r,n) such that for any cube Q with side length a there is a
polynomial P∈PM−1(R

n) satisfying
∫

Q
| f (y)−P(y)|r dy≤C a−n

∫

|h|≤̺a

∫

Q

∣∣∣∆M
h f (y)

∣∣∣
r
dydh.

From this inequality and the fact that,

∆M
h f (x)=∆M

h ( f −P)(x)=
M

∑
v=0

(−1)M−vCv
M( f −P)(x+vh),
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we obtain
∫

|h|≤2j−k+1
|( f −P)(x+vh)|dh≤

∫

x+v2j−k+1In
|( f −P)(z)|dz

≤ c2(k−j)n
∫

|h|≤2N+j−k

∫

x+2N+j−kIn

∣∣∣∆M
h f (y)

∣∣∣dydh

≤ c2(j−k)nδM(x+2N+j−k In) f ,

where 0≤v≤M,N∈N and the positive constant c is independent of j,k and x. Therefore

∫

|y|>1
|∆M

2−ky
f (x)||g(y)|dy≤ c

∞

∑
j=0

2−(V−n)jδM(x+2N+j−k In) f

and (5.21) can be estimated by

∥∥ f |B̃M
p,q(R

n,{tk}k∈N0
)
∥∥+

∞

∑
j=0

2−(V−n)j
( ∞

∑
k=0

∥∥tkδM(·+2N+j−k In) f |Lp(R
n)
∥∥q
) 1

q
.

We put

J1 :=
∞

∑
j=0

2−(V−n)j
( ∞

∑
k=j+N+1

∥∥tkδM(·+2N+j−k In) f |Lp(R
n)
∥∥q
) 1

q
, (5.23)

J2 :=
∞

∑
j=0

2−(V−n)j
( j+N

∑
k=0

∥∥tkδM(·+2N+j−k In) f |Lp(R
n)
∥∥q
) 1

q
. (5.24)

For the sake of simplicity we suppose N=0. We use the technique of [20].

Estimate of J1. Let x∈Qk,m with k≥ j+1 and m∈Zn. We find that

x+2j−k In ⊂Qk,m+2j−k In.

Therefore

δM(x+2j−k In) f ≤ δ̃M(Qk,m+2j−k In) f =
1

|Qk,m|
∫

Qk,m

δ̃M(Qk,m+2j−k In) f dy,

where

δ̃M(Qk,m+2j−k In) f :=22(k−j)n
∫

2j−k In

∫

Qk,m+2j−k In

∣∣∣∆M
h f (ν)

∣∣∣dνdh.

Obviously
Qk,m+2j−k In =y+Qk,m−y+2j−k In, y∈Qk,m.

We have Qk,m−y⊂2−k In⊂2j−k In for all y∈Qk,m and this implies that

Qk,m+2j−k In ⊂y+2j−k+1 In, y∈Qk,m.
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Therefore, for any x∈Qk,m,

δM(x+2j−k In) f .
1

|Qk,m|
∫

Qk,m

δM(y+2j−k+1 In) f dy.M(δM(·+2j−k+1 In) f )(x),

where the implicit constant is independent of k, j,m and x. Using this estimate, the quan-
tity

( ∞

∑
k=j+1

∥∥tkδM(·+2j−k In) f |Lp(R
n)
∥∥q
) 1

q
, (5.25)

can be estimated from above by

c
( ∞

∑
k=j+1

∥∥tkM(δM(·+2j−k+1 In) f )|Lp(R
n)
∥∥q
) 1

q
.

Applying Lemma 2.4 combined with Remark 2.3 we get the estimate

∥∥tkM(δM(·+2j−k+1 In) f )|Lp(R
n)
∥∥.2α2 j

∥∥tk−j−1δM(·+2j−k+1 In) f |Lp(R
n)
∥∥,

which yields that (5.25) does not exceed

c2α2 j
( ∞

∑
i=0

∥∥tiδ
M(·+2−i In) f |Lp(R

n)
∥∥q
) 1

q
.2α2 j

∥∥ f |B̃M
p,q(R

n,{tk}k∈N0
)
∥∥,

where the implicit constant is independent of j. Taking V large enough, (5.23) is bounded
by

c
∥∥ f |B̃M

p,q(R
n,{tk}k∈N0

)
∥∥.

Estimate of J2. Observe that

δM(x+2j−k+1 In) f .2(k−j)n
∥∥ f |L1(CQk−j,m)

∥∥

if x∈Qk−j,m, m∈Zn, where the positive constant C is independent of x, j,k and m. This
yields that ∥∥tkδM(·+2j−k+1 In) f |Lp(R

n)
∥∥p

can be rewritten as

∑
m∈Zn

∥∥tkδM(·+2j−k+1 In) f |Lp(Qk−j,m)
∥∥p

,

which can be estimated by

c2(k−j)np ∑
m∈Zn

∥∥tk|Lp(Qk−j,m)
∥∥p∥∥ f |L1(CQk−j,m)

∥∥p

= c2(k−j)n(1+p) ∑
m∈Zn

∫

Qk−j,m

∥∥tk|Lp(Qk−j,m)
∥∥p∥∥ f |L1(CQk−j,m)

∥∥p
dx,
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where the positive constant c is independent of j and k. From Lemma 2.1 (iii)

∥∥tk|Lp(Qk−j,m)
∥∥.2(j−k) n

θ
∥∥tk|Lp(Q0,m̄)

∥∥

for any dyadic cube Q0,m̄ such that Q0,m̄∩CQk−j,m 6=∅. Therefore we obtain the following
chain of estimates

∥∥tk|Lp(Qk−j,m)
∥∥∥∥ f |L1(CQk−j,m)

∥∥

. 2(j−k) n
θ ∑

m̄∈Zn

Q0,m̄∩CQk−j,m 6=∅

∥∥tk|Lp(Q0,m̄)
∥∥∥∥ f |L1(Q0,m̄)

∥∥

. 2(j−k) n
θ +kα2 ∑

m̄∈Zn

Q0,m̄∩CQk−j,m 6=∅

t0,m̄

∥∥ f |L1(Q0,m̄)
∥∥,

where in the last estimate we used (2.4). This estimate and the fact that

(1+|x−m̄|)d.2(j−k)d

for any x∈Qk−j,m and any d∈N, such that Q0,m̄∩CQk−j,m 6=∅ yield that

∥∥tk|Lp(Qk−j,m)
∥∥∥∥ f |L1(CQk−j,m)

∥∥

. 2(j−k)( n
θ +d)+kα2 ∑

m̄∈Zn

(1+|x−m̄|)−d t0,m̄

∥∥ f |L1(Q0,m̄)
∥∥.

Our estimate uses partially some decomposition techniques already used in [26]. For any
i∈N and any x∈Qk−j,m, we define

Ωi,x={m̄∈Z
n : 2i−1

< |x−m̄|≤2i},

Ω0,x={m̄∈Z
n : |x−m̄|≤1}.

Then,

∑
m̄∈Zn

t0,m̄ (1+|x−m̄|)−d∥∥ f |L1(Q0,m̄)
∥∥

=
∞

∑
i=0

∑
m̄∈Ωi,x

t0,m̄ (1+|x−m̄|)−d∥∥ f |L1(Q0,m̄)
∥∥

.
∞

∑
i=0

2−di ∑
m̄∈Ωi,x

t0,m̄

∥∥ f |L1(Q0,m̄)
∥∥.

The last expression can be rewritten as

c
∞

∑
i=0

2(n−d)i2−in
∫

∪m̄∈Ωi,x
Q̃0,m̄

∑
h∈Ωi,x

t0,h

∥∥ f |L1(Q0,h)
∥∥χ0,h(y)dy. (5.26)
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If y ∈∪m̄∈Ωi,x
Q0,m̄, then y ∈ Q0,m̄ for some m̄ ∈ Ωi,x and 2i−1 < |x−m̄| ≤ 2i. From this it

follows that

|y−x|≤ |y−m̄|+|x−m̄|
≤ |y−m̄|+2i

.
√

n+2i

< 2i+̺n , ̺n ∈N,

which implies that y is located in the ball B(x,2i+̺n). By taking d large enough, (5.26)
does not exceed

cM
(

∑
h∈Zn

t0,h

∥∥ f |L1(Q0,h)
∥∥χ0,h

)
(x), x∈Qk−j,m.

Hence
∥∥tk(δ

M(·+2j−k+1 In) f |Lp(R
n)
∥∥

. 2
(j−k)( n

θ +d− n
p−n)+kα2

∥∥M
(

∑
h∈Zn

t0,h

∥∥ f |L1(Q0,h)
∥∥χ0,h

)
|Lp(R

n)
∥∥.

Clearly the last term is bounded by

c2
(j−k)( n

θ +d− n
p−n)+kα2

(
∑

h∈Zn

t
p
0,h

∥∥ f |L1(Q0,h)
∥∥p

) 1
p

. 2
(j−k)( n

θ +d− n
p−n)+kα2

∥∥ f |B̃M
p,q(R

n,{tk}k∈N0
)
∥∥∗.

Therefore (5.24) is bounded by

c
∞

∑
j=0

2j( n
θ +d−V)

( j+1

∑
k=0

2
k(α2+

n
p+n− n

θ −d)q
) 1

q ∥∥ f |B̃M
p,q(R

n,{tk}k∈N0
)
∥∥∗

.
∥∥ f |B̃M

p,q(R
n,{tk}k∈N0

)
∥∥∗,

by taking V large enough. The proof is complete.

Corollary 5.1. Let 1 < p < ∞,1 < q < ∞ and M ∈ N\{0}. Let w denote a positive, locally
integrable function. Suppose that wp∈Ap(Rn). Assume that 0< s<M. Then

Bp,q(R
n,{2skw}k∈N0

)= B̃M
p,q(R

n,{2skw}k∈N0
),

in the sense of equivalent norm.

Proof. Since wp∈Ap(Rn), from Lemma 2.1 there exists 1< θ< p<∞ such that

{2−skw}k ∈Xα,σ,p

with σ=(σ1=θ
( p

θ

)′
,σ2≥p) and α=(s,s). Hence, this corollary is a special case of Theorem

5.7.
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