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Abstract. We consider the global well-posedness of three dimensional incom-
pressible inhomogeneous Navier-Stokes equation with different viscous coeffi-
cients in the vertical and horizontal variables. In particular, when one of these
viscous coefficients is large enough compared with the initial data and the ini-
tial density is close enough to a positive constant, we prove the global well-
posedness of this system. This result extends the previous results in [9, 11] for
the classical Navier-Stokes system.
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1 Introduction

We consider the global existence of strong solution to the following 3-D inhomo-
geneous incompressible anisotropic Navier-Stokes equations with initial density

being sufficiently close to a positive constant in the critical space, Ḃ
3
p

p,1(R
3) for

some p∈]3,4[, and with a large viscous coefficient in one direction:
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∂tρ+u·∇ρ=0, (t,x)∈R
+×R

3,

ρ(∂tu+u·∇u)−νh∆hu−νv∂2
3u+∇P=0,

divu=0,

(ρ,u)|t=0=(ρ0,u0),

(1.1)

where ρ,u stand for the density and velocity of the fluid respectively, ∇P is
a scalar pressure function, which guarantees the divergence free condition of the
velocity field, νh and νv are viscous coefficients so that νv is much larger than

νh>0, ∆h
def
= ∂2

x1
+∂2

x2
designates the horizontal Laplacian. One may check [8] for

more background of this system. The system (1.1) has three major basic features.
First, the incompressibility expressed by fact that the vector field u is divergence
free gives

‖ρ(t)‖L∞ =‖ρ0‖L∞ .

Second, this system has the following enenrgy law

1

2
‖√ρu(t)‖2

L2 +νh‖∇hu‖2
L2

t (L2)
+νv‖∂3u‖2

L2
t (L2)

=
1

2
‖√ρ0u0‖2

L2 . (1.2)

The third basic feature is the scaling invariance property: If (ρ,u,P) is a solution
of (1.1) on [0,T]×R

3, then the rescaled triplet (ρ,u,P)λ defined by

(ρ,u,P)λ(t,x)
def
=
(

ρ
(
λ2t,λx

)
,λu
(
λ2t,λx

)
,λ2P

(
λ2t,λx

))
with λ∈R

+ (1.3)

is also a solution of (1.1) on [0,T/λ2]×R
3. Motivated by (1.3), Danchin [7] estab-

lished the well-posedness of (1.1) in the so-called critical functional framework
for small perturbations of some positive constant density.

When the density ρ is away from zero, we set a
def
= 1

ρ−1. Then (1.1) can be

equivalently formulated as





∂ta+u·∇a=0, (t,x)∈R
+×R

3,

∂tu+u·∇u−νh(1+a)∆hu−νv(1+a)∂2
3u+(1+a)∇P=0,

divu=0,

(a,u)|t=0 =(a0,u0).

(1.4)

One may check [5] and the references therein concerning the well-posedness the-
ory of the system (1.1) or (1.4). In particular, when ρ0 ∈ L∞ with a positive lower
bound and initial velocity being sufficiently small in the critical Besove space,
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B
1
2
2,1, Zhang [13] proved the global existence of weak solutions to the system (1.1)

and also provided a lower bound for the lifespan of smooth enough solutions of
(1.1).

Motivated by [9, 11] concerning the global wellposedness of 3-D anisotropic
incompressible Navier-Stokes system with different viscous coefficients in the
vertical and horizontal variables, we are going to study the inhomogeneous Navi-
er-Stokes system, which also has different viscous coefficients. Our result below
(see Theorem 1.1) ensures that given initial data u0, for small enough a0, if νv is
sufficiently large compared with νh>0, then (1.4) has a unique global solution.

Notation. In what follows, we shall denote

Bs
p

def
= Bs

p,1, Bs1,s2
p

def
= Bs1,s2

p,1 .

The definitions of the above spaces will be recalled in Section 2.

The main result states as follows:

Theorem 1.1. Let p∈]3,4[ and θ∈]3/4,1[. Let a0∈B
3
p
p (R

3) and u0∈B
0, 1

2
2 (R3)∩H1(R3)

be a solenoidal vector field. Then there exist two positive constants c0 and C such that if
(

νh‖a0‖
B

3
p
p

+‖a0‖
B

3
p
p

‖u0‖
B

0, 1
2

2

+
ν1−θ

h

ν1−θ
v

‖a0‖
B

3
p
p

‖u0‖
B

1
2
2

(1.5)

+
1

νθ
hν1−θ

v

‖u0‖
B

0, 1
2

2

(
‖u0‖

B
0, 1

2
2

+‖u0‖
B

1
2
2

))
exp




C
(
‖u0‖

B
0, 1

2
2

+‖u0‖
B

1
2
2

)

νθ
hν1−θ

v


≤ c0νh,

the system (1.4) has a unique global solution

a∈C
(
[0,∞);B

3
p
p

(
R

3
))

, u∈C
(
[0,∞);H1

(
R

3
))

∩L2
(

R
+;Ḣ2

(
R

3
))

.

This paper is organized as follows. In Section 2, we shall recall some basic facts
on Littlewood-Paley theory and some direct consequences. In Section 3, we shall
prove a regularity criteria, namely (3.2), for the local smooth solution constructed
in [12]. In Section 4, we shall prove that under the assumption of (1.5), the regu-
larity criteria (3.2) holds for any T<T∗, where T∗ denotes the lifespan of the local

smooth solution of (1.1). In order to do so, we denote uL
def
= et(νh∆h+νv∂2

3)u0. Then
uL solves {

∂tuL−νh∆huL−νv∂2
3uL=0, (t,x)∈R

+×R
3,

uL|t=0=u0.
(1.6)
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Motivated by [11], we write
u=uL+R,

then it follows from (1.4) and (1.6), that




∂tR+R·∇R−νh∆hR−νv∂2
3R+∇P=F with

F= a
(
νh∆hR+νv∂2

3R+νh∆huL+νv∂2
3uL

)

−uL ·∇uL−R·∇uL−uL ·∇R−a∇P,

divR=0,

R|t=0=0.

(1.7)

Indeed we shall prove that the regularity criteria (3.2) can not happen for the
remaining term R through anisotropic Littlewood-Paley analysis.

2 Preliminaries

Before we present the function spaces we are going to work with in this context,
let us briefly recall some basic facts on Littlewood-Paley theory (see, e.g., [1]).

Let ϕ and χ be smooth functions supported in C def
= {τ ∈ R

+, 3
4 ≤ τ ≤ 8

3} and

B
def
= {τ∈R

+, τ≤ 4
3} respectively such that

∑
j∈Z

ϕ
(
2−jτ

)
=1 for τ>0,

χ(τ)+∑
j≥0

ϕ
(
2−jτ

)
=1 for τ≥0.

For a∈S ′(R3), we set

∆h
k a

def
= F−1

(
ϕ
(
2−k|ξh|

)
â
)

, Sh
k a

def
= F−1

(
χ
(
2−k|ξh|

)
â
)

,

∆v
ℓ a

def
= F−1

(
ϕ
(
2−ℓ|ξ3|

)
â
)

, Sv
ℓ a

def
= F−1

(
χ
(
2−ℓ|ξ3|

)
â
)

,

∆ja
def
= F−1

(
ϕ
(
2−j|ξ|

)
â
)

, Sja
def
= F−1

(
χ
(
2−j|ξ|

)
â
)

,

(2.1)

where ξh = (ξ1,ξ2), ξ = (ξh,ξ3), F a and â denote the Fourier transform of the
distribution a. The dyadic operators satisfy the property of almost orthogonality

∆k∆ja≡0, if |k− j|≥2,

∆k

(
Sj−1a∆jb

)
≡0, if |k− j|≥5.

(2.2)
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Similar properties hold for ∆h
k and ∆v

ℓ
.

Let us recall the anisotropic Bernstein lemma from [3, 10].

Lemma 2.1. Let Bh (resp. Bv) be a ball of R
2
h (resp. Rv), and Ch (resp. Cv) be a ring of

R
2
h (resp. Rv); let 1≤ p2≤ p1≤∞ and 1≤q2≤q1≤∞. Then there hold:

• If Supp â⊂2kBh, then
∥∥∂α

xh
a
∥∥

L
p1
h (L

q1
v )

.2k(|α|+2(1/p2−1/p1))‖a‖
L

p2
h (L

q1
v )

.

• If Supp â⊂2ℓBv, then
∥∥∂

β
x3

a
∥∥

L
p1
h (L

q1
v )

.2ℓ(β+(1/q2−1/q1))‖a‖
L

p1
h (L

q2
v )

.

• If Supp â⊂2kCh, then ‖a‖
L

p1
h (L

q1
v )

.2−kN sup|α|=N

∥∥∂α
xh

a
∥∥

L
p1
h (L

q1
v )

.

• If Supp â⊂2ℓCv, then ‖a‖
L

p1
h (L

q1
v )

.2−ℓN
∥∥∂N

x3
a
∥∥

L
p1
h (L

q1
v )

.

Due to the anisotropic spectral properties of the linear equation (1.6), we need
the following anisotropic Besov norm:

Definition 2.1. Let s,s1,s2 ∈R, 1≤ p≤∞, 1≤ q≤∞ and a∈S ′
h(R

3), we define the

norm

‖a‖Bs
p,1

def
=
(

2js‖∆ja‖Lp

)
ℓ1

,

‖a‖
B

s1,s2
p,1

def
=
(

2ℓs22ks1
∥∥∆h

k ∆v
ℓ a
∥∥

Lp

)
ℓ1

,

‖a‖L̃
q
t (B

s
p,1)

def
=
(

2js‖∆ja‖Lq([0,t];Lp)

)
ℓ1

,

‖a‖
L̃

q
t (B

s1,s2
p,1 )

def
=
(

2ℓs22ks1
∥∥∆h

k ∆v
ℓ
a
∥∥

Lq([0,t];Lp)

)
ℓ1

.

We recall the classical homogeneous anisotropic Sobolev norm as follows:

‖a‖Ḣs1,s2

def
=

(
∑

(k,ℓ)∈Z
2

22ks122ℓs2
∥∥∆h

k ∆v
ℓ
a
∥∥2

L2

) 1
2

. (2.3)

For the convenience of readers, we also recall the following product laws in
the anisotropic spaces.

Lemma 2.2 ([2]). Let s1≤ 2
p , s2≤ 2

p , with s1+s2>0. Let σ1≤ 1
p ,σ2≤ 1

p , with σ1+σ2>0.

If a∈Bs1 ,σ1
p (R3), b∈Bs2,σ2

p (R3), then ab∈B
s1+s2− 2

p ,σ1+σ2− 1
p

p (R3), and

‖ab‖
B

s1+s2− 2
p ,σ1+σ2− 1

p
p

.‖a‖
B

s1,σ1
p

‖b‖
B

s2,σ2
p

.
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As an application of the above facts, we present the following lemma concern-
ing the solution of the linear equation (1.6), which tells us the small quantities that
will be used in what follows.

Lemma 2.3. Let p∈]3,4[, θ∈]3/4,1[, and u0∈B
0, 1

2
2 ∩B

1
2
2 . Let uL

def
= et(νh∆h+νv∂2

3)u0. Then

we have

‖uL‖
L̃∞

t (B
−1+ 2

p , 1
p

p )
.‖u0‖

B
0, 1

2
2

, (2.4a)

‖∇huL‖
L1

t (B
2
p , 1

p
p )

.
1

νθ
hν1−θ

v

‖u0‖
B

1
2
2

, (2.4b)

‖∂3uL‖
L1

t (B
2
p , 1

p
p )

.
1√
νhνv

‖u0‖
B

0, 1
2

2

, (2.4c)

‖∂2
3uL‖

L1
t (B

−1+ 2
p , 1

p
p )

.
1

νv
‖u0‖

B
0, 1

2
2

. (2.4d)

Proof. By the definition of uL, we have

∥∥∆h
k ∆v

ℓ
uL

∥∥
L∞

t (Lp)
.
∥∥∆h

k ∆v
ℓ
u0

∥∥
Lp .2

k(1− 2
p )2

ℓ( 1
2− 1

p )
∥∥∆h

k ∆v
ℓ
u0

∥∥
L2 ,

which implies (2.4a).

We also observe that

∥∥∆h
k ∆v

ℓuL

∥∥
L1

t (Lp)
.
∥∥∆h

k ∆v
ℓu0

∥∥
Lp

∫ t

0
e−ct′(νh22k+νv22ℓ)dt′

.
1

νh22k+νv22ℓ

∥∥∆h
k ∆v

ℓ
u0

∥∥
Lp ,

which together with Lemma 2.1 ensures that

∥∥∆h
k ∆v

ℓ
uL

∥∥
L1

t (Lp)
.

2
k(1− 2

p )2
ℓ( 1

2− 1
p )

νh22k+νv22ℓ

∥∥∆h
k ∆v

ℓ
u0

∥∥
L2 . (2.5)

Thanks to (2.5), for any θ∈ [0,1], we infer

∥∥∇h∆h
k ∆v

ℓuL

∥∥
L1

t (Lp)
.

2
k(2− 2

p )2
ℓ( 1

2− 1
p )

νθ
hν1−θ

v 22kθ22ℓ(1−θ)

∥∥∆h
k ∆v

ℓu0

∥∥
L2

.
2

k(2− 2
p−2θ)

2
ℓ(2θ− 3

2− 1
p )

νθ
hν1−θ

v

∥∥∆h
k ∆v

ℓ
u0

∥∥
L2 ,
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which together with [4, Lemma 4.3] implies that for θ∈]3/4,1[

‖∇huL‖
L1

t (B
2
p , 1

p
p )

.
1

νθ
hν1−θ

v

‖u0‖
B2−2θ,2θ−3

2
.

1

νθ
hν1−θ

v

‖u0‖
B

1
2
2

.

This proves (2.4b).

Along the same line, we have

∥∥∂3∆h
k ∆v

ℓ
uL

∥∥
L1

t (Lp)
.

2
k(1− 2

p )2
ℓ( 3

2− 1
p )

νh22k+νv22ℓ

∥∥∆h
k ∆v

ℓ
u0

∥∥
L2

.
2

k(1− 2
p )2

ℓ( 3
2− 1

p )

√
νhνv2k2ℓ

∥∥∆h
k ∆v

ℓ
u0

∥∥
L2 .

2
− 2

p k
2
ℓ( 1

2− 1
p )

√
νhνv

∥∥∆h
k ∆v

ℓ
u0

∥∥
L2 ,

which leads to (2.4c).

Similarly, we observe that

∥∥∂2
3∆h

k ∆v
ℓ
uL

∥∥
L1

t (Lp)
.

2
k(1− 2

p )2
ℓ( 5

2− 1
p )

νh22k+νv22ℓ

∥∥∆h
k ∆v

ℓ
u0

∥∥
L2

.
2

k(1− 2
p )2

ℓ( 1
2− 1

p )

νv

∥∥∆h
k ∆v

ℓ
u0

∥∥
L2 ,

which ensures (2.4d). This completes the proof of Lemma 2.3.

Remark 2.1. We deduce from the law of product Lemmas 2.2 and 2.3 that for any

θ∈]3/4,1[

‖uL ·∇uL‖
L1

t (B
−1+ 2

p , 1
p

p )

.‖uL‖
L̃∞

t (B
−1+ 2

p , 1
p

p )

(
‖∇huL‖

L1
t (B

2
p , 1

p
p )

+‖∂3uL‖
L1

t (B
2
p , 1

p
p )

)

.

‖u0‖2

B
0, 1

2
2√

νhνv
+

‖u0‖
B

0, 1
2

2

‖u0‖
B

1
2
2

νθ
hν1−θ

v

.

‖u0‖
B

0, 1
2

2

(
‖u0‖

B
0, 1

2
2

+‖u0‖
B

1
2
2

)

νθ
hν1−θ

v

. (2.6)

Finally, we also recall a lemma concerning the propagation of regularities for
the transport equation.

Lemma 2.4 ([1]). Let p∈]3,4[. Then given a0 in B
3
p
p (R

3) and a vector field u in L1([0,T];
Lip(R3)) with divu=0, the following transport equation

∂ta+u·∇a=0, a|t=0= a0 (2.7)



T. Hao / Commun. Math. Res., 38 (2022), pp. 62-80 69

has a unique solution a satisfying

‖a‖
L̃∞

t (B
3
p
p )

≤‖a0‖
B

3
p
p

exp

(
C
∫ t

0
‖∇u(t′)‖L∞ dt′

)
.

3 The regularity criteria

In this section, we investigate the regularity criteria for the system (1.1).

Proposition 3.1. Let (ρ0,u0) satisfy 0<m≤ρ0≤M and u0∈H1(R3). Let (ρ,u) be the

unique solution of the system (1.1) on [0,T[ which satisfies

m≤ρ≤M and u∈C
(
[0,T[;H1(R3)

)
∩L2

(
]0,T[;Ḣ2(R3)

)
. (3.1)

If ∫ T

0

(
‖u(t)‖2

L∞ +‖∇u(t)‖L∞

)
dt<+∞, (3.2)

then (ρ,u) may be continued beyond T.

Proof. We remark that the unique solution (ρ,u) of the system (1.1) which satisfies

(3.1) has been constructed in [12]. In what follows, we just present the a priori

estimates. Without loss of generality, we may assume that νv>νh. As a conventi-

on in the rest of this section, we shall always denote by C a constant depending

on m and M in (3.1), which may be different from line to line. We first get, by

taking L2 inner product of momentum equation of (1.1) with u, that

1

2

d

dt
‖√ρu(t)‖2

L2 +νh‖∇hu‖2
L2+νv‖∂3u‖2

L2 =0. (3.3)

Integrating the above equality over [0,t] yields (1.2).

We split the rest of the proof into the following two steps.

Step 1. Ḣ1 energy estimate of u.

By taking L2 inner product of (1.1) with ∂tu, we obtain

‖√ρut‖2
L2+

1

2

d

dt

(
νh‖∇hu‖2

L2+νv‖∂3u‖2
L2

)
≤|(ρu·∇u|ut)|. (3.4)

Observing that

|(ρu·∇u|ut)|≤C‖√ρut‖L2‖u‖L∞‖∇u‖L2

≤ 1

2
‖√ρut‖2

L2+C‖u‖2
L∞‖∇u‖2

L2

≤ 1

2
‖√ρut‖2

L2+
C

νh
‖u‖2

L∞

(
νh‖∇hu‖2

L2+νv‖∂3u‖2
L2

)
.
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By inserting the above estimate into (3.4) and then applying Gronwall inequality

to the resulting inequality, we find

νh‖∇hu‖2
L∞

t (L2)+νv‖∂3u‖2
L∞

t (L2)+‖√ρut‖2
L2

t (L2)

≤
(

νh‖∇hu0‖2
L2+νv‖∂3u0‖2

L2

)
exp

(
C

νh

∫ t

0
‖u‖2

L∞ dt′
)

. (3.5)

On the other hand, in view of (1.1), we write

−νh∆hu−νv∂2
3u+∇P=−ρ(ut+u·∇u),

from which and the classical estimates on the Stokes system, we infer

νh

∥∥∇2
hu
∥∥

L2+νv

∥∥∂2
3u
∥∥

L2+‖∇P‖L2

≤C
(
‖ρut‖L2+‖ρu·∇u‖L2

)
≤C

(
‖ρut‖L2+‖u‖L∞‖∇u‖L2

)
, (3.6)

which together with (3.5) ensures that

νh

∥∥∇2
hu
∥∥2

L2
t (L2)

+νv

∥∥∂2
3u
∥∥2

L2
t (L2)

+‖∇P‖2
L2

t (L2)

≤ 1

νh

(
νh‖∇hu0‖2

L2+νv‖∂3u0‖2
L2

)
exp

(
C

νh

∫ t

0
‖u‖2

L∞ dt′
)

. (3.7)

Step 2. Ḣ2 energy estimate of u.

We first get, by taking the time derivative to the momentum equation (1.1),

that

ρ(utt+u·∇ut)−νh∆hut−νv∂2
3ut+∇Pt=−ρt(ut+u·∇u)−ρut ·∇u.

Taking the L2 inner product of the above equation with ut, we write

1

2

d

dt
‖√ρut‖2

L2+νh‖∇hut‖2
L2+νv‖∂3ut‖2

L2

=−(ρut ·∇u|ut)−(ρtut|ut)−(ρtu·∇u|ut)

def
= E+F+G. (3.8)

Obviously, we have

|E|.‖∇u‖L∞‖√ρut‖2
L2 .
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While noticing that ρt =−u·∇ρ, by using integration by parts, we get

F=−2
∫

R3
(ρu·∇ut|ut)dx≤C‖u‖L∞‖∇ut‖L2‖√ρut‖L2

≤ νh

4
‖∇ut‖2

L2+
C

νh
‖u‖2

L∞‖√ρut‖2
L2 .

To deal with G, by using integrating by parts, we have

G=
∫

R3
((ρu·∇u)·∇u|ut)dx+

∫

R3

(
(ρu⊗u) :∇2u|ut

)
dx

+
∫

R3

(
(ρu·∇u)|u·∇ut

)
dx

def
= G1+G2+G3.

Applying Sobolev inequality gives

G1≤C‖u‖L6‖∇u‖2
L6‖

√
ρut‖L2 ≤C‖∇u‖L2‖∇2u‖2

L2‖
√

ρut‖L2 ,

which together with (3.6) ensures that

G1≤
C

νh
‖∇u‖L2‖∇2u‖L2

(
‖ρut‖L2+‖u‖L∞‖∇u‖L2

)
‖√ρut‖L2

≤ C

νh

(
‖u‖2

L∞+‖∇u‖2
L2+‖∇2u‖2

L2

)
‖√ρut‖2

L2+
C

νh
‖∇u‖4

L2‖∇2u‖2
L2 .

While along the same line to the proof of (3.6), one has

νh‖∇2
hu‖L2+νv‖∂2

3u‖L2+‖∇P‖L2

≤C
(
‖√ρut‖L2+‖u·∇u‖L2

)
≤ C

νh

(
‖√ρut‖L2+‖∇u‖3

L2

)
+

νh

2
‖∇2u‖L2 ,

which implies

νh

∥∥∇2
hu
∥∥

L2+νv

∥∥∂2
3u
∥∥

L2+‖∇P‖L2 ≤ C

νh

(
‖√ρut‖L2+‖∇u‖3

L2

)
. (3.9)

Hence we obtain

G2≤C‖u‖2
L∞‖∇2u‖L2‖√ρut‖L2

≤ C

ν2
h

‖u‖2
L∞

(
‖√ρut‖L2+‖∇u‖3

L2

)
‖√ρut‖L2

≤ C

ν2
h

‖u‖2
L∞

(
‖√ρut‖2

L2+‖∇u‖6
L2

)
.
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Finally we observe that

G3≤C‖u‖2
L6‖∇u‖L6‖∇ut‖L2 ≤C‖∇u‖2

L2‖∇2u‖L2‖∇ut‖L2

≤ νh

4
‖∇ut‖2

L2+
C

νh
‖∇u‖4

L2‖∇2u‖2
L2 .

By inserting the above estimates into (3.8), we conclude that

d

dt
‖√ρut‖2

L2+νh‖∇hut‖2
L2+νv‖∂3ut‖2

L2

.

(
‖∇u‖L∞+

1

ν2
h

‖u‖2
L∞+

1

νh
‖∇u‖2

L2+
1

νh
‖∇2u‖2

L2

)
‖√ρut‖2

L2

+
1

νh
‖∇u‖4

L2‖∇2u‖2
L2+

1

ν2
h

‖u‖2
L∞‖∇u‖6

L2 . (3.10)

Due to the initial data u0 ∈ H1 instead of H2, as in [12], we introduce σ(t)
def
=

min(1,t) multiply the above inequality by σ(t) to get

d

dt

(
σ(t)‖√ρut‖2

L2

)
+σ(t)

(
νh‖∇hut‖2

L2+νv‖∂3ut‖2
L2

)

.‖√ρut‖2
L2+σ(t)

(
‖∇u‖L∞+

1

ν2
h

‖u‖2
L∞+

1

νh
‖∇u‖2

L2+
1

νh
‖∇2u‖2

L2

)
‖√ρut‖2

L2

+
σ(t)

νh
‖∇u‖4

L2‖∇2u‖2
L2+

σ(t)

ν2
h

‖u‖2
L∞‖∇u‖6

L2 .

Applying Gronwall inequality to above estimate and using the fact σ(t)≤ 1, we

obtain

σ(t)‖√ρut‖2
L2+

∫ t

0
σ(t′)

(
νh‖∇hut‖2

L2+νv‖∂3ut‖2
L2

)
dt′

.

(
‖√ρut‖2

L2
t (L2)

+
∫ t

0

(
1

νh
‖∇u‖4

L2‖∇2u‖2
L2+

1

ν2
h

‖u‖2
L∞‖∇u‖6

L2

)
dt′
)

×exp
∫ t

0

(
‖∇u‖L∞+

1

ν2
h

‖u‖2
L∞+

1

νh
‖∇2u‖2

L2+
1

νh
‖∇u‖2

L2

)
dt′. (3.11)

By using (1.2), (3.5) and (3.7), we can get

∫ t

0

1

νh
‖∇u‖4

L2‖∇2u‖2
L2 dt′≤ 1

νh
‖∇u‖4

L∞
t (L2)‖∇2u‖2

L2
t (L2)
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≤ 1

ν5
h

(
ν3

h‖∇hu0‖6
L2+ν3

v‖∂3u0‖6
L2

)
exp

(
C

νh

∫ t

0
‖u‖2

L∞ dt′
)

,

∫ t

0

1

ν2
h

‖u‖2
L∞‖∇u‖6

L2 dt′≤ 1

ν2
h

‖∇u‖6
L∞

t (L2)

∫ t

0
‖u‖2

L∞ dt′

≤ 1

ν5
h

(
ν3

h‖∇hu0‖6
L2+ν3

v‖∂3u0‖6
L2

)
exp

(
C

νh

∫ t

0
‖u‖2

L∞ dt′
)

.

By substituting (3.5) and the above estimates into (3.11), we achieve

‖σ(t)
√

ρut‖2
L∞

t (L2)+
∫ t

0
σ(t′)

(
νh‖∇hut‖2

L2+νv‖∂3ut‖2
L2

)
dt′

≤ 1

ν5
h

(
ν3

h‖∇hu0‖6
L2+ν3

v‖∂3u0‖6
L2

)
exp

(
C

ν2
h

∫ t

0

(
‖u‖2

L∞+‖∇u‖L∞

)
dt′
)

×exp

(
1

ν2
h

‖√ρ0u0‖2
L2+

1

ν3
h

(
νh‖∇hu0‖2

L2+νv‖∂3u0‖2
L2

)
exp

(∫ t

0

1

νh
‖u‖2

L∞ dt′
))

,

which together with (3.9) ensures that

νh

∥∥σ(t)∇2
hu
∥∥2

L∞
t (L2)

+νv

∥∥σ(t)∂2
3u
∥∥2

L∞
t (L2)

+‖σ(t)∇P‖2
L∞

t (L2) (3.12)

≤ 1

ν8
h

(
ν3

h‖∇hu0‖6
L2+ν3

v‖∂3u0‖6
L2

)
exp

(
C

ν2
h

∫ t

0

(
‖u‖2

L∞+‖∇u‖L∞

)
dt′
)

×exp

(
1

ν2
h

‖√ρ0u0‖2
L2+

1

ν3
h

(
νh‖∇hu0‖2

L2+νv‖∂3u0‖2
L2

)
exp

(∫ t

0

1

νh
‖u‖2

L∞ dt′
))

.

With the estimates (1.2), (3.5), (3.7) and (3.12), we can follow the same line to

the proof of [12, Theorem 1.2] that under the assumption (3.2), we can prove the

solution (ρ,u) can be extended beyond T. Furthermore, by using Lagrangian ap-

proach, such a solution is unique. This completes the proof of Proposition 3.1.

4 The proof of the Theorem 1.1

The goal of this section is to present the proof of Theorem 1.1. Indeed according
to Proposition 3.1, it remains to show that there holds (3.2) for any T< T∗, with
T∗ being the lifespan of the solution (a,u). In order to do this, we first present the
estimate of the pressure function appearing in (1.7).
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Lemma 4.1. Let p∈]3,4[. Then the pressure function ∇P determined by (1.7) satisfies

‖∇P‖
B
−1+ 2

p , 1
p

p

.‖R·∇R‖
B
−1+ 2

p , 1
p

p

+νh‖a‖
B

2
p , 1

p
p

(
‖∆hR‖

B
−1+ 2

p , 1
p

p

+‖∆huL‖
B
−1+ 2

p , 1
p

p

)

+νv‖a‖
B

2
p , 1

p
p

(∥∥∂2
3R
∥∥

B
−1+ 2

p , 1
p

p

+
∥∥∂2

3uL

∥∥
B
−1+ 2

p , 1
p

p

)

+‖a‖
B

2
p , 1

p
p

‖∇P‖
B
−1+ 2

p , 1
p

p

+‖uL ·∇uL‖
B
−1+ 2

p , 1
p

p

+‖R·∇uL‖
B
−1+ 2

p , 1
p

p

+‖uL ·∇R‖
B
−1+ 2

p , 1
p

p

. (4.1)

Proof. Applying the operator div to the R equation of (1.7) yields

∆P=div
(
−R·∇R+νha∆hR+νva∂2

3R+νha∆huL

+νva∂2
3uL−a∇P−uL ·∇uL−R·∇uL−uL ·∇R

)
,

we thus write

∇P=∇(−∆)−1 div
(

R·∇R−νha∆hR−νva∂2
3R−νha∆huL

−νva∂2
3uL+a∇P+uL ·∇uL+R·∇uL+uL ·∇R).

As ∇(−∆)−1 div is a homogeneous Fourier multiplier of degree 0, then by using

the product laws, Lemma 2.2, we conclude the proof of (4.1).

Let us now present the proof of Theorem 1.1.

Proof of Theorem 1.1. Let p∈]3,4[. By applying ∆h
k ∆v

ℓ
to the (1.7) and then taking

L2 inner product of the resulting momentum equation with |∆h
k ∆v

ℓ
Ri|p−2∆h

k ∆v
ℓ
Ri,

we get

1

p

d

dt

∥∥∆h
k ∆v

ℓ Ri
∥∥p

Lp−
∫

R
3
∆h

k ∆v
ℓ

(
νh∆hRi+νv∂2

3Ri
)∣∣∆h

k ∆v
ℓ Ri
∣∣p−2

∆h
k ∆v

ℓ Ri dx

=−
∫

R
3
∆h

k ∆v
ℓ

(
R·∇Ri

)∣∣∆h
k ∆v

ℓ
Ri
∣∣p−2

∆h
k ∆v

ℓ
Ri dx

+νh

∫

R
3
∆h

k ∆v
ℓ

(
a∆hRi+a∆hui

L

)∣∣∆h
k ∆v

ℓ
Ri
∣∣p−2

∆h
k ∆v

ℓ
Ri dx

+νv

∫

R
3
∆h

k ∆v
ℓ

(
a∂2

3Ri+a∂2
3ui

L

)∣∣∆h
k ∆v

ℓ
Ri
∣∣p−2

∆h
k ∆v

ℓ
Ri dx

−
∫

R
3
∆h

k ∆v
ℓ

(
uL ·∇ui

L+R·∇ui
L+uL ·∇Ri

)∣∣∆h
k ∆v

ℓ Ri
∣∣p−2

∆h
k ∆v

ℓ Ri dx

−
∫

R
3
∆h

k ∆v
ℓ

(
(a+1)∂iP

)∣∣∆h
k ∆v

ℓ
Ri
∣∣p−2

∆h
k ∆v

ℓ
Ri dx. (4.2)
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It follows from [6, Lemma A.5] that there exists a positive c̄ so that

−
∫

R3
∆h∆h

k ∆v
ℓ

R(i)
∣∣∆h

k ∆v
ℓ
R(i)

∣∣p−2
∆h

k ∆v
ℓ
R(i)dx≥ c̄22k

∥∥∆h
k ∆v

ℓ
R(i)

∥∥p

Lp ,

−
∫

R3
∂2

3∆h
k ∆v

ℓ R(i)
∣∣∆h

k ∆v
ℓ R(i)

∣∣p−2
∆h

k ∆v
ℓ R(i)dx≥ c̄22ℓ

∥∥∆h
k ∆v

ℓ R(i)
∥∥p

Lp .

By inserting the above inequalities into (4.2), we get, by a standard derivation,

that

∥∥∆h
k ∆v

ℓ
R
∥∥

L∞
t (Lp)

+νh22k
∥∥∆h

k ∆v
ℓ
R
∥∥

L1
t (Lp)

+νv22ℓ
∥∥∆h

k ∆v
ℓ
R
∥∥

L1
t (Lp)

.
∥∥∆h

k ∆v
ℓ (R·∇R)

∥∥
L1

t (Lp)
+νh

∥∥∆h
k ∆v

ℓ (a∆hR)
∥∥

L1
t (Lp)

+νv

∥∥∆h
k ∆v

ℓ (a∂2
3R)
∥∥

L1
t (Lp)

+νh

∥∥∆h
k ∆v

ℓ
(a∆huL)

∥∥
L1

t (Lp)
+νv

∥∥∆h
k ∆v

ℓ
(a∂2

3uL)
∥∥

L1
t (Lp)

+
∥∥∆h

k ∆v
ℓ
(uL ·∇uL)

∥∥
L1

t (Lp)

+
∥∥∆h

k ∆v
ℓ
(R·∇uL)

∥∥
L1

t (Lp)
+
∥∥∆h

k ∆v
ℓ
(uL ·∇R)

∥∥
L1

t (Lp)
+
∥∥∆h

k ∆v
ℓ
((a+1)∇P)

∥∥
L1

t (Lp)
.

By multiplying the above inequality by 2
k(−1+ 2

p )2
ℓ
p and then summing up the

resulting inequalities for k,ℓ∈Z, we obtain

‖R‖
L̃∞

t (B
−1+ 2

p , 1
p

p )
+νh‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+νv‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )
(4.3)

.‖R·∇R‖
L1

t (B
−1+ 2

p , 1
p

p )
+νh‖a‖

L̃∞
t (B

2
p , 1

p
p )

‖∆hR‖
L1

t (B
−1+ 2

p , 1
p

p )

+νv‖a‖
L̃∞

t (B
2
p , 1

p
p )

∥∥∂2
3R
∥∥

L1
t (B

−1+ 2
p , 1

p
p )

+νh‖a‖
L̃∞

t (B
2
p , 1

p
p )

‖∆huL‖
L1

t (B
−1+ 2

p , 1
p

p )

+νv‖a‖
L̃∞

t (B
2
p , 1

p
p )

∥∥∂2
3uL

∥∥
L1

t (B
−1+ 2

p , 1
p

p )
+‖uL ·∇uL‖

L1
t (B

−1+ 2
p , 1

p
p )

+‖R·∇uL‖
L1

t (B
−1+ 2

p , 1
p

p )
+‖uL ·∇R‖

L1
t (B

−1+ 2
p , 1

p
p )

+‖(1+a)∇P‖
L1

t (B
−1+ 2

p , 1
p

p )
.

It follows from the law of product, Lemma 2.2, that

‖R·∇R‖
L1

t (B
−1+ 2

p , 1
p

p )
.‖R‖

L̃∞
t (B

−1+ 2
p , 1

p
p )

(
‖∇hR‖

L1
t (B

2
p , 1

p
p )

+‖∂3R‖
L1

t (B
2
p , 1

p
p )

)
.

Yet we observe from interpolation inequality that

‖R‖
L1

t (B
2
p ,1+ 1

p
p )

.
∫ t

0
‖R(t′)‖

1
2

B
1+ 2

p , 1
p

p

‖R(t′)‖
1
2

B
−1+ 2

p ,2+ 1
p

p

dt′. (4.4)
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As a result, it comes out

‖R·∇R‖
L1

t (B
−1+ 2

p , 1
p

p )
.‖R‖

L̃∞
t (B

−1+ 2
p , 1

p
p )

(
‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )

)
.

Along the same line, we have

‖uL ·∇R‖
B
−1+ 2

p , 1
p

p

.‖uL‖
B

2
p , 1

p
p

‖∇R‖
B
−1+ 2

p , 1
p

p

.‖uL‖
1
2

B
−1+ 2

p , 1
p

p

‖∇huL‖
1
2

B
2
p , 1

p
p

(
‖∇hR‖

B
−1+ 2

p , 1
p

p

+‖∂3R‖
B
−1+ 2

p , 1
p

p

)

.‖uL‖
B
−1+ 2

p , 1
p

p

‖∇huL‖
B

2
p , 1

p
p

+‖∇hR‖2

B
−1+ 2

p , 1
p

p

+‖∂3R‖2

B
−1+ 2

p , 1
p

p

.

Notice that

‖∇hR‖2

B
−1+ 2

p , 1
p

p

.‖R‖2

B
2
p , 1

p
p

.‖R‖
B
−1+ 2

p , 1
p

p

‖R‖
B

1+ 2
p , 1

p
p

,

‖∂3R‖2

B
−1+ 2

p , 1
p

p

.‖R‖2

B
−1+ 2

p ,1+ 1
p
.‖R‖

B
−1+ 2

p , 1
p

p

‖R‖
B
−1+ 2

p ,2+ 1
p

p

,

so that there holds

‖uL ·∇R‖
L1

t (B
−1+ 2

p , 1
p

p )
.‖uL‖

L̃∞
t (B

−1+ 2
p , 1

p
p )

‖∇huL‖
L1

t (B
2
p , 1

p
p )

+‖R‖
L̃∞

t (B
−1+ 2

p , 1
p

p )

(
‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )

)
.

Obviously, we have

‖R·∇uL‖
L1

t (B
−1+ 2

p , 1
p

p )
.
∫ t

0
‖R(t′)‖

B
−1+ 2

p , 1
p

p

(
‖∇huL(t

′)‖
B

2
p , 1

p
p

+‖∂3uL(t
′)‖

B
2
p , 1

p
p

)
dt′.

By substituting the above estimates and (4.1) into (4.3), and using [4, Lemma 4.3],

we achieve

‖R‖
L̃∞

t (B
−1+ 2

p , 1
p

p )
+νh‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+νv‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )

.‖R‖
L̃∞

t (B
−1+ 2

p , 1
p

p )

(
‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )

)

+‖a‖
L̃∞

t (B
3
p
p )

(
νh‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+νv‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )

)
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+‖a‖
L̃∞

t (B
3
p
p )

(
νh‖∆huL‖

L1
t (B

−1+ 2
p , 1

p
p )

+νv‖∂2
3uL‖

L1
t (B

−1+ 2
p , 1

p
p )

)

+‖uL‖
L̃∞

t (B
−1+ 2

p , 1
p

p )

(
‖∇huL‖

L1
t (B

2
p , 1

p
p )

+‖∂3uL‖
L1

t (B
2
p , 1

p
p )

)

+
∫ t

0
‖R(t′)‖

B
−1+ 2

p , 1
p

p

(
‖∇huL(t

′)‖
B

2
p , 1

p
p

+‖∂3uL(t
′)‖

B
2
p , 1

p
p

)
dt′. (4.5)

Let us denote

T⋆ def
= sup

{
t<T∗ : νh‖a‖

L̃∞
t (B

3
p
p )
+‖R‖

L̃∞
t (B

−1+ 2
p , 1

p
p )

+νh‖R‖
L1

t (B
1+ 2

p , 1
p

p )
+νv‖R‖

L1
t (B

−1+ 2
p ,2+ 1

p
p )

≤2c0νh

}
, (4.6)

where c0 is a small enough positive constant, which will be fixed later on. Then

for t≤T⋆, one has

‖R‖
L̃∞

t (B
−1+ 2

p , 1
p

p )

(
‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )

)
≤2c0‖R‖

L̃∞
t (B

−1+ 2
p , 1

p
p )

, (4.7)

‖a‖
L̃∞

t (B
3
p
p )

(
νh‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+νv‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )

)
≤2c0νh‖a‖

L̃∞
t (B

3
p
p )

. (4.8)

By substituting (4.7) and (4.8) into (4.5), and using Lemma 2.3, we achieve

‖R‖
L̃∞

t (B
−1+ 2

p , 1
p

p )
+νh‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+νv‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )

≤C

(
νh‖a‖

L̃∞
t (B

3
p
p )
+

ν1−θ
h

ν1−θ
v

‖a‖
L̃∞

t (B
3
p
p )
‖u0‖

B
1
2
2

+‖a‖
L̃∞

t (B
3
p
p )
‖u0‖

B
0, 1

2
2

+
1

νθ
hν1−θ

v

‖u0‖
B

0, 1
2

2

(
‖u0‖

B
0, 1

2
2

+‖u0‖
B

1
2
2

)

+
∫ t

0
‖R(t′)‖

B
−1+ 2

p , 1
p

p

(
‖∇huL(t

′)‖
B

2
p , 1

p
p

+‖∂3uL(t
′)‖

B
2
p , 1

p
p

)
dt′
)

. (4.9)

Applying Gronwall inequality to (4.9) yields

‖R‖
L̃∞

t (B
−1+ 2

p , 1
p

p )
+νh‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+νv‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )
(4.10)

≤
(

νh‖a‖
L̃∞

t (B
3
p
p )
+

ν1−θ
h

ν1−θ
v

‖a‖
L̃∞

t (B
3
p
p )
‖u0‖

B
1
2
2

+‖a‖
L̃∞

t (B
3
p
p )
‖u0‖

B
0, 1

2
2
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+
1

νθ
hν1−θ

v

‖u0‖
B

0, 1
2

2

(
‖u0‖

B
0, 1

2
2

+‖u0‖
B

1
2
2

))
exp




C
(
‖u0‖

B
0, 1

2
2

+‖u0‖
B

1
2
2

)

νθ
hν1−θ

v


.

On the other hand, by using interpolation inequality, we have

‖∇R‖L1
t (L∞).‖∇R‖

L1
t (B

2
p , 1

p
p )

.‖∇hR‖
L1

t (B
2
p , 1

p
p )

+‖∂3R‖
L1

t (B
2
p , 1

p
p )

.‖R‖
L1

t (B
1+ 2

p , 1
p

p )
+‖R‖

L1
t (B

2
p ,1+ 1

p
p )

.‖R‖
L1

t (B
1+ 2

p , 1
p

p )
+
∫ t

0
‖R(t′)‖

1
2

B
1+ 2

p , 1
p

p

‖R(t′)‖
1
2

B
−1+ 2

p ,2+ 1
p

p

dt′.

Then applying Young inequality, we get

‖∇R‖L1
t (L∞).‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )
. (4.11)

So it follows from Lemma 2.4 that

‖a‖
L̃∞

t (B
3
p
p )

≤‖a0‖
B

3
p
p

exp

(
C′
∫ t

0
‖∇u(t′)‖L∞ dt′

)

≤‖a0‖
B

3
p
p

exp

(
C′
∫ t

0

(
‖∇huL(t

′)‖
B

2
p , 1

p
p

+‖∂3uL(t
′)‖

B
2
p , 1

p
p

+‖∇hR(t′)‖
B

2
p , 1

p
p

+‖∂3R(t′)‖
B

2
p , 1

p
p

)
dt′
)

.

Then for t≤T⋆, we deduce from (2.4b), (2.4c), (4.11) and (4.6) that

‖a‖
L̃∞

t (B
3
p
p )

≤‖a0‖
B

3
p
p

exp




C
(
‖u0‖

B
0, 1

2
2

+‖u0‖
B

1
2
2

)

νθ
hν1−θ

v


. (4.12)

Then we deduce from (4.10) that, under the small condition (1.5), for all t≤T⋆

we obtain

‖R‖
L̃∞

t (B
−1+ 2

p , 1
p

p )
+νh‖R‖

L1
t (B

1+ 2
p , 1

p
p )

+νv‖R‖
L1

t (B
−1+ 2

p ,2+ 1
p

p )
(4.13)

≤
(

νh‖a0‖
B

3
p
p

+
ν1−θ

h

ν1−θ
v

‖a0‖
B

3
p
p

‖u0‖
B

1
2
2

+‖a0‖
B

3
p
p

‖u0‖
B

0, 1
2

2



T. Hao / Commun. Math. Res., 38 (2022), pp. 62-80 79

+
1

νθ
hν1−θ

v

‖u0‖
B

0, 1
2

2

(
‖u0‖

B
0, 1

2
2

+‖u0‖
B

1
2
2

))
exp




C
(
‖u0‖

B
0, 1

2
2

+‖u0‖
B

1
2
2

)

νθ
hν1−θ

v


≤ c0νh,

which contradicts the definition of T⋆. This in turn shows that T⋆ = T∗. More

precisely, thanks to (4.13), we infer

‖∂3R‖
L1

t (B
2
p , 1

p
p )

.‖R‖
1
2

L1
t (B

1+ 2
p , 1

p
p )

‖R‖
1
2

L1
t (B

−1+ 2
p ,2+ 1

p
p )

. c0ν
1
2
h ν

− 1
2

v ,

so that we deduce from (4.6) that

∫ T∗

0

(
νh‖∇hR(t)‖L∞ +νv‖∂3R(t)‖L∞

)
dt≤Cc0ν

1
2
h ν

1
2
v .

And we also have

‖R‖2
L2

t (L∞)
.‖R‖2

L2
t (B

2
p , 1

p
p )

.

∫ t

0
‖R(t′)‖

B
−1+ 2

p , 1
p

p

‖R(t′)‖
B

1+ 2
p , 1

p
p

dt′

.‖R‖
L∞

t (B
−1+ 2

p , 1
p

p )
‖R‖

L1
t (B

1+ 2
p , 1

p
p )

.‖R‖
L̃∞

t (B
−1+ 2

p , 1
p

p )
‖R‖

L1
t (B

1+ 2
p , 1

p
p )

≤Cc2
0νh.

Similarly, by Lemma 2.3, we have

‖uL‖2
L2

t (L∞)
.‖uL‖

L̃∞
t (B

−1+ 2
p , 1

p
p )

‖uL‖
L1

t (B
1+ 2

p , 1
p

p )
.

‖u0‖
B

0, 1
2

2

‖u0‖
B

1
2
2

νθ
hν1−θ

v

,

‖∇uL‖
L1

t (B
2
p , 1

p
p )

.‖∇huL‖
L1

t (B
2
p , 1

p
p )

+‖∂3uL‖
L1

t (B
2
p , 1

p
p )

.

‖u0‖
B

0, 1
2

2

+‖u0‖
B

1
2
2

νθ
hν1−θ

v

.

Consequently, there holds

∫ T∗

0

(
‖∇u(t)‖L∞ +‖u(t)‖2

L∞

)
dt<+∞.

Then by Proposition 3.1, we get T∗ =+∞. This completes the proof of Theo-

rem 1.1.
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