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Abstract. We study the existence of standing waves of fractional Schrodinger equa-

tions with a potential term and a general nonlinear term:

iy — (—A)u—V(x)u+ f(u) =0, (t,x) € Ry x RY,

where s € (0,1), N > 2s is an integer and V(x) < 0 is radial. More precisely, we

investigate the minimizing problem with L2-constraint:

E(a) = inf{; /]RN \(—A)%u\z + V(x)|u®> = 2F(|u|)| u € H*(RN), HuH%Z(IRN) = IX}.

Under general assumptions on the nonlinearity term f(u) and the potential term V (x),
we prove that there exists a constant &y > 0 such that E(«x) can be achieved for all
a > wp, and there is no global minimizer with respect to E(x) for all 0 < a < ap.

Moreover, we propose some criteria determining ag = 0 or ag > 0.
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1 Introduction and main results

In this paper, we study standing waves of fractional Schrodinger equations with the po-
tential term and general nonlinearity:

iy — (=A)u—V(x)u+ f(u) =0, (tx) € Ry xRN, (1.1)

where s € (0,1), N > 2s is an integer and the (—A)® is the fractional Laplacian of the
following form:
u(y)

s uix)—
(=A)°u(x) = CnsP.V. /}RN ‘,E_)y‘mzsd%

where P.V. means the Cauchy Principle value on the integral and Cy s is some positive
nprmalization constant, see [7, 14] for details. If u is a standing wave, ie., u(t,x) =
e w(x), then w € H*(RN) and u € R satisfy the following equation:

(—=A)w+ V(x)w— f(w) = —pw, x € RN, (1.2)

We are interested in looking for solutions (w, y#) under the restriction || w||%2(]RN) = .

The fractional nonlinear Schrodinger equation is first discovered by N. Laskin (see [26,
27]) as an extension of Feynman path integral, from the Brownian-like to Lévy-like quan-
tum mechanical paths. For infgy V(x) > 0, there has been a lot of results involving
the existence of the ground states and bound states for (—A)’u + V(x)u = f(x,u) in
RN by variational methods, see [2,4, 19, 21, 34] and the references therein. We note
that[2,4,19,21,34] do not consider normalized solutions. When V(x) = 1, the uniqueness
of radial solutions for (—A)*u + u = u®*! is obtained by [17,18]. When V(x) is periodic,
the existence of ground state solutions is investigated in [1,23,32,39]. For the case V(x)
is allowed to be sign-changing, existence and multiplicity results of nontrivial solutions
are given by [5,13,25].

As for normalized solutions, Cheng [9] requires V' (x) to be coercive besides V(x) > 1.
Du-Tian-Wang-Zhang [16] assume that 0 < V(x) € L2 (RN) is coercive and infgn V(x) =
0. Guo-Huang [20] investigate the normalized solutions of (1.1) in the case V(x) = 0 and
f = f(x,u). Even though the f(x,u) seems more general than f(u) — V(x)u, they are
quite different by the specific assumptions on f. Luo-Zhang [28] study the normalized
solutions to

(=A)u = Au+ plu|"u + |u|P2u.

Ikoma-Miyamoto [22] discuss the existence of standing waves of (1.1) with s = 1. In this
paper, we discuss a totally different case V(x) < 0 is radial.

We focus on the existence of standing waves for (1.1). Namely, solutions of (1.1 of the
special form u(t, x) = ew(x), where 4 € R and w € H*(RN), where H*(RY) is the
fractional Sobolev space (see [7,14]). Throughout the paper, denote

(4,0 (RY) == /IRN /]RN ‘X —);(@(Jiz — zj(y))dxdy’ [u]HS(]RN) = [u, u]i S(RN)*




