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Abstract. It is well recognized the convenience of converting the linearly constrained
convex optimization problems to a monotone variational inequality. Recently, we have
proposed a unified algorithmic framework which can guide us to construct the solu-
tion methods for solving these monotone variational inequalities. In this work, we
revisit two full Jacobian decomposition of the augmented Lagrangian methods for
separable convex programming which we have studied a few years ago. In partic-
ular, exploiting this framework, we are able to give a very clear and elementary proof
of the convergence of these solution methods.
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1 Introduction

In this paper, we consider the generic convex minimization model with linear constraints:

min ) 0i(x)

m
=1

"
s.t. Z Aix; = b;
i=1

x,-exi, i=1,---,m,

(1.1)

*Corresponding author. Email address: hebma@nju.edu.cn (B. S. He)

http:/ /www.global-sci.org/ata/ 262 (©2020 Global-Science Press



S.B. He / Anal. Theory Appl., 36 (2020), pp. 262-282 263

where 6, : " — R (i = 1,---,m) are closed proper convex functions and they are not
necessarily smooth; X; C ER”f (i = 1,---,m) are closed convex sets; A; € R>*" (i =
1,---,m) are given matrices; b € R is a given vector; and ) ", n; = n. The solution set
of (1.1) is assumed to be nonempty throughout our discussion. The Lagrangian function
of the problem (1.1) is

m m
L(xl,xz, cee ,xm,)\) = ZGi(xi) — /\T(ZAixi — b), (12)
i=1 i=1

in which A € R’ is the Lagrange multiplier. By adding a penalty term to the Lagrangian
function (1.2), we obtain its augmented Lagrangian function

Lg(x1, -+ xm,A) = i@i(xi) — AT<i Aixi — b) + g” fAixi —b
i=1 i=1 i=1

where 8 > 0 is the penalty parameter for the linear constraints of (1.1). The augmented
Lagrangian method (ALM) originally proposed in [11,13] for the problem (1.1) reads as

2
, (1.3)

(xll<+1 xk—i—l)

’ 7m
AL — 7k _ﬁ(iAix;(Jrl _ b)
i=1

The ALM plays a significant role in both theoretical study and algorithmic design for
various convex programming models. ALM scheme (1.4) is indeed an application of the
well-known proximal point algorithm (PPA) that can date back to the seminal work [12,
14,15] to the dual problem of (1.1). Throughout, we call (x1,--,xy) and A the primal
and dual variables, respectively.

It is well known that ADMM [3] is powerful for the problem (1.1) when m = 2. In
order to use the separability of the problem, one considers to use the direct extension of
ADMM [3] to solve (1.1) for m > 3. It leads to the following recursion:

= argmin{Lg(x,- - ) X, AF) |lxie X, i=1,---,m},
(1.4)

1.1 The direct extension of ADMM

The k-th iteration begins with a given (x’ﬁ, oo, xk AF), then

Xt € argmin{Lg(xy, xk, -+, 2k, AR) [ x € %X},
k+1 € argmm{ﬁﬁ k+1,x2,' . ,xﬁ,/\k) }xz € f)Cz},

X1 k+1 k1 K ko 2k
eargmm{Lﬁ e T g x e x AR) X € X (1.5)
xkerl Eargmm{Lﬁ (b, xR, AR | X € X},

AR+ — Ak /S(Z;Aixfﬂ _ b).
i=1



