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Abstract. In this paper, a nonlinear boundary value problem in a three dimensional
thin domain with Tresca’s friction law is considered. The small change of variable
z = x3/ε transforms the initial problem posed in the domain Ωε into a new problem
posed on a fixed domain Ω independent of the parameter ε. As a main result, we
obtain some estimates independent of the small parameter. The passage to the limit
on ε, permits to prove the results concerning the limit of the weak problem and its
uniqueness.
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1 Introduction

In this work, we consider a nonlinear boundary value problem governed by partial dif-
ferential equations which describe the evolution of linear elastic materials in a bounded
domain Ωε ⊂ R

3 with Tresca’s friction law over a portion of the border and Dirichlet
boundary conditions on the top and the lateral parts. However, this time we consider a
nonlinear term |uε|ρuε, ρ= p−2 for p>1. Thus we shall give the analogue of [3], where
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the authors gave the existence and the uniqueness of a non-Newtonian and incompress-
ible fluid with stress tensor σε

ij =−pδij+2µ|D(uε)|r−2dij(u
ε), in a thin domain and the

extension of [5, 9]. Before stating the scientific context and our results, we first intro-
duce some notations used in the paper. The boundary Γε of the domain is assumed to
be Lipschitz continuous so that the unit outward normal n exists almost everywhere on
Γε. The boundary of the domain is composed of three portions: ω the bottom of the do-
main, Γε

1 the upper surface, and Γε
L the lateral surface. Similar studies have been made

by several authors but with the usual boundary conditions, we cite for example: In [7], J.
L. Lions studied theoretically a problem governed by the Laplace equation with Dirich-
let boundary conditions. He proved the existence of a solution based essentially on the
method of compactness, and the uniqueness of the solution by imposing conditions on
the data. In [9], the authors, studied the similar nonlinear hyperbolic boundary value
problem governed by partial differential equations which describe the evolution of the
linear elastic materials but with Dirichlet-Neumann usual boundary conditions. They
used the techniques of [7, 8] for a particular problem by replacing the elasticity equation
by the Laplace operator and with the Neumann boundary conditions. The study of the
asymptotic analysis of the same problem but in the particular case where ρ=1 has been
considered in [5]. In the last few years, some research papers have been written dealing
with the asymptotic analysis of an incompressible fluid in a three-dimensional thin do-
main, when one dimension of the fluid domain tends to zero, (see e.g., [1, 3, 4]) and the
references cited therein. More recently, the authors in [2] have studied the asymptotic
analysis of a dynamical problem of isothermal elasticity with non linear friction of Tresca
type but without the intervention of the nonlinear term. In [10] they studied the asymp-
totic behaviour of a dynamical problem of non-isothermal elasticity materials. The paper
is structured as follows. In Section 2 we present some notations and give the problem
statement and variational formulation. In Section 3 we use the asymptotic analysis, in
which the small parameter is the height of the domain. We establish some estimates,
independent on the parameter ε. These estimates will be useful in order to prove the con-
vergence of the displacement toward the expected function. In Section 4, we investigate
the convergence results of the limit weak problem and its uniqueness.

2 Problem statement and variational formulation

Let ω be a fixed bounded domain of R
3 of equation x3 = 0. We suppose that ω has a

Lipschitz continuous boundary and is the bottom of the domain. The upper surface Γ
ε
1

is defined by x3 = εh(x)= εh(x1,x2). We introduce a small parameter ε, that will tend to
zero, and a function h on the closure of ω such that 0<hmin ≤h(x)≤hmax, for all (x,0) in
ω. We study the asymptotic behaviour of an elasticity in the domain:

Ωε =
{
(x, x3)∈R

3 : (x,0)∈ω, 0< x3< εh(x)
}

,

and Γε its boundary : Γε =Γ
ε
1∪Γ

ε
L∪ω, where Γ

ε
L is the lateral boundary.
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Thus, the classical formulation of the mechanical problem is written as follows:

Problem P1 Find a displacement field uε : Ω→R
3 such that

∂σε
ij

∂xj
+|uε|ρuε+ f ε

i =0, where ρ= p−2, p>1 in Ωε, (2.1a)

σε
ij(u

ε)=2µdij(u
ε)+λdkk(u

ε)δij in Ωε, (2.1b)

uε =0 on Γε
1, (2.1c)

uε = g, with g3 =0 on Γε
L, (2.1d)

uε ·n=0 on ω, (2.1e)

|σε
τ |< kε =⇒ uε

τ = s,
|σε

τ |= kε =⇒∃β≥0, such that uε
τ = s−βσε

τ ,

}
on ω, (2.1f)

where

f ε =( f ε
i )1≤i≤3, g=(gi)1≤i≤3, σε, kε, δij and d(uε)=

1

2

(∂uε
i

∂xj
+

∂uε
j

∂xi

)
,

respectively, the body forces, the vector function, such that
∫

Γε g·ndσ=0, the stress field,
friction coefficient, the symbol of Kronecker and the symmetric deformation velocity
tensor. Furthermore, the Eqs. (2.1a) and (2.1b) represent respectively, the equilibrium
equation, the elastic behavior law. The formulae (2.1c) and (2.1d) are the displacement
boundary conditions, in which n = (n1,n2,n3) denotes the unit outward normal vector
on Γε. Finally, condition (2.1e) represents the contact with Tresca’s friction law given by
Eq. (2.1f).

Now, to proceed with the variational formulation, we need the following functions
spaces:

(W1,p(Ωε))3=
{

v∈ (Lp(Ωε))3 :
∂vε

i

∂xj
∈Lp(Ωε), for 1< p<∞ and i, j=1,2,3

}
.

W
1,p
0 (Ωε) is the closure of D(Ωε) in W1,p(Ωε). The dual space of W

1,p
0 (Ωε) is W−1,q(Ωε),

where p−1+q−1=1. Let

W
1,p
Γε

1∪Γε
L
(Ωε)=

{
ψ∈W1,p(Ωε) : ψ=0 on Γε

1∪Γε
L

}
.

Due to (2.1c) it is well known that there exists a function Gε (see [1]) such that

Gε ∈ (W1,p(Ωε))3, Gε= g on Γε.

To get a weak formulation, we introduce the closed convex set

Kε=
{

v∈ (W1,p(Ωε))3 : v=0 on Γε
1, v= g on Γε

L and v·n=0 on ω
}

.
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For every element uε ∈ (W1,p(Ωε))3 we denote by uε
n and uε

τ the normal and the tan-
gential components of uε on the boundary ω given by:

uε
n =uε ·n, uε

τi
=uε

i −uε
n ·ni.

Also, for a regular function σε, we define its normal and tangential components by

σε
n =(σε ·ni)·nj, σε

τi
=σε

ij ·nj−(σε
n)·ni.

By standard calculations, the variational formulation of the Problem P1 is given by:

Problem P2 Find a displacement field uε ∈Kε such that

a(uε,ϕ−uε)+B(uε,uε,ϕ−uε)+ Jε(ϕ)− Jε(uε)≥ ( f ε,ϕ−uε), ∀ϕ∈Kε, (2.2)

where

a(u,v)=2µ
∫

Ωε
dij(u)dij(v)dx′+λ

∫

Ωε
div(u)div(v)dx′ ,

Jε(v)=
∫

ω
kε|v−s|dx, ∀v∈H1(Ωε)3,

B(uε,v)=
∫

Ωε
|uε|ρuεvdx′ ,

( f ,v)=
∫

Ωε
fividx′, ∀v∈H1(Ωε)3.

We also denote by the nonlinear operator

(A(uε),φ)= a(uε,φ)+B(uε,φ). (2.3)

Lemma 2.1. Problems P1 and P2 are equivalent.

Proof. The proof is similar to [5] for ρ=1.

The existence and uniqueness results of the weak solution to the Problem P2 is ob-
tained in the following theorem.

Theorem 2.1. Assuming that f ∈Lq(Ωε)3, kε is a positive function in L∞(ω) and h∈L∞(ω)∩
C1(ω), there exists a unique solution uε ∈Kε to Problem P2.

Proof. The Problem P2 is still written




Find uε ∈Kε such that
a(uε,φ−uε)+B(uε,φ−uε)+ jε(φ)− jε(uε)+δKε(φ)
−δKε(uε)≥ ( f ε,φ−uε), ∀φ∈ (W1,p(Ωε))3,

where δKε is the function given by

δKε =

{
0, if v∈Kε,
+∞, if v /∈Kε.

The proof is based on the nonlinear operators theory (see for example [7]): It is enough to
show that the operator A given by (2.3) is bounded coercive semicontinuous and strictly
monotone, and that Jε+δKε is a convex and proper functional.
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3 Transposing of the Problem P1

We shall now focus our attention on the asymptotic analysis for the Problem P1. For this,
we transform this problem into an equivalent problem on a domain Ω independent of
the parameter ε via the rescaling z=x3/ε (as in [1]). So, for (x,x3) in Ωε, we have (x,z) in

Ω=
{
(x,z)∈R

3, (x,0)∈ω and 0< z<h(x)
}

,

and we denote by Γ= ω̄∪ΓL∪Γ1 its boundary, then we define the following functions in
Ω

ûε
3(x,z)= ε−1uε

3(x,x3) and ûε
i (x,z)=uε

i (x,x3), i=1,2, (3.1a)

k̂= εkε, f̂ (x,z)= ε2 f ε(x,x3) and ĝ(x,z)= gε(x,x3), (3.1b)

Ĝi(x,z)=Gε
i (x,x3), i=1,2, and Ĝ3(x,z)= ε−1Gε

3(x,x3). (3.1c)

Let

K=
{

ϕ∈ (W1,p(Ω))3 : ϕ=(ϕ1,ϕ2,ϕ3), ϕ= Ĝ on Γ1∪ΓL, ϕ·n=0 on ω
}

,

Π(K)=
{

ϕ̄∈ (W1,p(Ω))2 : ϕ̄=(ϕ1,ϕ2), ϕi= Ĝi on Γ1∪ΓL, i=1,2,
}

,

Vz=
{

v=(v1,v2)∈ (Lp(Ω))2 :
∂vi

∂z
∈Lp(Ω), i=1,2, on Γ1

}
,

where Vz is the Banach space with norm

|v|Vz =
( 2

∑
i=1

(
|vi|

2+
∣∣∣∂vi

∂z

∣∣∣
2)) 1

2
.

Assuming (3.1), then problem (2.2) leads to the following form:




Find ûε∈K, such that
a(ûε, ϕ̂−ûε)+B(ûε,ϕ−ûε)+ J(ϕ̂)− J(ûε)

≥
2

∑
i=1

( f̂i, ϕ̂i−ûε
i )+ε( f̂3, ϕ̂3−ûε

3), ∀ϕ̂∈K,
(3.2)

where

J(ϕ̂)=
∫

ω
k̂|ϕ̂−s|dx,

B(ûε,ϕ−ûε)= ε2
2

∑
i=1

∫

Ω
|ûε

i |
ρûε

i (φ̂i−ûε
i )dx′dz+εp+1

∫

Ω
|ûε

3|
ρûε

3(φ̂3−ûε
3)dx′dz,

a(ûε, ϕ̂−ûε)=µε2
2

∑
i,j=1

∫

Ω

(∂ûε
i

∂xj
+

∂ûε
j

∂xi

) ∂

∂xj
(ϕ̂i−ûε

i )dxdz

+µ
2

∑
i=1

∫

Ω

(∂ûε
i

∂z
+ε2 ∂ûε

3

∂xi

) ∂

∂z
(ϕ̂i−ûε

i )dxdz
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+µε2
2

∑
i=1

∫

Ω

(∂ûε
i

∂z
+ε2 ∂ûε

3

∂xi

) ∂

∂xi
(ϕ̂3−ûε

3)dxdz

+2µε2
∫

Ω

∂ûε
3

∂z
·

∂

∂z
(ϕ̂3−ûε

3)dxdz

+λε2
∫

Ω
div(ûε)·div(ϕ̂−ûε)dxdz.

In the next, we will obtain first estimates on ûε. These estimates will be useful in order to
prove the convergence of ûε toward the expected function.

Theorem 3.1. Under the same assumptions as in Theorem 2.1, there exists a constant C inde-
pendent of ε such that

∑
1≤i,j≤2

∣∣∣ε
∂ûε

i

∂xj

∣∣∣
p

Lp(Ω)
+
∣∣∣ε

∂ûε
3

∂z

∣∣∣
p

Lp(Ω)
+

2

∑
i=1

(∣∣∣
∂ûε

i

∂z

∣∣∣
p

Lp(Ω)
+
∣∣∣ε2 ∂ûε

3

∂xi

∣∣∣
p

Lp(Ω)

)
≤C. (3.3)

Proof. Let uε be a solution to the problem (2.2). We deduce

a(uε,uε)≤ a(uε,ϕ)−B(uε,uε)+B(uε,ϕ)+ Jε(ϕ)− Jε(uε)+( f ε,uε)−( f ε,ϕ), ∀ϕ∈Kε.

As B(uε,uε)>0 and Jε(uε) is positive, (since k>0), we have

a(uε,uε)≤ a(uε,ϕ)+B(uε,ϕ)+ Jε(ϕ)+( f ε,uε)−( f ε,ϕ), ∀ϕ∈Kε.

From Korn’s inequality, there exists a constant CK>0 independent of ε, such that

a(uε,uε)≥2µCK|∇uε|
p

Lp(Ω)
. (3.4)

By the Hölder inequality and the Young inequality, we obtain

a(uε,ϕ)≤
∫

Ωε
2µ|dij(u

ε)||dij(ϕ)|dxdx3+λ
∫

Ωε
|div(uε)||div(ϕ)|dxdx3

≤
(∫

Ωε

(µpCK

2

) 1
p
|dij(u

ε)|
)(∫

Ωε

4

(pCK)
1
p

(µ

2
)

1
q |dij(ϕ)|dxdx3

)

+
(∫

Ωε

(µpCK

4

) 1
p
|div(uε)|)

(∫

Ωε
λ
(µpCK

4

)− 1
p
|div(ϕ)|dxdx3

)

≤
µCK

2
|dij(u

ε)|
p

Lp(Ωε)
+

22q−1µ

q(pCK)
q
p

|dij(ϕ)|
q

Lq(Ωε)

+
µCK

4

∫

Ωε
|div(uε)|pdxdx3+

λq

q( µpCK

4 )
q
p

∫

Ωε
|div(ϕ)|qdxdx3

≤
µCK

2
|∇uε|

p

Lp(Ωε)
+

22q−1µ

q(pCK)
q
p

|∇ϕ|
q

Lq(Ωε)

+
µCK

4

∫

Ωε
|∇uε|pdxdx3+

λq

q( µpCK

4 )
q
p

∫

Ωε
|∇ϕ|qdxdx3.
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Then

|a(uε,ϕ)|≤
3

4
µCK|∇uε|

p

Lp(Ωε)
+
( 22q−1µ

q(pCK)
q
p

+
λq

q( µpCK

4 )
q
p

)
|∇ϕ|

q

Lq(Ωε)
, (3.5)

by the Poincaré inequality, we obtain

|uε|Lp(Ωε)≤ εhmax|∇uε|Lp(Ωε). (3.6)

We have by the Young inequality and (3.6):

| f ε|Lq(Ωε)|u
ε|Lp(Ωε)≤ (εhmax(µpCK2)−

1
p | f ε|Lq(Ωε))

((µpCK

2

) 1
p
|∇uε|Lp(Ωε)

)

≤
µCK

2
|∇uε|

p

Lp(Ωε)
+(εhmax)

qq−1
(µpCK

2

)− q
p
| f ε|

q

Lq(Ωε)
, (3.7a)

| f ε|Lq(Ωε)|ϕ
ε|Lp(Ωε)≤

µCK

2
|∇ϕ|

p

Lp(Ωε)
+(εhmax)

qq−1
(µpCK

2

)− q
p
| f ε|

q

Lq(Ωε)
. (3.7b)

On the other hand, by the Hölder, Young and Poincaré inequalities, we obtain

|B(uε,φ)|≤
∫

Ωε

(( µqCk

2εhmax

)− 1
q
|φ|

)(( µqCk

2εhmax

) 1
q
|uε|(p−1)

)
dx

≤
1

p( µqCk

2εhmax
)

p
q

∫

Ωε
|φ|pdx+

µCk

2εhmax

∫

Ωε
|uε|pdx

≤
µCk

2
|▽uε|

p

Lp(Ωε)
+

1

p( µqCk

2εhmax
)

p
q

|▽φ|
p

Lp(Ωε)
.

If p≤q then

|B(uε,φ)|≤
µCk

2
|▽uε|

p

Lp(Ωε)
+

h
p
q
max

p( µqCk

2 )
p
q

|▽φ|
p

Lq(Ωε)
. (3.8)

Using (3.4)-(3.8) and choosing φ=Gε, we have

1

4
µCk|∇uε|

p

Lp(Ωε)
≤

(
22q−1µ

q(pCk)
q
p

+
λq

q( µpCk

4 )
q
p

+
h

p
q
max

p( µqCk

2 )
p
q

+
µCk

2

)
|▽Gε|

q

Lq(Ωε)

+
2εqh

q
max

q( µpCk

2 )
q
p

| f ε|
q

Lq(Ωε)
. (3.9)

As

εq| f ε|
q

Lq(Ωε)
= ε1−p| f̂ ε|

p

Lp(Ωε)
and

∣∣∣
∂uε

i

∂x3

∣∣∣
p

Lp(Ωε)
= ε1−p

∣∣∣
∂ûε

i

∂z

∣∣∣
p

Lp(Ωε)
, i=1,2,



198 D. Benterki, H. Benseridi and M. Dilmi / Adv. Appl. Math. Mech., 6 (2014), pp. 191-202

then we multiply (3.9) by εp−1 we deduce (3.3), with

C=
4

µCk

[(
22q−1µ

q(pCk)
q
p

+
λq

q( µpCk

4 )
q
p

+
h

p
q
max

p( µqCk

2 )
p
q

+
µCk

2

)
|∇Ĝ|

q

Lq(Ωε)

]

+
4

µCk

2h
q
max

q( µpCk

2 )
q
p

| f̂ |
q

Lq(Ωε)
,

which completes the proof.

4 The limit problem

Theorem 4.1. Under the same assumptions of Theorem 3.1, there exists û∗
i ∈Vz, i= 1,2, such

that

ûε
i harpoonup u⋆

i (1≤ i≤2) weakly in Vz, (4.1a)

ε
∂ûε

i

∂xj
harpoonup 0 (1≤ i, j≤2) weakly in Lp(Ω), (4.1b)

ε
∂ûε

3

∂z
harpoonup 0 weakly in Lp(Ω), (4.1c)

ε2 ∂ûε
3

∂xi
harpoonup 0 (1≤ i≤2) weakly in Lp(Ω). (4.1d)

Proof. From the inequality (3.3) there exists a fixed constant C which does not depend on
ε such that ∣∣∣

∂ûε
i

∂z

∣∣∣
2

L2(Ω)
≤C, i=1,2.

Using the above estimate and the Poincaré inequality in the domain Ω, we deduce (4.1a).
Also (4.1b)-(4.1d) follows from (3.3).

Theorem 4.2. With the same assumptions of Theorem 3.1, û∗ satisfy

µ
2

∑
i=1

∫

Ω

∂û∗
i

∂z
·

∂

∂z
(ϕ̂i−û∗

i )dxdz+ J(ϕ̂)− J(û∗
i )≥

2

∑
i=1

( f̂i, ϕ̂i−û∗
i ), ∀ϕ∈Π(K), (4.2a)

−µ
∂2û∗

i

∂z2
= f̂i, for i=1,2, in Lq(Ω). (4.2b)

Proof. The variational inequality (3.2) can be written as:

4

∑
i=1

Ii(ε)+λε2
∫

Ω
div(ûε)div(φ̂−ûε)dx′dz+ε2

2

∑
i=1

∫

Ω
|ûε

i |
ρûε

i (φ̂i−ûε
i )dxdz

+εp+1
∫

Ω
|ûε

3|
ρûε

3(φ̂3−ûε
3)dxdz+ ̂(φ̂)− ̂(ûε)≥

2

∑
i=1

( f̂i,φ̂i−ûε
i )+ε( f̂3,φ̂3−ûε

3),
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where

I1=µε2
2

∑
i,j=1

(∂ûε
i

∂xj
+

∂ûε
j

∂xi

) ∂

∂xj
(ϕ̂i−ûε

i )dxdz,

I2=µ
2

∑
i=1

∫

Ω

(∂ûε
i

∂z
+ε2 ∂ûε

3

∂xi

) ∂

∂z
(ϕ̂i+ûε

i )dxdz,

I3=µε2
2

∑
i=1

∫

Ω

(∂ûε
i

∂z
+ε2 ∂ûε

3

∂xi

) ∂

∂xi
(ϕ̂3−ûε

3)dxdz,

I4=2µε2
∫

Ω

∂ûε
3

∂z
·

∂

∂z
(ϕ̂3−ûε

3)dxdz.

By the Theorem 4.1, we have

lim
ε→0

4

∑
i=1

Ii(ε)=µ
2

∑
i=1

∫

Ω

∂û∗
i

∂z
·

∂

∂z
(ϕ̂i−û∗

i )dxdz,

lim
ε→0

∫

Ω
ε f̂3 ϕdxdz=0,

lim
ε→0

ε2
2

∑
i=1

∫

Ω
|ûε

i |
ρûε

i (φ̂i−ûε
i )dxdz=0,

lim
ε→0

εp+1
∫

Ω
|ûε

3|
ρûε

3(φ̂3−ûε
3)dxdz=0.

And as J is convex and lower semicontinuous i.e.,

lim
ε→0

(
inf

∫

ω
k̂|ûε−s|dx

)
≥

∫

ω
k̂|û∗−s|dx,

we obtain

µ
2

∑
i=1

∫

Ω

∂û∗
i

∂z
·

∂

∂z
(ϕ̂i−û∗

i )dxdz+ J(ϕ̂)− J(û∗
i )≥

2

∑
i=1

( f̂i, ϕ̂i−û∗
i ). (4.3)

We now choose in the variational inequality (4.3)

φ̂i=u⋆

i ±ψi, ψi∈W
1,p
0 (Ω), i=1,2,

to get

µ
2

∑
i=1

∫

Ω

∂û∗
i

∂z

∂ψi

∂z
dxdz=

2

∑
i=1

∫

Ω
f̂iψidxdz.

Using now the Green formula, we deduce first with ψ1 = 0 and ψ2 ∈W
1,p
0 (Ω), then

ψ2=0 and ψ1∈W
1,p
0 (Ω) the following equality:

−
∫

Ω
µ

∂

∂z

(∂û∗
i

∂z

)
ψidxdz=

∫

Ω
f̂iψidxdz, (4.4a)

−µ
∂2û∗

i

∂z2
= f̂i, for i=1,2, in W−1,q(Ω), (4.4b)
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and as f̂i ∈Lq(Ω), then (4.4) is valid in Lq(Ω).

Theorem 4.3. Under the same hypothesis of Theorem 3.1 we have the following inequality

∫

ω
k|ψ+s∗−s|−|s∗−s|dx−

∫

ω
µτ̂∗ψdx≥0, ∀ψ∈ (Lp(ω))2, (4.5a)

{
µ|τ̂∗|< k̂→ s∗= s,

µ|τ̂∗|= k̂→∃β>0, such that s∗= s+βτ̂∗,
(4.5b)

where

τ̂∗=
∂û∗

∂z
(x,0) and s∗(x)= û∗(x,0).

Also the limit fonction û∗ and s∗ satisfy the following weak form of the Reynolds equation

∫

ω

(
F̃−

h

2
s∗+

∫ h

0
û∗(x,z)dz

)
∇ψ(x)dx=0, ∀φ∈W1,p(ω), (4.6)

where

F̃(x)=
1

µ

∫ h

0
F(x,z)dz−

h

2µ
F(x,h) and F(x,z)=

∫ z

0

∫ ζ

0
f̂i(x,α)dζdα.

Proof. For the demonstration, it is enough to follow the same techniques of [1, 3] in the
case of fluid.

Theorem 4.4. The solution u⋆ in Vz of inequalities (4.2a)-(4.2b) is unique.

Proof. Let û1 and û2 be two solutions of (4.2a). Then

µ
2

∑
i=1

∫

Ω

∂û1
i

∂z
·

∂

∂z
(ϕi−û1

i )dxdz+ J(ϕ)− J(û1
i )≥

2

∑
i=1

( f̂i,ϕi−û1
i ), (4.7a)

µ
2

∑
i=1

∫

Ω

∂û2
i

∂z
·

∂

∂z
(ϕi−û2

i )dxdz+ J(ϕ)− J(û2
i )≥

2

∑
i=1

( f̂i,ϕi−û2
i ). (4.7b)

Taking ϕ= û2 in (4.7a) and ϕ= û1 in (4.7b), respectively, as test functions, we get

µ
2

∑
i=1

∫

Ω

∂û1
i

∂z
·

∂

∂z
(û2

i −û1
i )dxdz+ J(û2)− J(û1

i )≥
2

∑
i=1

( f̂i,û
2
i −û1

i ), (4.8a)

µ
2

∑
i=1

∫

Ω

∂û2
i

∂z
.

∂

∂z
(û1

i −û2
i )dxdz+ J(û1)− J(û2

i )≥
2

∑
i=1

( f̂i,û
1
i −û2

i ). (4.8b)
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By summing the two inequalities (4.8a) and (4.8b), we obtain

µ
2

∑
i=1

∫

Ω

∂û1
i

∂z
·

∂

∂z
(û2

i −û1
i )dxdz+µ

2

∑
i=1

∫

Ω

∂û2
i

∂z
·

∂

∂z
(û1

i −û2
i )dxdz≥0,

µ
2

∑
i=1

∫

Ω

∂

∂z
(û1

i −û2
i )·

∂

∂z
(û1

i −û2
i )dxdz≤0,

this implies:

µ
∣∣∣ ∂

∂z
(û1

i −û2
i )
∣∣∣
2

L2(Ω)
=0.

By the Poincaré inequality, we get

|û1
i −û2

i |Vz ≤ c
∣∣∣ ∂

∂z
(û1

i −û2
i )
∣∣∣
2

L2(Ω)
=0.

So

û1= û2.

This completed the proof.
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