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1. Introduction

Optimal control problems governed by partial differential equations have found wide
applications in science and engineering simulations and the finite element method is one of
the most powerful techniques for their solution. Various aspects of the method, including
convergence and superconvergence, have been thoroughly studied — cf. [1,5,11,13,16,17,
22-26,30,31]. A systematic introduction to finite element methods for PDEs and optimal
control problems is contained in [8,19].

Recently, Chen et al. [3,4,7,15] studied a priori error estimates and superconvergence of
the Raviart-Thomas mixed finite element method for elliptic and parabolic optimal control
problems. In particular, to show the superconvergence of the control, the postprocessing
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projection operator, introduced by Meyer and Rosch [22], has been used in [3,4] and the
average L2 projection operator in [7]. However, the low regularity of the control implies
the convergence order h*/2. Hou and Chen [15] discussed the superconvergence of fully
discrete mixed finite element methods for parabolic optimal control problems and pre-
sented two results for the control variable derived by the use of a recovery operator and
a postprocessing projection operator.

It is well-known [9] that in standard mixed finite element procedure the approximating
subspaces have to satisfy the inf-sup or Ladyzhenskaya-Babuska-Brezzi (LBB) condition.
This condition considerably influences the choice of suitable finite-element spaces. There-
fore, non-standard mixed finite element methods for optimal control problems have been
considered. Thus for elliptic optimal control problems, Guo et al. [12] established a priori
error estimates for a splitting positive definite mixed finite element method and Hou [14]
investigated a priori and a posteriori error estimates for H'-Galerkin mixed finite element
methods from [27,28]. Let us note that the last approach allows to avoid the inf-sup con-
dition while using polynomial approximating spaces of various degree.

The main goal of this work is to study the superconvergence of H!-Galerkin mixed
finite element approximations for an elliptic control problem. In particular, we derive two
approximations for the gradient of the state variable y, one of which approximates the
solution p;,, whereas the other is the derivative of the approximate solution y;. To the best
of the author’s knowledge, these are new results in elliptic optimal control problems.

Let Q2 be a bounded domain in R?. We consider the linear optimal control problem for
state variables p, y and control u with pointwise control constraint

. (1 5 1 9 Y 2}
min { =||p — +=lly— + —|lu 1.1
min {310 =pall+ 2y = yalP+ Sl .
subject to state equation

—div(A(x)Vy)+cy=f+u, xe€qQ, (1.2)

and boundary condition
y=0, x€dqN. (1.3)

Let U,y refer to the admissible set of the control variable — i.e.
Uy :={uel?): a<u<b, ae.in 0},

where a,b € R and a < b. We also assume that 0 < ¢, < ¢ < c*, c € W-°(Q), y; € H(Q),
P4 € (H'(Q))? and v is a fixed positive number. Besides, let A(x) = (a;;(x)) be a symmetric
matrix-function, such that a;;(x) € wb%°(Q), and

2
a*IEIZSZaij(x)iiijéa*lilz forall (£,x)eR%®xQ, 0<a,<a"
ij=1

This paper is organised as follows. In Section 2, we construct an H!-Galerkin mixed fi-
nite element approximation scheme for the optimal control problem (1.1)-(1.3) and provide
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equivalent optimality conditions. The main results are stated in Section 3, where supercon-
vergence property for average L2 projection and the approximation of control variable and
also for elliptic projections and the numerical approximations of state and co-state variables
are established. Applications of these results are discussed in Section 4. The numerical ex-
amples in Section 5 illustrate theoretical findings. The results obtained are summarized in
Section 6.

2. Mixed Methods for Optimal Control Problems

We denote by W™P(Q2) the Sobolev spaces on Q with the norm

WIE = > IDVIE, g

|a|<m

and the semi-norm
v, = D IDYIE, o,

|a|=m
and let
Wom’p(ﬂ) ={v e W™P(Q):v|zq =0}.

If p = 2, then we write H™(Q) for W™2(Q), H'(Q) for Wom’Z(Q), I Il for || - ||;n2 and
Il - || for || - lo,2. Besides, C denotes a general positive constant independent of the spatial
mesh-size h used in control and state discretisation.

We start with the construction of an H!-Galerkin mixed finite element approximation
scheme for the control problem (1.1)-(1.3). For the sake of simplicity, € is assumed to be
a convex polygon.

Consider the space W = Hé(ﬂ) and the set

V =H(div; Q) = {v € (L*(Q))?, divv € L2(Q)} .

Equipped with the norm

2 . 2 1/2
Wl = Wy = (M2 + IdivelZg)

and the corresponding inner product, set V becomes a Hilbert space.
Set p := —AVy and introduce the mixed variational form

(c ldivp,divv) + (A7 1p,v) = (¢ If,divv) + (c lu, divv), VYvevV,
(Vy,Vw)=—(A""p,Vw), VweWw,

where (-,-) is the inner product in L2(£2) — cf. [27]. It can be also written as

(cldivp,divv) + (A 1p,v) = (¢ If,divv) + (c lu, divv), VYvevV,
(AVy,Vw) = (divp,w), VYweWw.
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Returning to the problem (1.1)-(1.3), we write it in the following weak form: Find (p, y,u)
€V x W x U,y such that

Sl —pall?+ =1y — yall® + 2 llull?}, 2.1

min {31p—pall+ 3y = el + 2l @1
(c7ldivp,divv) + (A7 p,v) = (¢ If,divv) + (¢ tu, divy), VYvevV, (2.2)
(AVy,Vw) = (divp,w), VYweWw. (2.3)

Taking into account the convexity of the objective functional and the results of [ 19], we con-
clude that the optimal control problem (2.1)-(2.3) has a unique solution (p, y,u). Moreover,
the triplet (p, ¥, u) is the solution of (2.1)-(2.3) if and only if there is a co-state (q,z) € VW
such that (p, y,q,z,u) satisfies the optimality conditions

(cldivp,divv) + (A 'p,v) = (¢ If,divv) + (c lu, divy), VYvevV, (2.4)
(AVy,Vw) =(divp,w), VweWw, (2.5)
AVz, VW) =—(y —yq4,w), YweWw, (2.6)
(cldivg,divv) + (A 1q,v) = —(p —pg4,v) + (z,divv), VveV, 2.7)
(vu—c divq,i—u) >0, Vi€ Uy. (2.8)

The inequality (2.8) can be reformulated as
u = max{a, min(b, divq/c)}/v. 2.9)

Let 9, be a regular rectangulation of the polygonal domain 2, h; the diameter of the
element T (T € &},) and h := maxh;. We consider a finite dimensional subspace V;, of V
consisting of the lowest order Raviart-Thomas mixed finite element space [9,29], namely,

Vi i={vp €V :VT € F,vplr €Q1,0(T) xQp1(T)},

where Q,, ,(T) denote the space of the polynomials of degree at most m and n in x and y
on T, respectively. In addition, if W;, C W is the standard linear finite element space, then
the approximated space of control is defined by U;, = U4 N Ly, where

Ly :={l, € L>(Q) : YT € , ;|1 = constant}.

In order to introduce the relevant mixed finite element scheme, we consider three auxiliary
operators.

1. The standard elliptic projection P, : W — W}, — cf. [8], is defined by the relation
(AV(Ph¢ - (]5), VWh) =0, th ew, (2.10)
valid for each ¢ € W. Note that

¢ —Prolls < Ch*ligll,, s=0,1, V¢ € H(Q).
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2. The Fortin projection IT;, : V. — V;, — cf. [2,9], is defined by the relations
(div(Il,g —q),divv,) =0, Vv, €V, (2.11)
valid for each ¢ € V. Note that
llg— gl < Chliglly,  ¥q € (H'(Q))%,
|div(q —I1,q)||_, < Ch'™||divq|l;, s=0,1, VdivqeH(Q). (2.12)
3. The standard L2-orthogonal projection Q;, : L2(2) — Ly, is defined by
(¢ —Qupo,1,) =0, VI, €L, (2.13)
valid for each ¢ € L?(Q). Note that
¢ —Quopllr < CH™[Ply,, s=0,1, Vo e W ().

The problem (2.1)-(2.3) can be now approximated by the following mixed finite element
problem: Find (py, yn,up) € Vi, x Wy, x Uy, such that

. [1 2, 1 2,7 2}
Zlpn —pall? + Zllyn — yall> + = , 2.14
min { 3124 —all+ 10 =4l + 3 214)
(cdivpy, divvy) + (A pp, vi) = (¢ 7L f, divvy) + (¢ tuy, divy,), Vv, €V, (2.15)
(AVyy, Vwy) = (divpy, wy), Vwy eW,. (2.16)

The above control problem also has a unique solution and a triplet (py,, ¥, up,) is the solution
of (2.14)-(2.16) if and only if there is a co-state (q,2,) € V,, x W, such that the terms
DPh> Yn»Qn»> 21, Uy, Satisfy the optimality conditions

(cdivpy, divvy) + (A pp, vi) = (¢ 7L f, divvy) + (¢ tuy, divyy), Vv, eVy,  (2.17)

(AVyy, Vwy) = (divpy, wy), Vw, eWy, (2.18)
(AVzy, Vwy) ==y —Ya, W), Vwp €Wy, (2.19)
(ctdivqy, divvy) + (A qp, vi) = —(Ph — P> Vi) + (zn, divyy), Vv, €V, (2.20)
(vup — ¢t divqy, tiy —up) =0,  Viiy € Uy, (2.21)

The control inequality (2.21) can be reformulated as
up = max{a, min(b, divqy/(Qxc))}/».

Let us introduce intermediate variables needed in what follows. For a control function
il € Uy, let (py(i0), y, (i), q(i0), 24(i1)) € (V;, x W,)? be the corresponding discrete state
solution such that

(c Ydivpy (i), divvy) + (A 1p, (i), vi) = (c 71 f, divvy) + (¢ L, divvy), (2.22)
(AV yy(@2), Vwy) = (divpp (@), wy), (2.23)
(AVzy (1), Vwy) = —(yp(@) — ¥4, wp), (2.24)

(ctdivgy(@D), divvy) + (A g (@), vi) = —(Pr(@) — P g, vi) + (2 (1), divvy,), (2.25)
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for any v, € V;, and wy, € Wj,.
Thus, according to above arguments, the exact and approximate solutions can be writ-
ten as

(®,y,9,2) = (p(w), y (u),q(w),z(w)),
®n> Yn>qn>2n) = @n(un), ya(up), qp(up), 2, (up)).

3. Superconvergence Analysis

In this section, we provide a detailed superconvergence analysis for optimal control
problems, starting with auxiliary results.

Lemma 3.1. Let (p, y,q,2) and (py(u), yy(w),qn(w),z, (1)) be, respectively, the solutions of
(2.4)-(2.8) and (2.22)-(2.25) with it = u. If p,q € (H2(Q))? and y,z € H*>(Q), then

TP — pr @iy + IV (Pry — yp @)l < Ch*/2,
111, — qr(Wllaiy + [IV(Pyz — 2, w))ll < Ch3/2,
Proof. It follows from the Egs. (2.4)-(2.7), (2.22)-(2.25) and (2.10) that
(c7div (ITp — pp(w)), divvy) + (A~ (ITp — pr(W), v1)

=—(c tdiv(p — ,p),divv,) — (A Y (p —,p),vy), Vv, €Vy, (3.1)
(AV(Pry — yu(w)), Vwy,)

= (div(p —p), wy) + (div (ITpp — pp(w)), wy),  Vwy, € W, (3.2)
(AV(Pnz —zp,(w)), Vwy)

=—(y —Pry,wn) — (Pry —yp(@),wy), Vw, €W, (3.3)

(¢ div (TT,q —gn(w)), divvy) + (A (TTyq — g, (), v1)
= —(c7'div(q —Iq), divvy) — (A" (g — T14q), v,) — (p — I1;,p, V1)
— (ITyp —pp(W),vy) + (2 — Pz, divvy) + (Prz — 2, (1), divvy), Vv, €V, (3.4)
Choosing IIp — p;,(u) for vy, in the Eq. (3.1), we rewrite this equation as
(¢ div (TTyp — pp (), div (TT,p — pp(u))) + (A7 (TT,p — p4(w)), Ty — pp (1))
= —(c'div(p — p), div (TT,p — pp(u))) — (A~ (p — Typ), Typ — py (W) (3.5)

According to the proof of Theorems 4.1, 5.1 and Example 6.2 in [10], for any p € V and
vy, € V;, the inequality

(A7 —11p),vi) < CR¥[Ipll (vl + lldiv vy (3.6)
holds. The application of (2.11), (2.12) and the Cauchy inequality yield
(¢™'div(p — Ip), div (TT,p — px(w)))
= (¢ = Qu(c™1))div (p — TTp), div (TT;,p — pj (1))
< Chl|div(p —TI,p)Il - [Ic™ " {|1,001div (TTpp — p4(w))I]
< CR?|Ipllllc™" Iy, 00 Idiv (TT,p — p4(w))II- (3.7)
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Moreover, it follows from (3.5)-(3.7) and the properties of A and ¢ that

TP = Pr@)llaiy < CH*?lpllallc™ llg,00- (3.8)

Analogously, we choose P,y — y;,(u) for wy, in (3.2) and obtain

(AV(Pyy — yn(w)), V(Pry — yn(u)))
= (div(p —IIyp), Py — yp(w)) + (div (ITp — pp(w)), Pry — yp(w)). (3.9

Applying again the estimate (2.12) along with the Cauchy and Poincare inequalities, we
see that

(div(p —I;p), Py — yr(w)) < |ldiv (p — I,p)I|_1 1Ly — ya (Wl
< CR3|IpllxlIV(Pry — yr @), (3.10)
(div (IT,p — pr(W)), Py — yu(w)) < Clldiv(ITp — pr)Il - [IV(Pry — yp()Il.  (3.11)

Relations (3.9)-(3.11) and the properties of A yield
IV(Pry — yu (@)l < Clldiv (ITp — pr())Il + Ch?[|pl. (3.12)

Choosing now Pj,z—z;(u) for wy, in (3.3) and using the Poincare and Cauchy inequalities,
we obtain
IV (Pyz — zp ()l < CIIV(Pry — yp )l + Ch? [l [l (3.13)

Similar procedure with the term v;, = 1,9 — q;,(u) in (3.4) yields

g — gn@llaiy < CRA(UIpllz + lzll)llc ™ 11,00 + CH**(IplI2 + llgll2)
+ C(Ip — Wl + IV (Pyz — 2, ()1, (3.14)

and the combination of the inequalities (3.8), (3.12)-(3.14) completes the proof. O

Lemma 3.2. If (p(Qpt), ¥ (Qnu), g1 (Qpu), 2,(Qpu)) and (pr,(u), y4(w), qx(w), 24, (w)) are the
solutions of the problem (2.22)-(2.25) when ii is, respectively, chosen as Qu and u, then

IV (n (W) = yu(Quu))l + lIpr(w) — Pr(Qp)llaiy < Ch?,

1V (21 (w) — 2, (Quu)I| + 11g (W) — g (Qullgiy < Ch2.

Proof. Setting ii = Quu and @i = u in (2.22)-(2.25), we obtain

(¢ div (pp(w) — pa(Quu)), divvy) + (A~ (p4(W) — pr(Quw)), viy)
=(cY(u—Quu),divvy), VYv,€V,,

AV (yr(w) = ya(Quu)), Vwy) = (div (pp(u) — pr(Qru)), wy),  Vwp, € Wy,

(AV (2, (1) — 2,(Qpw)), VW) = —(y (W) — ya(Quu), wy),  Ywy, € Wy,

(c™'div (gn() — qn(Quw)), divvy) + (A (gn (1) — gn(Qp1)), v)
=—(pp(w) —pr(Qrw),vy) + (z(W) — 2,(Qpu),divvy), Yv,€Vy.
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Since
(c ' w—Quu),divvy) = ((c ' = Qu(c ) —Qpu), divvy)
< Ch3{Jullyllc ™ I, oo lldivwyll,

then, analogously to the proof of Lemma 3.1, one can employ the stability estimates to
finish the proof. O

Lemma 3.3. If (px(Quu), ya(Qpw), qn(Quu), 2, (Qxu)) and (pr, Yn,qn, 21) are the solutions of
(2.22)-(2.25) when 1ii is, respectively, chosen as Quu and uy, then

(c™"div (g4(Qnu) —qn), Quu —uy) < 0. (3.15)
Proof. Setting ii = Quu and i = uy, in (2.22)-(2.25) we obtain
(c7div(p, —pr(Quu)), divvy) + (A (pr, — Pr(QuW)), V)

= (¢ Y(u, —Quu),divvy), Vv, €V, (3.16)
(AV(yn — yn(Qpu)), Vwy) = (div (pr, — pr(Qru)), wy),  Ywy € Wy, (3.17)
(AV (2, — 2 (Quu)), Vwp) = —(yn — yu(Qruw), wy),  Ywy € Wy, (3.18)
(c7'div(g, — qn(Quw)), divvy) + (A7 (qn — qn(Qnu)), Vi)

=—(pn —Pn(Quu), v) + (2 — 2, (Quu), divvy), Vv, €V (3.19)

Replacing vy, by 45 (Qnu)—qp, in (3.16), wy, by 2,(Qpu)—24 in (3.17), wy, by —(yp(Quu)—y1)
in (3.18) and v;, by —(p,(Qnu) —py) in (3.19) and summing the resulting equations, we
obtain the equation

(c™'div (gn(Qpu) — qn), Quu— up) = (¢ (Quu—uy), div (g4(Qru) —q3))
=—[lyn — ya(QuWII*> = lIpr, — Pr(QuWII?,
and the inequality (3.15) follows. O

We now can discuss the superconvergence property for the control variable. Consider-
ing the sets

Q+={UT:TCQ,a<u(x)|T < b},
Q0= {UT : T CQu(x)|ly =aorulx)|y = b},
QO =o\(Qtun®)

we observe that they do not have common points and = Q* UQ° U Q™. We also assume
that u and 7, are regular — i.e. meas(2~) < Ch — cf. [22].

Theorem 3.1. Let u and uy, be, respectively, the solutions of the problems (2.4)-(2.8) and
(2.17)-(2.21) and divg € WH°°(Q). Then, under conditions of Lemma 3.1, the inequality

IQuu —uyll < Ch2 (3.20)
holds.
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Proof. Set il = uy, in (2.8) and i, = Quu in (2.21). Then
(vu—c tdivq,u, —u) >0,
(vuy, — ¢ tdivqy, Quu—uy) = 0.
Noting that u;, —u = u;, —Quu + Q;u—u and summing the above inequalities, we obtain
(vup, — vu+ ¢ div(q — qp), Quu —up) + (vu — ¢ tdivg, Qu —u) > 0. (3.21)
Therefore, the relations (3.21), (2.13) yield
|Quu — up|* = Y(Quu — 1, Quu —up) + V(u — uy, Quu —uy)
< (¢ tdiv(q —qp), Quu—1uyp) + (vu — ¢ tdivg, Quu —u)
= (c”'div (g —Txq), Quu—uy) + (¢ div (T1yq — g4 (), Quu — uy)
+ (¢ div (gn(u) — gr(Qrw)), Quu —up) + (¢ div (5 (Qp1) — gn), Quu — up)

5
+ (vu —ctdivq, Qpu —u) =:ZIi. (3.22)
i=1
In order to estimate the terms I;, i = 1,2, 3,4, 5 we will use the Cauchy inequality and some
other results. Thus, considering I;, we employ (2.11), (2.12), so that

I = (7" = Qulc™))div (g — TTrq), Quu —up) < Ch*iqll3 + EIIQhu —ul®. (3.23)

For I, and I;, we, respectively, use Lemmas 3.1 and 3.2, thus obtaining

. v v
I, < C||div (TT,q — g, (W)I* + Z”Qhu —upll* < Ch® + Z”Qhu —upll?, (3.24)
. y
I3 < C|ldiv (g, (u) — gn(Qu)Il - Qpu —upll < Ch* + Z”Qhu —upl?. (3.25)
For I, Lemma 3.3 shows that
I, <0. (3.26)
The term I5 can be estimated analogously to the considerations in [7, Theorem 5.1]. Thus
Iy = (u—c " divg, Quu—1) < CR([ull? o, + e 12 oo Idivall? o). (3.27)
The inequality (3.20) now follows from (3.22)-(3.27). O

For the state variables and the adjoint state variables the superconvergence property
can be obtained from Theorem 3.1, analogously to considerations in Lemma 3.1.

Theorem 3.2. If (y,p,2,q) and (¥, Pn,2n,qn) are, respectively, the solutions of the problems
(2.4)-(2.8) and (2.17)-(2.21), then under the conditions of Theorem 3.1, the inequalities

TP — Prlla + IV(PLy — yu)ll < CR3/2,
ITT,q — qpllaiy + IV(Pyz —2,)l| < Ch®/2

hold.
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4. Applications

Here we consider the applications of the above results. Let I gh refer to the higher order
interpolation operator defined in [21]. It is known that

v =L vih < CRlIvlls, Vv e H(Q), @.1)
13,0, = I, 4.2)
I3l < Clivlly, Vv € W 4.3

Theorem 4.1. If y,z € H>(Q), then under the conditions of Theorem 3.2, the inequalities
Ily = I3 yully < CH*2, (4.4)
llz — 1% 2,1, < CR3/? (4.5)
hold.
Proof. It follows from (4.2) and (4.3) that
Y=L yn =y =I5y + 15(ny = Poy) + 13,(Pay — yi),
Iy =yl < lly =15,y 1y + Clllyy = Poylly + ClIPLy — yills.- (4.6)
Moreover, according to [21, Theorem 2.1.1], one has
I1hy — Puylly < CR2|lylls, (4.7)

and the estimate (4.4) now follows from (4.6)-(4.7), (4.1), Theorem 3.2 and the Poincare
inequality. The estimate (4.5) can be proven analogously. O

In order to obtain global superconvergence for the vector-valued functions, we employ
the higher order interpolation postprocessing method from [20]. Consider a large rectan-
gular elements partition 5, which is a coarse mesh on &, — viz. each element 7 € Fy,
consists of four neighboring rectangular elements of J,. We denote by V,;, the Raviart-
Thomas mixed finite element space of the order k =1 —i.e.

Vo :={v eV :V1 €T, v|; €Qy1(7) X Q1 2(7)},
and let I, be the corresponding Raviart-Thomas projection — cf. [9,29]:
oy : V= Vo,
It is known [20] that
Moy T = Ty, and [Ty vpllaiy < Clivpllay, forall vy € Vy. (4.8)

Theorem 4.2. If (y,p,2,q) and (Yn,Pn,%n,qn) are, respectively, the solutions of problems
(2.4)-(2.8) and (2.17)-(2.21), then under the conditions of Theorem 3.2, the estimates

p — Hopppllay < CR/2,
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llg — Mongpllaiy < CH*2 (4.9)
hold.
Proof. It follows from (4.8) that
p —ypp = p —Typ + My, (ITyp —pp),

and Theorem 3.2 and (4.8) yield

Ip — Mopphllaiy < IIp — Moppllasy + ClITLP —Ppllay < CR/2.

The estimate (4.9) can be obtained analogously. O

The accuracy of the control approximation on a global scale can be improved by using
postprocessing methods. For this, we can employ a recovery operator G,. Let Gyv be
a continuous piecewise linear function without zero boundary constraint. The values of
GV at the nodes are found by using the least-squares arguments over the element patches
surrounding the nodes — cf. the definition of R, in [18]. Another possibility is provided by
the postprocessing projection operator of the discrete co-state to the admissible set [22],
so that

{t = max{a, min(b, divI1,,qy/c)}/v. (4.10)

The global superconvergence results for the control variable are described by the fol-
lowing theorems.

Theorem 4.3 (cf. Chen et al. [6, Theorem 3.3]). Let u € W-°°(Q). If u and uy, are re-
spectively the solutions of (2.4)-(2.8) and (2.17)-(2.21), then under the conditions of Theo-
rem 3.1, the estimate

lu— Gyuy,|| < Ch®/?
h“%h

holds.

Theorem 4.4. If u is the solution of (2.4)-(2.8) and i the function constructed in (4.10),
then under conditions of Theorem 4.2, the estimate

llu—1al| < Ch*?2
holds.
Proof. It follows from (2.9) and (4.10) that
lu—1| < C|div(q —Iangn)l, (4.11)

and taking into account (4.11) and (4.9), we finish the proof. O



98 C. Liu, T. Hou and Y. Yang

5. Numerical Experiments

We want to illustrate our theoretical results by a numerical example. Following the pre-
vious considerations, we approximate the control function u by piecewise constant func-
tions, the variables p and q by the lowest order Raviart-Thomas mixed finite element func-
tions and the variables y and z by piecewise linear finite element functions. Besides, let A
be the unit matrix, Q:=[0,1] x[0,1]and v=c=1.

Example 5.1. We consider the following two-dimensional elliptic optimal control problem
(1 2,1 2,1 2}
min {310 =pall+ 3y = yalP + 3 = D)
subject to the state equation
divp+y=f+u, p=-—Vy, (5.2)
where

y = sin(mrx;)sin(mtx,),

pog=— (n c?s(ﬂ:xl) sm(nxz)) ’ 5.3)
1 sin(7tx;) cos(mx,)

z = 2m? sin(mx;) sin(mx,),
. TXq .
ug=10—>5sin (T) — 5sin(mtx,),

u = max{5, min(10, uy + divq)}.

The source function f and the desired states y; and p; are determined from the information
above. Tables 1-3 show the errors |[u —uy||, ||Quu —uyll, lu— Guupll, |1y — yull1, 12 —24ll1,
||V (Pyy—y3)ll and || V(Prz—24)|| and convergence order on a sequence of uniformly refined
meshes. These estimates clearly confirm the theoretical finding of the previous sections. Let
us also note the Figs. 1-3, which display the postprocessing solution Gy,uy; and the numerical
solutions of u and y on the 64 x 64 mesh.

Table 1: Numerical results for the control u.

h lu—upll | Rate | |IQuu—uyll | Rate | [[u—Guuyll | Rate
1/16 | 3.8423e-1 - 7.7460e-2 - 3.3348e-1 -
1/32 | 1.9355e-1 | 0.99 | 2.7595e-2 | 1.49 | 1.2404e-1 | 1.43
1/64 | 9.8336e-2 | 0.98 | 6.7080e-3 | 2.03 | 4.4252e-2 | 1.49

1/128 | 4.9199¢e-2 | 1.00 | 3.1698e-3 | 1.08 | 1.5212e-2 | 1.54
1/256 | 2.4632e-2 | 1.00 | 1.1102e-3 | 1.51 | 5.3692e-3 | 1.50
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Table 2: Numerical results for the state y.

h ly = yull, | Rate | I[V(P,y —yu)ll | Rate
1/16 | 1.2690e-1 | - 1.5276e-2 -
1/32 | 6.3063e-2 | 1.00 | 3.5411e-3 | 2.10
1/64 | 3.1494e-2 | 1.00 | 9.6151e-4 | 1.87

1/128 | 1.5741e-2 | 1.00 | 2.3464e-4 | 2.03
1/256 | 7.8698e-3 | 1.00 | 5.7143e-5 | 2.03

Table 3: Numerical results for the co-state z.

h llz—zll; | Rate | [[V(Pyz—2)l| | Rate
1/16 | 2.4849 - 6.4837e-3 -
1/32 | 1.2427 | 1.00 | 8.4130e-4 | 2.94
1/64 | 6.2135e-1 | 1.00 | 1.2241le-4 | 2.78

1/128 | 3.1068e-1 | 1.00 | 2.1331e-5 | 2.52
1/256 | 1.5534e-1 | 1.00 | 4.5250e-6 | 2.23

Figure 1: Approximate solution u,, h =1/64.
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100 C. Liu, T. Hou and Y. Yang

6. Conclusions

We proved the superconvergence of H!-Galerkin mixed finite element methods for the
linear elliptic optimal control problem (1.1)-(1.3). The approach we employ, has not been
applied to this type of optimal control problems before. It can be also used to study a priori
error estimates, superconvergence and a posteriori error estimates in such mixed finite
element methods for parabolic optimal control problems.
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