Advances in Applied Mathematics and Mechanics DOI: 10.4208/aamm.OA-2020-0297
Adv. Appl. Math. Mech., Vol. 13, No. 6, pp. 1318-1354 December 2021

Error Estimate of a Second Order Accurate Scalar
Auxiliary Variable (SAV) Numerical Method for
the Epitaxial Thin Film Equation

Qing Cheng!* and Cheng Wang?

! Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA
2 Department of Mathematics, University of Massachusetts, North Dartmouth,
MA 02747, USA

Received 19 September 2020; Accepted (in revised version) 14 November 2020

Abstract. A second order accurate (in time) numerical scheme is analyzed for the
slope-selection (SS) equation of the epitaxial thin film growth model, with Fourier
pseudo-spectral discretization in space. To make the numerical scheme linear while
preserving the nonlinear energy stability, we make use of the scalar auxiliary variable
(SAV) approach, in which a modified Crank-Nicolson is applied for the surface dif-
fusion part. The energy stability could be derived a modified form, in comparison
with the standard Crank-Nicolson approximation to the surface diffusion term. Such
an energy stability leads to an H? bound for the numerical solution. In addition, this
H? bound is not sufficient for the optimal rate convergence analysis, and we estab-
lish a uniform-in-time H® bound for the numerical solution, based on the higher order
Sobolev norm estimate, combined with repeated applications of discrete Holder in-
equality and nonlinear embeddings in the Fourier pseudo-spectral space. This discrete
H® bound for the numerical solution enables us to derive the optimal rate error esti-
mate for this alternate SAV method. A few numerical experiments are also presented,
which confirm the efficiency and accuracy of the proposed scheme.
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1 Introduction

In this article we consider a slope-selection (SS) epitaxial thin film growth equation,
which corresponds to the L? gradient flow associated with the following energy func-
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where Q= (0,Ly) x (0,Ly), u:Q =R is a periodic height function, and ¢ is a constant pa-
rameter of transition layer width. In more details, the first nonlinear term represents the
Ehrlich-Schwoebel (ES) effect [23,38—40,54], which results in an uphill atom current in the
dynamics and the steepening of mounds in the film. The second higher order quadratic
term represents the isotropic surface diffusion effect [39,49]. In turn, the chemical poten-
tial becomes the following variational derivative of the energy

u:=86,E=—V-(|V¢|*V¢) —Ap+A*¢, (1.2)
and the PDE stands for the L? gradient flow
1=V (|VP|*V¢) —Ap—e*Ap. (1.3)

Meanwhile, another epitaxial thin film model has also been extensively studied, with the
following energy functional

— 1 2y, & 2
E(qb).-/@( 21n(1+!Vq>\ )+ 5 |Ap| )dx, (1.4)
and the dynamical equation is formulated as
Vo 22
==V | —=-5 | —€A. 1.
dp=—V <1+| ¢|2> N ¢ (1.5)

This model is referred to as the no-slope-selection (NSS) equation. In fact, the slope-
selection energy (1.1) could be viewed an a polynomial approximation to the no-slope-
selection energy (1.4), under a small-slope assumption that |V¢|?> < 1; see the related
discussions in [36, 37, 39,49]. A solution to (1.3) exhibits pyramidal structures, where
the faces of the pyramids have slopes | Vu|~1; meanwhile, the no-slope-selection equa-
tion (1.5) exhibits mound-like structures, and the slopes of which (on an infinite domain)
may grow unbounded [39,59]. On the other hand, both solutions have up-down symme-
try in the sense that there is no way to distinguish a hill from a valley. This can be altered
by adding adsorption/desorption or other dynamics.

The numerical schemes with energy stability have been of great interests, due to the
long time nature of the gradient flow coarsening process. There have been many efforts to
devise and analyze energy stable numerical schemes for both the SS and NSS equations;
see the related references [1,11,26,35,46,50-53,55,59, 61, 64], etc. In particular, the linear
schemes have attracted a great amount of attentions among the energy stable numerical
approaches, due to its simplicity of implementation. For the NSS equation (1.5), there
have been extensive works of linear, energy stable numerical schemes [5,7, 8,10, 13, 33,
35,44,48], with up to the third order accuracy in time. Such a nonlinear energy stability
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analysis is based on the following subtle fact: in spite of its complicated form in the
denominator, the nonlinear term in the NSS equation (1.5) has automatically bounded
higher order derivatives in the L* norm.

However, this approach is not applicable to the nonlinear analysis for the SS equa-
tion (1.3), due to the polynomial pattern of the nonlinear terms, which in turn requires
an W1 bound for the numerical solution at both time steps, t" and "1, respectively;
see the pioneering work [63] of the linear numerical scheme for the SS equation, in which
an artificial regularization term, in the form of AA(¢"*!—¢"), has to be included for the
sake of energy stability. A theoretical analysis has been provided in [43] for the first or-
der accurate (in time) scheme, to justify the lower bound of the artificial parameter A.
Various estimates have indicated that, the theoretical value of A is of order O(s‘zlne) for
the first order scheme, while such an artificial regularization parameter has to be of order
O(e~™0), with mg > 10, for the temporally second order schemes [41,42].

It is clear that, such a singular dependence of the theoretical value of artificial regular-
ization parameter on ¢ comes from the W'* estimate for the numerical solution. To avoid
a singular artificial regularization parameter in a linear numerical scheme, while preserv-
ing an energy stability, the scalar auxiliary variable (SAV) approach for various gradient
flows has attracted many attentions in recent years [56-58,67]. To overcome the difficulty
associated with the nonlinearity, the energy functional is split into two parts: a nonlinear
energy functional with a uniform lower bound, combined with a quadratic surface diffu-
sion energy with constant-coefficients. In turn, the elevated nonlinear energy part (which
contains a global constant to make its value positive) is rewritten as a quadratic term, not
in terms of the original physical variable, but in terms of an artificially-introduced auxil-
iary variable. As a result, linear schemes could be derived for the gradient flow reformu-
lated in the quadratic nonlinear energy and the surface diffusion energy, so that both the
unique solvability and modified energy stability could be theoretically justified for the
linear schemes. Also notice that, such an energy estimate is in terms of the reformulated
energy functional, not in terms of the original energy functional.

An application of the SAV method to the SS equation (1.3) has been reported in a
recent article [17], combined with the Fourier pseudo-spectral spatial approximation. The
unique solvability, numerical implementation process and a modified energy stability
have been presented for the second order accurate (in time) SAV scheme, with Crank-
Nicolson temporal discretization. However, an optimal rate convergence analysis seems
challenging for the proposed scheme in [17]. In particular, a discrete W* bound for the
numerical solution is necessary to pass through the error estimate. On thr other hand,
the discrete energy stability (established in [17]) leads to a uniform-in-time discrete H>
bound for the numerical solution, while this bound is not sufficient to ensure a Wb
bound for the numerical solution.

In this article, we present an optimal rate convergence analysis and error estimate
for the second order SAV scheme to the SS equation (1.3), with a slight modification of
the surface diffusion coefficients. In more details, the standard Crank-Nicolson approx-
imation to the surface diffusion term is replaced by an alternate one, with 3/4 and 1/4
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coefficient distribution at time steps gl gn—1 respectively. Such an alternate Crank-
Nicolson approximation has been reported in [16,19,20,30-32] for the Cahn-Hilliard and
other related gradient model, and great success and advantages over the standard Crank-
Nicolson have been observed. With an application of this approximation to the second
order SAV scheme for the SS equation (1.3), a modified energy stability could also be
proved in a careful way, so that a uniform H? bound for the numerical solution (of the
phase variable) is available. In addition, a higher order H 3 estimate could also be derived,
with the help of various discrete Sobolev inequality in the Fourier pseudo-spectral space.
With such an H® bound at hand, we are able to control the nonlinear chemical poten-
tial error function, in the Fourier pseudo-spectral space. In addition, one nonlinear error
inner product could be cancelled between the error evolutionary equations for the orig-
inal phase variable and the one for the introduced auxiliary variable. These preliminary
estimates enable one to obtain an optimal rate (O(At*+h™)) convergence analysis for
the proposed numerical scheme in the energy norm, i.e., in the ¢*(0,T; H%,) N¢?(0,T; Hy)
norm. In particular, the aliasing error control techniques have to be applied in the non-
linear error estimate associated with the 4-Laplacian term.

The outline of the paper is given as follows. In Section 2 we present the numerical
scheme. First we review the Fourier pseudo-spectral approximation in space and recall
an aliasing error control technique. Then we recall the SAV numerical scheme, and prove
its energy stability in a modified way. In addition, a uniform-in-time H? bound for the
numerical solution is established in Section 3, and an optimal rate convergence analysis
is provided in Section 4. Some numerical results are presented in Section 5. Finally, some
concluding remarks are made in Section 6.

2 The numerical scheme

2.1 Review of Fourier pseudo-spectral approximations

The Fourier pseudo-spectral method is also referred as the Fourier collocation spectral
method. Itis closely related to the Fourier spectral method, but complements the basis by
an additional pseudo-spectral basis, which allows to represent functions on a quadrature
grid. This simplifies the evaluation of certain operators, and can considerably speed up
the calculation when using fast algorithms such as the fast Fourier transform (FFT); see
the related descriptions in [2,12,14,16,28,29,34, 65, 66], etc.

To simplify the notation in our pseudo-spectral analysis, we assume that the domain
is given by Q=(0,1)%, N, =Ny=:N€&N and N-h=1. We further assume that N is odd:

N=2K+1 forsome K&IN.

The analyses for more general cases are a bit more tedious, but can be carried out without
essential difficulty. The spatial variables are evaluated on the standard 2D numerical grid
Qn, which is defined by grid points (x;,y;), with x;=ih, y;=jh, 0 <i,j <2K+1.
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We define the grid function space
Gni={f:Z*>—R| f is Qy-periodic}. (2.1)

Given any periodic grid functions f,g € Gy, the 2 inner product and norm are defined as

N-1
(f.8)y=m Y fijgij Ifla=1/{f.f)- (22)

i,j,k=0

The zero-mean grid function subspace is denoted as

On:={feon|{f1)=F=0}.
For f € Gn, we have the discrete Fourier expansion
X AN
fii= Y. fimexp (2mi(xi+my;)), (2.3)
{,m=—K
where the discrete Fourier coefficients are given by
. N-1
foo=h*Y" fiirexp (—2mi(lxi+mx;)). (2.4)
i,j,=0

The collocation Fourier spectral first and second order derivatives of f are defined as

K
Difiji= Y. (2mil) f}exp (2mi(fx;+my;)), (2.5a)
{,m=—K
K A
Difiji= Y. (—4m) f),exp (2mi(lx;i+my;)). (2.5b)
{,m=—K

The differentiation operators in the y direction, Dy, and Dﬁ, can be defined in the same
fashion. In turn, the discrete Laplacian, gradient and divergence operators are given by

f

Anfi=(Di+D})f, VNf¢=< o ) VN'( fl

Dyf

at the point-wise level. It is straightforward to verify that

) =D, fi+Dyfo,  (26)

Vn-VNf=ANS. 2.7)

See the derivations in the related references [2,3,27].
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Definition 2.1. Suppose that the grid function f € Gy has the discrete Fourier expansion (2.3).
Its spectral extension into the trigonometric polynomial space Pk (the space of trigonometric
polynomials of degree at most K) is defined as

K
fs(x,y)= Z fgj]mexp (2mi(Lx+my)). (2.8)
{,m=—K

We write SN(f) = fs and call Sy : Gy — Px the spectral interpolation operator. Suppose § €
Cper (), R). We define the grid projection Qn : Cper (0, R) — Gy via

On(8)ij:=8g(xi,y)). (2.9)
The resultant grid function may, of course, be expressed as a discrete Fourier expansion:
K ——N
On(Q)ij= Y. Qn(8)gmexp (27i(fx;+my;)).
¢, m=—K
We define the de-aliasing operator Ry : Cper (), IR) — P via Ry :=Sn(Qn). In other words,
K —N
RN(@)(xy)= ). QN(8)mexp (27i(Lx+my)). (2.10)

{,m=—K

Finally, for any g€ L?(Q),R), we define the (standard) Fourier projection operator Py:L?(Q,R)—
Pk via
K
Pn(@)(xy)= ). &emexp(2mi(lx+my)),

{,m=—K

where
gAg,m:/Qg(x,y)exp(—zm(éx—l—my))dx,

are the (standard) Fourier coefficients.

To overcome a key difficulty associated with the H” bound of the nonlinear term
obtained by collocation interpolation, the following lemma is introduced. The case of
r=0was proven in an earlier work [21,22], and the case of r >1 was analyzed in a recent
article [29].

Lemma 2.1. Suppose that m and K are non-negative integers, and, as before, assume that N =
2K+1. For any ¢ € Py in RY, we have the estimate

d
IRN (@) [ e <12 ([ @]l o (2.11)

for any non-negative integer r.
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Furthermore, to facilitate the analysis in later sections, we introduce an operator Ly
as Ly f:=¢?A f, for any f € Gy. In addition, a fractional operator is similarly introduced

1
as L} f:=¢e(—An)f, for any f € Gy.

The following summation-by-parts formulas are valid (see the related discussions
in [5,10,28,29]): for any periodic grid functions f,g € Gn,

(f,Ang)=—(VNf,VNG),  (f.DNE)=(DNS,ANS). (2.12)

Similarly, the following identity could be derived in the same manner:

(f,Lng)=(LLfLYg),  Vf.geln. (2.13)

In addition to the standard ¢ norm, we also introduce the ¢7, 1 < p < oo, and £ norms
for a grid function f € Gn:

N-1 1
Iflai=maxifil  Ifl= (0 D IAP),  1<p<es @19
s i,j=0
The discrete H! and H? norms are introduced as

I = ABHIVNAR 115 =111 +lANEIS (2.15)

For any periodic grid function ¢ € Gy, the discrete energy is defined as

1 1 &2
En(¢):=IVNnolli— 5 IVNeIB+ [|Ane]5. (2.16)
4 2 2

The following result corresponds to a discrete Sobolev embedding from H%, to W}f
in the pseudo-spectral space. Similar discrete embedding estimates, in the lower order
ones, could be found in Lemma 2.1 of [16]; also see the related results [24,25] in the finite
difference version. A direct calculation is not able to derive these inequalities; instead, a
discrete Fourier analysis has to be applied in the derivation; the details of the proof has
been provided in a recent work [15].

Proposition 2.1 ([15]). For any periodic grid function f, we have

IVnflle <CllANSI|2, (2.17)

for some constant C only dependent on Q).

2.2 The fully discrete numerical scheme

The energy (1.1) is decomposed into two parts:

1 1 1
E(9)=Ei(¢)+5(#L8), Ei(¢)= [ {1|V¢I4—2|V¢Iz+4}d><’ Lp=eA’¢p. (2.18)
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In particular, due to the point-wise quadratic inequality
1w 1o 5 1
Z _Z > .
1/ VoI =35IVl + 720, (2.19)
we conclude that E;(¢) have a well-established lower bound:
Ei(¢) > Q1. (2.20)
In turn, the nonlinear chemical potential becomes
N(§):=0pE1 ==V -(|Vo[’V)+Ap. (221)
Therefore, with an introduction of a scalar auxiliary variable
r:=4/E1(¢), (2.22)

the original SS equation (1.3) could be rewritten as the following system:

@:A(lEMN@Hw)’ (2.23)
ry= Z\/W‘/Q N((]))(})tdx

Based on this reformulation, the fully discrete second order SAV scheme is proposed as
follows, with Fourier pseudo-spectral spatial approximation:

n+l_ 4n n+1/2 . 1

4) (I) _ r NN(canrl/Z)_LN(§(P”+1+,¢”*1>’ (224&)
ot Eun(§771/2) v

n4l_n n+l_ 4n

prtl_pn 1 <NN(¢)71+1/2),% > (2.24b)

At 21/ E1n(§m+1/2)

in which
1
NN(¢):==Vn-([VNOPVNG) +ANG,  Lnp=eA%g, " T12= ("),
and a second order explicit extrapolation is applied to obtain

4’511—&-1/2 — é(l)n 14);1—1'

27 2

The discrete nonlinear energy functional is introduced as

1 1 1
Ein(9):= 1 Vngli— 5 IV ngl3+410]
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similar to the notation in (2.16).

Since (2.24) is a two-step numerical method, a “ghost” point extrapolation for ¢! is
useful. To preserve the second order accuracy in time, we apply the following approxi-
mation:

ot =¢"+At0,  uO:=—Vn-(IVNP"PUNG)+ANG +E2A%9°.  (225)
A careful Taylor expansion indicates an O(At*+h™) accuracy for such an approximation:

g~ =D < C(AP+R™). (2.26)

2.3 Unique solvability and efficient numerical solver for the numerical
scheme

In turn, we take

In this section we analyze the unique solvability of the proposed SAV scheme (2.24). From
(2.24a), one can get

rn+1/2

Ny (¢"1/2) — 1AtLqu—l +o". (2.27)

(1+§AtLN) ¢l = — At
Ei n($m+1/2) 4

4
Define 3
An=1+ 1 AtLy,

so that the following identity is valid:

7,nJrl/Z

ELN(qA)n+l/2)

R 1

4

From (2.24b), we see that

1 »
Pl (N (¢n+1/2),¢n+1_¢n>. (2.28)

A substitution of (2.28) into (2.27) gives

NN(qA)n—H/Z)

an+1/2 n+1
B, (7 N )9

3 n+1
(H—ZAtLN)qa +
o AtNN((ﬁn+1/2)

El,N<43n+l/2>

(rn_ 1 <NN((]Sn+1/2)r¢n>>+(Pn_iAtLN¢n_1-

4 /ELN((IA)n—H/Z)
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Let gy; denotes the right-hand of the above equation, then it becomes

NN (q3n+1/2)

AN+
N¢ +4E1/N((P”+1/2)

AH(NN("H172),¢" ) =gk

Multiplying both sides by Ay implies that

"t AH(NN(§"H1/2),¢" 1) AGINN (§"/2) = A g (2.29)

4E1,N((f7”+1/2)

Denote LHS=(Ny/(¢"+1/2),¢"*1), a scalar value. Taking a discrete inner product with (2.29)
by Ny (¢"1/2) leads to
At

Ant1/2y entl
(Nn(¢ )P >+4E1,N(4A)n+l/2)

=(Nn(""172), Ay gh)-

Then we arrive at

.LHS. <NN(43n+1/2),AK]1NN((f)n+1/2)>

At . _ R
(1 + W . <NN(¢n+1/2)’ANlNN<¢n+1/2>>) .LHS
=(Nn(§"17%), A5 ). (2.30)
In addition, we notice that
(NN (¢"1/2), AN NN ("71/%)) >0, 2.31)

since all the eigenvalues of the symmetric operator Aﬁl are non-negative. As a direct
consequence, the coefficient on the left hand side of (2.30) is positive, so that the value
of LHS is uniquely solvable. Going back (2.29), the numerical solution ¢"*! is uniquely
determined:

At _ » _
P = gy LS AN NN AR 232)

Furthermore, a substitution of ¢"*! into (2.28) gives the numerical value of r"*+1.

Theorem 2.1. Given 4)”,4)”*1 € G, two scalar values r", ¥, with ¢" =", there exists a
unique solution 4)”“ € Gn for the numerical schemes (2.24). The scheme is mass conservative,

ie., ¢k =0 := By, for any k >0, provided that p—1 = ¢ = By.
Proof. The unique solvability comes from the derived identities (2.28), (2.30) and (2.32).

In addition, the mass conservation property is a direct consequence of a summation of
(2.24a) over (), which is turn leads to

pn+1/2

Ein($mt1/2)

s T E
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with the fact that Ay f=0, Vf € Gy, has been applied. An application of induction implies
that ¢k = By, for any k >0, provided that ¢—1 = ¢0 = By. This completes the proof of
Theorem 2.1. O

2.4 Modified energy stability for the numerical scheme

Theorem 2.2. For k> 1, define the discrete modified enerqy
1
En(gH gt r ) = IIL PP IIL§(<Pk+1—<Pk)II§- (2.34)

Solution of the numerical scheme (2.24) satisfies the following dissipation properties

Proof. We begin with a rewritten form of the numerical scheme (2.24):

( o+l n
" -9 - —¢" — (2.36a)
3 1 B rn+1/2 R
2= (1¢n+1+i¢n 1>+ - Ny (¢"172), (2.36b)
ELN((PnJrl/Z)
Pl g _ 1 <NN(43n+1/2) ‘Pnﬂ_‘l)n> (2.36¢)
At ; ToAr '
) El,N(47n+1/2)

Subsequently, taking discrete inner product with (2.36a) by u}!, with (2.36b) by — (¢"*+1—
¢"), with (2.36¢) by 2r"T1/2 =¢"+1 14" we have

(@ —¢" w2y = — At 2, (2.37a)
1
[ pn+l n+1/2 o ©on+l | L oon—1 n+l__ 4n
(=) =~ (In (G 4 3o ) 9 )
7,n+l/2 R
El,N($n+1/2)
rn+1/2

(=) () = (NN(§"1/2),9" ! —¢"). (2.37¢)

E1,N(43”+1/2)

In turn, by adding (2.37a), (2.37b) and (2.37c), we obtain

(L (G 30 =)+ (= 2 = A 2 (238)
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Meanwhile, the derivation of the following two identities are straightforward:
<LN(§14’HH+%4’H>'¢HH _¢n>
_ <L%v (Z¢n+1+i¢n—l>,Li{(¢n+l _¢n)>
=2 (ILke B ILEe"13) + 5 (L& (0" "3 Lk (9" —9" )IB)
+5 (I —29m 91 B), 2.39)
(=) () = [ P (2.39b)

in which identity (2.13) has been applied in the first step of (2.39a). Going back (2.38), we
arrive at

gN (¢n+1’¢n/rn+l) _gN(qbn’q)nfl/rn)
1,1 _
=— g 1L (@1 =2¢" +¢" |3 - Aty 2[5 <o0. (240)
This completes the proof of Theorem 2.2. O

As a direct consequence of the energy stability, a uniform in time H%, bound for the
numerical solution is derived as follows.

Corollary 2.1. Suppose that the initial data are sufficiently regular so that
Lirz 020 02 Lipd (s0_p-1\12< @
HILRP 2+ + LR (@7 =9 )2 = Co

for some Cy that is independent of h. Then we have the following uniform (in time) H3; bound for
the numerical solution:
1932 <Cy,  Vm2>1, (2.41)

in which ¢¢' stands for the spectral interpolation of the numerical solution ¢, as given by for-
mula (2.8). The constant C1 > 0 depends on Q and Co, but is independent of h, At and final
time.

Proof. As aresult of (2.35), the following energy bound is available:
SILE "B <En(p™ 9" ) <En(gp )
=S ILRQO B+ P+ S IR (90— ) I3 < o 42)
for any m > 1. On the other hand, since L;f\,f: —eANf, for any f € Gy, we see that

2 ~ ~1
%HAwmuggco, so that ||An¢™ |2 <V2e 2CZ, Ym>1. (2.43)
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This in turn leads to
-1
IAQE || = (| Ang™ |2 < V2e72CZ, since ¢™ €. (2.44)

Meanwhile, by the mass conservative property stated in Theorem 2.1, we have

/04>§1dx =¢"=py,  Vm2>0, (2.45)

in which the first step is based on the fact that ¢™ € Gy. In turn, an application of elliptic
regularity implies that

~1 ~
921 <C(| | @¥ax| +1ag21) <C(IBol+V2e2C5):=Cr,  ¥m=1.  (@246)

This completes the proof of Corollary 2.1. O

Remark 2.1. It is obvious that the modified energy functional (2.34) is the second order
approximation to the original discrete energy (2.16), under certain regularity assumption
for the numerical solution. Meanwhile, such a modified discrete energy is in terms of
a scalar auxiliary variable r, combined with the linear surface diffusion energy part, not
fully in terms of the original phase variable ¢, as formulated in (2.16). Although a direct
bound of the original energy functional is not available in terms of the initial data, a
uniform in time HIZ\, bound for the numerical solution could be derived, up to a constant
multiple, as demonstrated in Corollary 2.1.

Remark 2.2. As a combination of the uniform in time H%, bound (2.41) and the discrete

Sobolev embedding inequality (2.17), we arrive at a uniform in time Wll\;ﬁ estimate for the
numerical solution:
IVng™[6<CCi,  Vm>1. (2.47)

And also, the modified energy inequality (2.42) indicates that

~ ~1
r"?<C, sothat " <CZ, Vm>1. (2.48)

These estimates will be useful in the higher order stability analysis presented below.

3 A uniform-in-time H® estimate for the numerical solution
Theorem 3.1. For the numerical solution (2.24), the following estimate is available:
o2l <Q®,  vm>1, 3.1)

in which ¢¢' stands for the spectral interpolation of the numerical solution ¢™, as given by for-

mula (2.8). The constant Q) only depends on the initial H® data and the domain, and it is
independent of At, h and T.
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Proof. Taking a discrete inner product with (2.24a) by —2A3,¢" 1, we obtain

Touit  on a3 oty 2/ A3 ontl A2 (3 nt1, 1 1
B@ ", —208%¢"") €<AN¢ /AN(§¢ +§<P >>
rn+1/2 .
=2 (NN(§"H12), 039" ). (32)
Eq n(¢7+1/2)

The temporal stencil term could be handled in a straightforward way:

<¢n+1 _¢n/_2AiI¢n+l>
:2<VNAN(47n+1 _(Pn)rVNAN(Pn+1>
= VNANG" B~ VNANG" 3+ VAN (¢ =297 +¢" 1) 3. (3.3)

The surface diffusion part could be analyzed as follows

3 1.,
_<A?\[¢n+1’A%\](§¢n+l+§4}n 1)>
3 1
— 2 en+l 2 (Y an+l |~ an—1
=Tk sk (3 )
3 1 _
> 21 Vnakg B -5 (IVnake™ 3+ Vade™ ' 3)
5 1 _
> IVNARe" 2= ZIVaaRe" 12 (34)

For the right hand side nonlinear inner product, we begin with the following observa-
tions:

A~ ~1
Ein($"T2) >0, 2 < G2 (by (2.48)). (3.5)

These two bounds imply that

A

pn+1/2 ( Go ); (36)

/Eq N (1) B

Meanwhile, the following summation by parts formula is applied

2 rn+1/2 N cn+1/2 A3 n+1
- (NN (@"T7%),A8¢" )
EllN(qanrl/Z)
— 9 2 pnt1/2 A2, g1 7
= - VNNN(P™7), VA" ). (37)
El,N((Pn—H/Z)
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For the nonlinear term, the following expansion is recalled
VNNN(CISHJA) =—VnVn- (|VN(IA)H+1 IZVN(,?)”JA) —i—VNAN(lA)nJrl. (3.8)

The linear part could be controlled in a standard fashion:

rn+1/2

-2 (VNANG"™/2, Vnade™™)
ElN(4A7”+1/2)
Co
< n+1/2 n+1
—2<|0|) IV nANG" 22 Vradg™
4@08

IV NANG"™ 2[5+ ez||VNA ¢" 3. (3.9)

For the nonlinear 4-Laplacian part, the following grid function is introduced:

qn+1/2 |V n+1/2|2vN¢3n+1/2_ (3.10)

This in turn implies that
IVNVN- (198" 2RVNG" ) 2= [V (V-45712) 12, (3.11)
in which q”H/ ? is the spectral interpolation of 4"+1/2, given by formula (2.8). Moreover,

since q”“/ 2 is the point-wise interpolation of the continuous function
1
An+1/2

we see that ¢ RN((pan s2). In turn, by making use of the aliasing error control
inequality stated in Lemma 2.1, we conclude that

IV (V-5 ) <1572 2 = [IRN(@grrr2) L2 <3l @guerro| 2, (3.13)

since @gui1/2 € Pak. Meanwhile, for ¢4.11/2 given by (3.12), a detailed expansion and re-
peated applications of Holder inequality indicate that

l@garllie <CUlgpeall+ 18zl
=C (Vg 2RV 2| +|A( VR 2 PVEE )|

<C(IVPE B IV e+ IV B IV ss). (314
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Furthermore, the following 2-D Sobolev embedding and interpolation inequalities could
be derived:

A A ~ 5 ~ 1
||V(Pg+l/2||L°° SC(||A¢g+l/2’|_|_||A4)g+1/2|| 5. ||VA2¢1S1+1/2|| 6)

~ .5 N 1
<C(Ci+Cya%E ), (3.152)
Vs 2| s <CllAgET2| < CCy, (3.15b)
A ~ ~ 2 ~ 1
VG52l <CIVVES 2l <Cllags™ 2[5 [ VA2G5H2])5
~2 N
<CC} || VA2t 3, (3.15¢)
1 2
||v¢gl+1/2”H2 <CHA¢§1+1/2H3 HA3¢2+1/2H3 13||VA2 n+1/2H 3 (3.15d)

in which the uniform in time H? bound (2.41) of the numerical solution has been exten-
sively used. In turn, a substitution of the above estimates into (3.14) yields

~ ~7 N 2
loga llp <C(CF+CF 1A 23). (3.16)

Subsequently, its combination with (3.11) and (3.13) reveals that

IVNV - (IVN43”“/2|2VN43”“/2) I2
<c(Ct+cf|vargri)i)

<C(CF+¢{ | Vns3 1)), (317)

in which the fact that 4)"“/ 2 ¢ Pk has been applied in the last step. As a consequence, we
arrive at

_ i/ nt1/2)2y; n+1/2 2 n+1
2 i Uy (VN 1722 ), Vi
ElN((Pn_H/Z)
Co
sz(@) VNV (V@ 2RONG2) o Tk
<C(CP+C] A% 213) HvNA%qu"“u
<Ce2(C+C7 |Vad g™ 12 H) + —HVNA 9. (3.18)

A combination of (3.9) and (3.18) leads to

rn+1/2 .
2—————=(Nn($"""),A%¢" ")

Ein(¢m+1)
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4Cpe2 . ~ —4
<=2 HvNAN¢"“/2r|%+cﬁ(c$ Gl Vnakd" ' 23)
|0|
HV AR 3. (3.19)

Finally, a substitut1on of (3.3), (3.4) and (3.19) into (3.2) results in
1
~ (HVNAMP"H 3= VNnANG" 3+ VnAN (¢ —2¢" +¢" ) ||§)

+3 €2||VNA ¢" 5 *EZIIVNA ¢" 3

§4CO€
]

Meanwhile, the following interpolation inequality and Cauchy inequality are available:

IVNANG" 2 3+Ce 2 (CE €, [ Vnad™ 2. (3.20)

~ ~ 2 n 1 ~ 2 n 1
9o o< L 2L I Tk < C) SN, @i

19832 13= [Tk (G- 01 | <31 ok B+ ek 1B (321

Then we obtain the following estimates:

4Coe~
|;))‘ ”v AN¢n+l/2H2
4
25 CoCle2
TR A
3
CC2C2e* ¢2 .
< |°Q‘1% + 55 VAR 2|3
CC2E2 4
.
< fﬂé (3||VNA 9" 3+ 1Vnakg™13), (3.22a)

CC~1%48_2HV AZ An+1/2||§
SCC} 1O+7Hv AZ n+1/2H2

<CCle 04 <3||VNA 9" B+ 1Vnakg " 13), (3.22b)

in which the Young's inequahty has been applied in the first step of (3.22b). Going
back (3.20), we arrive at

]‘ n n n n—
—(HvNAw R [ Twang"[B) 42 Vnddg 3 32 Vndke" 3

Ccz CZ —4

Rk +Ce 10(CHt+1). (3.23)

(3||vNA 9" 3+ Vnadg ™ 3) +
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Moreover, the following quantity is introduced:

G"li=|Vn AN(P”“IIer AtIIVNA 4)”“Ilz+

AN (29

By adding 3¢?||VnA3¢" |3 on both sides of (3.23), we obtain the following inequality:

3¢?
G =G+ T A Vidhe 3+ 2 AtquA "3 <MOA (3.25)
with
CC3 Cae i
MO = =071 4 Cem10(C ).
Q2
In addition, the following elliptic regularity estimates are valid:
Cof[ VAN HE< | VNAR ™ Z,  Col VNANG" 2V A" I3, (3.26)
so that we arrive at
1
gCG < *HVNA 4>”“||2+ AL A (327)
Going back (3.25), we get
C282
Gt —Gn +TAtG"+1 <MOAL. (3.28)

An application of induction argument implies that

Coe? , \—(+D) o 8M(©)
n+l ~ 2 0

14+ ——At . 2
Gi< (14 mgan) G (3.29)
Of course, we could introduce a uniform in time quantity

sM O

B =G4+ ——,
3 + C2€2

so that
IVNnANG™||* < G™ <Bj

for any m >0. In turn, an application of elliptic regularity shows that

¢ i < C (187 +VA@"||) <CIBol+(B3)/2):=Q®),  ¥m=0,  (330)

in which the uniform in time constant Q®) depends on Q) and the initial H®> data. This
finishes the proof of Theorem 3.1.

O
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Remark 3.1. Higher order H™ estimate (beyond the norm given by the physical energy)
is available for many gradient flows, due to the analytic property of the surface diffusion
parabolic operator; see the related discussions in [4]. There have also been quite a few
works of uniform in time H? estimate for certain energy stable numerical schemes for the
Cahn-Hilliard equation [16, 32, 56], beyond the H! bound given by the energy estimate.
In fact, similar estimates have also been reported for 2-D incompressible Navier-Stokes
equations, in terms of the first, second and higher order temporal numerical approxima-
tions; see the delated works [14,28,62], etc.

Remark 3.2. As can be observed in the analysis (3.4) for the surface diffusion term, the
alternate temporal stencil structure, which gives 3/4 and 1/4 coefficient distribution at
time steps #"*1, -1, respectively, plays an important role to pass through the nonlinear
estimate. Because of the higher concentration at time step "1, the additional diffusion
inner product term is able to control the corresponding nonlinear growth given by (3.19),
which turns out to be an essential point in the H® estimate for the numerical solution.
Instead, if the standard Crank-Nicolson approximation is applied, such an additional
diffusion inner product term would not be available in the derivation in (3.19), so that the
nonlinear growth in (3.19) could hardly be controlled. As a result, the standard Crank-
Nicolson method for the surface diffusion term is able to preserve the modified energy
stability, in a similar way as in Theorem 2.2, while a theoretical justification of the H3
estimate for the numerical solution would not go through.

4 The optimal rate convergence analysis

Now we proceed into the convergence analysis for the numerical scheme (2.24). Due to
the SAV structure of the algorithm, the error estimate has to be performed in the energy
norm, i.e., in the ¢*(0,T; H%,)N¢%(0,T; Hy,) for the phase variable. Similar techniques have
also been applied to the convergence estimate [45] for the SAV scheme applied to Cahn-
Hilliard equation. These ideas have also been reported for the corresponding analysis for
the phase field flow coupled with fluid motion [6,9, 18,19,47]. With an initial data with
sufficient regularity, we could assume that the exact solution has regularity of class R:

dcR:=H0,T;,C°)NH?(0,T;H*)NL*(0,T; H™ ™). (4.1)
In particular, the following bound is available for the exact solution:
1970 1o oramy <€, (1<m<3), [V s <C*, k0. (42)

Theorem 4.1. Given initial data o< Hg};{‘*(ﬂ), suppose the exact solution for SS equation (1.3)

is of regularity class R. For At and h are sufficiently small, we have

M 1/2
max [[An(®"—¢") 2+ (AtY [A(@F—¢N)[3) T <Car+hm), 43
k=1

0<n<M

where C >0 is independent of At and h, and At=T /M.
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4.1 The consistency analysis

For ® € R, we construct an approximate scalar value of R as follows

R":=/Ey n(DH1), (4.4a)

1 1 5
EYN (@) = ZIVn@" i =S V@™ 2+ 71, (4.4b)
Rn+1/2:%(Rn+l+Rn>' (4.4¢)
A similar extrapolation
$t:=29" — !

is taken. In turn, a careful consistency analysis indicates the following truncation error
estimate:

P+l _pn Rn+1/2 . 3 1
:_< NN(@”+1/2)+LN(*q)n+1+*q)n_l>)+T$+l, (4:5&)
At Ein(dn11/2) 4 4
Rn+1 —_R" 1 . q)nJrl — P
— <NN(¢W+1/2)/T>+T1~H+1/ (4.5b)

At 2\/Epn(d1+172)

with
I 2o, 7172 < C(AR A"

The derivation of (4.5) is accomplished with the help of the spectral approximation esti-
mate and other related estimates; the details are left to interested readers.

The numerical error function is defined at a point-wise level:

3k

1
b=k — ¢, ék“/zzzie —Eek’l, (4.6a)
N2 = Ny (DFF1/2) - Ny (¢5F1/2),  vk>o. (4.6b)
And also, the following scalar numerical errors are introduced
1
Pr=RErK, A2 S (P47, (4.72)

E~11C+1/2::E],N(®k+l/2)_E],N((f)k+1/2>/ VkZO (47b)
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In turn, subtracting the numerical scheme (2.24) from (4.5) gives

n+1__ ,n =n-+1/2 5 R
e e __ (( r _ B”“/zR”“/zET“/Z) Ny (§"+1/2)
Al Eyn(§7+1/2)
Rn+1/2 5 1
4 Nn+1/2+LN<§en+1+7enfl))_’_T(;]lJrl/Z, (4.82)
Ep y(dn+1/2) 4 4
prt—pn 1

+1 n
_ cn+1/2 et —e
<NN(¢ ) At >

At 2 /El,N(Ql;”Jrl/z)
1
+ ~
2 /El,N(¢n+1/2)

1 B . q)nJrl —Pp"
_EBn+1/2E¥+1/2<NN(q>n+1/2)’ N >+Trn+1/2’ (4.8b)

1
\/ELN(ci)nH/Z) \/ELN((IA,nH/Z) (\/El,N(ﬁ)n—H/Z) + \/ELN((ﬁnH/Z))

q)n-i-l —Ppn >

Nn+1/2/
{ Y

.(4.8¢)

with B"t1/2—

4.2 A few preliminary estimates

The following estimates are needed in the later analysis.

Lemma 4.1. We have

~ o 1
Ew(@ ) 210, Ew(@?) 210, 0<B2< |0, (4.9a)
B2 < Gol|[ Ve 22, (4.9b)
INN($"1/2)]| < G5, (4.9¢)
IN"2) < Cyl|Ae" 2, (59)
q)n—H — P
H A = (#5¢)
in which

én+1 — q>n+1 _()’b‘nJrl —2p" _enfl

and C]- are independent of At and h, j=2,3,4.

Proof. The lower bound for E; n(¢"*1/2) and Ey n(®"*1/2) comes from their definition,
and the estimate 0< B"+1/2<2|Q =2 is a direct result of its representation given by (4.8c).
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Moreover, a detailed expansion for E1 n(¢"+1/2) and E; n(®"+1/2) implies that
E?Jrl/Z :El,N(ciDn_H/z) _ El,N((i)n—H/z)
1 “ R a R
= (1N 23— [ Vg™ 2][1) = ([ VN ™ 23— [ Vg™ 2] 13)

:i(’VNCTDH+1/2’2_’_’quan/ZIZ/VN(ﬁ)n+1/2_’_(f)n+1/2).VNén+1/2>
_ <VN(®H+1/2+4A)n+1/2),VNeAn+1/2>. (4.10)

For the first error expansion, an application of discrete Holder inequality shows that

1 0 5 T Iy A
Z‘<WNCD"+1/2\2+‘VNQD”“/Z\Z,VN(<I>”“/2+4>”+1/2)-VNe”“/z)
1 £ b F 2 A
Si(HquDn—H/ZH%‘F||VN¢n+l/2||é)'(||VN®H+1/2||6+||VN(PH+1/2H6)‘||VN€n+l/2||2
1 ~ .
SZ(4(C*)2+CC%)'<2c*+CC1)'HVNénJrl/ZHQ
<C((C*)*+C) || VN2, @11)

in which the regularity assumption (4.2) for the exact solution and the discrete W°
bound (2.47) for the numerical solution have been applied. The second error expansion
term in (4.10) could be controled in an even simpler way:

<|VN(@>n+1/2+43n+1/2)’vNén+1/2>‘

(VD 2o+ (| Vg™ 1 2]2) - | Ve 12,

<
<(2C*+CCY) || Vne" 2|5, (4.12)

with (4.2), (2.47), applied again. This comletes the proof of inequality (4.9b), by setting
Cr:=C((C")}+C3+C*+Cy).

To obtain a discrete ¢? estimate for Ny(¢$"+1/2), we recall the grid function §"+1/2
introduced in (3.10), so that the following identity is valid:

IVn-(IVng™ 2 2VNG" ) 2= 1V (V4572 | 12, (4.13)

in which cig“/ 2 is the spectral interpolation of §"+1/2, Because of the fact cig“/ 2 =
RN((pan 12), as indicated by the point-wise interpolation given by (3.12), we make use

of the aliasing error control inequality in Lemma 2.1 and get

V-G8 212 <1972l = RN (@grrr2) [l <3l ozl 1, (4.14)
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an inequality similar to (3.13). Moreover, a detailed expansion and repeated applications
of Holder inequality lead to
I pgresallis <CUlggrearal| + 1V o)
<C(I[Vgs ™ 2PV s 2|+ IV (IVPE 2PV 2)|)
<CIV@E I IVP5 ™ llm <ClFs ™ 17 < QW) (4.15)

in which the uniform in time H® estimate (3.1) (for the numerical solution) has been
applied in the last step. Going back (4.14) and (4.13), we arrive at

[Vn-(IVNg" V2PV 12 [a<C(QP)). (4.16)
The other expansion term in Ny (¢"*!) could be bounded in a more standard way:
AN 22 < g™ e <2Q% (4.17)

Therefore, a combination of (4.16) and (4.17) gives the inequality (4.9¢), by taking C3=
C(Q¥)’+2Q"

Inequality (4.9d) could be derived in a similar manner. Making a comparison between
Ny (®"1/2) and Ny(¢"*1/2), we observe that N"+1/2 turns out to be the point-wise in-
terpolation of the following continuous function

NEV2 = V- (Ry(@guers2) +AEET2, (4.18a)
Pronirn = |V<I>§+1/2|2V<I>g“/2 |v¢n+l/2|2 ¢n+1/2’ (4.18b)
with A 3 , 3 ,
b R=S @S PhigT, TR = el e
A similar expansion is available for ¢ g 1:
P = | VHIHI/2RYEH1/2 4 (7(IH1/2 4 f1/2) ypnt1/2) g grtl/2, (4.19)

Again, repeated applications of Holder inequality gives the following estimate

| @rms1r2||
<C(|l@gmarrzll IV @gmsrs2 )
§C<H‘Vﬁ)g+1/2‘2vég+l/2u+H(v((i)g+l/2+43§z+l/2>‘Vég+1/2)v432+1/2”
+Hv(|vq>n+l/2| vAn—H/Z)H—i_HV(( (q>n+1/2+¢n+1/2> VAV!—I—l/Z)V(lA)g—l-l/?_)H)

(HV¢”“/2IIH +[|VPE 2| 12)? [ VT2
SC<<C 2+(Q¥)2) | Ver 2| i, (4.20)
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with the uniform in time H® estimate (3.1) and the regularity assumption (4.2) recalled.
Since @1 € Pk, we go back (4.18) and arrive at
IR = [REH2) = | = V- (R (pgoen))+ A2
<3[l@gms1rzlln + lagg 172
<C((CTPH(QINIVeE i+ VET? ||

<C((C)2+(Q®)2+1) [ Vert 2|
<C((C*)*+(QW)2+1) || acet?|
<C((C*P+(Q¥)2+1) | ane™ |2, (4.21)

in which the elliptic regularity,
[VesH172) i <Cllagtt 2],

has been applied in the fourth step, due to the fact that
/ Vet 24x =0
0

and the last step comes from the fact that ¢ A”H/ ? is the spectral interpolation function of

¢"+1/2_ This completes the proof of mequahty (4.9d), by setting

Ci=C((C)?+(Q¥)*+1).
The last inequality (4.9e) is a direct consequence of the following estimates

q)n—H —Pn
| =

<C* by(@42), (4.22)
combined with the fact that || - || is @ norm stronger than ||-||». O

4.3 Proof of the convergence theorem

Now we proceed into the proof of Theorem 4.1.
Proof. Taking a discrete inner product of (4.8a) with "H;t ¢, with a repeated application
of summation by parts, we get

n+1 e 2

s S

2

+1 _L,h
= —((NLEFNLE+NLE;— "+1/2),%>, (4.23a)
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1711-5-1/2 .
NLE = Ny (¢"+1/2), (4.23b)
ELN((f)n—&-l/Z)
NLEy=—B M/ 2RMIZEIHZN (§m11/2), (4.230)
Rn+1/2 .
NLEy= Nnt1/2, (4.23d)

/ELN(qA)n—H/Z)
The temporal stencil term could be analyzed in the same manner as (2.39a):
3 n+1 ln—l n+l__ 4n
<LN(46 s )4t =g")
1 1 1 1 _
(HLZ 3 1Lie"13) + 5 (ILR (e = 3= IIL3 (" —e" ) 3)

1
(H et —2e" e B). (4.24)

A bound for the truncation error inner product term is standard:

+1__ ,n n+l_ ,n n+1_ e 2
nt1/2 € —e > i1 He e n1/2 He
(12 ) <l e | |, <2l 218+ 5 (425)
The first nonlinear inner product term could be rewritten as follows:
n+1 7 =n+1 n+1l_ ,n
—ee )= (= Nu(@" 1)) (420
Eq n($nt1/2)

For the second and third nonlinear inner product terms, we begin with the following
estimates:

INLE|,= HBn+1/2Rn+1/2E111+1/2NN(qgn+1/2)H2
S|Bn+l/2|"Rn+l/2|'|ET+1/2|'||NN((1A)W+1)H2

<107 (GGl Tne 122 G

&S| Vne™172||,  with CSZ%CZQ(COH)%MV% (4.27a)
||N£53||2: HRn+1/2(ELN(q3n+1/2))—%Nn+1/2Hz
<|R™V2) Q)71 [N

<(Co+1)710| 2-Caf| Ane™ 172,

=Co| AN 2|y with Co=Cy(Co+1)2]Q| 2, (4.27b)
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in which the preliminary estimates (4.9a)-(4.9d) in Lemma 4.1 have been extensively ap-

plied in the derivation. We also notice that the inequality |[R"*1|,|R"| < (Cy+1)2 comes
from the fact that
E(®(t)) <E(®%)=Co+h",

the pseudo-spectral approximation order, combined with the inequality
E1 N (DF) <En(DF).

And also, the following estimate for ||AV LE1]|2 is derived below, which will be needed in
the later analysis:

IV LE =72 (Ey v (§"/2)) I NN ("H72) 12
<[P Q) 72 NN (62 2
<|Q| 2G5 Y2=G 2 with Cr=Ca|Q) 2. (4.28)

As a consequence of (4.27a), (4.27b), the following inequalities are available:

n+1_ ,n

- <N/:52 Y 553,%>

e e"
< |
(WLl Vel | 5|,
n+l el 2
(VL& INELER) + 5| x|
~ - n+l e 2
<2(CAne 23+ CEllane™ 2 3) + 1 | <
4 2
- et _pn 2 5 . _
<Cgl|Ane" /2|24 4H7 2, C8:2(Q§Q§+Cg), (4.29)

in which C3 corresponds to the elliptic regularity,

IVNFfll2<GllAnf 2,

an inequality similar to (3.26). Therefore, a substitution of (4.24)-(4.26) and (4.29) into (4.23a)

yields
1 1|2 Foall? L)k 1 3 ENE
2At (‘Lz e Hz ne' 2)+§(‘L12\] e - ‘ Ly (e =" >H2)
5ettl—em 2
(3o
8 At 2
iz R N A 17242 1912
<- Ny (§"1/%), = )+ Csllawe™ 2 [F+2] 3. @30)

ELN((IA)H-H/Z)
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On the other hand, the original error evolutionary equation (4.8a) gives

en+1 _

n 3 1
= (In (e e ) AN LEFNLEH N LE — 7). (4.31)

In turn, an application of quadratic inequality implies that

en+1_en 2
‘ At 2
2% LN( ”+1+ o 1) 2| NLE+NLE +NLES—T 3
1 n+1 n—1 2 n—+142
> LN + e —4 INLEI+NLEr+NLE3 |54+ || Ti |3
2 ¢
1
>5 LN( ”+1+ e 1) —12(||N£51||§+||N£52||§+|IN£53II§) —4|Ty 3
1 3 2 .
25 LN<4 n+1+4en 1) 2—12(C (~n+1/2)
+(CRCE+CR) | e 12 3) 4l (4.32)

with the estimates (4.27a)-(4.28) recalled. Going back (4.30), we arrive at

1 1 1 1 _
o (1L B 1den1B) + 2 (1& @+ —en B Lk (e —e" ) B)
3 1. 2 n+1/2 . el o
gl Gt ge o (e ), =)
ELN((PnH/Z)
<12C3(F V227Gl | Ane" T2 B6 2. (4.33)

Taking a discrete inner product of (4.8b) with 27" +1/2 =+1 17 gives

(|~”“|2 712

_ n+1/2 <NN(43”+1/2), el _pn > N 1~,n+1/2 <N”+1/2, P+l _pn >
Ein(§m+1/2) At E1 n($m+1/2) At
_ Bﬂ+1/2§;l+l/27~,n+1/2 <NN(qA)n+1/2>, q>n+;t_ o > +2Trn+1/2 . 17.7’1-"-1/2' (434)

The inner product associated with the truncation error could be controlled via Cauchy
inequality:

2 n+1/2 ~n+l/2<’Tn+1/2’2_|_’~”+1/2’2 (4.35)
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The first nonlinear inner product on the right hand side is kept. The second and third
nonlinear inner product terms could be analyzed as follows

=n+1/2 n+1l__ gn n+1l__ gn
r <Nn+1/2,q) o P >§|7~,n+1/2|.’Q|—%.HN”+1H2.H¥
Eq n(¢n+1/2) 2
- _1 = A I A
<[22 Col AN 25 CCH < Co P2 - || Ane™ 2
C . .
< 2P R 4 ane 1 2R),  G=CGier|ol (4362)
N R q)nJrl_q)n
_Bn+1/2E111+1/21~,n+1/2<NN(q)n+1/2), = >
N ~ . (I)”’H—(I)”
<IBMVALE L2 N (9 | S
1 ~ - -
< S 1017E -G Ve |- [P C5-CC7 < Crol P12 [ Ane™ 2
C . - -
S%(‘?nJrl/Z’Z_I_“ANé\nJrl/Z"%)’ Cro=CCC5C5CH Q3 (4.36b)

with repeated application of the preliminary estimates (4.9a)-(4.9e) in Lemma 4.1. Subse-
quently, a substitution of (4.35)-(4.36b) into (4.34) yields

(P12= 1)

1 n
2n+1/2 e"tl—e
<NN(¢ )t >

1
At
17n+1/2
El,N($n+1/2)

C~9+Clo
+ 2

(P12 Ane 1213) + P2 L 2R @)

Finally, a combination of (4.33) and (4.37) results in

1 1 1 1 1 1 _
oz (L& 3= 11L3e"13) +5 (L& (@ =B = ILE (" —e" ) 3)
5 3 1 2 1
2L (7 1, L n—l)” L oen112 an g2
+16H VR T ) Vi
SCH|7~,n+1/2‘2_|_C~12HANénJrl/Z||%+6HT£+1/2H%+|Trn+l/2|2 (4.38)

with o
Co+Cip
—

In particular, we notice that the first nonlinear error inner product terms have been can-
celled; this subtle fact has played a crucial role in the analysis. In addition, the following

611212(6%+C§+C~%0)+1, C]zz7ég+
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inequality is observed:

R 3 1, 1\/? _
lane /2|3 = ay (Fe"—5e" 1)H <3 Ane" 3+ [l ane" 3

2
<s-2(3uL e [3+]|L2e" |2 ). (4.39)

in which we have used the fact that

lanflla=e Y [LEfl2

Going back (4.38), we arrive at

(Hm )+ 16HL ( A 1)”

4
<C11\?”“|2+C12€* (HL "H2+HL2 "B 6l R+ T
<C11|1’n+1|2+2C128_2(Hn eV 1)+6HTn+l/2H2+|Tn+l/2 %’ (4.40a)
with 7—[”“::§||L17\,e”+1||2+§||L17\](e”+1—e”)||2—|—\17”+1|2. (4.40D)

Therefore, with an application of discrete Gronwall inequality, and making use of the fact
that
||Tn+1/2|| | n+1/2‘<C(At2—|—hm)

we arrive at
5 1 3 . 1 . 2,
n+l_, ~ ! -1 H < At4 th 4.41
H +16At]__21HLN(4e +1¢71)| <C@ar+rm), (4.41)

with € independent on At and . Meanwhile, the following summation estimate is avail-
able:

"3 2 1,
]+1 j—1 H 7” ]+1H _ j—1(2
ZHLN( +367) 21(8 g lLne 1B
n X E n .
24];)||LN61+1||§—C(At4+h2m Z;||A%,e]+1||%—C(At4+h2m). (4.42)

In turn, the desired convergence estimate is available

k+1 L .
| anem o+ (At Y %€l [3)* <CCH(ar+hm), (4.43)
=

in which the equality,
1
ILR e 2 =el Ane™* Iz

has been recalled. This completes the proof of Theorem 4.1. O
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Remark 4.1. In an earlier error analysis work [45] for the SAV scheme applied to the
Cahn-Hilliard flow, a linear refinement requirement for the time step size, At <Ch, has
to be imposed for the convergence estimate, since an inverse inequality has to be applied
in the error estimate in the energy norm. In contrast, we have derived a higher order H>
bound for the numerical solution, which in turn leads to an unconditional convergence
estimate (no scaling law constraint between At and h) for the SAV scheme applied to the
SS equation.

Remark 4.2. As can be seen in the proof of Lemma 4.1, the uniform in time H® esti-
mate (3.1) (for the numerical solution) plays an essential role in the derivation of the
preliminary inequalities (4.9c), (4.9d). These two inequalities turn out to be very useful
in the optimal rate convergence analysis for the proposed SAV scheme, since the error es-
timate has to be carried out in the (0, T; HIZ\]) Ne2(0,T; Hj{]) norm. Instead, if the standard
Crank-Nicolson approximation is applied to the surface diffusion term, such a uniform
in time H° estimate is not theoretically available, as argued in Remark 3.2. As a result,
the convergence analysis and error estimate for the standard Crank-Nicolson would not
be theoretically established.

Remark 4.3. For the NSS equation (1.5) with the physical energy (1.4), the corresponding
SAV scheme could be similar derived and analyzed. For example, the following inequal-
ity turns out to be valid, with an application of elliptic regularity:

[ (- am(a+199R)+ 189+ C.)dx> [0
a\ 2 4 £)rm=

in which C; only depends on &. In turn, one could denote

E(9) =Er(9)+5 (9, L¢)
with

1 2 2
Ei@)= [ (~3In(1+ VR +F 80P +Co)dx,  Lp=5a%.

The corresponding SAV scheme could be designed by this energy decomposition, using
similar ideas. The modified energy stability, uniform in time H® estimate for the numer-
ical solution, and the optimal rate convergence analysis could be derived in a similar
manner. This work will be left to the future works.

Remark 4.4. Other than the Crank-Nicolson method, some alternate second order tem-
poral approximation, such as the second order BDF scheme, could be applied to the SAV
scheme. In a recent work [60], a second order accurate SAV-BDF2 scheme has been suc-
cessfully applied to the square phase field crystal (SPFC) model, in which the energy
stability and optimal rate convergence analysis have been theoretically established. An
application of the BDF2 temporal discretization to the SAV formulation (2.23) of the SS
equation is expected to be feasible, with all the theoretical results available. The technical
details are left to interested readers.
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5 Numerical results

In this section we present some numerical simulation results to demonstrate the stability
and accuracy of the proposed scheme (2.24).

5.1 Convergence tests

We test the temporal convergence rate of the numerical scheme (2.24). The exact solution
is taken as
. .2
(X, ,t) = (sm(Zx)4cos(2y) +O.48> (1 B s1n2(t) ) (5.1)
The computational domain is given by (0,277)2, and interface width is set as ¢ =0.1. We
use 128 Fourier modes in space. From Fig. 1, the second order temporal convergence
order has been clearly observed for the numerical scheme (2.24).

===SAV error
=e-Slope = 2

L* error

107 10°°
time step

Figure 1: Convergence rate of SAV scheme (2.24) in time. The numerical error data is parallel to the curve of
A2

5.2 The coarsening dynamics

In this subsection, we provide the coarsening process numerical simulation results for
the MBE model (1.3) with slope selection. A random initial data is taken, varying from
—0.001 to 0.001. The physical parameters are set as

e=0.03, M=L1. (5.2)
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Figure 2: The isolines of the numerical solutions of the height function ¢ and its Laplacian A¢ for the model
with slope selection with random initial data. For each subfigure, the left is ¢ and the right is A¢. Snapshots
are taken at £=0,2,20,40,60,100, respectively.

10% ] 10'
—e_r:/o;rgy decay i ===roughness growth
=y 1 —y13
10°
7]
0
]
£ 1
510
3
=]
3
102
102 10° 10% 102 10! 10° 10' 10% 10°
time:t time:t

. . . . S _1

Figure 3: Dynamics of energy and roughness with respect to time. The energy evolution is parallel to the {3
. Lo 1

curve, while the roughness evolution is parallel to the t3 curve.

The computational domain is given by Q= (0,12.8)2, and we use 128> Fourier modes so
that the numerical errors from the spatial discretization are negligibly small, in compar-
ison with the temporal discretization error. The snapshot plots of the physical variable
at a sequence of time instants, at t =0,20,40,60,100, computed by the numerical scheme
(2.24), are displayed in Fig. 2. In addition, the time evolutions of the energy, as well as the
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roughness growth, are displayed in Fig. 3. A very nice agreement with the scaling laws,
as given by t73 and t3, respectively [37], is observed.

6 Concluding remarks

In this article, we have analyzed a scalar auxiliary variable (SAV)-based numerical scheme
for slope-selection (SS) equation of the epitaxial thin film growth model, with Fourier
pseudo-spectral spatial approximation. In particular, the standard Crank-Nicolson ap-
proximation to the surface diffusion term is replaced by a modified version, with 3/4
and 1/4 coefficient distribution at time steps "1, #"~1, respectively. With an appli-
cation of this approximation to the second order SAV scheme for the SS equation, a
modified energy stability is proved, so that a uniform H? bound for the numerical so-
lution (of the phase variable) is available. In addition, a higher order H? estimate has
also been derived, with the help of various discrete Sobolev inequality in the Fourier
pseudo-spectral space. With such an H? bound at hand, we have derived an optimal
rate (O(A?+h™)) convergence analysis for the numerical scheme in the energy norm,
i.e., in the (0, T;HIZ\]) Ne%(0, T;H;l\]) norm. In particular, the aliasing error control tech-
niques have to be applied in the nonlinear error estimate associated with the 4-Laplacian
term. A few numerical experiments are also presented, which confirm the efficiency and
accuracy of the proposed scheme.
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