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Abstract. In this paper, we present two-level defect-correction finite element method
for steady Navier-Stokes equations at high Reynolds number with the friction bound-
ary conditions, which results in a variational inequality problem of the second kind.
Based on Taylor-Hood element, we solve a variational inequality problem of Navier-
Stokes type on the coarse mesh and solve a variational inequality problem of Navier-
Stokes type corresponding to Newton linearization on the fine mesh. The error esti-

mates for the velocity in the H1 norm and the pressure in the L2 norm are derived.
Finally, the numerical results are provided to confirm our theoretical analysis.
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1 Introduction

Let Ω ⊂R
2 be a bounded and convex domain with Lipschitz boundary ∂Ω. Consider

steady incompressible flows which are governed by:
{

−µ∆u+(u·∇)u−∇p= f in Ω,

div u=0 in Ω,
(1.1)

where u=(u1,u2) denotes the velocity vector of the flows, p the pressure and f=( f1, f2)
the body force vector. The constant µ= 1/Re> 0 is the viscosity with Reynolds number
Re. In this paper, the following friction boundary conditions are considered:

{
u=0 on Γ,
un=u·n=0, −στ(u)∈ g∂|uτ | on S,

(1.2)
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where Γ∩S=∅ and Γ∪S= ∂Ω. g is a scalar function. n represents the unit vector of the
external normal to S. uτ and στ(u) are the tangential components of the velocity and the

stress vector σ which is defined by σi = σi(u,p)= (µeij(u)−pδij)nj with eij(u)=
∂ui

∂x j +
∂uj

∂xi ,
i, j=1,2. The subdifferential set is defined as follows. Let ψ be a given function which is of
convexity and weak semi-continuity from below. The subdifferentialset ∂ψ(a) is defined
by

∂ψ(a)={b∈R : ψ(h)−ψ(a)≥b(h−a), ∀h∈R}.

The boundary conditions (1.2) were introduced by H. Fujita to describe some prob-
lems in hydrodynamics [5]. Some well-posedness results from the view of theory have
been studied, such as R. An, Y. Li and K. Li [1], H. Fujita [6–8], T. Kashiwabara [15], Y. Li
and K. Li [26, 28], Le Roux [31, 32], N. Saito [33] and references cited therein. Although
there are a large amount of works about the finite element methods for Navier-Stokes
equations, however, the numerical methods for the problem (1.1)-(1.2) have not been
studied as much. The reason is that the variational formulation of (1.1)-(1.2) is of the
form of variational inequality due to the subdifferential property on the boundary S. M.
Ayadi, M. Gdoura and T. Sassi studied mini-element method for Stokes problem in [3].
T.Kashiwabara studied optimal finite element error bounds by defining the different nu-
merical integration of the non-differential term on the boundary S corresponding to the
different finite element pairs [16, 17]. The penalty and stabilized finite element methods
and their two-level mesh methods for steady problem were studied in [2, 4, 22–25]. In
these works, all numerical experiments were displayed only for small Reynolds number.
It is well known that for the incompressible flows at high Reynolds number, Navier-
Stokes equations are the domination of the convection and the flows are very unstable.
Thus, it is difficult to make the numerical simulation of the incompressible flows effi-
ciently.

There are some stabilized methods to overcome the difficulty in simulating the incom-
pressible flows at high Reynolds number numerically, such as the variational multiscale
method [13, 14, 34, 35], the subgrid method [11, 21], the defect-correction method [18–20,
29], etc. The defect-correction method is an iterative improvement technique and can in-
crease the accuracy of the solution without refining the mesh, so it has been successively
applied to Navier-Stokes equations at high Reynolds number. W. Layton firstly studied
defect-correction method for the steady incompressible flows at high Reynolds number
in [19]. Recently, H. Qiu and L. Mei studied the two-level defect-correction method for
steady Navier-Stokes problem by using the stabilized finite element method [30].

In this paper, we combine defect-correction method with two-level mesh technique to
solve the problem (1.1) at high Reynolds number with friction boundary conditions (1.2)
numerically. Since the variational formulation of the problem (1.1)-(1.2) is the variational
inequality problem, there exist some differences between our method for the problem
(1.1)-(1.2) and those for Navier-Stokes equations (1.1) with Dirichlet boundary condi-
tions. The main idea of our two-level method is to solve a nonlinear variational inequal-
ity problem of Navier-Stokes type at the defect step on the coarse mesh and solve a lin-
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earized variational inequality problem at the correction step on the fine mesh. Moreover,
we have to construct appropriate iterative algorithms to solve two variational inequality
subproblems in practical computations.

2 Preliminary

Let L2(Ω) denote the Lebesgue space of square-integrable functions over Ω with norm ‖·
‖ and inner-product (·,·). Let Hm(Ω) with m∈N denote the Sobolev space of all functions
having square integrable derivatives up to order m over Ω with the classical Sobolev
norm ‖·‖m. We use the boldface type Hm(Ω) and L2(Ω) to denote the vector Sobolev
spaces Hm(Ω)2 and L2(Ω)2, respectively. Throughout this paper, the symbols C,C0,C1,···
are used to denote some positive constant which are independent of the mesh parameter
h,H, the viscosity µ, and may take different values even in the same formulation.

For the mathematical setting, we introduce the following function spaces:

V={u∈H1(Ω), u|Γ =0, u·n|S =0}, V0=H1
0(Ω),

Vσ={u∈V, div u=0}, M= L2
0(Ω)=

{

q∈L2(Ω),
∫

Ω

qdx=0
}

.

The norm in V is defined by

‖v‖V =
(∫

Ω

|∇v|2dx
)1/2

, ∀v∈V.

Then ‖·‖V is equivalent to ‖·‖1 due to Poincaré inequality. We introduce the following
bilinear forms a(·,·) and d(·,·) on V×V and V×M, respectively, by

a(u,v)=µ
∫

Ω

∇u :∇vdx, d(v,q)=
∫

Ω

qdiv vdx,

and a trilinear form on V×V×V by

b(u,v,w)=
∫

Ω

(u·∇)v·wdx+
1

2

∫

Ω

(div u)v·wdx

=
1

2

∫

Ω

(u·∇)v·wdx− 1

2

∫

Ω

(u·∇)w·vdx.

For all u,v,w∈V, it is easy to check that b(u,v,w) satisfies:

b(u,v,w)=−b(u,w,v), (2.1a)

b(u,v,w)≤N‖u‖V‖v‖V‖w‖V . (2.1b)

Given f ∈ L2(Ω) and g ∈ L2(S) with g > 0 on S, based on the above notations, the
variational formulation of the problem (1.1)-(1.2) reads as: find (u,p)∈V×M such that
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for all (v,q)∈V×M

{

a(u,v−u)+b(u,u,v−u)+ j(vτ)− j(uτ)−d(v−u,p)≥ (f,v−u),

d(u,q)=0,
(2.2)

with j(vτ) =
∫

S
g|vτ |ds. It is obvious that the problem (2.2) is the variational inequality

problem of the second kind with Navier-Stokes operator. N. Saito in [33] has proved that
b(·,·) satisfies the inf-sup condition on V×M, i.e., there exists some positive β0 >0 such
that

β0‖q‖≤sup
v∈V

d(v,q)

‖v‖V
.

Then the variational inequality problem (2.2) is equivalent to: find u∈Vσ such that

a(u,v−u)+b(u,u,v−u)+ j(vτ)− j(uτ)≥ (f,v−u), ∀v∈Vσ. (2.3)

Now we recall the existence and uniqueness result of the solution to the problem (2.3)
established in [25].

Theorem 2.1. If the following uniqueness condition holds:

4κ1N(‖f‖+‖g‖L2(S))

µ2
<1, (2.4)

then the variational inequality problem (2.3) admits a unique solution u∈Vσ satisfying

‖u‖V ≤ κ1

µ
(‖f‖+‖g‖L2(S)), (2.5)

where κ1>0 satisfies

|(f,v)− j(vτ)|≤κ1(‖f‖+‖g‖L2(S))‖v‖V , ∀v∈Vσ.

Remark 2.1. Since the problem (2.2) is of the form of variational inequality, then the ap-
propriate iteration algorithms are needed in the practical computation. In this paper, we
use Uzawa iteration algorithms in [16, 27], which are based on the following equivalent
variational equation of the problem (2.2): find (u,p,λ)∈V×M×Λ such that







a(u,v)+b(u,u,v)−d(v,p)+
∫

S
gλvτds=(f,v), ∀v∈V,

d(u,q)=0, ∀q∈M,

λuτ = |uτ| on S,

(2.6)

where
Λ={γ∈L2(S) : |γ(x)|≤1 on S}.

The equivalence can be proved by using a similar way for Theorem 3.1 in [27].
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3 Two-level defect-correction method

As mentioned in Section 1, the classical Galerkin finite element methods become unstable
for the numerical approximation of the incompressible flows at high Reynolds number.
In this section, we give the defect-correction finite element approximation. Let Tη = {K}
be a quasi-uniform family of triangular partition of Ω into triangles of diameter not
greater than 0<η<1. The corresponding ordered triangles are denoted by K1,K2,··· ,KM.
Let ηi =diam(Ki), i=1,··· ,M, and η=max{η1,η2,··· ,ηM}. Let e′=∂K∩S. {Qi}m+1

i=1 are all

vertices of triangles in Tη, which are located in S and arranged in ascending order along

S. Then S∩Γ={Q1,Qm+1}. Let Pr(K) be the space of the polynomials on K∈Tη of degree
at most r. Based on Taylor-Hood element, define the finite element subspaces of V and
M, respectively, by

Wη ={vη ∈C(Ω), vη|K ∈P2(K), ∀K∈Tη}, Vη =Wη∩V,

V0η =Wη∩V0⊂Vη , Mη ={qη ∈C(Ω), qη |K ∈P1(K), ∀K∈Tη}∩M.

For approximating functions defined on the boundary S, we define

Λη ={µη ∈C(S), µη |e′ ∈P2(e
′), µη(Q1)=µη(Qm+1)=0}∩Λ.

For each µη ∈Λη , the discrete projection operator PΛη is defined by

PΛη
(µη)=







+1, if µη(Q)>1,

µη(Q), if |µη(Q)|≤1,

−1, if µη(Q)<−1,

∀Q∈{Qi}m+1
i=1 .

Under the above choice of Vη and Mη , there exists some positive constant β1 > 0 inde-
pendent of η such that

β1‖qη‖≤ sup
vη∈V0η

d(vη ,qη)

‖vη‖V
. (3.1)

To obtain the error estimates, we assume the following approximation properties:

inf
vη∈Vη

{‖v−vη‖+η‖v−vη‖V}≤Cη3‖v‖3, ∀v∈H3(Ω), (3.2a)

inf
qη∈Mη

‖q−qη‖≤Cη2‖q‖2, ∀q∈H2(Ω). (3.2b)

From the trace inequality ‖v‖L2(S)≤C‖v‖1/2‖v‖1/2
V , one has

inf
vη∈Vη

‖v−vη‖L2(S)≤Cη5/2‖v‖3, ∀v∈H3(Ω). (3.3)
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From now on, H and h with h < H are two real positive parameter. The fine mesh
partition Th is generated by a mesh refinement process from the coarse mesh partition
TH. The finite element space pairs (Vh,Mh) and (VH,MH) are corresponding to the tri-
angulations Th and TH, respectively. Let λ1 and λ2 be two stabilized parameters. The
two-level defect-correction finite element method for the approximation of the problem
(2.2) is constructed as follows:

Step I: Solve a defect Navier-Stokes type variational inequality problem on the coarse
mesh:







find (uH,pH)∈VH×MH such that

a(uH,vH−uH)−d(vH−uH,pH)+b(uH,uH,vH−uH)

+
λ1H

µ
a(uH,vH−uH)+ j(vHτ)− j(uHτ)≥ (f,vH−uH), ∀vH ∈VH,

d(uH,qH)=0, ∀qH ∈MH.

(3.4)

Step II: Solve a correction Navier-Stokes type variational inequality problem correspond-
ing to Newton linearization on the fine mesh:







find (uh,ph)∈Vh×Mh such that

a(uh,vh−uh)−d(vh−uh,ph)+b(uH,uh,vh−uh)+b(uh,uH,vh−uh)

+
λ2h

µ
a(uh,vh−uh)+ j(vhτ)− j(uhτ)

≥ (f,vh−uh)+b(uH,uH,vh−uh)+
λ2h

µ
a(uH,vh−uh), ∀vh ∈Vh,

d(uh,qh)=0, ∀qh∈Mh.

(3.5)

First, we estimate the solution uH by the classical argument on the coarse mesh under
the uniqueness condition (2.4). Taking (vH,qH)=(0,pH) and (vH,qH)=(2uH,pH) in (3.4),
we get

a(uH,uH)+
λ1H

µ
a(uH,uH)=( f ,uH)− j(uHτ),

from which one has

‖uH‖V ≤ κ1

µ+λ1H
(‖f‖+‖g‖L2(S))<

µ

4N
. (3.6)

The existence and uniqueness of (uH,pH)∈VH×MH follows from the classical results of
the variational inequality problem (see Theorem 1.6.1 in [10]) and Navier-Stokes equa-
tions (see Theorem 4.3.1 in [9]) in finite element spaces. Moreover, we can prove that the
finite element approximation solution (uH,pH) is of the following error estimate.
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Theorem 3.1. Under the uniqueness condition (2.4), let (u,p)∈V×M and (uH,pH)∈VH×MH

be the solutions of (2.2) and (3.4), respectively. Then there exists some C0>0 such that

µ‖u−uH‖V+‖p−pH‖
≤C0

(

inf
vH∈VH

µ‖u−vH‖V+ inf
vH∈VH

√
µ‖uτ−vHτ‖1/2

L2(S)
+ inf

qH∈MH

‖p−qH‖+µλ1H
)

. (3.7)

Proof. Taking v=uH and v=2u−vH in the first inequality of (2.2) and summing up the
resulting inequalities yield

a(u,uH−vH)+b(u,u,uH−vH)+ j(uHτ)−2j(uτ)

+ j(2uτ−vHτ)−d(uH−vH,p)≥ ( f ,uH−vH).

From (3.4), one has

a(uH−u,uH−vH)

≤b(u,u,uH−vH)−b(uH,uH,uH−vH)+ j(vHτ)−2j(uτ)

+ j(2uτ−vHτ)−d(uH−vH,p−pH)−
λ1H

µ
a(uH,uH−vH).

Thus, we have

µ‖uH−vH‖2
V

≤|a(u−vH,uH−vH)|+|b(u,u,uH−vH)−b(uH,uH,uH−vH)|
+|j(vHτ)−2j(uτ)+ j(2uτ−vHτ)|+|d(uH−vH,p−pH)|

+
∣
∣
∣
λ1H

µ
a(uH,uH−vH)

∣
∣
∣

=I1+···+ I5. (3.8)

From Hölder inequality and Young inequality, I1 and I5 can be estimated, respectively,
by

I1≤µ‖u−vH‖V‖uH−vH‖V ≤ µ

8
‖uH−vH‖2

V+2µ‖u−vH‖2
V ,

and

I5≤λ1H‖uH‖V‖uH−vH‖V ≤ µλ1H

4N
‖uH−vH‖V

≤µ

8
‖uH−vH‖2

V+
µλ2

1H2

8N2
.

We rewrite I2 as

b(u,u,uH−vH)−b(uH,uH,uH−vH)

=b(u−vH,u,uH−vH)+b(vH−uH,u,uH−vH)+b(uH,u−vH,uH−vH).
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Then from (2.1b), (2.4), (2.5) and (3.6), I2 is bounded by

I2≤N(‖u‖V |+‖uH‖V)‖u−vH‖V‖uH−vH‖V+N‖u‖V‖uH−vH‖2
V

≤µ

2
‖u−vH‖V‖uH−vH‖V+

µ

4
‖uH−vH‖2

V

≤µ

2
‖uH−vH‖2

V+
µ

4
‖u−vH‖2

V .

Using the triangular inequality, we estimate I3 as

I3≤2‖g‖L2(S)‖uτ−vHτ‖L2(S).

By the following identity

d(uH−vH,p−pH)=d(uH−vH,p−qH)+d(u−vH,qH−pH),

I4 satisfies

I4≤‖uH−vH‖V‖p−qH‖+‖u−vH‖V‖qH−pH‖

≤µ

8
‖uH−vH‖2

V+
2

µ
‖p−qH‖2+ε2

1‖qH−pH‖2+
1

4ε2
1

‖u−vH‖2
V ,

where ε1 is some positive constant determined later. Combining the above estimates into
(3.8), we get

‖u−uH‖V ≤C1

(

‖u−vH‖V+
1√
µ
‖uτ−vHτ‖1/2

L2(S)
+

1

µ
‖p−qH‖+λ1H

)

+
C2ε1√

µ
‖qH−pH‖+

1

2ε1
√

µ
‖u−vH‖. (3.9)

Next, we estimate ‖pH−qH‖ in terms of (3.1). For all wH∈V0H, taking v=u±wH and vH=
uH±wH in the first inequalities of (2.2) and (3.4), and subtracting the resulting equations
lead to

a(u−uH,wH)+b(u,u,wH)−b(uH,uH,wH)−
λ1H

µ
a(uH,wH)=d(wH,p−pH).

Then we have

d(wH,qH−pH)

=d(wH,qH−p)+a(u−uH,wH)+b(u,u,wH)−b(uH,uH,wH)−
λ1H

µ
a(uH,wH)

=d(wH,qH−p)+a(u−uH,wH)+b(u−uH,u,wH)+b(uH,u−uH,wH)−
λ1H

µ
a(uH,wH).
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It follows from (3.1) that

β1‖qH−pH‖≤‖p−qH‖+(N(‖u‖V+‖uH‖V)+µ)‖u−uH‖V+λ1H‖uH‖V

≤‖p−qH‖+
3µ

2
‖u−uH‖V+

µλ1H

4N
. (3.10)

Combining (3.10) into (3.9) and taking

ε1=
β1

6C2
√

µ
,

we obtain

µ‖u−uH‖V ≤ C0

2
(µ‖u−vH‖V+

√
µ‖uτ−vHτ‖1/2

L2(S)
+‖p−qH‖+µλ1H).

The error estimate (3.7) for the pressure also holds if we use (3.10) again.

3.1 Oseen linearization on coarse mesh

In order to construct Uzawa algorithms described in Section 4, the Oseen linearization
is used to linearize the nonlinear term in (3.4). Given the iteration initial value (u0

H,p0
H)

which is defined by

{

a(u0
H,vH−u0

H)−d(vH−u0
H,p0

H)+ j(vHτ)− j(u0
Hτ)≥ (f,vH−u0

H),

d(u0
H,qH)=0,

(3.11)

for all (vH,qH)∈VH×MH, we solve (un
H,pn

H)∈VH×MH, n=1,2,··· , by







a(un
H,vH−un

H)−d(vH−un
H,pn

H)+b(un−1
H ,un

H,vH−un
H)

+
λ1H

µ
a(un

H,vH−un
H)+ j(vHτ)− j(un

Hτ)≥ (f,vH−un
H),

d(un
H,qH)=0.

(3.12)

By the classical argument, it is easily shown that u0
H and un

H satisfy

‖u0
H‖V ≤ κ1

µ
(‖f‖+‖g‖L2(S))<

µ

4N
, (3.13)

and

‖un
H‖V ≤ κ1

µ+λ1H
(‖f‖+‖g‖L2(S))<

µ

4N
. (3.14)

Now, we begin to prove the error estimates for (un
H,pn

H). First, we have the following
lemmas.
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Lemma 3.1. Under the uniqueness condition (2.4), let (uH,pH) ∈ VH×MH and (u0
H,p0

H) ∈
VH×MH be the solutions of (3.4) and (3.11), respectively. Then we have

µ‖uH−u0
H‖V ≤ κ1(µ+4λ1H)

4µ+4λ1H
(‖f‖+‖g‖L2(S)), (3.15a)

β1‖pH−p0
H‖≤

2κ1(µ+4λ1H)

4µ+4λ1H
(‖f‖+‖g‖L2 (S)). (3.15b)

Proof. Taking (vH,qH)= (u0
H,p0

H−pH) in (3.4) and (vH,qH)= (uH,pH−p0
H) in (3.11), and

summing up the resulting inequalities, we obtain

µ‖uH−u0
H‖2

V ≤b(uH,uH,u0
H−uH)+

λ1H

µ
a(uH,u0

H−uH)

≤N‖uH‖2
V‖u0

H−uH‖V+λ1H‖uH‖V‖u0
H−uH‖V

≤
(µ

4
+λ1H

)

‖uH‖V‖u0
H−uH‖V

≤κ1(µ+4λ1H)

4µ+4λ1H
(‖f‖+‖g‖L2(S))‖u0

H−uH‖V ,

which completes the proof of (3.15a). For all wH ∈V0H, taking vH =uH±wH and vH =
u0

H±wH in the first inequalities of (3.4) and (3.11), and subtracting the resulting equations
yield

d(wH,pH−p0
H)= a(uH−u0

H,wH)+b(uH,uH,wH)+
λ1H

µ
a(uH,wH).

From (3.1), we get

β1‖pH−p0
H‖≤µ]‖uH−u0

H‖V+N‖uH‖2
V+λ1H‖uH‖V

≤ 2κ1(µ+4λ1H)

4µ+4λ1H
(‖f‖+‖g‖L2(S)).

So, we complete the proof.

Lemma 3.2. Under the uniqueness condition (2.4), let (uH,pH) ∈ VH×MH and (un
H,pn

H) ∈
VH×MH be the solutions of (3.4) and (3.12), respectively. Then for n∈N

+, we have

µ‖uH−un
H‖V ≤ κ1(µ+4λ1H)

4µ+4λ1H

( Nκ1

(µ+λ1H)2

)n
(‖f‖+‖g‖L2(S))

n+1, (3.16a)

β1‖pH−pn
H‖≤

9κ1(µ+4λ1H)

16µ

( Nκ1

(µ+λ1H)2

)n
(‖f‖+‖g‖L2(S))

n+1. (3.16b)
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Proof. Taking (vH,qH)= (un
H,pn

H−pH) in (3.4) and (vH,qH)= (uH,pH−pn
H) in (3.12), and

summing up the resulting inequalities yield

a(un
H−uH,un

H−uH)+
λ1H

µ
a(un

H−uH,un
H−uH)

≤b(uH,uH,un
H−uH)−b(un−1

H ,un
H,un

H−uH)

=b(uH−un−1
H ,uH,un

H−uH).

By using (2.1b) and (3.6), we derive

‖uH−un
H‖V ≤ Nκ1

(µ+λ1H)2
(‖f‖+‖g‖L2(S))‖uH−un−1

H ‖V

≤
( Nκ1

(µ+λ1H)2
(‖f‖+‖g‖L2(S))

)2
‖uH−un−2

H ‖V ≤···

≤
( Nκ1

(µ+λ1H)2
(‖f‖+‖g‖L2(S))

)n
‖uH−u0

H‖V ,

which together with (3.15a) yields (3.16a). The estimate (3.16b) is directly from (3.1) and
(3.16a).

Remark 3.1. The uniqueness condition (2.4) implies

Nκ1

(µ+λ1H)2
(‖f‖+‖g‖L2(S))<

1

4
.

Thus, the upper bounds for ‖uH−un
H‖V and ‖pH−pn

H‖ can be revised to

µ‖uH−un
H‖V ≤ κ1(µ+4λ1H)

4µ+4λ1H
(‖f‖+‖g‖L2 (S))

(1

4

)n
,

β1‖pH−pn
H‖≤

9κ1(µ+4λ1H)

16µ
(‖f‖+‖g‖L2(S))

(1

4

)n
.

As a direct consequence of Theorem 3.1 and Lemma 3.2, we derive the following error
estimates for (un

H,pn
H).

Theorem 3.2. Under the uniqueness condition (2.4), let (u,p)∈V×M and (un
H,pn

H)∈VH×MH

be the solutions of (2.2) and (3.12), respectively. Then for n∈N
+, we have

µ‖u−un
H‖V+‖p−pn

H‖
≤C3

(

inf
vH∈VH

µ‖u−vH‖V+
√

µ‖uτ−vHτ‖1/2
L2(S)

+ inf
qH∈MH

‖p−qH‖+µλ1H
)

+M
( Nκ1

(µ+λ1H)2

)n
(‖f‖+‖g‖L2(S))

n+1, (3.17)

where M>0 depends on µ, λ1, β1, κ1, H. Furthermore, if (u,p)∈H3(Ω)×H2(Ω), then

µ‖u−un
H‖V+‖p−pn

H‖≤C4(H5/4+λ1H)+M
( Nκ1

(µ+λ1H)2

)n
(‖f‖+‖g‖L2(S))

n+1. (3.18)
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3.2 Newton linearization on fine mesh

Based on the above discussion in Subsection 3.1, we replace uH in (3.5) by un
H. In this

case, the problem (3.5) on the fine mesh is rewritten as







find (uh,ph)∈Vh×Mh such that

a(uh,vh−uh)−d(vh−uh,ph)+b(un
H,uh,vh−uh)+b(uh,un

H,vh−uh)

+
λ2h

µ
a(uh,vh−uh)+ j(vhτ)− j(uhτ)

≥ (f,vh−uh)+b(un
H,un

H,vh−uh)+
λ2h

µ
a(un

H,vh−uh), ∀vh∈Vh,

d(uh,qh)=0, ∀qh ∈Mh.

(3.19)

Setting (vh,qh)=(2uh,ph) and (vh,qh)=(0,ph) in (3.19), we get

a(uh,uh)+
λ2h

µ
a(uh,uh)+b(uh,un

H,uh)

=(f,uh)− j(uhτ)+b(un
H,un

H,uh)+
λ2h

µ
a(un

H,uh). (3.20)

Under the uniqueness condition (2.4) and from (3.14), the left hand side of (3.20) satisfies

a(uh,uh)+
λ2h

µ
a(uh,uh)+b(uh,un

H,uh)

≥(µ+λ2h)‖uh‖2
V−N‖un

H‖V‖uh‖2
V

≥
(3µ

4
+λ2h

)

‖uh‖2
V .

The right hand side of (3.20) is bounded by

(f,uh)− j(uhτ)+b(un
H,un

H,uh)+
λ2h

µ
a(un

H,uh)

≤κ1(‖f‖+‖g‖L2(S))‖uh‖V+N‖un
H‖2

V‖uh‖V+λ2h‖un
H‖V‖uh‖V .

Then we obtain

‖uh‖V ≤ 5µ+4(λ1H+λ2h)

(µ+λ1H)(3µ+4λ2h)
κ1(‖f‖+‖g‖L2(S))

<
4κ1

µ
(‖f‖+‖g‖L2(S))<

µ

N
. (3.21)

Next, we give the error estimates between the finite element approximation solution
(uh,ph) on the fine mesh and the exact solution (u,p).
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Theorem 3.3. Under the uniqueness condition (2.4), let (u,p)∈V∩H3(Ω)×M∩H2(Ω) and
(uh,ph)∈Vh×Mh be the solutions of (2.2) and (3.19), respectively. Then there exist some h0, H0,
λ10, λ20 and n0∈N

+ such that when h<h0, H<H0, λ1<λ10, λ2<λ20 and n>n0 there holds

µ‖u−uh‖V+‖p−ph‖≤C5(h
5/4+‖u−un

H‖2
V+(λ2+h)h‖u−un

H‖V), (3.22)

where un
H is the solution of (3.12).

Proof. Taking v=uh and v=2u−vh in the first inequality of (2.2), respectively, we have

a(u,uh−vh)+b(u,u,uh−vh)+ j(uhτ)−2j(uτ)+ j(2uτ−vhτ)−d(uh−vh,p)

≥( f ,uh−vh),

which together with (3.19) leads to

a(uh−u,uh−vh)≤b(u,u,uh−vh)−b(un
H,uh,uh−vh)−b(uh,un

H,uh−vh)

+b(un
H,un

H,uh−vh)+ j(vhτ)−2j(uτ)+ j(2uτ−vhτ)

−d(uh−vh,p−ph)−
λ2h

µ
a(uh,uh−vh)+

λ2h

µ
a(un

H,uh−vh).

Thus, we get

µ‖uh−vh‖2
V ≤|a(u−vh,uh−vh)|+|b(u,u,uh−vh)−b(un

H,uh,uh−vh)

−b(uh,un
H,uh−vh)+b(un

H,un
H,uh−vh)|

+|j(vhτ)−2j(uτ)+ j(2uτ−vhτ)|+|d(uh−vh,p−ph)|

+
∣
∣
∣
λ2h

µ
a(un

H,uh−vh)−
λ2h

µ
a(uh,uh−vh)

∣
∣
∣

=J1+···+ J5. (3.23)

By the similar arguments for I1, I3 and I4 in the proof of Theorem 3.1, we can estimate J1,
J3 and J4, respectively, by

J1 ≤
µ

16
‖uh−vh‖2

V+4µ‖u−vh‖2
V ,

and

J3≤2‖g‖L2 (S)‖uτ−vhτ‖L2(S),

and

J4≤
µ

16
‖uh−vh‖2

V+
4

µ
‖p−qh‖2+ε2

2‖ph−qh‖2+
1

4ε2
2

‖u−vh‖2
V ,
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where ε2 is some positive constant determined later. An alternative to J2 is

J2 =|b(uh−vh,u,uh−vh)+b(vh−u,u,uh−vh)
︸ ︷︷ ︸

J6

+b(uh,vh−u,uh−vh)
︸ ︷︷ ︸

J7

+b(vh−uh,vh−un
H,uh−vh)

︸ ︷︷ ︸

J8

+b(un
H−vh,vh−un

H,uh−vh)
︸ ︷︷ ︸

J9

|.

Then using (2.1b), (2.5), (3.18), (3.21) and Young inequality, we have

J6≤N‖u‖V‖uh−vh‖2
V+N‖u‖V‖u−vh‖V‖uh−vh‖V

≤µ

4
‖uh−vh‖2

V+
µ

16
‖uh−vh‖2

V+
µ

4
‖u−vh‖2

V ,

and

J7≤N‖uh‖V‖u−vh‖V‖uh−vh‖V ≤ µ

16
‖uh−vh‖2

V+4µ‖u−vh‖2
V ,

and

J8≤N‖vh−un
H‖V‖uh−vh‖2

V

≤N(‖u−vh‖V+‖u−un
H‖V)‖uh−vh‖2

V

≤C6(h
2+H5/4+λ1H+M

( Nκ1

(µ+λ1H)2

)n
(‖f‖+‖g‖L2 (S))

n+1)‖uh−vh‖2
V

with C6>0 independent of h and H, and

J9 ≤N‖un
H−vh‖2

V‖uh−vh‖V ≤ µ

16
‖uh−vh‖2

V+
4N2

µ
‖vh−un

H‖4
V .

Finally, we estimate J5 by

J5=
∣
∣
∣
λ2h

µ
a(un

H−vh,uh−vh)−
λ2h

µ
a(uh−vh,uh−vh)

∣
∣
∣

≤λ2h‖uh−vh‖2
V+λ2h‖un

H−vh‖V‖uh−vh‖V

≤λ2h‖uh−vh‖2
V+

µ

16
‖uh−vh‖2

V+
4λ2

2h2

µ
‖un

H−vh‖2
V .

Combining these estimates into (3.23) and for sufficiently small h, H, λ1, λ2 and suffi-
ciently large n such that

C6(h
2+H5/4+λ1H+M

( Nκ1

(µ+λ1H)2

)n
(‖f‖+‖g‖L2(S))

n+1)+λ2h<
µ

16
,
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we get

‖u−uh‖V ≤C7

(

‖u−vh‖V+
1√
µ
‖uτ−vhτ‖1/2

L2(S)
+

1

µ
‖p−qh‖+

1

µ
‖vh−un

H‖2
V

+
λ2h

µ
‖vh−un

H‖V

)

+
C8ε2√

µ
‖ph−qh‖+

1

2ε2
√

µ
‖u−vh‖V . (3.24)

For all wh ∈V0h, we choose v=u±wh in (2.2) and vh=uh±wh in (3.19) and obtain

a(u−uh,wh)+b(u,u,wh)−b(un
H,uh,wh)−b(uh,un

H,wh)

+b(un
H,un

H,wh)−
λ2h

µ
a(uh−un

H,wh)=d(wh,p−ph).

From (3.1) and

b(u,u,wh)−b(un
H,uh,wh)−b(uh,un

H,wh)+b(un
H,un

H,wh)

=b(u−uh,u,wh)+b(u,u−vh,wh)−b(u−uh,u−vh,wh)

+b(uh−un
H,vh−un

H,wh)−b(un
H,uh−vh,wh)

≤(N‖u‖V‖u−uh‖V+N‖u‖V‖u−vh‖V+N‖u−vh‖V‖u−uh‖V)‖wh‖V

+N(‖u−uh‖V+‖u−un
H‖V)(‖u−vh‖V+‖u−un

H‖V)‖wh‖V

+N‖un
H‖V(‖u−uh‖V+‖u−vh‖V)‖wh‖V

≤C9(µ+h2+‖u−un
H‖V)‖u−uh‖V‖wh‖V+N‖u−un

H‖2
V‖wh‖V

+N‖u−un
H‖V‖u−vh‖V‖wh‖V+C10µ‖u−vh‖V‖wh‖V ,

we have

β1‖ph−qh‖≤‖p−qh‖+C9(µ+λ2h+h2+‖u−un
H‖V)‖u−uh‖V+λ2h‖u−un

H‖V

+N‖u−un
H‖2

V+N‖u−un
H‖V‖u−vh‖V+C10µ‖u−vh‖V . (3.25)

For sufficiently small h, H, λ1, λ2 and sufficiently large n such that

λ2h+h2+‖u−un
H‖V <C9µ,

taking ε2=
β1

4C8C9
√

µ , and substituting the above estimate into (3.24), we get

µ‖u−uh‖V ≤C5(‖u−vh‖V+‖p−qh‖+‖uτ−vhτ‖1/2
L2(S)

+‖u−un
H‖2

V+(λ2+h)h‖u−un
H‖V)

≤C5(h
5/4+‖u−un

H‖2
V+(λ2+h)h‖u−un

H‖V).

The estimate for pressure is immediately derived from (3.25).
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4 Numerical results

In this section, the numerical results are provided to confirm the convergence rates
derived in Theorem 3.3. We implement all programs by the finite element software
FreeFem++ [12]. We select the appropriate body force f such that the exact solution of
(1.1) is of the following forms:

u(x,y)=(u1(x,y),u2(x,y)), p(x,y)=(2x−1)(2y−1),

u1(x,y)=−x2y(x−1)(3y−2), u2(x,y)= xy2(y−1)(3x−2),

in the unit square Ω = (0,1)×(0,1). A class of uniform triangular meshes of the unit
square is made by the mesh generator in FreeFem++; see Fig. 1 for illustration.

It is easy to verify that the exact solution u satisfies u=0 on Γ= {(x,y)|x=0, 0≤ y≤
1}∪{(x,y)|y=0, 0≤x≤1} and un=0 on S=S1∪S2, where S1={(x,y)|x=1, 0≤y≤1} and
S2 = {(x,y)|y= 1, 0≤ x≤ 1}. The tangential vector τ on S1 and S2 are (0,1) and (−1,0),
respectively. Thus, we have

{

στ =4µy2(y−1) on S1,

στ =4µx2(x−1) on S2.

On the other hand, from the friction slip boundary conditions (1.2), one has |στ | ≤ g.
Therefore, the function g can be chosen as g=−στ ≥0 on S=S1∪S2.

Following Algorithm 4.1 in [16], we use the following Uzawa algorithms to solve the
discrete variational inequality problems (3.11)-(3.12) and (3.19).

Step I: For

λ0
H ∈ΛH is given, (4.1)

where ΛH is defined in Section 3, then we solve the initial value (u0
H,p0

H) on the coarse

X

Y

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Figure 1: The FEM meshes of the unit square with h=1/36.



948 A. Liu, Y. Li and R. An / Adv. Appl. Math. Mech., 8 (2016), pp. 932-952

mesh by






a(u0
H,vH)−d(vH,p0

H)=(f,vH)−
∫

S
gλ0

HvHτds, ∀vH ∈VH,

d(u0
H,qH)=0, ∀qH ∈MH.

(4.2)

Step II: We solve (un
H,pn

H)∈VH×MH and λn
H with n∈N

+ on the coarse mesh by







a(un
H ,vH)−d(vH , pn

H)+b(un−1
H ,un

H ,vH)+
λ1H

µ
a(un

H ,vH)=(f,vH)−
∫

S
gλn−1

H vHτds,

d(un
H ,qH)=0,

(4.3)

and

λn
H =PΛH

(λn−1
H +ρgun

Hτ), ρ>0, (4.4)

where PΛH
is defined in Section 3 and ρ>0 is a positive parameter. The stopping criterion

used in Step II is to require ‖un
H−un−1

H ‖ to be less than 10−6.

Step III: For

λ0
h ∈Λh is given, (4.5)

we solve (um
h ,pm

h ) and λm
h with m∈N

+ on the fine mesh by







a(um
h ,vh)−d(vh,pm

h )+b(un
H,um

h ,vh)+b(um
h ,un

H,vh)+
λ2h

µ
a(um

h ,vh)

=(f,vh)−
∫

S
gλm−1

h vhτds+b(un
H,un

H,vh)+
λ2h

µ
a(un

H,vh), ∀vh ∈Vh,

d(um
h ,qh)=0, ∀qh ∈Mh,

(4.6)

and

λm
h =PΛh

(λm−1
h +ρgum

hτ), ρ>0. (4.7)

The stopping criterion used in Step III is to require ‖um
h −um−1

h ‖ to be less than 10−6.
To confirm the convergence rates derived in Theorem 3.3, we take λ1, λ2, H and h to

satisfy H=O(h1/2), λ1=O(H1/4) and λ2=O(1). Then we have

µ‖u−uh‖V+‖p−ph‖≤Ch5/4. (4.8)

Thus, in the numerical experiments, we choose h = H2, λ1 = 0.1×H1/4, λ2 = 0.1 for six
coarse meshes H = 1/2i, i= 2,··· ,7. On the other hand, the parameter ρ in Uzawa algo-
rithms (4.4) and (4.7) is taken as ρ=0.5µ for differen viscosity µ=1/Re. Table 1 displays
the numerical results for Re = 1000. The convergence rates for the velocity in H1 norm
and the pressure in L2 norm are shown in Fig. 2, from which we can see that the these
two convergence rates both reach the theoretical rate derived in (4.8). For fixed H = 0.1
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Table 1: Numerical errors for different meshes with Re=1000.

1/H 1/h
‖u−uh‖V
‖u‖V

‖u−uh‖
‖u‖

‖p−ph‖
‖p‖ CPU (s)

4 42 3.73719×10−1 1.94203×10−2 3.02440×10−3 19.715
6 62 5.28079×10−2 1.21062×10−3 5.97626×10−4 51.300
8 82 1.27585×10−2 1.66902×10−4 1.89105×10−4 104.327

10 102 4.20740×10−3 3.78787×10−5 7.74590×10−5 202.252
12 122 1.69559×10−3 1.40288×10−5 3.74753×10−5 338.955
14 142 7.86056×10−4 5.10885×10−6 2.02664×10−5 627.433

Table 2: Numerical errors for different Reynolds numbers with H=0.1 and h=0.01.

Re ‖u−uh‖V
‖u‖V

‖u−uh‖
‖u‖

‖p−ph‖
‖p‖ CPU (s)

1000 4.20740×10−3 3.78787×10−5 7.74590×10−5 202.252
2000 8.33878×10−3 7.59606×10−5 7.74593×10−5 327.045
3000 1.23476×10−2 1.10744×10−4 7.74596×10−5 439.783
4000 1.62023×10−2 1.51006×10−4 7.74607×10−5 544.076
5000 1.98922×10−2 1.83698×10−4 7.74614×10−5 670.219
6000 2.34221×10−2 2.28958×10−4 7.74642×10−5 759.349

7000 2.68025×10−2 2.49555×10−4 7.74638×10−5 853.428
8000 3.00486×10−2 2.84513×10−4 7.74660×10−5 944.610
9000 3.31741×10−2 3.24598×10−4 7.74694×10−5 1194.11

10000 3.61920×10−2 3.56464×10−4 7.74715×10−5 1323.12
Rate 0.9013 0.9607 0 /

and h=0.01, we provide the numerical results for different Reynolds numbers Re=1000i,
i = 1,··· ,10 in Table 2, from which we can see that the H1 errors for velocity and L2 er-
rors for pressure are of the first order and the zero order with respect to Re, respectively.
These numerical results are in good agreement with (4.8). Finally, we show the contour
plots of exact and numerical velocity and pressure to exhibit the approximation profiles
in details. Figs. 3-5 present the exact solution, the numerical solutions with Re = 5000
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Figure 2: Convergence rates of velocity and pressure.
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IsoValue
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Figure 3: Contour plots of exact solution. From left to right: two components of velocity and pressure.
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-0.0444438
-0.0345579
-0.0246721
-0.0147862
-0.00490037
0.00498548
0.0148713
0.0247572
0.0346431
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0.0544148
0.0643006
0.0741865
0.0840723
0.0939582
0.103844
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0.123616
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0.143387

IsoValue
-0.143273
-0.133393
-0.123513
-0.113633
-0.103753
-0.0938728
-0.0839928
-0.0741129
-0.0642329
-0.0543529
-0.0444729
-0.0345929
-0.0247129
-0.0148329
-0.00495294
0.00492704
0.014807
0.024687
0.034567
0.044447

IsoValue
-0.950008
-0.850009
-0.75001
-0.650011
-0.550013
-0.450014
-0.350015
-0.250017
-0.150018
-0.0500194
0.0499793
0.149978
0.249977
0.349975
0.449974
0.549973
0.649971
0.74997
0.849969
0.949968

Figure 4: Contour plots of numerical solution with Re = 5000, H = 0.1, h = 0.01. From left to right: two
components of velocity and pressure.

IsoValue
-0.0444467
-0.0345573
-0.0246678
-0.0147784
-0.00488894
0.0050005
0.0148899
0.0247794
0.0346688
0.0445583
0.0544477
0.0643372
0.0742266
0.0841161
0.0940055
0.103895
0.113784
0.123674
0.133563
0.143453

IsoValue
-0.143295
-0.133414
-0.123532
-0.113651
-0.103769
-0.0938881
-0.0840067
-0.0741254
-0.064244
-0.0543627
-0.0444813
-0.0345999
-0.0247186
-0.0148372
-0.00495582
0.00492554
0.0148069
0.0246883
0.0345696
0.044451

IsoValue
-0.950007
-0.850009
-0.75001
-0.650011
-0.550013
-0.450014
-0.350015
-0.250017
-0.150018
-0.0500192
0.0499795
0.149978
0.249977
0.349976
0.449974
0.549973
0.649972
0.74997
0.849969
0.949968

Figure 5: Contour plots of numerical solution with Re = 10000, H = 0.1, h = 0.01. From left to right: two
components of velocity and pressure.

and 10000, respectively. From these three groups of contour plots, we can observe the
good coincidence with each other to illustrate the efficiency and stability of the present
two-level defect-correction method.
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