
Analysis in Theory and Applications
Anal. Theory Appl., Vol. 29, No. 4 (2013), pp. 373-383

DOI: 10.4208/ata.2013.v29.n4.6

Approximation Properties by q-Durrmeyer-Stancu

Operators

Gürhan Içöz1,2,∗ and Ram N. Mohapatra1

1 Department of Mathematics, University of Central Florida, Orlando, FL 32816,
USA
2 Department of Mathematics, Gazi University, Ankara, Turkey

Received 21 September 2013; Accepted (in revised version) 16 November 2013

Available online 31 December 2013

Abstract. In this paper, we are dealing with q-Bernstein-Durrmeyer-Stancu operators.
Firstly, we have estimated moments of these operators. Then we have discussed some
approximation properties and asymptotic formulas. We have obtained better estima-
tions by using King type approach and given statistical convergence for the operators.
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1 Introduction

We first mention some notations of q-calculus. Throughout the present article q is a real
number satisfying the inequality 0<q≤1. For n∈N,

[n]q =[n] :=

{
(1−qn)/(1−q), q 6=1,

n, q=1,

[n]q!=[n]! :=

{
[n][n−1]··· [1], n≥1,

1, n=0,

and

(1+x)n
q :=





n−1

∏
j=0

(1+qjx), n=1,2,··· ,

1, n=0.
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For the integers n, k, n≥ k≥0, the q-polynomial coefficients are defined by

[
n
k

]
=

[n]!

[k]![n−k]!
.

The q-analogue of integration, discovered by Thomae [16] and Jackson [10] in the interval
[0,a], is defined by

∫ a

0
f (t)dqt := a(1−q)

∞

∑
n=0

f (aqn)qn, 0<q≤1 and a>0.

In [3], the two q-Gamma functions are defined as

Γq(x)=
∫ 1/1−q

0
tx−1Eq(−qt)dqt and γA

q (x)=
∫ ∞/A(1−q)

0
tx−1eq(−t)dqt. (1.1)

There are two q-analogues of the exponential function ex, see [11],

eq(x)=
∞

∑
k=0

xk

[k]!
=

1

(1−(1−q)z)∞
q

, |x|< 1

1−q
, |q|<1,

and

Eq(x)=
∞

∑
k=0

qk(k−1)/2 xk

[k]!
=(1+(1−q)x)∞

q , |q|<1.

By Thomae [16] and Jackson [10], it was shown that the q-Beta function defined by the
usual formula

Bq(t,s)=
Γq(s)Γq(t)

Γq(s+t)

has the q-integral representation, which is a q-analogue of Euler’s formula:

Bq(t,s)=
∫ 1

0
xt−1(1−qx)s−1

q dqx, t,s>0. (1.2)

Due to the importance of polynomials, a variety of their generalizations and related
topics have been studied (see [5] and [15]). Recently, an intensive research has been con-
ducted on operators based on q-integers. In 1997, G. M. Phillips [14] proposed the fol-
lowing q-analogue of the well-known Bernstein polynomials, for each positive integer n
and f ∈C[0,1], are defined as

Bn,q( f ;x) :=
n

∑
k=0

f
( [k]

[n]

)
pn,k(q;x), (1.3)

where

pn,k(q;x)=

[
n
k

]
xk

n−k−1

∏
s=0

(1−qsx). (1.4)


