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Abstract. Considering a class of operators which include fractional integrals related
to operators with Gaussian kernel bounds, the fractional integral operators with rough
kernels and fractional maximal operators with rough kernels as special cases, we prove
that if these operators are bounded on weighted Lebesgue spaces and satisfy some
local pointwise control, then these operators and the commutators of these operators
with a BMO functions are also bounded on generalized weighted Morrey spaces.
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1 Introduction

The classical Morrey spaces were introduced by Morrey [1] in 1938, since then a large
number of investigations have been given to them by mathematicians. It is well-known
that the classical Morrey spaces and the weighted Lebesgue spaces play important roles
in the theory of partial differential equations.

Let 1≤ p<∞ and 0≤λ≤n, Morrey spaces are defined by

Lp,λ(Rn)=
{

f ∈L
p
loc(R

n) :‖ f‖Lp,λ(Rn)<∞
}

,

where

‖ f‖Lp,λ(Rn)= sup
x∈Rn,r>0

r−λ/p‖ f‖Lp(B(x,r)). (1.1)

Note that Lp,0(Rn)= Lp(Rn) and Lp,n(Rn)= L∞(Rn). If λ<0 or λ>n, then Lp,λ(Rn)=Θ,
where Θ is the set of all functions equivalent to 0 on Rn.
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Let Φ(r), r > 0 be a growth function, that is, a positive increasing function in (0,∞)
and satisfies doubling condition

Φ(2r)≤DΦ(r) for all r>0,

where D = D(Φ)≥ 1 is a doubling constant independent of r. In [2], Mizuhara gave a
generalization Morrey spaces Lp,Φ(Rn) considering Φ(r) instead of rλ in (1.1). He studied
also a continuity in Lp,Φ(Rn) of some classical integral operators.

Komori and Shirai [3] introduced a version of the weighted Morrey space Lp,κ(ω,Rn),
which is a natural generalization of the weighted Lebesgue space Lp(ω,Rn). Let 1≤p<∞,
0<κ<1 and ω be a weight function. The spaces Lp,κ(ω,Rn) are defined by

Lp,κ(ω,Rn)={ f ∈L
p
loc(ω) :‖ f‖Lp,κ(ω,Rn)<∞},

where

‖ f‖Lp,κ(ω,Rn)= sup
x∈Rn,r>0

(

1

ω(B(x,r))κ

∫

B(x,r)
| f (y)|pω(y)dy

)
1
p

.

In order to deal with the fractional order case, we need to consider the weighted
Morrey space with two weights, it was also introduced by Komori and Shirai in [3].

Let 1 ≤ p < ∞, 0 < κ < 1. Then for two weights u, v, the weighted Morrey space is
defined by

Lp,κ(u,v)(Rn)={ f ∈L
p
loc(u) :‖ f‖Lp,κ(u,v)<∞},

where

‖ f‖Lp,κ(u,v)(Rn)= sup
x∈Rn,r>0

(

1

v(B(x,r))κ

∫

B(x,r)
| f (y)|pu(x)dy

)
1
p

.

Let 1 ≤ p < ∞, ϕ be a positive measurable function on Rn×(0,∞) and ω be a non-
negative measurable function on Rn. We denote by M

p
ϕ(ω,Rn) the generalized weighted

Morrey space, the space of all functions f ∈L
p
loc(ω,Rn) with finite norm

‖ f‖M
p
ϕ(w,Rn)= sup

x∈Rn,r>0

1

ϕ(x,r)

(

1

w(B(x,r))
‖ f‖

p

Lp(ω,B(x,r))

)1/p

,

If ω = 1 and ϕ(x,r)= r
λ−n

p with 0≤λ≤ n, then M
p
ϕ(ω,Rn)= Lp,λ(Rn) is the classical

Morrey space; If ϕ(x,r) = ω(B(x,r))
κ−1

p , 0 < κ < 1, then M
p
ϕ(ω,Rn) = Lp,κ(ω,Rn) is the

weighted Morrey space; If ω=1, ϕ(x,r)p=Φ(r)r−n, then M
p
ϕ(ω,Rn)= Lp,Φ(Rn).

It has been proved by many authors (see [4–8]) that most of the operators which are
bounded on a weighted (unweighted) Lebesgue space are also bounded in an appro-
priate weighted (unweighted) Morrey space. In this paper, we are going to prove that
these results are valid on generalized weighted Morrey space. Our main results can be
formulated as follows.


