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Abstract

In this paper, the unconditional error estimates are presented for the time-dependent
Navier-Stokes equations by the bilinear-constant scheme. The corresponding optimal error
estimates for the velocity and the pressure are derived unconditionally, while the previous
works require certain time-step restrictions. The analysis is based on an iterated time-
discrete system, with which the error function is split into a temporal error and a spatial
error. The 7-independent (7 is the time stepsize) error estimate between the numerical
solution and the solution of the time-discrete system is proven by a rigorous analysis,
which implies that the numerical solution in L®°-norm is bounded. Thus optimal error
estimates can be obtained in a traditional way. Numerical results are provided to confirm
the theoretical analysis.
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1. Introduction

In this paper, we pay our attention to the following time-dependent incompressible Navier-
Stokes equation in two dimensions:

w —vAu+ (u-Viu+Vp=Ff, (x,t)€Qx(0,T],
V-u=0, (xt)eQx(0,T],

u(z,t) =0, (x,t)€dQx(0,7T],

u(z,0) = uo(x), e,

where 0 C R? is a rectangular domain with boundary 9Q and x = (z1,72). w = (u1,uz)
represents the velocity vector, p the pressure, f = (f1, f2) the body force, v = 1/Re the
viscosity coefficient and Re is the Reynolds number.

It is well known that the time-dependent incompressible Navier-Stokes equations is a very
important system in the mathematical physics and the fluid mechanics fields. In the past
several decades, a lot of efforts have been devoted to the development of efficient numerical
approximations for solving this system [1-9]. In particular, a new fully-discrete finite element
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nonlinear Galerkin method was studied to the long time integration of the Navier-Stokes equa-
tions in [5] through the spatial discretization based on two-grid finite element technique and
the time discretization based on Fuler explicit scheme with variable time stepsize. However,
a certain time step constraint was required so as to obtain the boundedness and convergence
of the above method. In [6], the Lagrange-Galerkin mixed finite element approximation of the
Navier-Stokes equations was discussed and the corresponding optimal estimate was derived with
the time stepsize restriction 7 = O(h?), where o > (n — 1)/2 and n denotes the dimensions of
the domain Q. A suboptimal convergence rate O(h + 7 + h?/7) was derived in [8] by a charac-
teristics type Galerkin finite element methods. The restriction could become more serious when
the problem was considered in a high-dimensional space and/or with a non-uniform mesh.

On the other hand, for the nonlinear problems, linearized (semi)-implicit schemes are more
efficient since at each time step, the schemes only require solving the linear systems. However,
the time step restriction condition of the linearized schemes arising from the error analysis
is always a crucial issue (see [10]- [14]). In addition, the L° boundness of the numerical
solution is an essential condition in the error analysis. Most previous works require certain
time step restrictions when the inverse inequality is used to bound the numerical solution.
Therefore, there have been some attempts to reduce the time step restriction conditions. For
example, a new approach was introduced in [15] and [16] to get unconditional stability and
optimal error estimates of a linearized backward Euler Galerkin/Galerkin-mixed finite element
methods for the time-dependent Joule heating equations and the incompressible miscible flow
in porous media, respectively. This new approach is based on a new error splitting technique by
a corresponding time-discrete system. Then, with the proved certain regularity of the solution
of the time-discrete system, it follows that

U7 0,00 < IBRU™ 0,00 + IRAU™ = Ujllo,00 < C + Ch™ Y2071,

where U} is the finite element solution, R}, is the Galerkin projection, d is the dimensions of €
and r is the degree of piecewise polynomial. Thus, the boundedness of the numerical solution Uj,
in L*°-norm can be derived without any time step restriction. Subsequently, this approach has
been applied to many other problems [17]- [22] to study the convergence or superconvergence
of the numerical schemes and to deduce the error estimates almost unconditionally (i.e., the
step sizes h, 7 < sg for some small positive constant sg). Moreover, in [23], the unconditional
stability and error estimates of modified characteristics finite element methods were researched
for the time-dependent Navier-Stokes equations. However, the boundary 02 of {2 should belong
to C? due to the boundedness of numerical solution U}’ in W*°-norm used in the error analysis.

In this paper, the unconditionally optimal error estimates are investigated for the time-
dependent Navier-Stokes equations with Lipschitz boundary 0f2, which is weaker than that
in [23]. The spatial discretization is approximated by a low order conforming bilinear-constant
mixed finite element method [24, 25], and the time discretization is approximated by semi-
implicit Euler scheme. The analysis is based on an error splitting technique proposed in [15,16]
with a time-discrete system. More precisely, the 7-independent error estimate is first derived
for the time-discrete system, then the numerical solution in L*°-norm can be bounded in terms
of the mathematical induction and inverse inequality, which lead to the unconditionally optimal
error estimates are achieved in a routine way.

The rest of this paper is organized as follows. In section 2, we introduce some notations and
preliminaries. Moreover, we also present the linearized semi-implicit Euler Galerkin scheme
and the main results. The temporal and the spatial error estimates are established in section
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3 and section 4, respectively. In section 5, the proof of the main result is presented. Finally, in
section 6, numerical results are provided to verify the theoretical analysis.

2. Preliminaries and Main Result

We will use standard notations for the Sobolev spaces H™(Q2), m > 0 (cf. [26]) with the
norm || - ||, and seminorm | - |,,. In the case m = 0, then H°(Q) = L?(f2), the norm and inner
product are denoted by || - ||o and (-, ), respectively. For any Banach space X and I = [0,T],
let LP(I; X) be the space of all measurable function f : I — X with the norm

T 1
(Jo Ifl5%dt)», 1 <p<oo,
I flleerx) =
esssupye || |l x, p = 00.
Qy as
€1 €9
(&
€3 €4
ay as

Fig. 2.1. The element e (left) and é (right).

Let 7, = {e} be a uniform rectangular mesh over Q with mesh size h. For a given element
e € Ty, its four nodes are denoted by a; = (x1;,x2;), ¢ = 1,2,3,4 in the counterclockwise
order (see Fig. 2.1). For the velocity, we choose V), as the general bilinear finite element space.
For the pressure, we assume that the subdivision 7, is obtained from T3, = {é} by dividing
each element of T into four small congruent rectangles. Let P,; consist of piecewise constant
functions with respect to 73 and the local basis functions for P,; on a 2x2-patch of é (see Fig. 2.1)
are indicated in Fig. 2.2. Then, the finite element space for pressure is defined by P,; NLE(Q).
In the following discussion we always assume that é = Ul_je; € Tap, with e; € Ty, (1 < i < 4)
(see Fig. 2.1). Thus V}, and B, for the bilinear-constant scheme are described by (cf. [24])

Vi={v e (C@)*: vl € (@Qi(e)? vloa =0, e € Tal,
3
Po={pe Ld@): ple =D A¢f, Y A =0, e},

=1 ecTan

where ()1 denotes the space of all polynomials of degree < 1 with respect to each of the two
variables x1 and x5, and

Li(Q) = {q € L*(Q): /qu:cld:cg = O}.

Moreover, let 0 =ty < t; < --- <ty =T be a given uniform partition of the time interval
with time step 7 = T//N and ¢, = n7, n = 0,1,---,N. For a smooth function u defined on
[0, T, denote

u” = u(ty), Dyt = ———. (2.1)
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Now, we present the following linearized backward Euler fully-discrete scheme: for given
(U, P €V, x Py, find (U}, P') € Vi, X Py, such that
(DU} vp) + v(VUR, Vo) + (U - VU, o)
— (P, V-vp) = (f",vn), Yon € Vp, (2.2)
(V-Up',qn) =0, Vqn € Py

with the initial approximation U,? = Ipup(x), in which II, is the Lagrange interpolation
operator on Vj.

P ©3 &
Fig. 2.2. Local basis functions of P,;.

It has been shown in [1,24] that the bilinear-constant scheme satisfies the discrete Babugka-
Brezzi condition, i.e., there exists a constant 8 > 0, such that

v.
sup (qn, V - vp)

> Bllanllo, Van € Ph. (2.4)
o£vnevi  |lvnll

Moreover, we introduce the following Galerkin projection Rpu € Vj, and Qpp € Py, satisfying
I/(V(Rh’u, — u), V'Uh) — (th —p, V- 'Uh) =0, Yo, € V, (2.5)
(V : (Rhu — u), qh) =0, Vg, € Ps. (2.6)
From [1,27,28], we have
lu — Rnullo + hl[V(w = Rau)llo + hllp — Qnpllo
< CR*(Jlull2 + lIpll),  w € (Hy(2)* N (H*(Q)*, p € L§(Q) N H'(Q) (2.7)
and

[Brteflo,00 < C(lullz + lIpl1)- (2.8)

Here, we recall some lemmas, which are necessary to the error estimates.

Lemma 2.1 (H? regularity of the Stokes equations [1]). Assume that ) is a convez poly-
gon in R? and g € (L?*(Q))?, then the steady Stokes system

—vAv+Vqg=g, x€,

V-v=0, xe€,

v=0, x€oi,
admits a unique solution (v,q) € (H*(Q))* x H'(Q) with [, qdx = 0 and there exists a constant
C independent of g such that

[vll2 + [lgllx < Cllgllo- (2.9)
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Lemma 2.2 (Discrete Gronwall inequality [4]). Let 7, C and {a,}, {bn}, {cn}, {dn} be
nonnegative numbers such that

an-i-TibigTidiai-i-TiCi-i—C,
=0 1=0 =0

for given n > 0. Suppose that 7d; < 1 for all i. Then

an—l—ribi < exp (Til_di-d,)(TiCi—i_O)'
i=0 i=0 t

In the rest part of this paper, as [22], we assume that the solution (u,p) to the initial
boundary value problem (1.1)-(1.4) exists and satisfies

wollzrz + [[wll Loc(mzawoy + |well L2(ar2) + 1Pl Loe () + [[Pell L2y < C. (2.10)
We present our main result on error estimates in the following theorem and prove it later.

Theorem 2.1. Suppose that system (1.1)-(1.4) has a unique solution (u,p) satisfying (2.10).
Then, there exist positive constants 79 and hg such that when 7 < 19 and h < hg, the finite
element system (2.2)-(2.3) admits a unique solution (U}', P*), n=1,2,..., N, which satisfies

n _ rrn|2 < 4 2 .
pax Jlu —Uyllo < C(h" + 77, (2.11)
n _ yrn\|2 < 2 2 .
Jmax V(" TR} < O + ), (212
N
Ty " = PE < C(h? +77), (2.13)
n=1

here and later, C is a positive constant independent of n, h and 7.

3. The Temporal Error Estimates

To prove the results in Theorem 2.1, we introduce the following time-discrete system (cf. [23])
D.U" —vAU" + (U™ -V)U" + VP" = fm, (3.1)
V-U" =0, (3.2)
U"[oa =0, (3.3)
U° = uy. (3.4)

Then, we have the following error estimates in the temporal direction.

Theorem 3.1. Suppose that system (1.1)-(1.4) has a unique solution (u,p) satisfying (2.10).
Then the system (3.1)-(3.4) also admits a unique solution (U™, P™), n=1,2,...,N, and there
erists a positive constant 7* such that when T < 7*

max |[[e"[[o +[|[Ve" |1 < Cr, (3.5)
0<n<N
max _|[U"||2 + max ||P"]1 <C, (3.6)
0<n<N 0<n<N
N N
Y DU+ 7> |D-PM} < C. (3.7)

n=1 n=1
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Proof. Let e" = u™ — U", from (1.1)-(1.2), at ¢t = t,,, we have

Du" — vAu" + (u" - V)u" + Vp" = f* + R} + RY, (3.8)
V-u" =0,
where
R} = D,u" —u}, Ry =(u""'—u") V)u"
satisfying

N N
Y IR +7 Y IIR5(G < O (3.10)
n=0 n=0

Now, we start to prove the following inequality
le"]l2 <1 (3.11)

by mathematical induction for n =0,1,..., N.
In fact, since U® = u®, the inequality (3.11) holds for n = 0.
We assume that (3.11) also holds for n < k — 1 for some integer k£ > 0. Thus, we have

10U 0,00 < 1" [l0,00 + [l€" 0,00

< o + Clle™ s < C. (3.12)
For n = k, from (3.8)-(3.9) and (3.1)-(3.2), we have

D.e" —vAe" + A" +V(p" — P") = R} + R}, (3.13)
Ve =0, (3.14)

where A" = (u"~ 1. V)u" — (U" L. V)U".
Multiplying (3.13) by 27D.e", integrating it over 2 and noting the (3.14) give

27| Dre” (|5 +v(I Ve[ — Ve 7
< —(A",27D;e") + (R},21D,e") + (R, 27D e™). (3.15)

Firstly, we have

Therefore, it follows that

("1 V)", 27D,e") < Crlle™ o4 Vo4 Dre” o
< Cr|[Verol|Dre” o
< Cr|[Ve 3 + erl|Dre” 3,

and

(U™ -V)e", 27D-e") < CO7|[U" o, Ve o] Dre™ o
< Cr[|Ve || + er|| D-e"|[5.
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Thus, we obtain

|(A™, 27D e™)| < C7||Ve™||3 + O7||Ve™ |2 + 2¢7|| D™ ||3. (3.16)
On the other hand, we have

|(RY, 27 Dre")| + [(Ry, 21 D-e")| < C7([| R [|o + [[R3 [[o) | D-€"[lo
< Cr(|RY I + |1 R (IE) + e[| D-e[[5. (3.17)

Based on the above achievements, it follows that

IVe™ |5 — Ve ~H[§ + 7l D-e™[[§ < Cr(Ve™ [§ + [Ve"I5)

+Cr(|RY g + I RZ [15), (3.18)
which in turn produces
IVelg+ 7Y I1D-ellg < Cr Y [IVe'|I§ + C, (3.19)
=1 £=0

where we have used e’ = 0 and (3.10).
Then, according to Lemma 2.2, there exists a small 71, when 7 < 7y such that

||V6n||8+Ti||D7-6£H(2) <C7?. (3.20)
=1
By Pioncaré inequality, we have
le™|s < CT°. (3.21)
Secondly, applying Lemma 2.1 to equations (3.13) and (3.14), we arrive at

le™ll2+ llp" = P
< ClID-e"[lo + Cll(w"~" - V)u" — (U™ - V)U"||o + C|RY [0 + C|| B3 o
< ClID-e"[lo + Cll(e" " - V)u"[lo + (U™ - V)e" [lo + ClIRY |0 + Cl RS llo
< C|IDre"[lo + Clle™ ol Vu"llo.a + CIIU" 0,00l Ve lo + ClIRT[lo + ClI R [lo
< C|ID-€e"[lo + ClIVe" o + ClIVe" o + Cl| R [l + C|| Rz [lo
< C||Dre"lo + ClRY[lo + Cl[R3 [0 + C,

which together with (3.20) and (3.10) implies
Y I3+ 7 lIp" = P < O, (3.22)
=1 =1

The above inequality also implies that, for n = k, there exists a small 75, when 7 < 75, such
that

len2 < C7% < 1. (3.23)

Thus, the mathematical induction (3.11) holds uniformly for n = 0,1,..., N.
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Finally, from (3.22) and (3.23), we can see that
U™z < [lu"[l2 + [[€"[la < C (3.24)
and
1P"l1 < [lp"[l1 + [Ip" = P < C. (3.25)

Moreover, we derive from (3.20) and (3.22) that

n

7Y IIDU3 < C7 Y (ID-uf|3 + || Dref3)
=1 =1

<C+Cr?ry flefz<C (3.26)
=1

and

P IDPE < Cr (3D IDp I + 1D+ — P)I3)
=0 =0

<c+or?ory I -Pli<c (3.27)
=1

Thus the desired results are obtained by choosing 7* < min{7y, 72}. The proof is complete.

4. The Spatial Error Estimates

In this section, we investigative the error estimates in spatial direction.
The weak formulation of (3.1)-(3.4) reads as:

(D, U™, v) +v(VU",Vv) + (U - V)U",v)
— (P, V-v) = (f",v), Vv e (Hj(Q))?, (4.1)
(V-U"q) =0, Vg€ Lj(Q).
Theorem 4.1. Suppose that system (1.1)-(1.4) has a unique solution (u,p) satisfying (2.10).

Then, there exist positive constants 7** and hy such that when 7 < 7 and h < hq, the finite
element system (2.2)-(2.3) admits a unique solution (UJ', P*), n=1,2,..., N, which satisfies

max_|R, U™ — U ||o < Ch?, (4.3)
0<n<N
e < (C. .
omax Ul < © (44)

Proof. For each given n, it is easy to see that (2.2)-(2.3) is a finite element system of a Stokes
type problem, thus the system has a unique solution (U}’, Pj') € V}, x P, forn=1,2,...,N.
In terms of (2.5) and (2.6), we split the error between U™ and U}’ as:

Uur-uy =U0"-R,U"+R,U" -U}:=U" — R,U" +0".
We first prove the following error estimate

1670 < Coh?, n=0,1,...,N, (4.5)
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by mathematical induction.

In fact, for n = 0, note that U,? = IT,uo, it is easy to see that (4.5) holds at the initial time
step.

Now, we assume that (4.5) holds for n < k — 1 for some integer k > 0, then we have

U lo.00 < 118" l0,00 + [1RIU™ [lo,00 < ChTH0"[lo + C(JU" |2 + [|1P™]1) < C, (4.6)

when h < hq, such that CCyhy < 1.
Moreover, from (4.1)-(4.2) and (2.2)-(2.3), we have

(D;0",vy) +v(VO",Vvp,) — (QpP" — P,V - vy,)
= (DA (U™ = RyU™),vp) — (UL - V) U™ — (U -N)UP, v), Yo, € Vi, (4.7)
(V . 0",qh) = 0, th S Ph.

By taking v, = 270" in (4.7) and g5 = QrP™ — P}’ in (4.8), we derive

16715 — 16" + 270 VO™ 13
< —(D,(U™ - R,U™),270™) — (U™ ' - V)U" — (U - VU, 270™). (4.9)

Firstly, from (2.7), we can obtain

(D7 (U™ = RpU™),270")| < C7[|[ D (U™ = RpU™)[0][6" |0
< CTh*(|D-U" |2 + [ D-P"[[1)]16" [0
< CTh*(| DU |13 + D P [[7) + e7]|V 0" o (4.10)

On the other hand, we have

u"t.-wyu"—(Uupt-vup

= (U™t -up ) -VUt+ (U -V)(UT -0y

= (U ' =R, U™ -V)U" + (RyU™ ' —U Y - V) U"
+ Ut W)(U™ = R U™ + (U - V) (R, U™ = UYY)

4
= ZAk.
k=1
For A4, note that
|U — RyUllo < CR2(||U]2 + ||P]l1) < Ch?,

we have

(A1,276") < CTl|U™ ™ = RyU™ o[ VU"[|o,4]16" 0,4
< CTh?||VO"||o < CTh* + e7||VO™||2, (4.11)

and

(A2,270") < CT| R U™ = Uy ol VU [l0.4]16" 0.4
< C7)|0" ol VO™ [lo < CTI|0"H§ + er[[VO" 5.
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For As, we rewrite it as

Az = (U} -V)(U" - R,U™)

(U=t —U"™) - V) (U" - RU™) + (UL - V)(U" — R,U™)
(Up~' = R, U™ Y - V)(U" - R,U™)

+ (RyU™ —U™Y) - V)(U" — R,U™)

3
+ (U V(U - RU™) = Asg.
k=1

Then, we have

(A31,2760") < C(|UR™" = RyU™ M}o,4|[V(U™ = RU™)[0]16" (|04
—Lign— n n —Lign
< Crh=z[|0" Ho(h(IU™ |2 + [[P™[[1))h 216" [l
<Cr[0" HolVO™ o < CT/|0" 7§ + eT]| VO™ |3, (4.12)

(As2,270") < CT||[Ry U™ = U™ o[ V(U™ = RU™)|0]|6" (|00
< Cr(R* (U™ 2 + [P H))RAT™ |2 + [P [[1)) (R~ 16" [lo)
< OTh?||VO™ o < CTh* + €7|| VO™ 3. (4.13)

In addition, by applying Green’s formula

/Q(u-V)w-vd:cz—/Q(V-u)w-vdw—/ﬂ(u-V)v-wdw—i—/ (u-n)(w-v)ds,

oN
we have
(Ass,270") = —27((U™1- V)", U™ — R, U™)
< CTIU Ho,00IVO™[0[U™ = RLU™ o
< CTh?|VO"||o < CTh* + e7||VO™||2. (4.14)
Hence
(A3,270™) < C7]|0" |3 + CTh* + 7| VO™ 3. (4.15)
For Ay, by (4.6), we have
(A4,276") < CTl|UY ]o0,00/1V0"(0]|6"l0 < CT(0™F + e7[6™ I3 (4.16)

Based on the above estimates, we have
16715 — "5 + 27w (Vo™ i3
< Orh* + Crh* (| DU |3 + | D-P"|[7) + C([|07(I5 + 6" H[3) + erl|VO™ 3. (4.17)
Then, summing the above inequality up leads to
10715 +7v > [V6lls < > [16°lI5 + Ch* Y _(ID-U*|5 + |D-P*[1}) + Ch*
=1 £=0 =1

<Cry_[16°5 + cnt, (4.18)
£=0
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where we have used [6°]|¢ = || Ryuo — U |lo < || Rhuo — wollo + ||luo — Hpuollo < Ch?. Thanks
to Lemma 2.2, there exists a small 73, such that

10713 + v > IVO|[5 < C*h*. (4.19)
=1

Taking Cp > v/C*, 7** < min{7*, 3}, h < hy, we can see that for n = k
160™l0 < Coh®. (4.20)

Thus, the induction (4.5) holds uniformly for n = 0,1,..., N, which is the desired result (4.3).
Also, we can derive

10 Nlo,00 < 110™[l0,00 + 121U ™[|0,00

< Ch7H0"lo + CUIU™ |2 + | P"]1) < C. (4.21)

The proof is complete.

Remark 4.1. In the above proof, 02 is only required to be Lipschitz continuous, which is
indeed weaker than that of C? in [23].

5. The Proof of the Theorem 2.1
In order to prove Theorem 2.1, we rewrite the weak formulation of (1.1)-(1.4) as:

(Dru™,vp) + v(Vu™, Vo) + (w1 - V)u",v) — (p™, V - vp)
= (f",vh) + (R;l, ’Uh) + (Rg,vh), Yon € Vy, (5.1)
(v ' una qh) = Oa VQh € Ph- (52)

For clarity, let
u" = Ul =u" — Rpu” + Rpu” — Ul =1 u" — Rpu” + 6},
p" = P =p" = Qup" + Qup" — By =:p" — Qnp™ + 1
Thus, from (5.1)-(5.2) and (2.2)-(2.3), we obtain the error equations:
(D;05,vy) + (VO , Vo) — (np, V - vp) = —(D-(u" — Rpu™), vp)

— ("t V)u" — (U™ V)UR, on) + (RY, vp) + (R, wp), (5.3)
(V-6y,qn) = 0. (5.4)

Firstly, we give the error estimate of 87 in L?-norm. To do this, by taking v, = 0} in (5.3)
and g, = 1)’ in (5.4) results in
1 n n— n
5= (IOR1IE = 1657 118) + I Vo715
< — (Dr(u" = Rpu), 03) — (w"~" - V)u" — (U~ - VU, 67)
+ (R1,05) + (Ry,6}). (5.5)
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Then, by (2.7) and Cauchy-Schwarz inequality, we have

(D7 (u" = Rpu™), 03)] < [|Dr(uw" = Rpu")l|o]|0}]0
< CR*(||Dru” (|2 + | D+p"[11)1167 1o
< ChH(|[D7u™|3 + +[D-p"17) + CllOR 2, (5.6)

[(RY, 05)] + [(R3,05)| < C(IRT [lo + |1 B3 ]0) 187 ]]0
< CURLE + I R(7) + Cllo 115 (5.7)

Moreover, it follows that

(u"t - V)u" — (U VU
= ("' =Up ) - Vu" + (U V) (u" - Uy
= ((u" ' = Rpu" 1Y) - V)u" + (Rpu ' = U - V)u”
+ (U™ = Rpu"™t) - V)(u" — Ryu”)
+ ((Rpu™ ' —u™™ 1) - V)(u" — Rpu™)
+ (W™t V) (u" = Rpu™) + (U V) (Ryu™ — UYY)

With the similar arguments as A; (i =1 ~ 4), we have

(B1,6;) < Cllu"~" = Ry o[V 0,00 /107: 10
< CR(Ju 2 + 0" )67 o < Ch* + C1671]5, (5.9)

(B2,0;) < Cl[Ryu"~" = U ol V" [lo,00 /167 lo
< C116;5 7 loll67 1o < Cll6R 13 + ClIOR I, (5.10)

(Bs,0;) < [Uy~" = Rou" o[V (w" — Rpu™)llo.2]1 0 llo.00
< C1165 Hlo(A(ll2™ (|2 + [lp™[[1)) (™ *[|67]l0)
< Cll65 715 + Cl63lo. (5.11)

(By,0;) < Cllu™' — Rpu™ o] V(u™ — Rpu™)|[0]|07 |0,

< CR(Jlu™ o + ") (R(llw™ |2 + 1P 1)) (A 167 ]lo)

< Ch* +C|673, (5.12)
(Bs, 07) < UL Ho,00 | V(Raw™ — U016 |0

< CVerlloll6nllo < ClO;N1E + vl VO3, (5.13)

and by applying Green’s formula, we have

(Bs,0;) = (u"™" - V)(u" — Ryu"), 7)) = —((u"~'V)0}, u" — Ryu”)
< 1w oo VO3 o™ — Ryu™[lo

< CR*(lu"ll2 + [lp"[12) V5 o < Ch* + ev[|VO3. (5.14)
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Based on the above estimates, we have

10713 — 11657115 + v VORIIE < CTh + CTh* (|| Dru™ (|3 + [ D-p"|17)
+Cr([163115 + 165115 + Cr(IRYIE + [ B3 15).  (5.15)

Summing up the above inequality leads to

167115 + VTZ Vo513

£=0
n

<Ch4+Ch4TZ |Dzu™||3 + | D-p"[17) +CTZ||0 I3+ Cr Y (RIS + | R 13)
{=1 £=0 {=1

< CTZHG 2+ C(h* + 72), (5.16)

where we have used |69 lo = || Rhuo — puollo < Ch2||lug2.
Thus, thanks to Lemma 2.2, there exist a small 74, when 7 < 74, such that

16715 + VTZ IV6;II5 < C(r* +72). (5.17)
=0

Secondly, we focus on the error estimate of ||V8}||o. To do this, by taking v, = 27D,0}" in
(5.3) and ¢, = 0} in (5.4), we arrive at
27| D=0 |15 + (VO35 — V65~ [15)
< — (D, (u™ — Rpu™),27D.0}) — (u" - V)u" — (U1 - VYU, 27D, 0})
+ (R7,27D,0;) + (R3,27D,6y). (5.18)
It is easy to see that
(D-(u™ — Rpu),27D,05) < C7|| D (u" — Rpu™)lo]| D0} 0
< CTh(|| D72 + ([ D-p" )] D6} lo
< CTh*(| Dru™ |3 + | Dep"™ |7) + e[| D+ 63113 (5.19)

and
(RY,27D,0}) + (R, 27D, 0;) < CT(| RT [0 + || R31l0) | D6}, llo
< Cr(| R G + I1R51[3) + eT[| D673 (5.20)
Moreover, we have
(B1,27D,0}) < Crlu™" — Rpu" o[V [lo,00l| D03 [0
< Cth(|[u" Mo + [Ip"~H[)IID-05 o < CTh? + e7|| D65, (5.21)
(B2,27D,6}) < C7||[Rpu™ =" = U ol V™ [lo,00 | D65 10
< C7|V6;lol D-6} o < CT(|VO}||G + eT|| D6} |3, (5.22)

(Bs,2rD-0}) < C7l|U; ™" — Ry~ o[ V(u™ — Ryu™) o] D+6} 0.0
< C7)10; " lo(h(llu™(l2 + [Ip" 1)) (k™| D6} [l0)
< C7|[V6r ol D-85 llo < CTI|VOR 5 + er| D633, (5.23)
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(B4,27D,0}) < C1||[Rpu” " — u” o[V (u" = Rpu™)||o[| D707 [l0,00
< Cr(R? (w2 + [Ip" 1) (Al |2 + [[p™ 1)) (R | D=6} o)
< CTh||D.0} o < CTh? + e7|| D, 6}||3, (5.24)

(Bs5,27D,0}) < C7[[u" 0,00 [ V(u™ — Ryu™)|o]| D67 |0
< Cr(h([lu”|l2 + [l 1)) D03 o
< C7h||D;6} o < Crh? + ETHDTGZH%, (5.25)

(Bs,27D0;) < C7[[U; ™ lo.0o |V (Ruw™ — U)ol D63 lo
< C7|IVO; o[l D-67 |0 < CTI[VOL 1§ + erl| D6} I5. (5.26)

Based on the above estimates, we deduce

IVOLIE — IVOR 3 + Tl D703 |5 <CTh? + CTh?(|Dru([3 + | Dp" 1)
+Cr(|IVOR 5+ IIVOR 1) + Cr(IRYIIG + | B 1[5)-

Summing up the above inequality leads to

IVORIE + 7> IID-05 113 < Ch? + Ch*r > (| D-u”|3 + [ Dp"[I})
=1 =1

+Cr Y |VOLIIE + O ) _(IRYIF+ I R5 1)

=0 £=1
<Cr Y _|IVOLE + C(h? + 7). (5.27)
£=0

According to Lemma 2.2, there exists a small 75, whent < 75, such that
IVO;IE + 7> ID-05[15 < C(h* +72). (5.28)
(=1

Finally, we present the error estimate of ||7}}|lo. To do this, rewrite (5.3) by

(77;115 V- ’Uh) = _(DTel?vvh) - I/(VOZ, 'Uh) + (DT(un - Rhun)vvh)
+ (W V)u" = (U VUL, on) = (RY,vn) — (RS, vn).

Then, we can see that

(k, V- on) < C([[ D70y llo + VO [lo + [ Dr (u” = Rpu™) o
+ (@t V)t — (U V)URlo + [ Ry llo + ([R5 1l0) | Vonllo-

By using discrete LBB condition (2.4) and the estimates obtained above, we get

(77;;7 V- ’Uh)
mllo<C sup —P——=
IEl o£uvevi,  ||Vorllo

< C(ID-05lo + [IVO;llo + [ D (u" — Rau™)llo
+l(u" ™ V)u” = (U VU o + R llo + | RS o)
< C([D-0kllo + IR [lo + [[R3 o + h +7), (5.29)
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by (5.27) and (3.10), it follows that

N N N
™ Ikl < C(TZ D045 + 7 > _(IRT G + | REIIF) + 5 + T2>
(=1 /=1 =0
<O+, (5.30)

Taking 70 = min{7**, 74,75} and hg < hq, the proof of Theorem 2.1 is complete by the (2.7)
and triangle inequality.

6. Numerical Results

In this section, some numerical results are provided to confirm the theoretical analysis. The
final time is set 7' = 1.0 in all computations and the domain 2 = (0,1)2. A regular triangulation
with M + 1 nodes in both horizontal and vertical directions is made for the domain Q.

Example 6.1. The viscosity coefficient v = 1, the boundary /initial conditions and the source
term f are chosen according to the exact solutions
up = —e 2tsin? () sin(wxy) cos(ma),  up = e

p = e sin(nxy) cos(my).

2 gin(7x1) cos(may ) sin?(may),

In order to demonstrate the error estimates in Theorems 2.1, we choose 7 = O(h?) and
present the numerical results with respect to t = 0.2, 0.6, 1.0 in Tables 6.1-6.3, respectively.
It can been see that the convergence rates for the velocity w are in good agreement with the
theoretical analysis. The convergence rates for the pressure p in L> x L?-norm are also included
in Tables 6.1-6.3, although the theoretical analysis was given only in the L? x L?-norm. For
clarity, we also present the graphics of exact solutions and numerical solutions Figs. 6.1-6.3 at

Table 6.1: The numerical errors at ¢ = 0.2 of Example 6.1.

M x M 8 x 8 16 x 16 32 x 32 64 x 64
" —Upllo 84849e-03  2.6682¢-03  5.1766e-04  1.6655¢-04
Rate / 1.6690 2.3658 1.6360
lu” — UZ|n 3.3903e-01  1.6877e-01  8.4426e-02  4.2201e-02
Rate / 1.0063 0.99933 1.0004

lp" — Pillo 4.6940e-02  1.9257e-02  9.2024e-03  4.5227e-03
Rate / 1.2854 1.0653 1.0248

Table 6.2: The numerical errors at ¢t = 0.6 of Example 6.1.

M x M 8§ x 8 16 x 16 32 x 32 64 x 64
[u™ = Upllo  4.4365e-03  1.0105e-03  2.7426e-04  6.2876e-05
Rate / 2.1343 1.8815 2.1250
[u™ = UZ|ln 1.5172e-01  7.5884e-02  3.7925e-02  1.8963e-02
Rate / 0.99955 1.0007 0.99997

lp™ — Pllo  1.3955e-02  4.7630e-03  1.9727e-03  9.2927e-04
Rate / 1.5509 1.2717 1.0860
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Table 6.3: The numerical errors at ¢ = 1.0 of Example 6.1.

M x M 8 x 8 16 x 16 32 x 32 64 x 64
[u® —UPllo  2.3455¢-03 5.8688¢-04 1.4674e-04  3.6687e-05
Rate / 1.9988 1.9998 1.9999
[u” —Up|l:  6.8101e-02 3.4073e-02  1.7040e-02  8.5202e-03
Rate / 0.99903 0.99975 0.99994
Ip" — PPl 5.4383¢-03  1.5399e-03  5.0090e-04  2.0240e-04
Rate / 1.8203 1.6202 1.3073

l'o ’o’o'o"u

Myl
//////II'I;" ’.‘o‘o‘o‘o
s

(a) [u"].

i
leedanseentaymit

i\

‘\\ ‘\\\\\‘\\\\\\\\m\m

(b) [UR]-

Fig. 6.1. The graphics at ¢ = 1.0 on mesh 64 x 64 of Example 6.1.

(a) The vector field of u™.

e NN\

G ee——

(b) The vector field of U}’.

Fig. 6.2. The graphics at ¢ = 1.0 on mesh 64 x 64 of Example 6.1.

t = 1.0. These also indicate that the numerical results are in accordance with the theoretical

analysis.

On the other hand, to show the unconditional convergence of the linearized Euler scheme
(2.2)-(2.3), we use different time steps 7 = 0.1, 0.05, 0.01 on gradually refined meshes M =
10i, i = 1,...,8 at t = 1.0. The L?norm, H'-norm for the velocity and L?-norm for the
pressure are given in Fig. 6.4. It is easy to see that the scheme is stable for large time steps,
which indicate that the time step restriction is not necessary.
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-0.01

-0.02

(a) Exact solution p™. (b) Numerical solution P}’

Fig. 6.3. The graphics at ¢ = 1.0 on mesh 64 x 64 of Example 6.1.

L2-norm of u
L*-norm of p

10°
Number of Elements

10°
Number of Elements

10°
Number of Elements

(a) L2-norm of u. (b) H'-norm of wu. (c) L?-norm of p.

Fig. 6.4. The error of different time-steps.

Example 6.2. The viscosity coefficient ¥ = 0.01, the boundary/initial conditions and the
source term f are chosen according to the exact solutions

up = e H(x] — 223 4 27) (43 — 623 + 2xy),

uy = —e (5 — 2a5 + x3) (4} — 627 + 221),

p=10e (221 — 1)(222 — 1).
We present the numerical results with respect to ¢t = 0.2, 0.6, 1.0 in Tables 6.4-6.6, respectively.
It can been seen from Tables 6.4-6.6 that the numerical results are in accordance with the

theoretical analysis. For clarity, we also present the graphics of exact solutions and numerical
solutions at ¢ = 1.0 in Figs. 6.5-6.7, respectively. Moreover, we use different time steps 7 =

Table 6.4: The numerical errors at ¢ = 0.2 of Example 6.2.

M x M 8x 8 16 x 16 32 x 32 64 x 64
lu® —Ullo  5.3019e-04 1.4750e-04  3.4029e-05  9.2819e-06
Rate / 1.8458 2.1159 1.8743
lu” — U2 1.2641e-02  6.3238e-03  3.1586e-03  1.5793e-03
Rate / 0.99925 1.0015 1.0000
lp™ — PPllo 4.9843e-01  2.4311e-01  1.2086e-01  6.0335e-02
Rate / 1.0358 1.0082 1.0023
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Table 6.5: The numerical errors at ¢ = 0.6 of Example 6.2.

M x M 8x8 16 x 16 32 x 32 64 x 64
lu” —Ullo  4.6361e-04 1.1624e-04 2.9987e-05  7.3266e-06
Rate / 1.9958 1.9547 2.0331
lu” —UZ| 8.5993e-03  4.2505e-03  2.1195e-03  1.0588e-03
Rate / 1.0166 1.0039 1.0013

lp" — PPllo 3.3353e-01  1.6301e-01  8.1008e-02  4.0444e-02
Rate / 1.0329 1.0088 1.0021

Table 6.6: The numerical errors at ¢ = 1.0 of Example 6.2.

M x M 8x 8 16 x 16 32 x 32 64 x 64
[u” —Upllo 3.9818e-04 1.0275e-04 2.5888¢-05  6.4845¢-06
Rate / 1.9543 1.9888 1.9972
u® —UP|:  5.9408¢-03 2.8750e-03  1.4238¢-03  7.1016e-04
Rate / 1.0471 1.0138 1.0036
[p" — Plllo 2.2345e-01  1.0923e-01  5.4300e-02  2.7110e-02
Rate / 1.0325 1.0084 1.0021
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(a) |u”| (b) 1UR|

Fig. 6.5. The graphics at ¢ = 1.0 on mesh 64 x 64 of Example 6.2.
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(a) The vector field of u™ (b) The vector field of Uy

Fig. 6.6. The graphics at ¢ = 1.0 on mesh 64 x 64 of Example 6.2.
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(a) Exact solution p™ (b) Numerical solution P}

Fig. 6.7. The graphics at ¢ = 1.0 on mesh 64 x 64 of Example 6.2.
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Fig. 6.8. The error of different time-steps.

0.1, 0.05, 0.01 on gradually refined meshes M =10z, i = 1,2,...,8 at ¢ = 1.0 to demonstrate
the unconditional stability of the linearized Euler scheme (2.2)-(2.3) and graph the results in
Fig. 6.8.
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