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Abstract. In this paper, we present two-level defect-correction finite element method
for steady Navier-Stokes equations at high Reynolds number with the friction bound-
ary conditions, which results in a variational inequality problem of the second kind.
Based on Taylor-Hood element, we solve a variational inequality problem of Navier-
Stokes type on the coarse mesh and solve a variational inequality problem of Navier-
Stokes type corresponding to Newton linearization on the fine mesh. The error esti-
mates for the velocity in the H! norm and the pressure in the L2 norm are derived.
Finally, the numerical results are provided to confirm our theoretical analysis.
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1 Introduction

Let () C R? be a bounded and convex domain with Lipschitz boundary 9Q). Consider
steady incompressible flows which are governed by:

{ —puAu+(u-V)u—Vp=£f in Q,

. . (1.1)
divu=0 in Q,

where u= (u1,uy) denotes the velocity vector of the flows, p the pressure and f= (f1, f2)
the body force vector. The constant 1 =1/Re >0 is the viscosity with Reynolds number
Re. In this paper, the following friction boundary conditions are considered:

{ u=0 on T,

up=un=0, —or(u)egdlus| on S, (12)
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where 'NS=® and 'US =0(). g is a scalar function. n represents the unit vector of the
external normal to S. u; and o+ (u) are the tangential components of the velocity and the

. . . . o ouj
stress vector ¢ which is defined by o; = 0;(u,p) = (pe;;(u) —pdij)n; with e;;(u) = % + %,
i,j=1,2. The subdifferential set is defined as follows. Let 1 be a given function which is of
convexity and weak semi-continuity from below. The subdifferentialset 9y (a) is defined
by

oP(a)={beR:yp(h)—y(a)>b(h—a), VheR}.

The boundary conditions (1.2) were introduced by H. Fujita to describe some prob-
lems in hydrodynamics [5]. Some well-posedness results from the view of theory have
been studied, such as R. An, Y. Li and K. Li [1], H. Fujita [6-8], T. Kashiwabara [15], Y. Li
and K. Li [26,28], Le Roux [31,32], N. Saito [33] and references cited therein. Although
there are a large amount of works about the finite element methods for Navier-Stokes
equations, however, the numerical methods for the problem (1.1)-(1.2) have not been
studied as much. The reason is that the variational formulation of (1.1)-(1.2) is of the
form of variational inequality due to the subdifferential property on the boundary S. M.
Ayadi, M. Gdoura and T. Sassi studied mini-element method for Stokes problem in [3].
T.Kashiwabara studied optimal finite element error bounds by defining the different nu-
merical integration of the non-differential term on the boundary S corresponding to the
different finite element pairs [16,17]. The penalty and stabilized finite element methods
and their two-level mesh methods for steady problem were studied in [2, 4,22-25]. In
these works, all numerical experiments were displayed only for small Reynolds number.
It is well known that for the incompressible flows at high Reynolds number, Navier-
Stokes equations are the domination of the convection and the flows are very unstable.
Thus, it is difficult to make the numerical simulation of the incompressible flows effi-
ciently.

There are some stabilized methods to overcome the difficulty in simulating the incom-
pressible flows at high Reynolds number numerically, such as the variational multiscale
method [13, 14, 34, 35], the subgrid method [11,21], the defect-correction method [18-20,
29], etc. The defect-correction method is an iterative improvement technique and can in-
crease the accuracy of the solution without refining the mesh, so it has been successively
applied to Navier-Stokes equations at high Reynolds number. W. Layton firstly studied
defect-correction method for the steady incompressible flows at high Reynolds number
in [19]. Recently, H. Qiu and L. Mei studied the two-level defect-correction method for
steady Navier-Stokes problem by using the stabilized finite element method [30].

In this paper, we combine defect-correction method with two-level mesh technique to
solve the problem (1.1) at high Reynolds number with friction boundary conditions (1.2)
numerically. Since the variational formulation of the problem (1.1)-(1.2) is the variational
inequality problem, there exist some differences between our method for the problem
(1.1)-(1.2) and those for Navier-Stokes equations (1.1) with Dirichlet boundary condi-
tions. The main idea of our two-level method is to solve a nonlinear variational inequal-
ity problem of Navier-Stokes type at the defect step on the coarse mesh and solve a lin-
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earized variational inequality problem at the correction step on the fine mesh. Moreover,
we have to construct appropriate iterative algorithms to solve two variational inequality
subproblems in practical computations.

2 Preliminary

Let L?(Q) denote the Lebesgue space of square-integrable functions over Q with norm ||-
|| and inner-product (-,-). Let H"(Q)) with m€IN denote the Sobolev space of all functions
having square integrable derivatives up to order m over () with the classical Sobolev
norm ||-||,,. We use the boldface type H™(Q) and L*(Q) to denote the vector Sobolev
spaces H"(Q))? and L?(Q)?, respectively. Throughout this paper, the symbols C,Co,Cy, - -
are used to denote some positive constant which are independent of the mesh parameter
h,H, the viscosity y, and may take different values even in the same formulation.
For the mathematical setting, we introduce the following function spaces:

V={ucH!(Q), ulr=0, un|s=0}, Vo=H}(Q),
V,={ueV, divu=0}, M:L%(Q):{qeLz(Q),/quzo}.
@)

The norm in V is defined by

1/2
||v||V:(/Q]VV]2dx) , WeEV.

Then ||-||v is equivalent to ||-||; due to Poincaré inequality. We introduce the following
bilinear forms a(+,-) and d(+,-) on VxV and V x M, respectively, by

a(u,v):y/QVu:Vde, d(v,q):/ﬂqdiv vdx,

and a trilinear form on VxV xV by
b(u,v,w):/Q(u-V)v-wdx%—%/Q(diV u)v-wdx
:%/Q(u-V)v-wdx—%/Q(u-V)w-vdx.

For all u,v,weV, it is easy to check that b(u,v,w) satisfies:

b(u,v,w)=—b(u,w,v), (2.1a)
b(u,v,w) < NlJully [v]lv [wllv- (2.1b)

Given f € L2(Q)) and g € L?(S) with ¢ >0 on S, based on the above notations, the
variational formulation of the problem (1.1)-(1.2) reads as: find (u,p) € Vx M such that
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for all (v,q) eVxM

d(u,q) =0, (2.2)

{ a(u,v—u)+b(uuv—u)+j(ve)—j(ur) —d(v—u,p) > (fv—u),
with j(v;) = [5g|ve|ds. It is obvious that the problem (2.2) is the variational inequality
problem of the second kind with Navier-Stokes operator. N. Saito in [33] has proved that
b(-,-) satisfies the inf-sup condition on V x M, i.e., there exists some positive By >0 such
that

d(v,
Bollgll < sup 1 V74)

vev [IVllv

Then the variational inequality problem (2.2) is equivalent to: find u € V,; such that
a(u,v—u)+b(u,uv—u)+j(ve)—jlur) > (f,v—u), VYveV,. (2.3)

Now we recall the existence and uniqueness result of the solution to the problem (2.3)
established in [25].

Theorem 2.1. If the following uniqueness condition holds:
4 N(IA N8l s)
1”2

then the variational inequality problem (2.3) admits a unique solution u € V; satisfying

<1, (2.4)

K
HquSﬁ(l\lellgllLZ(s)), (2.5)
where k1 > 0 satisfies

|(F0) (o) <mr (Al +lIgll2s)) lollv, Vo eVs.

Remark 2.1. Since the problem (2.2) is of the form of variational inequality, then the ap-
propriate iteration algorithms are needed in the practical computation. In this paper, we
use Uzawa iteration algorithms in [16,27], which are based on the following equivalent
variational equation of the problem (2.2): find (u,p,A) € VX M x A such that

a(u,v)+b(u,u,v)—d(v,p)+/g/\deS: (f,v), Wev,
S
d(u,q)=0, VgeM, (2.6)

Aur = |uq| on S,

where
A={y€L*(S): |y(x)|<1onS}.

The equivalence can be proved by using a similar way for Theorem 3.1 in [27].
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3 Two-level defect-correction method

As mentioned in Section 1, the classical Galerkin finite element methods become unstable
for the numerical approximation of the incompressible flows at high Reynolds number.
In this section, we give the defect-correction finite element approximation. Let 7, = {K}
be a quasi-uniform family of triangular partition of () into triangles of diameter not
greater than 0 <7 <1. The corresponding ordered triangles are denoted by K;,Kj, -, K.
Let 7;=diam(K;), i=1,---,M, and y=max{n,72,---,m}. Let e’ =0KNS. {Q;} "1 are all
vertices of triangles in 7y, which are located in S and arranged in ascending order along
S. Then SNT={Q1,Qu+1}- Let P,(K) be the space of the polynomials on K € 7, of degree
at most r. Based on Taylor-Hood element, define the finite element subspaces of V and
M, respectively, by

W, ={v,€C(Q), v;[xeP>(K), VKeT;}, V,=W,NYV,

V077 :W;?mV() CVW, M’? = {’177 S C(Q), q77|1< S Pl(K), VK e E}QM
For approximating functions defined on the boundary S, we define

Ay= {P’n € c(?), P’n’e’ EPZ(EI)I P’n(Ql) :VW(QmH) =0}NA.

For each p;, € Ay, the discrete projection operator Py, is defined by

+1, if u,(Q)>1,
P, (py) =14 my(Q), if [y (Q)I<1,  vQe{Qi}rt.
-1, if u,(Q)<—1,

Under the above choice of V,, and M;;, there exists some positive constant ; > 0 inde-
pendent of # such that

d(vy,4y)
ullayl< sup =TI @)
VWGVOU V7’] HV
To obtain the error estimates, we assume the following approximation properties:
inf {[lv—vyl+7lv=vylv}<Cr’|lvlls, vveH(Q), (3.2a)
Vi&Vy
inf [lg—qy [ <Cr?[ql2, VgEH*(Q).  (3.2b)
€My
From the trace inequality ||v||;2(s) < C||v||"/?||v||}/2, one has
: 5/2 3
V;g‘f]WHV_VWHLZ(S)SCW vz, YveH’(Q). (3.3)
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From now on, H and h with h < H are two real positive parameter. The fine mesh
partition 7, is generated by a mesh refinement process from the coarse mesh partition
Tr. The finite element space pairs (Vy, M) and (Vy,Mpy) are corresponding to the tri-
angulations 7, and 7y, respectively. Let A; and A, be two stabilized parameters. The
two-level defect-correction finite element method for the approximation of the problem
(2.2) is constructed as follows:

Step I: Solve a defect Navier-Stokes type variational inequality problem on the coarse
mesh:

find (up,py) € Vg x My such that

a(ug,vg—uy)—d(vyg—ugy,py)+b(uy,uy, vy —uy)
AH . , (3.4)
+7a(uH/VH —uy)+j(vee)—jlupr) > (,vu—un), VvgeVy,

d(uH,qH) =0, VC]HEMH

Step II: Solve a correction Navier-Stokes type variational inequality problem correspond-
ing to Newton linearization on the fine mesh:

find (uy,py,) € Vi, x My, such that

a(wp, vy —uy) —d(vy,—uy, pp) +b(ug,uy, v, —uy) +b(wy,up, v, —uy)

Arh . .
—|—7a(uh,vh—uh)+](vhr)—](uhr) (3.5)

Ash
> (f,vh—uh)+b(uH,uH,vh—uh)+%a(uH,vh—uh), Vv, €Vy,

d(uh,qh)zo, thEMh.

First, we estimate the solution uy by the classical argument on the coarse mesh under
the uniqueness condition (2.4). Taking (vy,qn)=(0,pn) and (vy,qn) = (2uy,py) in (3.4),
we get

aouLuH»+4§anuﬂuH>=<ﬂuH>—j0uh»

from which one has

K
sl < = 61+ glhizge) < 36

The existence and uniqueness of (ug,pr) € Vi x My follows from the classical results of
the variational inequality problem (see Theorem 1.6.1 in [10]) and Navier-Stokes equa-
tions (see Theorem 4.3.1 in [9]) in finite element spaces. Moreover, we can prove that the
finite element approximation solution (ug, pg) is of the following error estimate.
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Theorem 3.1. Under the uniqueness condition (2.4), let (u,p) eV M and (up,py) € Vg X My
be the solutions of (2.2) and (3.4), respectively. Then there exists some Co >0 such that

plle—upllv+llp—pul
< i — i _ 1/2 . _
_Co<v;g§HuHu villv+ inf /e —omel| 2+ inf llp aull+uMH).  (37)

Proof. Taking v=up and v=2u—vy in the first inequality of (2.2) and summing up the
resulting inequalities yield

a(w,ug—vy)+b(u,uug—vy)+j(ugs) —2j(ur)
+j(2ur—vH) —d(ug—vy,p) > (f,up—vhH).

From (3.4), one has

a(ug—u,uy—vy)
<b(u,u,ug—vy)—b(up,up,ug—vy)+j(vhs) —2j(ur)

. MH
+](2uT—vHT) —d(uH—vH,p—pH) — 1761(LIH,L1H—VH).
Thus, we have

pllug—vuly
<la(u—vg,ug—vy)|+|b(w,u,ug—vy)—b(ug,uyg,ug—vy)|
+1j(vae) =2j(ur) +j(2ur —vpe ) [+ |d(ug —vE,p—pH)|

MH
-+ TH(IIH,LIH—VH)
=L+---+1Is. (3.8)

From Holder inequality and Young inequality, I; and I5 can be estimated, respectively,
by

L <upllu—vgllv|ug—vhllv < %HHH—VHH%NLZVH“—VHH%//

and
MH
ISSMHHHHHVHHH—VHH\/Sy411\] lug—va|v
2172
H 2 WAMTH
SgHuH_VHHV_'_ 8N2 *

We rewrite I, as

b(wu,uy—vy)—b(up,up,ug—vpy)
=b(u—vy,uuy—vy)+b(vy—uy,uug—vy)+b(ug,u—vy,ug—vy).
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Then from (2.1b), (2.4), (2.5) and (3.6), I; is bounded by

L<N(|[ullv|+ luglv)la=vallvag—vulv+Nlalv|ug—val}

<Ela—valv s —vlly+§ s —vil

<l —vall}+ S lla—vil .
Using the triangular inequality, we estimate I3 as

I3 <2|[gl[r2(s) llur = Vil 12(s)
By the following identity
d(upg—vy,p—pu) =d(un—vu,p—qu) +d(W—Vu,qu—pn),

I satisfies

14<HuH—VHHvHP—QHH +lu—vulvillga —pal

—HuH VHHv+—HP qul*+€illgn— PHH2+42HH villy,

where ¢; is some positive constant determined later. Combining the above estimates into
(3.8), we get

1 1
Ju- uHHv<C1<Hu villy+ = e vire [+ lp—anll +A1H)

7
lqe—pH| +

+W e, \/—Hu \ 3.9)

Next, we estimate ||py—gp|| in terms of (3.1). For all wy €V, taking v=utwpy and vy=
uytwy in the first inequalities of (2.2) and (3.4), and subtracting the resulting equations
lead to

AMH
a(u—uy,wy)+b(u,uwy)—b(uy,uy,wgy)— 17ﬂ(uH/WH) =d(wy,p—pH).

Then we have

A(Wr,qu—PH)

AMH
=d(wy,qu—p)+a(u—uy,wg)+b(u,u,wy)—b(ug,uyg,wgy)— 1751(uH,wH)

MH
=d(wpy,qg—p)+a(u—uy,wgy)+b(u—uy,u,wy)+b(uy,u—uy,wg)— lTEl(uH,WH).
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It follows from (3.1) that

Billgr —pull <llp—qul+(N(|lullv +lluallv) +u)[[u—uglly +A H|ugllv

3 MH
<llp=aull+ 2 la—willv+E
Combining (3.10) into (3.9) and taking
1= 'Bl
6C2\/ﬁ,

we obtain

C
pllu—uplly < (ullu=vallv+/llae =Vl )+l p—gul+pd H).

The error estimate (3.7) for the pressure also holds if we use (3.10) again.

3.1 Oseen linearization on coarse mesh

(3.10)

In order to construct Uzawa algorithms described in Section 4, the Oseen linearization
is used to linearize the nonlinear term in (3.4). Given the iteration initial value (u%,p?)

which is defined by
{ a(uly, vy —u}y) —d(va—uly, pyy) +j(Vee) —j(ud,) > (fvg—up),
d(udy,qu) =0,

for all (vi,qu) € Vi x My, we solve (u},p};) € Vux My, n=1,2,---, by

a(ufy,ve —ujy) —d(vi =, piy) +b(ufy ul, v —uf)
Vi )+ (Vi) — ) > (v =),

d(u};,qm)=0.

By the classical argument, it is easily shown that u%; and u?; satisfy

ol <= QU+l l206) < g
and

K1 i

[ufyllv <

(3.11)

(3.12)

(3.13)

(3.14)

Now, we begin to prove the error estimates for (u},, p};). First, we have the following

lemmas.
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Lemma 3.1. Under the uniqueness condition (2.4), let (up,pu) € Vux My and (ud;,p%) €
Vi x My be the solutions of (3.4) and (3.11), respectively. Then we have

K1 (p+4MH

s —aialy < 2D U gl (3.15)
2x1(p+4MH

Bullpn < 252D (4 gz (3.150)

Proof. Taking (vi,qu) = (u?,p% —py) in (3.4) and (vy,qn) = (ug,pr—pY) in (3.11), and
summing up the resulting inequalities, we obtain
MH
pllur —u | Sb(uH/uH/u?{—uH)+175!(11H1119L;—HH)
<N|lup || [luf—unlly +A1Hllupllv o — vy

< (B AaH) sy 1w, —unllv
“(p+4M H) 0
< A+ g s [~
which completes the proof of (3.15a). For all wy € Vyg, taking vy =uy+wpy and vy =

uY;+=wy in the first inequalities of (3.4) and (3.11), and subtracting the resulting equations
yield

d(Wi,pr—phy) =a(up —uly, wiy) +b(up,up,wi) + MTHH(HH/WH)-
From (3.1), we get
Billpe =Pl < wlllup—uyllv +Nlug||F+ A Hlugllv
< e+ Iz

So, we complete the proof. O

Lemma 3.2. Under the uniqueness condition (2.4), let (up,pr) € Vux My and (v}, p};) €
Vi x My be the solutions of (3.4) and (3.12), respectively. Then for n € N, we have

K1 (u+4A1H Nx n ;
14(;+4A11H) <(V+A11H)2) A+ gl 2 (s) ™+, (3.16a)
9K1(‘u—|—4)\1H) Ny

—pt |l <
Bullpr—phl < =& <(u+A1H

pllug —ulf ||y <

=) A+ sz @16
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Proof. Taking (vy,qu) = (u},p};—pu) in (3.4) and (vy,qn) = (up, pa—p¥;) in (3.12), and
summing up the resulting inequalities yield

H
a(u”H—uH,u”H—uH)+17a(u”H—uH,u”H—uH)

<b(ug,ug,ufy—uy)— b(u”H_l,u”H,u”H—uH)
=b(uy —uanl,uH,u”H—uH).

By using (2.1b) and (3.6), we derive

Nx _
Jug—uflv Sm(l\fﬂ+HgHLz(5))HuH—u”H v

IN

Nx 2 .
(G e gl Tt 2l <

NKl n 0
< (G 1+ Il lun =iy,

which together with (3.15a) yields (3.16a). The estimate (3.16b) is directly from (3.1) and
(3.16a). 0
Remark 3.1. The uniqueness condition (2.4) implies
NK1 1
m(”f\\ +18llz2(s)) < 1
Thus, the upper bounds for |juy—u},||v and ||py —p¥,|| can be revised to

o K](‘u+4)\1H) 1 n
plhan =l < == U+ o) ()

9K1(u+4A1H) 1\ 7
_pht || = T _
Brllp—pll < =52 I+ gz ()
As a direct consequence of Theorem 3.1 and Lemma 3.2, we derive the following error
estimates for (u};,p};).
Theorem 3.2. Under the uniqueness condition (2.4), let (u,p) € Vx M and (ul};, p};) €Vu x My
be the solutions of (2.2) and (3.12), respectively. Then for n € N, we have
pllu—ufyllv+Ilp—pil
- _ _ 1/2
§C3<v;fel{,HVHu o |lv+/ue vHTHLZ(S)
. Ny 4
f [|p— MH)+M(———0 i, 3.17
+,inf [p=anl+pnH) +M( o) 1+ gls) 6.17)
where M >0 depends on u, A1, B1, k1, H. Furthermore, if (u,p) cH?(Q) x H?(Q), then

Nx n
n n 5/4 1 1
pl—selly+ 11— ply | < Ca(HY 4 A H)+ M( o =Fss ) (Al glegs)™ . @.18)
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3.2 Newton linearization on fine mesh

Based on the above discussion in Subsection 3.1, we replace uy in (3.5) by uf;. In this
case, the problem (3.5) on the fine mesh is rewritten as

find (uy,pp,) € Vi, x M, such that

a(up, vy —wy) —d(vy,—up, pp) +b(ufy,w, v —uy) +b(up,ufy, v, —uy)

Ash . ,
+7a(uh,vh —uy)+j(Vie) —j(upr) (3.19)

Aoh
> (f,vh—uh)+b(u”H,u’f_I,vh—uh)+%a(unH,vh—uh), YV, EV),

d(uh,qh) :0, th = Mh.
Setting (vy,,q,) = (2w, py) and (vy,,q;,) = (0,py) in (3.19), we get
Ash
a(uy,uy) +%a(uh,uh) +b(uy,ufy,uy)
: n o.n Axh n
=(f,w) — j(wpr) +b(ug,ufy,wy) + 7ﬂ(uH,uh)- (3.20)
Under the uniqueness condition (2.4) and from (3.14), the left hand side of (3.20) satisfies
Ak
a(ay,uy) "‘%a(uh/uh) +b(uy, uf,uy)
> (A Aah) lwy [ — Nwfy v [[un ]|
3
> (S A0h) -
The right hand side of (3.20) is bounded by
: no.n Azh n
(f,uy) —j(up) +b(ufy,uf,upy)+ 7a(uH,uh)

<wcr (|l + 182 s) 1wl v+ Nluks 5 [ an v + Aok uf v ] v-

Then we obtain

5u+4(AMH+Ash)
1+ A H) (3 + 4o

||uh||v§( )K1(||f|\+||g||L2(s))

4x
<=+ glzs) < - (321)

Next, we give the error estimates between the finite element approximation solution
(uy,py,) on the fine mesh and the exact solution (u,p).
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Theorem 3.3. Under the uniqueness condition (2.4), let (u,p) € VOH?>(Q) x MNH?(Q) and
(up, pr) € Vi, x My, be the solutions of (2.2) and (3.19), respectively. Then there exist some hy, Ho,
Mo, Az and ng € N such that when h<hg, H < Hy, A < Ao, A2 < Aog and n > ng there holds

ulle—wyllv +lp—pull < Cs (4 =y |5+ (Ao +m)llu—ufyllv),  (3.22)
where uy; is the solution of (3.12).
Proof. Taking v=u;, and v=2u—vy, in the first inequality of (2.2), respectively, we have

a(u,u,—vy)+b(w,u,u;—vy)+j(uye) —2j(ur) +j(2ur — vy ) —d(uy — vy, p)
2 (f/uh _Vh)/

which together with (3.19) leads to

a(uy—u,u,—vy) <b(uw,u,uy,—v,)—b(uf,uy,u,—vy) —b(uy,uf,u,—vy)
+b(ufg,upw,—vi) (Ve ) = 2j (ue) +(2uc — i)

Aok Aok
—d(u,—vy,p—pn)— %a(uh,uh—vh)+%a(u”H,uh—vh).

Thus, we get

pllay—vi |3 <la(u—vy,w, —vy) |+ |b(u,u,u, —vy,) —b(u}y,wy,u,—vy,)
_b(uh/unH/uh _Vh) +b(unH/unH/uh —Vh)’
+1j(vie) =2j(ur) +(2uc = Vie ) [+ |d (wy =i, p—p)|

Aoh Arh
+‘Lﬂ(u?{/uh_vh) - La(uhruh_"h)‘
H I3
=h+-+]Js (3.23)

By the similar arguments for I;, I3 and I in the proof of Theorem 3.1, we can estimate Jj,
J3 and J4, respectively, by

[y —vi || +4p|fa—vy 7,

]1_16

and
J3<2[[gllr2(s)llwe = Vil 12(s)

and

]4§EHuh VthJr—HP %H2+€2HPh_%H2+42Hu vill¥,
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where ¢; is some positive constant determined later. An alternative to J is

J2=|b(uy — vy, u,u,—vy) +b(vy,—u,u,u,—vy,) +b(uy, vy —u,u;, —vy,)
Je J7
+b(vy —wy, v, —ufy,w, —vy) +b(uf — vy, v —uf,uy —vy) |

Js Jo

Then using (2.1b), (2.5), (3.18), (3.21) and Young inequality, we have
Jo <N|lulv [[up —vall3 +Nlallv[[u=vi|lv | un —vallv
<E iy —vall} + L =il + vl 13,
16 4
and

J7 <Nl v [[a=vullv[[ap —villy < %Huh—VhH%ﬂr‘lVHu—VhH%//

and
Js <N|lvp—uy||v [lwp—vi |5

<N([[u=vyllv+[[u—uafy||v)[uy,—vill5

Nk n
<Colh -+ H St M H M s ) (16 glhis )™ vl

with C¢ >0 independent of h and H, and

NZ
Jo < Nty =i g vl < gl —vilfy+ == vy
Finally, we estimate |5 by
/\zh /\Zh

Js= 7”(“111—1_Vh/uh_vh) - 7a(uh_vhruh_vh)

<Ashllay—vi [+ A2k |[ug — vy ||v [, —vilv
42202

e e [ e I 2
Combining these estimates into (3.23) and for sufficiently small i, H, A1, A2 and suffi-
ciently large 7 such that

Nx n "
Coll+ Y 2 H+ M( s ) I+l llhags)™ ) + A< g

(y+MH 16’
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we get
1 1/2 1 1 n 2
_ < _ _ Zlly— v, —
Ju—wllv <C7 (|l VthJr\/ﬁHur Virella(s) + o P = anll+ 2 lhon = v
/\zh CgSz 1
+ = ||v, —u? +——\|pr—aqn||+ u—vy|y. 3.24
" vh H||v> \/ﬁHPh an 282\/ﬁ” nllv (3.24)

For all wj, € Vy;,, we choose v=u+twjy, in (2.2) and v, =u;, =wj, in (3.19) and obtain
a(u—uy,wy)+b(u,u,wy) —b(uf,uy,wy)—b(uy,uf,wy)

Axh
+b(ufy, g, wi) — %“(uh — Uy, Wi) =d(Wy, p—pp)-

From (3.1) and

b(w,u,wy,) —b(ugy,uy,wy) —b(wy,ug, wy) +b(af, uf, wy)
=b(u—uy,u,wy,)+b(u,u—vy,wy,)—b(u—u,,u—v,,wy)
+b(w, —ufy, v, —uf,wy) —b(ufy,w, — vy, wy)
<(N|ullv[[a—wuy|lv+Nlully [[a=vyllv+N|u—vy|lv[[a—wlv)|wlv
+N([[lu—w|lv+[[a—ufllv) (la—villv+ [la—ug|[v)[[wa v
+Nl[uf|lv([[la—wpllv +[[a—vuv)[[walv
<Co(u+1+lu—ufy[|v) [a—wp,llv|wllv+Nlu—uaf [ wgllv
+Nllu—ufllv [fa—vallv|[wlv+Croplla—val[v[wailv,

we have
Billpn—aull <llp—aull+Co(p+A2h+1* + [lu—ufy||v) [u—w, ||y + A2k [u—uflv
+Nu—uf |5+ Nllu—uflv|[u—vy|v+Cropllu—vy|lv. (3.25)
For sufficiently small /1, H, A1, A, and sufficiently large n such that

)Lzh+h2+ ||u—u”H||V < C9]/l,

taking e, = % and substituting the above estimate into (3.24), we get

[

pllu—wylly <Cs(lu—vyllv +|lp—gull+ ||ur—Vhr||¥(25)

Hu—ufy[§+ (A2 +h)h|u—ufllv)
<Cs(h** + [lu—ufy [} +(Az+1)hllu—ufy|v).

The estimate for pressure is immediately derived from (3.25). O
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4 Numerical results

In this section, the numerical results are provided to confirm the convergence rates
derived in Theorem 3.3. We implement all programs by the finite element software
FreeFem++ [12]. We select the appropriate body force f such that the exact solution of
(1.1) is of the following forms:

u(x,y) = (u1(x,y),u2(xy)), p(xy)=(2x-1)(2y—1),
1 (x,y) = —2*y(x—1)(3y—2), uz (x,y) =xy* (y—1)(3x—2),

in the unit square Q= (0,1) x (0,1). A class of uniform triangular meshes of the unit
square is made by the mesh generator in FreeFem++; see Fig. 1 for illustration.

It is easy to verify that the exact solution u satisfiesu=0onT'={(x,y)|x=0, 0<y <
1}U{(x,y)|ly=0, 0<x<1} and u, =0 on S=S5,USy, where S;={(x,y)[x=1, 0<y<1} and
So={(xy)ly=1, 0<x<1}. The tangential vector T on S; and S; are (0,1) and (—1,0),
respectively. Thus, we have

or=4uy*(y—1) on Sy,

or=4ux*(x—1) on Sy.
On the other hand, from the friction slip boundary conditions (1.2), one has |o¢| < g.
Therefore, the function g can be chosen as g=—0: >0 on S=5;US,.

Following Algorithm 4.1 in [16], we use the following Uzawa algorithms to solve the
discrete variational inequality problems (3.11)-(3.12) and (3.19).

Step I: For
/\?{ € Ap is given, 4.1)

where Ay is defined in Section 3, then we solve the initial value (u%,p%) on the coarse

1

0.8

0.6

>

0.4

0.2

0

[ 0.2 0.4 0.6 0.8
X

Figure 1. The FEM meshes of the unit square with h=1/36.
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mesh by
El(ll(l)_l,VH) _d(vH’p(I)-I) = (f,VH) — /g)\?qVHTdS, VVH & VH, (4 2)
S )
d(u%,C]H):O, VQHEMH
Step II: We solve (u},p};) € Vi x My and A}, with n €IN" on the coarse mesh by
At i) —d(vig, ) b (u L wt vi) 4+ 1 gl v = (£ vir) — / QA= ly o ds,
d(ufy,qm) =0,
and
A= Pa, (Al +pogufy), >0, (4.4)

where P, , is defined in Section 3 and p>0 is a positive parameter. The stopping criterion
used in Step I1 is to require ||u?; —u}; '|| to be less than 10~°.

Step III: For
A€ Ay is given, (4.5)

we solve (u}’,p") and A} with m € N on the fine mesh by

Ah
a(uj!,vy,) —d(vy,p)') +b(uf,w),vy,) +b(u),uf,v,) + %a(uh Vi)

Aah
:(f,vh)—/Sg/\;z”_lvhfds—l—b(u”H,u”H,vh)—I—%a(unH,vh), Vv, €Vy, (4.6)

d(u,’z”,qh) =0, th eM,,
and
At =P, (A~ +pguj),  p>0. 4.7)

The stopping criterion used in Step II is to require [[u}’ —u/" || to be less than 10~°.
To confirm the convergence rates derived in Theorem 3.3, we take A1, A, H and & to
satisfy H=0O(h'/?), Ay =O(H'Y*) and A, = O(1). Then we have

ulla—wyllv+ | p—pul < CH2. (4-8)

Thus, in the numerical experiments, we choose h = HZ, A1 =0.1x H/%, A, =0.1 for six
coarse meshes H=1/2i,i=2,---,7. On the other hand, the parameter p in Uzawa algo-
rithms (4.4) and (4.7) is taken as p = 0.5y for differen viscosity u=1/Re. Table 1 displays
the numerical results for Re =1000. The convergence rates for the velocity in H' norm
and the pressure in L? norm are shown in Fig. 2, from which we can see that the these
two convergence rates both reach the theoretical rate derived in (4.8). For fixed H=0.1
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Table 1: Numerical errors for different meshes with Re=1000.

1/H 1/h Tu—uyly Tu—u, ] Tp—pull CPU (s)
lullv uf [ell

4 42 373719x1071 1.94203x102 3.02440x10~3 19.715
6 62 5.28079x10°2 1.21062x1073 5.97626x10~* 51.300
8 82  1.27585x1072 1.66902x10~% 1.89105x10~* 104.327
10 102 4.20740x1073 3.78787x10~° 7.74590x10~° 202.252
12 122 1.69559x 1073 1.40288x10~> 3.74753x10~° 338.955
14 142 7.86056x10~% 5.10885x10°°% 2.02664x107° 627.433

Table 2: Numerical errors for different Reynolds numbers with H=0.1 and h=0.01.

Re

Tu—uy[lv
[ullv

Hu_uhH
[[u]

CPU (s)

1000
2000
3000
4000
5000
6000
7000
8000
9000
10000

420740x1073
8.33878 x 103
1.23476 x 102
1.62023 x 102
1.98922 x 102
2.34221 x 102
2.68025x 102
3.00486 x 102
3.31741x 102
3.61920 x 102

3.78787 x 10~°
7.59606 x 10~°
1.10744 x 104
1.51006 x 10~*
1.83698 x 10~*
2.28958 x 104
2.49555x 104
2.84513x 104
3.24598 x 104
3.56464 x 104

7.74590 x 10>
7.74593 x 10~
7.74596 x 10~
7.74607 x 10~
7.74614 x 105
7.74642 x 105
7.74638 x107°
7.74660 x 10~
7.74694 x 10~°
7.74715x10~°

202.252
327.045
439.783
544.076
670.219
759.349
853.428
944.610
1194.11
1323.12

Rate

0.9013

0.9607

0

/
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and h=0.01, we provide the numerical results for different Reynolds numbers Re=1000;,
i=1,---,10 in Table 2, from which we can see that the H' errors for velocity and L? er-
rors for pressure are of the first order and the zero order with respect to Re, respectively.
These numerical results are in good agreement with (4.8). Finally, we show the contour
plots of exact and numerical velocity and pressure to exhibit the approximation profiles
in details. Figs. 3-5 present the exact solution, the numerical solutions with Re = 5000

—— rate for velocity
-5 —&— rate for pressure /
theoretical rate - —

log(error)

L
-5

. .
-45 -4
log(h)

L
-35

Figure 2: Convergence rates of velocity and pressure.
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Figure 4. Contour plots of numerical solution with Re =5000, H=0.1, 1 =0.01. From left to right: two
components of velocity and pressure.

\\\\\\\\

N—

Figure 5: Contour plots of numerical solution with Re =10000, H=0.1, h =0.01. From left to right: two
components of velocity and pressure.

and 10000, respectively. From these three groups of contour plots, we can observe the
good coincidence with each other to illustrate the efficiency and stability of the present
two-level defect-correction method.
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