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Abstract. In this paper, we obtain the boundedness of the parabolic singular integral oper-

ator T with kernel in L(logL)1/γ (Sn−1) on Triebel-Lizorkin spaces. Moreover, we prove the

boundedness of a class of Marcinkiewicz integrals µΩ,q( f ) from ‖ f‖
Ḟ

0,q
p (Rn)

into Lp(Rn).
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1 Introduction

Let Sn−1 denote the unit sphere on the n-dimension Euclidean space Rn and βn ≥ βn−1 ≥

·· · ≥ β1 ≥ 1 be fixed real numbers. For each fixed x = (x1, · · · ,xn) ∈ Rn, the function

F(x,ρ) =
n

∑
i=1

x2
i

ρ2βi

is strictly decreasing of ρ > 0. Therefore, there exists a unique ρ = ρ(x) such that F(x,ρ) = 1.

Define ρ(x) = t and ρ(0) = 0. It is proved in [10] that ρ is a metric on Rn and (Rn,ρ) is called

the mixed homogeneity space related to {βi}
n
i=1. For any x = (x1,x2, · · · ,xn) ∈ Rn, let

x1 = ρβ1 cosϕ1...cos ϕn−2 cos ϕn−1,
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x2 = ρβ2 cosϕ1...cos ϕn−2 sin ϕn−1,

. . . . . . . . . . . . . . . . . . . . .

xn−1 = ρβn−1 cos ϕ1 sinϕ2,

xn = ρβn sinϕ1.

Then dx = ρβ−1J(x′)dρdσ , where β =
n

∑
i=1

βi,x
′ ∈ Sn−1, and ρβ−1J(x′) is the Jacobian of the

above transform. In [10] Fabes and Rivière pointed out that J(x′) is a C∞ function on Sn−1, and

1≤ J(x′)≤ M. For λ > 0, let Bλ = diag[λ β1 , · · · ,λ βn ] be a diagonal matrix. We say a real valued

measurable function Ω(x) is homogeneous of degree zero with respect to Bλ if for any λ > 0

and x ∈ Rn

Ω(Bλ x) = Ω(x). (1.1)

Moreover, we assume that Ω(x) satisfies the condition

∫

Sn−1
Ω(x′)J(x′)dσ(x′) = 0. (1.2)

Let α > 0 and

L(log L)α(Sn−1) =

{

Ω :

∫

Sn−1
|Ω(y′)| logα(2+ |Ω(y′)|)dσ(y′) < ∞

}

.

It is well known that the following relations hold:

Lq(Sn−1)(q > 1) ⊆ L log+ L(Sn−1) ⊆ H1(Sn−1) ⊆ L1(Sn−1),

L(log L)β (Sn−1) ⊆ L(log L)α(Sn−1),0 < α < β ,

L(log L)α(Sn−1) ⊆ H1(Sn−1), α ≥ 1,

where H1(Sn−1) is the Hardy space on the unit sphere. While

L(log L)α(Sn−1) 6⊆ H1(Sn−1) 6⊆ L(logL)α(Sn−1), 0 < α < 1.

For γ ≥ 1, let ∆γ(R
+) be the set of all measurable functions h on R+ satisfying the condition

sup
R>0

(

R−1

∫ R

0
|h(t)|γ dt

)1/γ

< ∞,

and ∆∞(R+) = L∞(R+). Also, define Hγ(R
+) to be the set of all measurable functions h on R+

satisfying the condition

‖h‖Lγ (R+, dt
t
) =

(

∫

R+
|h(t)|γ

dt

t

)1/γ

≤ 1,


