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Abstract. Similarity solution is investigated for the synchronous grouting of shield
tunnel under the vertical non-axisymmetric displacement boundary condition in the
paper. The synchronous grouting process of shield tunnel was simplified as the cylin-
drical expansion problem, which was based on the mechanism between the slurry and
stratum of the synchronous grouting. The stress harmonic function on the horizon-
tal and vertical ground surfaces is improved. Based on the virtual image technique,
stress function solutions and Boussinesq’s solution, elastic solution under the vertical
non-axisymmetric displacement boundary condition on the vertical surface was pro-
posed for synchronous grouting problems of shield tunnel. In addition, the maximum
grouting pressure was also obtained to control the vertical displacement of horizontal
ground surface. The validity of the proposed approach was proved by the numerical
method. It can be known from the parameter analysis that larger vertical displacement
of the horizontal ground surface was induced by smaller tunnel depth, smaller tunnel
excavation radius, shorter limb distance, larger expansion pressure and smaller elastic
modulus of soils.
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1 Introduction

Construction method of shield tunnel was apprehensively applied to the city highway,
underground subway, drainage, power and communication facilities due to the fatly and
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safety construction and the small influences on the surrounding environment. Because of
the tunnel excavation technique, the ground movement caused by the shield tunnel exca-
vation can’t be completely eliminated no matter how the shield tunnel construction tech-
nique is improved. When a ground displacement take place in the construction process
of shield tunnel, surface depositing, structures leaning or dumping will be appear, espe-
cially in the non-axisymmetric displacement boundary condition on the vertical surface.
However, synchronous grouting technique can improve the stability of the surrounding
rock and control the ground surface deformation in the shield tunnel construction pro-
cess.

For the prediction method of the ground settlement caused by shield construction,
many literatures and results have been published with the empirical formula, theoretical
analytical method, model test, neural network, stochastic medium theory and numeri-
cal calculation, etc. For example, Peck [2] proposed an empirical formula for predict-
ing the ground settlement during the tunnel opening based on the monitoring results.
Wood [3] pointed out that the ground loss is the main effective factors of the tunnel ex-
cavating in soft soil mass. A cumulative probability curve formula was proposed by
Attewell and Woodman [5] to predict the vertical ground settlement at the axil of tun-
nel in soil mass. Sagaseta [6] proposed the analytic solution of three-dimensional sur-
face deformation for the undrained soil deformation due to the ground loss in elastic
semi-infinite space. Rowe and Lee [8, 9] pointed out that the gap parameter would have
significant effects on the vertical displacement and the magnitude of ground loss during
the tunnel opening in the soft soil. Verruijt and Booker [10] proposed the prediction ap-
proach of the ground settlements due to deformation of a tunnel in an elastic half plane.
Based on the Peck formula and a large number of local experiments, Loganathan and
Poulos [11] proposed an analytical prediction technique for tunneling-induced ground
movement in clays. Swoboda and Abu-Krisha [12] presented a new field to analyze
three-dimensional (3-D) coupled linear flow for Tunnel Boring Machine (TBM) tunnelling
in saturated porous medium. Loganathan et al. [13] carried out three centrifuge model
tests to assess tunneling-induced ground deformations in clays and their effects on ad-
jacent pile foundations. The specified ground loss values were achieved by reducing
the diameter of the model tunnel and designed to simulate the two-dimensional tunnel-
induced ground movements. Berg Van der et al. [14] summed up the transverse and
longitudinal ground settlement law by the Heathrow fast tunnel deformation monitor-
ing. Li et al. [15] obtained the elastic solution of the spherical cavity expansion under
the inclined non-axisymmetric displacement boundary condition, by using coordinate
transformation. Zou and Li [17], Zou and He [18], Zou et al. [19], Zou and Su [20] de-
veloped the prediction approaches of stress and displacement incorporating the effects
of seepage force, hydraulic-coupling, and out-of-planes stress. Zou and Zuo [21] inves-
tigated approximate solution of the cylindrical cavity expansion under the inclined non-
axisymmetric displacement boundary condition.

Therefore, it can be known that the above researches of the ground surface settle-
ment mainly focused on the empirical method and the numerical method. Moreover,
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it is relatively weak for the works based on the method of the elasticity theory, espe-
cially for the stratum deformation caused by synchronous grouting under the vertical
non-axisymmetric boundary condition in the practical engineering.

Based on the above reasons, the stratum effect caused by the synchronous grouting
of shield tunnel under the non-axisymmetric boundary condition on the vertical surface
is investigated. At first, the virtual image technique [6] was adopted to revise the shear
stress on the vertical surface to be zero. Then, the modified stress harmonic function
is applied to revise vertical normal stress and shear stress of the ground surface to be
zero, the Boussinesq’s solution [1] is adopted to balance the horizontal normal stress on
the vertical surface. Using the linear elastic superposition principle, the elastic solution
is obtained for synchronous grouting problems of shield tunnel under the vertical non-
axisymmetric displacement boundary condition. Moreover, the prediction formula of
the maximum grouting pressure was developed based on the proposed approach for the
synchronous grouting of shallow buried shield tunnels. The numerical validation was
carried out to validate the correctness of the proposed approach. Finally, some important
conclusions are acquired by the numerical analysis and discussion.

2 Theory and methodology

2.1 Problem description

Generally speaking, the action of synchronous grouting on the surrounding soil is mostly
compaction in soft clay soil and permeability in sand if the grouting pressure is reason-
able. The additional radial pressure is produced in the surrounding soil by compaction
or permeability effectiveness. Therefore, the action of the additional radial pressure on
the surrounding soil is considered as the cylindrical cavity expansion problem.

As shown in Fig. 1, synchronous grouting of shield tunnel on the soil stratum can
be simplified as the cylindrical expansion problem under the vertical non-axisymmetric
boundary condition. Taking the intersection point o of the horizontal ground surface and
vertical surface as the origin point, the x axis, z axis and y axis as the positive directions,
the space rectangular coordinate system is established. The initial radius of the cylin-
drical cavity is r0, which is about equal to shield tunnel excavation radius. The buried
depth of the cylindrical cavity is h, which is about equal to shield tunnel depths. The limb
distance from the cylindrical cavity to the vertical ground surface is t. The internal expan-
sion pressure of the cylindrical cavity is p, which is the difference value between grouting
pressure and initial soil hydrostatic pressure. The distance between the cylindrical cavity
center o1 and the calculation point q(x,0,z) is R. The free vertical and horizontal ground
surface boundary are located at the position (i.e., x=0 and z=0).

2.2 Assumption

In order to simplify the engineering practice and obtain the elastic solution in synchrono-
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Figure 1: Synchronous grouting of shield tunnel under the vertical non-axisymmetric 

Figure 1: Synchronous grouting of shield tunnel under the vertical non-axisymmetric displacement boundary
condition.

us grouting of shield tunneling under the vertical non-axisymmetric displacement bound-
ary condition, the following assumptions are adopted:

(1) Soil mass is homogeneous and isotropic, which satisfies the linear elastic, Hooke’s
law and small deformation;

(2) The ground surface is flat. The weight of soil mass and the initial earth stress are
ignored, and soil mass cannot be compressed (v=0.5);

(3) The stratum action resulting from synchronous grouting of shield tunnel can be sim-
plified as the cylindrical cavity expansion problem;

(4) A uniform annular clearance is formed behind the shield machine tail after the seg-
ment is divorced from the shield machine tail, shown in Fig. 2.

(5) The shield tail is filled with the grout and imposed on the surrounding strata, and the
uniform radial expansion pressure is equal to the difference value between grouting
pressure and initial water and soil pressure;

(6) Soil mass will bear the compaction effect. The soil deformation occurs instantly after
the grout filling the shield tail clearance and the time effect of grout properties and
soil deformation are not considered.

(7) The effect of the vertical normal stress and shear stress correction of the horizontal
ground surface on the vertical ground surface is not considered in the calculation of
displacements and stresses.

2.3 Research idea

Elastic solutions of displacement and stress for cylindrical cavity expansion problems un-
der the vertical non-axisymmetric displacement boundary condition are solved based on
the virtual image technique [6], stress function method [4] and Boussisq’s solutions [1].
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Figure 2: Generalized sketch of shield tail clearance.

The horizontal ground surface and vertical surface boundaries won’t satisfy the free dis-
placement boundary condition under the combined action of the cylindrical cavity ex-
pansion source and image source. As a consequence, the stresses of the ground and
vertical surface boundaries all need to be revised by following approaches.

The stress correction method is that an equivalent distributed force with the opposite
direction is applied to the corresponding boundary, and the specific approaches are as
follows:

(1) When the horizontal ground surface and vertical surface boundaries are not consid-
ered, elastic solutions of stress and displacement for the cylindrical cavity expansion
in infinite space are obtained under the combined action of the cylindrical cavity ex-
pansion source and image source;

(2) The stress function method is adopted to carry out the first correction for the vertical
normal stress in the ground surface which is generated by the combined action of the
cylindrical cavity expansion source and image source;

(3) The stress function method is also adopted to carry out the second correction for
shear stress on the ground surface which is generated by he combined action of the
cylindrical cavity expansion source and image source;

(4) The horizontal normal stress on the vertical surface boundary is corrected through
the integration of Boussinesq’s solution and coordinate transformation formula;

(5) Elastic solutions of stress and displacement are obtained by the linear superposition
from Step (1) to Step (4) under the vertical non-symmetric displacement boundary
condition.
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2.4 Elastic solution

2.4.1 Elastic solution before correction

Fig. 3 shows the mechanical model of cylindrical cavity expansion under the vertical
non-axisymmetric displacement boundary condition. The cylindrical cavity expansion
source o1 will be described with the initial radius r0, the cylindrical cavity depth h, the
limb distance t, the internal expansion pressure p. The free vertical surface boundary
is located at the position (i.e., x= 0) and the free horizontal ground surface boundary is
located at the position (i.e., z= 0). Taking free vertical ground surface boundary as the
mirror image symmetry, the image source o2 is set in the corresponding position. R1 is the
distance between the center of cylindrical cavity expansion source o1 and the calculation
point q(x,0,z), R2 is the distance between the center of image source o2 and the calculation
point q(x,0,z).

According to the geometric relations in Fig. 3, R1 and R2 are given by







R1=
√

|qo4|2+|o1o4|2=
√

(x+t)2+(z−h)2
,

R2=
√

|qo3|2+|o2o3|2=
√

(x−t)2+(z−h)2.
(2.1)

Based on the fundamental elastic mechanics theory (Davis and Selvadurai, 1988), the
elastic solutions of the cylindrical cavity expansion problem in the infinite space can be
expressed in polar coordinates as follows (the tensile stress is positive and the outward
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radial displacement is positive):

σR1 =− pr0
2

R1
2

, (2.2a)

σθ1 =
pr0

2

R1
2

, (2.2b)

τRθ1=0, (2.2c)

UR1=
(1+v)pR1

E

( r0

R1

)2
=

pr0
2

2GR1
, (2.2d)

where, σR1, σθ1, τRθ1, UR1 are the radial normal stress, the circumferential normal stress,
shear stress and the radial displacement at the point q(R1,0,θ1) produced by the cylindri-
cal cavity expansion source in the infinite space, respectively;

σR2 =− pr0
2

R2
2

, (2.3a)

σθ2 =
pr0

2

R2
2

, (2.3b)

τRθ2=0, (2.3c)
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(1+v)pR2
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( r0

R2

)2
=

pr0
2

2GR2
, (2.3d)

where, σR2, σθ2, τRθ2, UR2 are the radial normal stress, circumferential normal stress, shear
stress and radial displacement at the point q(R2,0,θ2) produced by the image source in
the infinite space, respectively.

Because the stress and displacement of the soil mass is studied in the xoz plane, it is
necessary to adopt the coordinate transformation formula of the stresses and displace-
ments in elastic mechanics [7]. The coordinate transformation formula of cylindrical cav-
ity expansion in the infinite space are as follows:

Ux =URcosθ, (2.4a)

Uz=URsinθ, (2.4b)

σx =σRcos2θ+σθsin2θ−τRθ sin2θ, (2.4c)

σz =σRsin2θ+σθcos2θ+τRθ sin2θ, (2.4d)

τxz =(σR−σθ)sinθcosθ+τRθ cos2θ, (2.4e)

where, Ux, Uz, σx, σz and τxz are the horizontal displacement, vertical displacement, hor-
izontal normal stress, vertical normal stress and shear stress at the point q(x,0,z) of the
plane rectangular coordinate system in the infinite soil mass, respectively; UR, σR, σθ

and τRθ are the radial displacement, horizontal normal stress, vertical normal stress and
shear stress at the point q(R,0,θ) of the polar coordinate system in the infinite soil mass,



212 J. F. Zou and S. Q. Zuo / Adv. Appl. Math. Mech., 9 (2017), pp. 205-232

respectively; θ is the angle from x axis direction to R direction in the plane rectangular
coordinate system.

According to the above theory and linear elastic superposition principle [7], when the
boundary effect of horizontal and vertical ground surfaces is not considered, the elastic
solutions of displacements at the point q(x,0,z) in infinite soil mass under the common
action of the real source and mirror source are expected as follows:

Ux1=UR1cosθ1+UR2cosθ2=
pr0

2

2G

( x+t

R1
2
+

x−t

R2
2

)

, (2.5a)

Uz1=UR1sinθ1+UR2sinθ2=
pr0

2

2G

( z−h

R2
1

+
z−h

R2
2

)

, (2.5b)

U1=

√

Ux1
2+Uz1

2, (2.5c)

where, Ux1, Uz1 and U1 are the unrevised horizontal, vertical and total displacement at
the point q(x,0,z) of the space rectangular coordinate system under the vertical non-
axisymmetric displacement boundary condition, respectively; θ1 and θ2 are the angle
from x axis direction to R1 direction and R2 direction in the space rectangular coordinate
system, respectively.

Similarly, because the problem studied in this paper can be regarded as a plane strain
problem, the stress solutions at the point q(x,0,z) are shown as follows:

σx1=
(

σR1
cos2θ1+σθ1

sin2θ1−τRθ1
sin2θ1
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+
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σy1=v(σx1+σz1)=0, (2.6c)

τxz1=[(σR1
−σθ1

)sinθ1cosθ1+τRθ1
cos2θ1]+[(σR2−σθ2)sinθ2cosθ2+τRθ2

cos2θ2]

=−2pr0
2
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1

+
(x−t)(z−h)

R4
2

]

, (2.6d)

where, σx1, σy1, σz1 and τxz1 are the unrevised horizontal normal stress, axial normal
stress, vertical normal stress, and shear stress at the point q(x,0,z) of the space rectan-
gular coordinate system under the vertical non-axisymmetric displacement boundary
condition, respectively.

Due to the combination action of the cylindrical cavity expansion source and im-
age source, the vertical normal stress and shear stress on the horizontal ground sur-
face boundary (i.e., z=0) are respectively given by substituting z=0 into Eq. (2.6b) and
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Eq. (2.6d) as follows:

σz1

∣
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= pr0
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2
+
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6=0, (2.7a)
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2
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(x−t)h
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2
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6=0. (2.7b)

Moreover, because of the combined action of the cylindrical cavity expansion source and
image source, the horizontal normal stress and shear stress on the vertical surface (i.e.,
z = 0) are respectively expressed by substituting z = 0 into Eq. (2.6a) and Eq. (2.6d) as
follows:

σx1

∣

∣

x=0
=

2pr0
2[(z−h)2−t2]

[t2+(z−h)2]
2

6=0, (2.8a)

τxz1

∣

∣

x=0
=0. (2.8b)

It can be known from the Eq. (2.7a) and Eq. (2.7b) that the vertical normal stress and
shear stress, which do not satisfy the condition of the free displacement boundary, are
produced in the horizontal ground surface boundary. Likewise, it can be also found from
the Eq. (2.8a) and Eq. (2.8b) that the horizontal normal stress, which does not satisfy the
condition of the free displacement boundary, is produced in the vertical surface bound-
ary. In order to satisfy the boundary stress condition, two stress correction processes are
used to modify the vertical normal stress and shear stress of the horizontal ground sur-
face. The horizontal normal stress of the vertical surface boundary is corrected by the
means of the Boussinesq’s solution and the integrating idea.

2.4.2 Correction of the vertical normal stress on the horizontal ground surface

boundary

As shown in Fig. 4, to revise the vertical normal stress of the ground surface boundary to
be zero, the equivalent vertical normal stress with the opposite direction and zero shear
stress are applied to the ground surface boundary (i.e., σz2|z=0=−σz1|z=0 and τxz2|z=0=0).
The stress function solutions [4] are used to obtain the revised stress and displacement
on the ground surface boundary and expressed as follows:

Ux2=(1−2v)
∂ f

∂x
+z

∂2 f

∂x∂z
, (2.9a)

Uz2=−2(1−v)
∂ f

∂z
+z

∂2 f

∂z2
, (2.9b)

U2=

√

Ux2
2+Uz2

2, (2.9c)



214 J. F. Zou and S. Q. Zuo / Adv. Appl. Math. Mech., 9 (2017), pp. 205-232
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, (2.9f)
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The improved stress harmonic function is defined as follows:

f =A(lnR3+lnR4), (2.10)

where, A is an undetermined constant, which can be solved by the condition that the
vertical normal stress is zero on the horizontal ground surface. R3 and R4 can be, respec-
tively, expressed as:







R3=
√

(x+t)2+(z+h)2,

R4=
√

(x−t)2+(z+h)2,
(2.11)

where, R3 is the distance between the symmetrical position of the horizontal ground sur-
face at the center of cylindrical cavity expansion source and the calculation point q(x,0,z).
R4 is the distance between the symmetrical position of the horizontal ground surface at
the center of image source and the calculation point q(x,0,z).

The solutions for the vertical normal stress, which are on the horizontal ground sur-
face boundary (z=0) in the first stress correction process, are obtained by solving Eq. (2.9f)

( ) ( )x t h x t h

y

z

q(x,0,z)

x
o

o2o1

o3

R1
R2

p
r0 r0

t

h

o4

p

Image source

Horizontal ground surface

cylindrical cavity

expansion source

z2|z=0

Vertical surface

Figure 4: The vertical normal stress correction on the horizontal ground surface 
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Figure 4: The vertical normal stress correction on the horizontal ground surface boundary.
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by the condition of ∇2 f =0,

σz2|z=0=−2GA
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[(x+t)2+h2]
2
+
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As zero value of the vertical normal stress is a necessary condition for the free ground
surface boundary, zero value for the vertical normal stress of the ground surface bound-
ary is induced by the cylindrical cavity expansion if the suitable constant A is obtained
(i.e., σz2|z=0=−σz1|z=0). Combining Eqs. (2.7a) and (2.12), it results in
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By solving Eq. (2.9e), the following expression is obtained:

A=
pr2

0

2G
. (2.14)

By substituting Eq. (2.14) into Eq. (2.9a) to Eq. (2.9g), displacements and stresses during
the revision process of the vertical normal stress are obtained by
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2.4.3 Correction of shear stress on the horizontal ground surface boundary

As shown in Fig. 5, to correct the shear stress of the horizontal ground surface boundary
to be zero, the equivalent shear stress with the opposite direction and zero value of the
vertical normal stress are applied to the ground surface boundary (i.e., τxz3|z=0=−τxz1|z=0

and τxz3|z=0 =−τxz1|z=0) The stress function solutions [4] can be applied to obtain the
revised displacements and stresses and expressed as follows:

Ux3=2(1−v)
∂g

∂x
+z

∂2g

∂x∂z
, (2.16a)

Uz3=−(1−2v)
∂g

∂z
+z

∂2g

∂z2
, (2.16b)

U3=

√

Ux3
2+Uz3

2, (2.16c)

σx3=2G
[

2
∂2g

∂x2
− 2v

x

∂g

∂x
+z

∂3g

∂x2∂z

]

, (2.16d)

σy3=2G
[ 1

x

∂g

∂x
+2v

∂2g

∂x2
+

z

x

∂2g

∂x∂z

]

, (2.16e)

σz3 =2Gz
∂3g

∂z3
, (2.16f)

τxz3=τxz3=2G
[ ∂2g

∂x∂z
+z

∂3g

∂x∂z2

]

. (2.16g)

The improved stress harmonic function is defined as:

g=B(lnR3+lnR4), (2.17)

where, B is an undetermined constant, which can be calculated by the condition that the
shear stress of horizontal ground surface is equal to zero.

In order to satisfy the harmonic equation (∇2g = 0), based on Eq. (2.16g), the shear
stress on the horizontal ground surface boundary (z=0) in the second stress revision are
obtain by

τxz3|z=0=−4GB

{

(x+t)h

[(x+t)2+h2]
2
+

(x−t)h

[(x−t)2+h2]
2

}

. (2.18)

Because the shear stress of the free surface displacement boundary must be equal to zero
in this paper, resulting from the cylindrical cavity expansion, the shear stress of the hor-
izontal ground surface boundary can only be balanced by the determination of the suit-
able constant B (i.e., τzx3|z=0=−τzx1|z=0). Combining Eqs. (2.7b) and (2.18), it leads to

−4GB

{

(x+t)h

[(x+t)2+h2]
2
+

(x−t)h

[(x−t)2+h2]
2

}

=−2pr0
2

{

(x+t)·h
[(x+t)2+h2]

2
+

(x−t)h

[(x−t)2+h2]
2

}

. (2.19)
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By solving Eq. (2.19), it results in

B=
pr2

0

2G
. (2.20)

By substituting Eq. (2.20) into Eq. (2.16a) to Eq. (2.16g), displacement and stress during
the correction process of shear stress can be expressed as follows:

Ux3=
pr2

0

2G

[2(1−v)(x+t)

R2
3

− 2z(x+t)(z+h)

R4
3

+
2(1−v)(x−t)

R2
4

− 2z(x−t)(z+h)

R4
4

]

, (2.21a)

Uz3=
pr2

0

2G

[−(1−2v)(z+h)

R2
3

+
z

R2
3

− 2z(z+h)2

R4
3

+
−(1−2v)(z+h)

R2
4

+
z

R2
4

− 2z(z+h)2

R4
4

]

, (2.21b)

U3=

√

Ux3
2+Uz3

2, (2.21c)

σx3= pr2
0

[ 2

R2
3

− 4(x+t)2

R4
3

− 2v(x+t)

xR2
3

− 2z(z+h)

R4
3

+
8(x+t)2z(z+h)

R6
3

+
2

R2
4

− 4(x−t)2

R4
4

− 2v(x−t)

xR2
4

− 2z(z+h)

R4
4

+
8(x−t)2z(z+h)

R6
4

]

, (2.21d)

σy3= pr2
0

[ x+t

xR2
3

+
2v

R2
3

− 4v(x+t)2

R4
3

− 2(x+t)z(z+h)

R4
3

+
x−t

xR2
4

+
2v

R2
4

− 4v(x−t)2

R4
4

− 2(x−t)z(z+h)

R4
4

]

, (2.21e)

σz3= pr2
0

[8z(z+h)3

R6
3

− 6z(z+h)2

R2
3

+
8z(z+h)3

R6
4

− 6z(z+h)2

R2
4

]

, (2.21f)



218 J. F. Zou and S. Q. Zuo / Adv. Appl. Math. Mech., 9 (2017), pp. 205-232

τxz3= pr2
0

[

− 2(x+t)(z+h)

R4
3

+
−2(x+t)z

R4
3

+
8(x+t)(z+h)2z

R6
3

− 2(x−t)(z+h)

R4
4

+
−2(x−t)z

R4
4

+
8(x−t)(z+h)2z

R6
4

]

. (2.21g)

2.4.4 Correction of the horizontal normal stress on the vertical surface boundary

As shown in Fig. 6, it can be known that zero value of the shear stress and equivalent
horizontal normal stress with the opposite direction are generated under the combination
action of the cylinder cavity expansion source and image source. The following solutions
are adopted to correct the horizontal normal stress of the vertical surface boundary in
order to satisfy the condition of the free vertical surface boundary.

Because the equivalent normal stress with the opposite direction (i.e., σx2|x=0 =
−σx1|x=0) is applied to the stress correction of vertical surface boundary, the expression
of the applied horizontal normal stress can be concluded by Eq. (2.8b) as follows:

σx2|x=0=σ(ρ)=
2pr0

2[t2−(ρ−h)2]

[t2+(ρ−h)2]
2

, (2.22)

where, ρ is the vertical coordinate of non-uniform distributed force, whose range is
(0,10h).

In order to satisfy the boundary condition of zero value of the horizontal normal
stress on the vertical ground surface boundary, the stress correction of the vertical sur-
face boundary can be obtained by the Boussinesq’s solution [1] and the internal method.
There is the elastic solution of the semi-infinite space which suffers from the normal con-

condition of the free vertical surface boundary.
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centrated force action as follows:

Ux=
(1+µ)P

2πER

[ xz

R2
− (1−2µ)x

R+z

]

, (2.23a)

Uz=
(1+µ)P

2πER

[

2(1−µ)+
z2

R2

]

, (2.23b)

U=

√

Ux
2+Uz

2, (2.23c)

σx =
P

2πR2

[ (1−2µ)R

R+z
− 3x2z

R3

]

, (2.23d)

σy=
(1−2µ)P

2πR2

( z

R
− R

R+z

)

, (2.23e)

σz =− 3Pz3

2πR5
, (2.23f)

τxz=τzx =−3Pxz2

2πR5
. (2.23g)

The stress and displacement at the calculation point q(x,0,z), resulting from the non-
uniform horizontal distributed force, will be solved by the means of the integral method.
The specific solving steps are as follows.

As shown in Fig. 7, the non-uniform distributed force σx2|x=0 acts on the vertical
ground surface boundary. The line micro unit is determined in the range of the horizon-
tal distributed force (dA′= dρ′), where ρ′ is the radius coordinate of the unit. Therefore,
the horizontal distributed force on the micro unit can be expressed as dq′=σ(ρ′)dρ′ .

Displacements and stresses of line micro unit, which are generated by the Boussi-



220 J. F. Zou and S. Q. Zuo / Adv. Appl. Math. Mech., 9 (2017), pp. 205-232

nesq’s solution [1], can be given as follows:

dUx4=
(1+v)

2πER5

[ xz

R5
2
− (1−2v)x

R5+z

]

dq, (2.24a)

dUz4=
(1+v)

2πER5

[

2(1−v)+
z2

R5
2

]

dq, (2.24b)

dσx4=
1

2πR5
2

[ (1−2v)R7

R5+z
− 3x′2z

R5
3

]

dq, (2.24c)

dσy4=
(1−2v)

2πR5
2

( z

R5
− R7

R5+z

)

dq, (2.24d)

dσz4=− 3z3

2πR5
5

dq, (2.24e)

dτzx4=dτxz4=− 3xz2

2πR5
5

dq. (2.24f)

Displacements and stresses at the point q(x′,0,z′), which are generated by the non-
uniform horizontal distributed force, can be solved by the integral method as follows:

Ux4=
∫ 10h

0

(1+v)

2πER5

[ xz

R5
2
− (1−2v)x

R5+z

]

{

2pr0
2[t2−(ρ−h)2]

[t2+(ρ−h)2]
2

}

dρ, (2.25a)

Uz4=
∫ 10h

0

(1+v)

2πER5

[

2(1−v)+
z2

R5
2

]

{

2pr0
2[t2−(ρ−h)2]

[t2+(ρ−h)2]
2

}

dρ, (2.25b)

U4=

√

Ux4
2+Uz4

2, (2.25c)

σx4=
∫ 10h

0

1

2πR5
2

[

(1−2v)R5

R5+z
− 3x2z

R5
3

]

{

2pr0
2[t2−(ρ−h)2]

[t2+(ρ−h)2]
2

}

dρ, (2.25d)

σy4=
∫ 10h

0

(1−2v)

2πR5
2

(

z

R5
− R5

R5+z

)

{

2pr0
2[t2−(ρ−h)2]

[t2+(ρ−h)2]
2

}

dρ, (2.25e)

σz4=
∫ 10h

0

(

− 3z3

2πR5
5

)

{

2pr0
2[t2−(ρ−h)2]

[t2+(ρ−h)2]
2

}

dρ, (2.25f)

τxz4=
∫ 10h

0

(

− 3xz2

2πR5
5

)

{

2pr0
2[t2−(ρ−h)2]

[t2+(ρ−h)2]
2

}

dρ, (2.25g)

where, R5 is the distance between the calculation point q(x′,0,z′) and the loading position

(i.e., R5=
√

x2+(z−ρ)2
). Ux4, Uz′4 are the modified horizontal and vertical displacements

on the vertical surface boundary, respectively. σx4, σy4, σz4 and τxz4 are the revised hor-
izontal normal stress, axis normal stress, vertical normal stress and shear stress on the
vertical ground surface boundary, respectively.
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2.4.5 Elastic solution after correction

Based on the linear elastic superposition principle [7] and the combination of Eqs. (2.5a)-
(2.6d), (2.15a)-(2.15g), (2.21a)-(2.21g) and (2.25a)-(2.25g), the elastic solutions of displace-
ment and stress at the calculation point q(x,0,z) under vertical non-axisymmetric dis-
placement boundary condition on vertical surface can be obtained by the linear superpo-
sition as follows.

Ux =Ux1+Ux2+Ux3+Ux4, (2.26a)

Uz=Uz1+Uz2+Uz3+Uz4, (2.26b)

U=U1+U2+U3+U4, (2.26c)

σx =σx1+σx2+σx3+σx4, (2.26d)

σy =σy1+σy2+σy3+σy4, (2.26e)

σz =σz1+σz2+σz3+σz4, (2.26f)

τxz =τxz1+τxz2+τxz3+τxz4, (2.26g)

σ=
√

σx
2+σy

2+σz
2. (2.26h)

2.5 Maximum grouting pressure

Generally speaking, the horizontal ground surface settlement is emphasized on the shield
tunnel construction. It can be known from Eq. (2.26b) that the vertical displacement of
horizontal ground surface is given by

Uz|z=0=Uz1|z=0+Uz2|z=0+Uz3|z=0+Uz4|z=0

=Uz2|z=0+Uz3|z=0+Uz4|z=0

=− 4pr0
2(1−v2)h

E

[ 1

(x+t)2+h2
+

1

(x−t)2+h2

]

+
2pr0

2(1−v2)

πE

∫ 10h

0

t2−(s−h)2

[t2+(s−h)2]
2√

x2+s2
ds. (2.27)

The position of the maximum uplift for the ground surface should be located at the posi-
tion (x=−t), so the maximum vertical displacement is expressed as follows:

Uzmax=−Uz(−t,0)

=
4pr0

2(1−v2)(4t2+2h2)

Eh(4t2+h2)
− 2pr0

2(1−v2)

πE

∫ 10h

0

t2−(s−h)2

[t2+(s−h)2]
2√

t2+s2
ds. (2.28)

Because the complex integral is included in the Eq. (2.28), there will be much difficulty
for the Eq. (2.28) in the shield tunnel application. In order to meet the convenience of the
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formula and the requirement of the synchronous grouting of shield tunnel, Eq. (2.28) can
be simplified and expressed as follows:

Uzmax=
(pg−p0)r0

2(3−2v)(1+v)(4t2+2h2)

Eh(4t2+h2)
, (2.29)

where, pg is the grouting pressure, p0 is the initial hydrostatic pressure of the stratum.
As we know, the maximum ground settlement is seen as the control parameter in the

synchronous grouting of shield tunnel. Therefore, the maximum ground uplift formula
caused by the synchronous grouting is given by the Eq. (2.29), which can provide some
useful theoretical consultation for the surface subsidence control and the pressure setting
of synchronous grouting. In addition, the maximum grouting pressure to control the
ground uplift can be obtained by considering the initial hydrostatic pressure and identical
transformation for the Eq. (2.30):

pmax= p0+
Eh(4t2+h2)Uzmax

r0
2(3−2v)(1+v)(4t2+2h2)

. (2.30)

Eq. (2.30) can be well applied in the stratum analysis of the synchronous grouting of
shield tunnel in the shallow buried soft clay.

3 Numerical verification

In order to validate the correctness of the proposed approach, the displacement and stress
solved by the proposed approach are compared with those of the numerical method. Dis-
placement and stress of the soil mass on the right side of shield tunnel and the horizontal
ground surface, and maximum uplift displacement on the horizontal ground surface are
all carried out corresponding to E = 2.85MPa, v = 0.5, p = 0.06MPa, r0 = 3.2m, h = 8m,
t=8m (Ye et al., 2014). The specific comparison are shown in Figs. 8-11.

3.1 Displacements and stresses on the right side of shield tunnel

Displacements and stresses at point q(−4.5,0,H) on the right side of shield tunnel cal-
culated by the proposed approach and the numerical method under the vertical non-
axisymmetric displacement boundary condition are shown in Fig. 8 and Fig. 9, respec-
tively. Where, H is the vertical coordinate of the right side of the shield tunnel.

As shown in Figs. 8 and 9, the variation regulations of the horizontal and vertical
displacements, the horizontal normal stress, vertical normal stress and shear stress of the
proposed approach agree well with those of the numerical method.

In addition, the difference of the horizontal displacement calculated by two meth-
ods is very small with the ”H” increasing from 0 m to 20m, and the maximum value of
horizontal displacement of the proposed approach is smaller than those of the numeri-
cal method by 6.91%. Moreover, the maximum horizontal normal stress, vertical normal
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is the vertical coordinate of the right side of the shield tunnel.
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Figure 9: Displacements solved by the two methods on the right of shield tunnel.
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stress, positive and negative shear stress of the proposed approach is larger than that of
the numerical method by 16.7%, smaller than that of the numerical method by 25.4%,
smaller than that of the numerical method by 5.91% and smaller than that of the numer-
ical method by 41.1%, respectively. Therefore, the difference of the horizontal normal
stress, vertical normal stress and shear stress solved by the two approaches can’t be ig-
nored with the soil mass depth increasing.

3.2 Displacements and stresses and on the horizontal ground surface
boundary

Displacements and stresses at the point q(D,0,0) of the horizontal ground surface cal-
culated by the proposed approach and the numerical method under the vertical non-
axisymmetric displacement boundary condition are shown in Figs. 10-11. Where, D is
the horizontal coordinate of the horizontal ground surface.
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Figure 11: Stresses of the two methods on the horizontal ground surface boundary.

It can be found from Figs. 10-11 that the variation regulations of the horizontal and
vertical displacements, the horizontal normal stress, vertical normal stress and shear
stress of horizontal ground surface of the proposed approach agree well with those of
the numerical method.

In addition, the difference of the horizontal and vertical displacement calculated by
the proposed approach and the numerical method can’t be ignored with the soil mass
depth increasing, while the difference of the vertical normal stress and the shear stress,
solved by the two approaches, can be ignored for the ground surface boundary. For ex-
ample, the maximum horizontal and vertical displacements of horizontal ground surface
of the numerical method are smaller than those of the proposed approach by 69.1% and
21.5%, respectively. The maximum horizontal normal stress of the proposed approach is
smaller than that of the numerical method by 21.1%.

3.3 Maximum uplift displacement on the horizontal ground surface

The excavation radius of cutter head for the metro shield tunnel is 3.2m (r0 = 3.2m), the
shield tunnel depth is 10m (h=10m), the limb distance is 12m (t=12m), the elastic mod-
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ulus of soils is 2.85MPa (E= 2.85MPa), the soil Poisson’s ratio is 0.5 (v= 0.5), the initial
hydrostatic pressure of surrounding soils is 0.24MPa (p0 = 0.24MPa), the grouting pres-
sure is 0.24MPa (pg =0.3MPa).

Based on the above parameters, the maximum value of the horizontal ground sur-
face calculated by the approach in Eq. (2.29), the numerical method and the proposed
approach are 74.2mm, 58.1mm and 73.9mm, respectively. The difference of the uplift
displacement on the ground surface between the results in Eq. (2.29) and the proposed
approach is 0.41% (er1 =

74.2−73.9
73.9 ×100%= 0.41%). The difference of the uplift displace-

ment on the horizontal ground surface between the results in Eq. (2.29) and numerical
method is 27.7% (74.2−58.1

58.1 ×100%=27.7%).

Therefore, the proposed approach of the uplift displacement on the horizontal ground
surface in Eq. (2.29) is validated and can be satisfied the engineering practice under the
non-axisymmetric displacement boundary condition on the vertical surface.

4 Numerical analysis and discussion

It can be known from Eq. (2.21f) to Eq. (2.25b) that displacements and stresses of the soil
mass are mainly influenced by the tunnel depth and limb distance when the synchronous
grouting of shield tunnel takes place under the vertical non-axisymmetric displacement
boundary condition. Based on the parameters of numerical verification, the stresses and
displacements on the right side of shield tunnel and vertical displacement of horizontal
ground surface are selected to carry out the numerical analysis and discussion.

4.1 Effects of the shield tunnel depths on the stresses and displacements

To investigate the effect of the shield tunnel depth on the displacements and stresses
of the soil mass on the right side of the tunnel, the revised and unrevised stresses and
displacements with different tunnel depths (i.e., h = 8m, 12m, 16m and 20m) at points
q(−8,0,H) are shown in Figs. 11 and 12 for E=2.85MPa, v=0.5, p=0.06MPa, r0 =3.2m
and t=12m.

As is clearly shown in Figs. 12-13, the variation regulations of the unrevised and the
revised results are similar for the horizontal normal stress, vertical normal stress, axial
normal stress and shear stress, the horizontal and vertical displacements with the in-
crease of the shield tunnel depth. However, when the shield tunnel depths are 8 meters,
12m, 16m and 20m, the revised results of the maximum shear stresses in the positive
direction are larger than the unrevised results by 12.2%, 5.48%, 5.44% and 8.38%, respec-
tively. In addition, when the shield tunnel depths are 8m, 12m, 16m and 20m, the revised
results of the maximum horizontal and vertical displacement are smaller than the unre-
vised results by 11.1%, 3.17%, 1.21% and 1.22% and larger than the unrevised by 94.5%,
77.3%, 64.9% and 53.9%, respectively.
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Figure 12: Effects of the shield tunnel depth on the unrevised and revised stresses on the right side of shield
tunnel.
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Figure 13: Effects of shield tunnel depth on the unrevised and revised displacements on the right side of shield
tunnel.
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4.2 Effects of the limb distances on the stresses and displacements

To investigate the influence of different limb distances on the displacement of the soil
mass on the right side of the shield tunnel, the revised and unrevised stresses and dis-
placements with different tunnel depths (i.e., t = 10m, 12m, 14m and 16m) at point
q(−6,0,H) are shown in Figs. 13 and 14 for E=2.85MPa, v=0.5, p=0.06MPa, r0 =3.2m
and h=10m.

It can be found from Figs. 14-15 that the variation regulations of the unrevised and
revised results of horizontal normal stress, vertical normal stresses, axial normal stress
and shear stress, the horizontal and vertical displacements calculated by the proposed
approach. However, when the limb distances are 10m, 12m, 14m and 16m, the revised
results of the maximum horizontal displacement are larger than the unrevised results
by 0.49%, 2.43%, 39.8% and 15.2%, smaller than the unrevised results by 2.94%, 5.80%,
12.3% and 23.2% and larger than those of the unrevised results by 10.6%, 26.0%, 34.9%
and 40.1%, respectively. Moreover, when the limb distances are 10m, 12m, 14m and 16m,
the revised results of the maximum horizontal displacement are smaller than those of the
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Figure 14: Effects of the limb distance on the unrevised and revised stresses.
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Figure 15: Effects of the limb distance on the unrevised and revised displacements.

unrevised results by 5.18%, 12.2%, 21.6% and 31.8% and larger than the unrevised results
by 87.2%, 101.3%, 99.1% and 97.6%, respectively.

4.3 Effects of various influencing factors on the vertical displacement of
horizontal ground surface

To investigate the effect of different tunnel depths, limb distances, internal expansion
pressures, elastic modulus of soils and tunnel excavation radius on the vertical displace-
ment of horizontal ground surface, the unrevised and revised results of the vertical dis-
placement of horizontal ground surface with different shield tunnel depths (i.e., h=10m,
12m, 14m and 16m), limb distances (i.e., t=10m, 13m, 16m and 19m), internal expansion
pressures (i.e., p = 0.01MPa, 0.04MPa, 0.07MPa and 0.10MPa), elastic modulus of soils
(i.e., E = 2.25MPa, 2.50MPa, 2.75MPa and 3.00MPa) and tunnel excavation radius (i.e.,
r0 =3.0m, 3.5m, 4.0m and 4.5m) at the point q(D,0,0) are shown in Figs. 16-20, where D
is the horizontal coordinate of the horizontal ground surface.

It can be known from Fig. 16 that the effect of the shield tunnel depth on the revised
vertical displacement of horizontal ground surface decreases gradually with the increase
of the shield tunnel depth, For example, when the shield tunnel depth increases from
8m to 20m by 4m, the revised result of the maximum vertical displacement of horizontal
ground surface falls from 0.08844m to 0.04695m. And the decline range of the revised
vertical displacement of horizontal ground surface falls from 27.0% to 12.1% when the
shield depth increases from 8m to 20m by 4m.

It can be found from Fig. 17 that the revised vertical displacement of horizontal
ground surface increases gradually with the limb distance increasing. For example, when
the limb distance increases from 10m to 19m by 3m, the revised result of the maximum
vertical displacement of horizontal ground surface increases from 0.07694m to 0.06861m.
Moreover, the rise range of the revised vertical displacement of horizontal ground sur-
face decreases from 5.50% to 2.20% when the limb distance increases from 10m to 19m by
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Figure 16: Effect of the shield tunnel depth on the vertical displacement of the horizontal ground surface.
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Figure 20: Effects of the shield tunnel excavation radius on the vertical displacement of the horizontal ground
surface.

3m.

It can be known from Fig. 18 that the influence of the internal expansion pressure on
the revised vertical displacement of horizontal ground surface weakens gradually with
the expansion pressure increasing. For example, the rise range of the revised vertical dis-
placement of horizontal ground surface decreases from 300% to 42.9% when the internal
expansion pressure increases from 0.01MPa to 0.10MPa by 0.03MPa.

It can be found from Fig. 19 that the influence of the elastic modulus of soil mass on
the revised vertical displacement of horizontal ground surface weakens gradually with
the increase of the elastic modulus of soil. For instance, when the elastic modulus of
soil increases from 2MPa to 3MPa by 0.25MPa, the decline range of the revised vertical
displacement of horizontal ground surface decreases from 10.0% to 8.33%.

As is clearly shown in Fig. 20, the influence of the shield tunnel excavation radius
on the revised vertical displacement of horizontal ground surface weakens gradually
with the increase of the shield tunnel excavation radius. For instance, when the tunnel
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excavation radius increases from 3.0m to 4.5m by 0.5m, the decline range of the revised
vertical displacement of horizontal ground surface decreases from 10.0% to 8.33%.

In addition, the revised result of vertical displacement of horizontal ground surface
corresponding to different shield tunnel depths, limb distances, expansion pressures,
elastic modulus of soil and tunnel excavation radius is larger than that of the unrevised
value by 100%.

5 Conclusions

This paper presents a new procedure for the synchronous grouting of shield tunnels un-
der the vertical non-axisymmetric displacement boundary condition. Compared with the
previous approach, the following improvements have been achieved.

(1) The stress function solutions are carried out to correct the vertical normal stress
and the shear stress of horizontal ground surface boundary, the virtual image technique is
applied to eliminate the shear stress of vertical ground surface boundary, and the Boussi-
nesq’s solution and the integral method were adopted to revise the horizontal normal
stress of vertical ground surface boundary.

(2) The new approach for stresses, displacements and the maximum grouting pres-
sure are based on the virtual image technique, improved stress harmonic function and
Boussinesq’s solution. The validity of the proposed approach was proved by the numer-
ical results.

(3) The new approach extends method of the synchronous grouting of shield tunnels,
particularly for the vertical non-axisymmetric displacement boundary condition, which
could reflect the ”boundary effect” of horizontal and vertical ground surface.

The new approach could form a theoretical basis for the synchronous grouting
of shield tunnels, under the cavity contraction/expansion plane for the vertical non-
axisymmetric displacement boundary condition.
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