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Abstract. In the present paper, we deal with Chlodowsky type generalization of the
Baskakov operators, special case of these operators includes Chlodowsky type Meyer–
König and Zeller operators (see [21]). With the help of Bohman-Korovkin theorem,
we obtain some approximation properties for these operators. We give a modification
of the operators in the space of differentiable functions and we also present examples
of graphs for approximation. Finally, we apply these operators to the solution of the
differential equation.
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1 Introduction and Construction of the Operators

Let {ϕn} (n=1,2,···), ϕn : C→ C be a sequence of functions, having the following prop-
erties:

i) ϕn is analytic on a domain D containing the disk B = {z∈C : |z−b|≤b} for each
positive integer n,

ii) ϕn(0)=1 for n∈N,
iii) ϕn(x)>0 and ϕ

(k)
n (0)≥0 for every positive integer n, x∈ [0,∞) and and for every

nonnegative integer k.
In [5], V. A. Baskakov introduced following the sequence of linear operators {Ln},

Ln( f ;x)=
1

ϕn(x)

∞

∑
k=0

f
( k

βn

)
ϕ
(k)
n (0)xk 1

k!
. (1.1)
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Furthermore, if we take ϕn(x) = (1+x)n and replace x by anx in the operator (1.1), we
have

Ln( f ;x)=
1

(1+anx)n

n

∑
k=0

f
( k

βn

)( n
k

)
(anx)k.

This operator is known as Bernstein type rational function which was studied in [4, 16].
In [8], O. Doğru introduced and investigated approximation properties of certain lin-

ear operators defined by

Ln( f ;x)=
1

ϕn(x)

∞

∑
k=0

f
( k

k+n

)
ϕ
(k)
n (0)xk 1

k!
, (1.2)

where for 0<b<1 , ϕn(x) satisfies the above conditions given by (i)-(iii) and also following
condition:

iv) ϕ
(k)
n (0)=ψn(k+n)(1+αn,k)ϕ

(k−1)
n (0), where ψn=1+O(n−1) and αn,k=O(n−1), αn,k≥

0, (n,k=1,2,3,···).
Motivated by this work, we give Chlodowsky type generalization of Ln( f ;x) opera-

tors given by (1.2) as follows:
Let {βn}∞

n=1 be positive increasing sequence of real numbers with the properties

lim
n→∞

βn =∞ and lim
n→∞

βn

n
=0 (1.3)

and γ be real number in the interval [0,βn]⊂R+ = [0,∞). Assume that the sequence
of functions {ϕn} satisfies the conditions (i)-(iv). For a function f defined on [0,∞) and
bounded on every finite interval [0,γ], we define the following sequence of linear positive
operators:

Ln( f ;βn,x)=


1

ϕn(
x

βn
)

∞
∑

k=0
f
( k

k+n
βn

)
ϕ
(k)
n (0)

( x
βn

)k 1
k!

, if 0≤ x<βn,

f (x), if x≥βn.
(1.4)

Recently, linear positive operators and their Chlodowsky type generalizations have been
widely studied by several authors [1, 3–22], because this generalization allows us to in-
vestigate approximation properties of functions defined on the infinite interval [0,∞) by
using the similar techniques and methods on the classical operators.

The aim of this paper is to study some convergence properties of the operators
Ln( f ;βn,x) defined by (1.4) and modify the operators for differentiable functions, in or-
der to improve the rate of convergence on the interval [0,βn] extending infinity as n→∞.
Also we give an application to functional differential equation by using these operators.


