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Abstract. A significant number of studies have been carried out on the generalized
Lebesgue spaces Lp(x), Sobolev spaces W1,p(x) and Herz spaces. In this paper, we
demonstrated a characterization of boundedness of the fractional maximal operator
with variable kernel on Herz-Morrey spaces.
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1 Introduction

In 1991, Kovacik and Rakosnik introduced variable exponent Lebesgue spaces and
Sobolev spaces as a new method for dealing with nonlinear Dirichet boundary value
problem [9]. Then, variable problem and differential equation with variable exponent
are intensively developed. In recent years, many researchers have been interested by the
theory of the variable exponent function space and its applications [16, 17]. For example,
the compactness of Hardy spaces with weighted and variable exponent Lebesgue spaces
was introduced by author [11]. Fractional integral on Herz-Morrey spaces with variable
exponent were introduced by authors [7] and [10]. The boundedness of fractional integral
with variable kernel on variable exponent Herz-Morrey spaces was given by [1]. Bound-
edness of fractional integral with variable kernel and their commutators on variable ex-
ponent Herz spaces was given by [2]. Boundedness of fractional Marcinkiewicz integral
with variable kernel on variable exponent Morrey-Herz spaces was given by [3]. We also
note that Herz-Morrey spaces with variable exponent are generalization of Morrey-Herz
spaces [8] and Herz spaces with variable exponent [8, 13]. Our main goal is to give a
characterization on boundedness of the fractional maximal operator with variable kernel
from MHβ,α

q1,p1(·)(Rn) to MHβ,α
q2,p2(·)(Rn).
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Let 0 < ρ < m, Θ ∈ L∞(Rm)× Ln(Sm−1) and for x ∈ Rm, Θ(X, ·) ∈ Ln(Sm−1), (n ≥ 1)
is homogenous on Rm, Sm−1 denote the unit sphere in Rm. If

a) For x, t ∈ Rm, Θ(x, αt) = Θ(x, t),

b) dν(t
′
) is an element of area in the Sm−1 and

‖Θ‖L∞(RmxLn(Sm−1)) = sup
x∈Rm

( ∫
Sm−1
|Θ(x, t

′
)|ndν(t

′
)
) 1

n
< ∞.

We need the further assumption for Θ(x, t). For t ∈ R, Θ(·, t) ∈ L∞(Rm). It satisfies∫
Sm−1
|Θ(x, t

′
)|ndν(t

′
) = 0, ∀x ∈ Rm.

For n ≥ 1, we say Θ(x, t) satisfies

∫ 1

0

wn(λ)

λ
dλ < ∞,

where wr(λ) denote the integral modulus of continuity of order n of Θ defined by

wn(λ) = sup
x∈Rm, |σ|<λ

( ∫
Sm−1
|Θ(x, σt

′
)−Θ(x, t

′
)|ndν(t

′
)
) 1

n
,

where σ is a rotation in Rm,
|σ| = sup

t′∈Sm−1

|σt
′ − t

′ |.

The fractional maximal operator with variable kernel is defined by

MΘ,ρ f (x) = sup
n>0

1
nm−ρ

∫
|x−z|<n

f (z)|Θ(x, x− z)|dz.

The space Lp(·)
loc (E) is defined by

Lp(·)
loc (E) = { f is measurable : f ∈ Lp(·)(N) for all compact N ⊂ E}.

We denote
p− = ess inf{p(x) : x ∈ E}, p+ = ess sup{p(x) : x ∈ E}.

Denote Γ(E) set of allmeasurable functions p(·) satisfying p− > 1 and p+ < ∞. Also
denote Π(E) the set of all function p(·) ∈ Γ(E) satisfying the M is bounded on Lp(·)(E).
Let Bi = {x ∈ Rm : |x|≤ 2i}, Ci = Bi\Bi−1, χi = χCi , i ∈ Z.


