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Abstract. We explore minimization problems of the form

k
Inf{/o1 '] —|—i;|u(ai) —fi|2+oc/01 |u|2},

where 1 is a function defined on (0,1), (a;) are k given points in (0,1), with k > 2, (f;)
are k given real numbers, and « > 0 is a parameter taken to be 0 or 1 for simplicity.
The natural functional setting is the Sobolev space W!1(0,1). When a = 0 the Inf is
achieved in W'"1(0,1). However, when & = 1, minimizers need not exist in W'1(0,1).
One is led to introduce a relaxed functional defined on the space BV (0, 1), whose mini-
mizers always exist and can be viewed as generalized solutions of the original ill-posed
problem.
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1 Introduction

Given k points, with k > 2,
O<m<m<---<a <1, (1.1)

and k real numbers f;, i = 1,-- -k, the aim is to find a function u defined on (0,1) such
that u(a;) approximates f; as best as possible, and keeping at the same time some control
on the regularity of u, measured here in terms of total variation of u. For this purpose
define the functional

1 k
P = [+ ) lu(a) - i 1.2
i=1
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and then minimize F. (One may also insert a fidelity parameter in front of the first in-
tegral, but we take to be 1 for simplicity). Note that F is well-defined on the Sobolev
space W¥1(0,1) since W(0,1) C C([0,1]), so that u(a;) makes sense. As is well-known
WL1(0,1) is not a good function space from the point of view of minimization tech-
niques in Functional Analysis. Often, variational problems do not admit minimizers in
WL1(0,1). To make up for this “defect” one is usually led to enlarge W'1(0,1) and re-
place it by BV(0, 1), the space of functions of bounded variation (see e.g., [1,2,5]), where
the existence of minimizers is often a matter of routine. The drawback is that the spe-
cific functional F is not properly defined on BV (0, 1) since the term u(a;) has no obvious
meaning when u has a jump at a;.
In Section 2 we establish that (surprisingly!) the problem

Inf F 1.3
uEWﬂ(O,l) (Ll) ( )

always admits minimizers. In fact all minimizers are classified with the help of a finite-
dimensional auxiliary problem. Given

A= (/\1/"' /Ak) 6IRk/

set 1 .
®(A) =Y (i — A+ YA = fil~ (1.4)
i=1 i=1
By convexity
m := min®(A) (1.5)
AERK

is achieved by some unique A denoted
U= (ull"' ,Uk),

and which plays an important role throughout the paper. In this section we never in-
voke Functional Analysis and the space BV(0,1) is noticeably absent. The existence of
minimizers in W41(0,1) is derived from an elementary computation originally due to T.
Sznigir [6,7]. However this “miracle” does not repeat itself: as we are going to see in Sec-
tion 5 even “mild” pertubations of F need not admit minimizers in wil (0,1), and there it
will be essential to “relax” the problem and search for minimizers in BV (0, 1) using tools
of Functional Analysis.

In Section 3 we introduce the relaxed functional F, of F, which is much better suited
to minimization problems involving the functional F. We start with the standard abstract
formulation, namely F, is defined for every v € BV (0,1) by

F.(v) := Inf liﬂng(vn), (1.6)

where the Inf in (1.6) is taken over all sequences (v,) C W'1(0,1) such that v, — v in
L%(0,1). The main result, Theorem 3.1, provides an explicit formula for F,. The major
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obstacle stems from the fact that u(a) is not well-defined when u € BV (0,1); however, u
admits at every point a € (0,1) limits from the left and from the right, which enter in the
formula for F,. Theorem 4.1 provides a complete description of all minimizers of F, on
BV(0,1). It turns out that F, admits many more minimizers than the original functional F,
even when F, is restricted to W1(0,1).

In Section 5 we consider a mild perturbation of F, and we show that the corresponding
minimizing problems differ significantly from those associated with F. Set

k
Gl =P+ [ = [l L hnta) AP+ (W a7)

where u € W'1(0,1). Our initial goal is to investigate the minimization problem

A= Inf G(u). 1.8

Inf G(u) (1.8)

As we are going to see the infimum in (1.8) need not be achieved and we will replace

it by a relaxed problem defined on BV(0,1) as we have done in Section 3. It is easy to
check that the relaxed functional G, of G is given by

G,(0) = F,(v) + /O1 02, VoeBV(0,1), (1.9)

so that G, is strictly convex on BV (0,1) and it is lower semicontinuous in the sense that
for every sequence (v,) C BV(0,1) such that v, — vin L?(0,1) as n — oo, we have
liminf G,(v,) > G,(v).

n—oo

Consequently

B= Inf G:(v) (1.10)

is uniquely achieved and we denote by o € BV (0, 1), its unique minimizer.

The bottom line is that we have replaced Problem (1.8) which need not have a solution
by Problem (1.10) which always admits a unique solution . Moreover, if Problem (1.8)
admits a minimizer, it must coincide with @. Therefore @ may be viewed as the generalized
solution of Problem (1.8). In addition, ¢ has a very simple structure and can be computed
via a finite-dimensional convex minimization problem.

2 The functional F and its minimizers on W1

The main result in this section is
Theorem 2.1 (T. Sznigir [6,7]). We have
m= Inf F(u), (2.1)

ucwil



338 H. Brezis / Anal. Theory Appl., 35 (2019), pp. 335-354

where m has been defined in (1.5), and the Inf in (2.1) is achieved. More precisely u € W1(0,1)
is a minimizer if and only if it satisfies the following three conditions:

u is monotone on each interval (a;,a;41), i=1,---,k—1, (2.2a)
M(Eli) = Ui, 1= 1, cee k, (2,2b)
u(x) =Uy;, Vxe€l0,a] and wu(x)=U, VxE€E [a1]. (2.2¢)

Proof. Given u € W(0,1) we have

1 k-1 ajy1 k-1
=X [ = i) - ua)), 23)
i=1""% i=1

with equalities if and only if:

u is monotone on each interval (a;,a;.1), (2.4a)
u is constant on (0,41) and on  (ag, 1). (2.4b)
Thus
k-1 k )
F(u) > Y |u(ain) —u(a)| + ) Ju(a;) — fil.
i=1 i=1
Letting A; = u(a;),i =1,- -+, k, we see that, for every u € W1(0,1),
F(u) > min®(A) = m. (2.5)
AERK

If u € WY(0,1) satisfies (2.2a)-(2.2c) we have
k=1 k
F(u) =Y Uiy — Wl + Y |U; = fil* = m,
i=1 i=1

so that u is a minimizer for (2.1). Conversely if u € W1(0, 1) is such that F(u) = m then
(2.4a) and (2.4b) hold. Moreover u(a;) = A; is a minimizer in (1.5), and by uniqueness we
have u(a;) = U;fori=1,--- k. O

Remark 2.1. In view of the abundance of minimizers for F in W'1(0, 1) one may wonder
whether some of them are “preferred” e.g., in the sense that they are “stable” with respect
to pertubations. The minimizer u, of F which is obtained by linear interpolation (i.e., u, is
linear on each interval (a;,a;;1) is definitely a good candidate. Here are three “natural”
perturbed functionals:

1
Fio(u) = s/ 2 + E(u), we H'(0,1), >0,
0
1 k
Fap(w) = [ )P+ Y u(ar) - £i?, ueW (1), p>1,
i=1

1
Fe(u) = e/ lu|> + F(u), u € H*(0,1), e> 0.
0
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It is easy to see that each one admits a unique minimizer. T. Sznigir [6,7] has established
that as ¢ — 0 (resp. p "\, 1) the minimizers of F; . (resp. F,,,) converge to u,. By contrast
the minimizers of F3, converge as ¢ — 0 to the solution # of a variational inequality
corresponding to

1
min {/ |u”|?; u € H*(0,1) and satisfies (2.2a) — (2.2C)} .
0

The function # belongs to C1([0,1]) (while u, ¢ C') and # is a piecewise cubic function
on each interval (a;,a;41),i=1,--- ,k—1, see [6,7].

3 The relaxed functional F, on BV

As usual the relaxed functional F, is defined for every v € BV(0,1) by

F(v) := Inf lirrlr_1>io£1fF(vn), (3.1)

where the Inf in (3.1) is taken over all sequences (v,) C W''(0,1) such that v, — v in
L%(0,1) (the choice of L? is just a matter of convenience—one can replace it by any L?,
1<p< o).

The main result in this section is an explicit formula for F,, but first some notation.
Givenv € BV(0,1) and a € (0,1) we denote by j(v)(a) the jump interval of v at 4, i.e.,

j(v)(a) = [min(v(a — 0),v(a + 0)), max(v(a — 0),v(a + 0))]. (3.2)
We also set

2, if 0<t<1,

p(t) = { (33)

2t—1, if t>1.

Theorem 3.1. For every v € BV(0,1), we have

1 k
Fo) = [ 101+ Yo (@istlf ) @), G4

where dist denotes the distance of a point to a set.

The proof of Theorem 3.1 relies on the following three lemmas. The first two are
familiar to the experts (see e.g., [4, Appendix 18.8] and [3, Lemma 2]).

Lemma 3.1. Let (v,) be a bounded sequence in BV (a,b) such that v,, — v in L(a,b), v,(a) —
«, vy(b) — Basn — oo. Then v € BV (a,b) and

b b
lirginf/ |v;|z/ 10|+ |o(a) — a| + [o(b) — B, (3.5)
n 00 a a

where we write for simplicity v, (a) = v,(a+ 0), etc.
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Proof. Fix any function h € CP(R) such that h(a) = « and h(b) = B. Consider the
functions

h(t), if t<a, h(t), if t<a,
wy(t) == Co,(t), if a<t<bh, w(t):=<o(t), if a<t<p,
h(t), if t>0, h(t), if t>b.

Clearly w,, w € BV(R) and

a b 00

L= [ w1+ [T+ [+ fou(a) —al+ ou0) =Bl G6a)
a b )

L= [ wis [l [T+ @ —al+ @)~ Geb)

Since w, — w in L'(R) it is well-known that
liminf/ |w!,| > / |w'|.
n—oo R R
Combining this with (3.6) yields (3.5). O

Lemma 3.2. Given any v € BV (a,b) and constants a, B € R, there exists a sequence (v,) C
WU (a,b) such that v, — v in L*(a,b), v,(a) = a, v,(b) = B, Vn, and

b b
lim [“jol = [+ [o(a) — a] + o(b) - Bl 7)
Proof. Set
®, if t<a,
w(t):=<o(t), if a<t<yp,
B, if t>b.

Let w, = pn * w where (p,,) is a sequence of mollifiers. Clearly

b
St < [l = [C1ef +lo(a) - al+ [o(6) = . ©8)

Moreover wy,(t) = aif t < a— (1/n) and w,(t) = Bif t > b+ (1/n). Rescaling the
sequence (wy) by a change of variables we obtain a sequence (v,) of smooth functions
such that v, — vin L(a,b), v,(a) = a, v,(b) = B, ¥n, and

b b
lim sup [ [of] < [ [0'| + [o(a) = o] + fo(b) = .

n—00

Applying Lemma 3.1 we conclude that (3.7) holds. O



H. Brezis / Anal. Theory Appl., 35 (2019), pp. 335-354 341

The third lemma relies on an elementary computation left to the reader.

Lemma 3.3. Given any «, B, f € R we have
Inf {[t —af + |t = [+ [t = f|"} = |a = B| + (dist(f, ])), (39)
where | = [min(a, B), max(a, B)] and ¢ has been defined in (3.1).

Proof of Theorem 3.1. It consists of two steps.

Step 1. Given any v € BV(0, 1) there exists a sequence (v,) C W'1(0,1) such that v, — v
in L2(0,1) and
lim F(v,) = F(v),

n—00

where F,(v) is defined by (3.4).
Proof. Applying Lemma 3.3 witha = v(a; —0), B = v(a; +0),and f = f;, 1 <i <k, we
obtain some t; (a minimizer in (3.9)) such that

|t — v(a; — 0)| + |t — v(a; + 0)| + [t; — fil?
=|v(a; —0) —v(a; +0)| + @(dist (f;,j(v)(a;))). (3.10)

We next apply Lemma 3.2 successively on
(0,a1), (a;,ai1), 1<i<k—1, and (a1).

First on (0,a;) with a« = v(0+) and B = t;. This yields a sequence (v,) C W'1(0,a;) such
that v,,(0) = v(0+), vy(ay) = t1, V1, v, — vin L2(0,a;), and

ay ay
1l = [ 11+ fetan = 0) = ] + o(1). (3.11)

Next on (a;,a;11), 1 < i < k—1, witha = t; and B = t;41; this yields a sequence
(?Jn) C wil (IZZ', IZZ'+1) such that Un(lli) =1, 0y (lli+1) =ti41,0n — 0 in Lz(tli, 11i+1), and

i1 Ait1
[k = [ ol 0) = il [o(aia = 0) — il (). (312)
ai aj

Finally on (ax, 1) with « = t; and B = v(1-); this yields a sequence (v,) C W' (a, 1)
such that v, (a;) = t, v,(1) = v(1-), v, — vin L*(a, 1), and

1 1
[ 10l = [ 1+ lo(ar +0) = ] +0(D). (3.13)
aj ay

Glueing these functions we obtain a sequence (v,) C W'1(0,1) such that v, — v in
L2(0,1),and

1 k Ajt1 k
Lo =2 [ R Yot = 0) il +[o(a; +0) — t) +o(1), (314
i=0 "% i=1
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with the convention that ag = 0 and a5, = 1.
Inserting (3.10) into (3.14) we see that

1 1 k k
el = [l = Yok = A ) p(dist (i j(0)(@0)) +0(1).  (3.15)
i=1 i=1

Since vy, (a;) = t;, Vn, Vi, we conclude that

. k
Fow) = [ 1ob]+ 1 fou(ai) = fi? = Ex(2) +0(0), 316)
i=1

which completes the proof of Step 1.

Step 2. Let (v,,) be a bounded sequence in W1(0,1) such that v, — v in L(0,1). Then
v € BV(0,1) and
liminf F(v,) > F(v). (3.17)

n—oo

Proof. Passing to a subsequence we may always assume that, foreveryi =0,1,--- ,k+1,
there exists some ¢; such that

vy(a;) — ¢ as n — oo.

From Lemma 3.1 we know that for everyi = 0,1, - -k,
Ai+1 , Ai+1 ,
/ |03 2/ [0'| + [v(a; +0) — £i] + [v(ai1 — 0) — Liya| +o(1).
aj; a;

Adding these inequalities yields

k Ai+1 k
Flen) 2 1 [ 11+ Lol +0) — &+ folai —0) = i + 165 = i) +o(0).

Applying Lemma 3.3 we find that

k

k Ai+1 k
F(vq) > ;)/ [o'] + ; |o(a; +0) —v(a; — 0)| + }_ g(dist (i, j(v) (a;)) +o(1)

i=1
—F,(0) +0(1),

which completes the proof of Step 2, and thereby the proof of Theorem 3.1. O

4 Some properties of F,

We discuss in this section some properties of F,. First a few straightforward facts. We
have
F(v) <F(v), VYoe WY (0,1), (4.1)
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indeed it suffices to choose v, = v, Vn in (3.1). It may happen that F,(v) < F(v) for some
v's in W1(0,1). In fact

[F,(v) = F(v) forsome vec W' (0,1)] < [[v(a;) — fi| <1, YVi=1,---,k], (4.2)
this is an immediate consequence of (1.2), (3.4) and (3.3).

Lemma 4.1. The functional F, is convex on BV (0, 1) and it is lower semicontinuous in the sense
that for every sequence (v,) C BV(0,1) such that v, — vin L*(0,1) as n — oo, we have

liminf F,(v,) > F.(v). (4.3)

n— 00

Proof. Given v,w € BV(0,1) there exist (by Step 1 above) sequences (vy), (w,) C
WL1(0,1) such that v, — v,w, — win L?>(0,1) and F(v,) — F.(v), F(w,) — F(w).
By convexity of F we have

F(to, + (1 — t)wy) < tF(vy,) + (1 —t)F(wy),  Vte[0,1]. (4.4)
Passing to the limit in (4.4) and using Step 2 we see that
EF(tv+ (1 —t)w) < tF(v) + (1 —t)F(w).
Next, the proof of (4.3). By Step 1 applied to v, with n fixed we may find some w, €
WU1(0,1) such that

1 1
lon — wa |12 < - and |F(v,) — F(w,)| < o (4.5)

Thus w, — vin L?(0,1) and from the definition (3.1) we conclude that

F.(v) < liminf F(w,) = lirgianr(vn) by (4.5).
n—oo

n—oo
Thus, we complete the proof. O

We now discuss the minization of F, on BV (0,1). Recall (see Theorem 2.1) that

m = min F(v), (4.6)
veWll
where m is defined by (1.5). Set
y:= Inf F(0v). 4.7)
vEBV

From Lemma 4.1 and the compactness of the embedding BV (0,1) C L?(0,1) we deduce
that the Inf in (4.7) is achieved. Clearly, by (4.1),

p= Inf F(v) < Inf F(v) < Inf F(v) =m. (4.8)

vEBV veWll! veWll
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We claim that
U =m. (4.9)

Indeed, by (4.6) we have

m < F(v), YoeW"(0,1). (4.10)
From Step 1 above and (4.10) we deduce that

m < F,(v), Vv € BV(0,1), (4.11)

and thus

< = U.
" ) =

Combined with (4.8) this yields (4.9).

As a consequence, any minimizer for F on W'!(0,1) must be a minimizer for F, on
BV(0,1). Indeed if F(u) = m, then u < F,(u) < F(u) = m = p so that F.(u) = p.

The next result provides a complete description of all minimizers of F, on BV(0, 1).

Theorem 4.1. Assume that u € BV (0, 1) satisfies the following three conditions:
u is monotone nondecreasing (resp. nonincreasing)

on each interval (a;,a;1), i=1,--- ,k—1, (4.12a)
such that UZ- < ui+1( resp. LL-H < UZ'),

Ui < u(ai +0) and u(lli+1 — 0) < ui+1 lf (4 12b)
U; < U1 (resp. reverse inequalities if U;q < U;), '
u(x)=U, Vxel0,a1] and wu(x)=U, Vx€ [ag1], (4.12¢)

then u is a minimizer of F, on BV (0,1). And conversely.

Remark 4.1. We deduce from Theorem 4.1 that the relaxed functional F. admits many
more minimizers than the original functional F, even when F; is restricted to Wl'l(O, 1),
since they are not bound by the rigid constraint u(a;) = Uj, Vi.

The proof relies on the following monotone version of Lemma 3.2.

Lemma 4.2. Given any nondecreasing function v on (a,b) and constants « < v(a), p > v(b),
there exists a sequence of nondecreasing functions (v,) C WY(a,b) such that v, — v in
L%(a,b),vy(a) = a,0,(b) = B Vn,and

a b
lim/b yv;\:/a '] + [o(a) — a| + [o(b) — BI. (4.13)

n—o00

The proof of Lemma 4.2 which is similar to the proof of Lemma 3.2 is left to the reader.
We now turn to the
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Proof of Theorem 4.1. Applying Lemma 4.2 on the interval (a;,4;11) witha = U; and p =
U;,1 we obtain a sequence (v,,) of monotone functions in W' (a;,a;,1) such that v, — u
in Lz(ai, Hi+1),

op(a;) =U; and ov,(aiq) = Uy,  Vn, (4.14a)
i+1 Ai+1
lim [ [0 :/ /| + [u(a; +0) — U] + |(aisg — 0) — Uppq)- (4.14b)
a; i
Next we set
vu(x)=U;, Vx€[0,m] and o,(x)=U, VxE€E [a1]. (4.15)

Glueing the functions v, defined above we obtain a function still denoted v, € W'1(0,1),
satisfying all the requirements of Theorem 2.1. Thus v, is a minimizer for F in W1(0,1)
so that

F(vn) = m, vn. (4.16)

Since v, — u in L2(0,1), we deduce (from the definition (3.1) of F,) that

F(u) < lim F(v,) = m.

n—o0

(Note that the full strength of Lemma 4.1 was not used). Invoking (4.9) we conclude that
1 is a minimizer for F,.

We now turn to the converse. Assume that u is a minimizer for F, on BV(0,1). Let
ti,i =1,---,k, be the unique minimizer in (3.9) corresponding to « = u(a; —0), p =
u(a; +0) and f = f;, so that

|t; — u(a; — 0)| + |t; — u(a; + 0)| + |t; — fi]?
=[u(a; —0) — u(a; +0)| + (dist(f;, j(u)(a;)). (4.17)

Next write, for1 <i<k-—1,

ti—tivg = (ti —u(a; +0)) + (u(a; +0) —u(aj1 — 0)) + (u(aj1 —0) — tiyq), (4.18)
so that

|t — tiya| < |ti —u(a;+0)| + |u(a; +0) —u(aj1 — 0)| + |u(a;1 —0) — tipq].  (4.19)
We now compute, as in (1.4),

k—1 k
D) =Y |t —tig| + Y|t — fil>
j i=1

Il
—_
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where f is defined by f := (#1,-- - ,t). From (4.19) and (4.17) we have when k > 3 (if
k = 2 go directly to (4.20))

k1
Y It — tiga]
i=1

k=1 k=1
<Y |t <m+0!+21t—u —0)[ 4+ Y u(a; +0) — u(ajq —0)]
i=1 i=2 i=1

=|t1 —u(a; +0)| + |t —u(ax — 0 |+Z |ti —u(a; —0)| + [t; — u(a; +0)])
k—1
+ ) |u(a; +0) — u(ajq —0)]
i1

=[t; —u(a; +0)| + [ty —u(ar —0 |+Z\u a;+0) —u(a; — 0)|

k-1
+ Y o(dist(fi, j(u Z]t — fi? —|—Z\u a; +0) —u(aj1 —0)].
=2
Therefore,
= k
D(F) =Y |ti—tia| + Y [t — fil?
i=1 i=1

1
<|ty — u(ar +0)| + |tx — u(ax — 0)| + |t — fil> + |t — fil> + Y [u(a; +0)
=2
k1

k-1
—u(a; —0)[ + ; |u(a; +0) — u(ai1 — 0)[ + ; (dist(fi, j(u)(ai))
<ty —u(ar +0)| + [t — uax — 0)| + |t — fil* + [tk — fi?
k=1 gy k—1 k—1
F X[ X fulai+0) = s~ )]+ 1 g tist (7))
=[t — (a1 +0)| + [t — u(ax — )| +|ts = fif* + |t — fi]
1 M 1
W= = [ e £0) — u(a —0)
~ (o +0) = u(a; ~0 !+prdlstfu (1) (@)

Since u is a minimizer for F, we know by (4.7) and (4.9) that

k
= [(wl+ 1 gldist(f ju)(n)) = m



H. Brezis / Anal. Theory Appl., 35 (2019), pp. 335-354 347

so that
®(F) <|ty — u(ar +0)| + |t — u(ar — 0)| + |t — A1* + |t — fil?
+m = gldist(i, ) (a1)) — p(dist(fo ) (@) — [ o'
- /: /| — u(ar +0) — u(ar — 0)| — |u(ag +0) — u(ae —0).  (4.20)

Finally we use (4.17) for i = 1 and i = k, and deduce from (4.20) that

_ ay 1
d(f) < —]tl—u(a1—0)|—|tk—u(ak+0)\—/0 ]u’|—/ |u| +m. (4.21)
3

Therefore
() < m,

so that by (1.5), f = (t1,- - - , t) is a minimizer of ® on Rk, By uniqueness we have
t=U, Vi (4.22)

Moreover from (4.21) we deduce that

ay , ay ,
b —ula =0 = |t —u(a+0)| = [ || = [T =o0.

Consequently (4.12c) holds. Returning to the above estimates we infer that all inequalities
are equalities. In particular, Vi =1,--- ,k —1,

[ = (s +0) = u(ag —0) (4.23)

aj
and
[ti — tipa| = |ti —u(a;i + 0)| + [u(a; +0) — u(air1 — O)[ + |u(aiy1 — 0) — tiya].  (4.24)

Equality (4.23) implies that u is monotone on the interval (a;,a;;1), while equality (4.24)
yields

sign(t; — ti11) =sign(t; — u(a; +0)) = sign(u(a; +0) — u(aj;1 —0))
=sign(u(aj1 —0) — tipq1).

In view of (4.22) we conclude easily that u satisfies (4.12a) - (4.12b). O

Remark 4.2. Theorem 4.1 is stated in T. Sznigir [6] though the proof in [6] is somewhat
obscure.
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Remark 4.3. We have
u; — fil <1, Vi=1,---,k. (4.25)
Indeed consider the piecewise linear function 1, defined in Remark 2.1. Then u, satisfies
m = F(ug) = p = F(u).

In view of (4.2) this implies (4.25). Inequality (4.25) could also be deduced directly from
the fact that U = (U, - - -, Uy) is a minimizer of ® defined in (1.4). We have, using the
theory of sub-differentials,

0 EZ(Ui—fi)—f— Sigl’l (LL-—UH) + Sign (Ui— ui+1), Vi:2,--- ,k—l, (4.26)

where Sign denotes as usual the monotone graph defined by

+1, if s>0,
Sign(s) := ¢ [-1,+1], if s=0,
-1, if s <O.

This implies (4.25). On the other hand, we have
0e Z(U1 —f1) + Sign <U1 — UQ),

and
0 € 2(Ug — fx) + Sign (U — Ux-1),

which imply in fact that

1 1
Uy — f1] < 5 and Ui — fil < 5

5 Where a mild pertubation can produce a big difference

In this section we consider a mild pertubation of the original functional F defined by (1.2)
and we show that the corresponding minimizing problems differ significantly from those
associated with F.

Set

1 1 k 1
Gu) = F(w)+ [ [uf = [ |+ Y ula) = i+ [ [uf? 1)
i=1
where u € W'1(0,1). Our initial goal is to investigate the minimization problem

A= Inf G(u). (5.2)

ucwil
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It turns out that the infimum in (5.2) need not be achieved (see [6,7] and Remark
5.2) and we will replace it by a relaxed problem defined on BV (0,1) as we have done in
Section 3. For every v € BV(0,1) set

G;(v) = Infliminf G(v,), (5.3)

n—oo

where the Inf in (5.3) is taken over all sequences (v,) C W'1(0,1) such that v, — v in
L%(0,1). It is easy to check that

G/(v) = F(v) + /01 0>,  VoveBV(0,1), (5.4)

so that G, is strictly convex on BV(0,1) and it is lower semicontinuous in the sense that
for every sequence (v,) C BV(0,1) such that v, — vin L?(0,1) as n — oo, we have

liminf G,(v,) > G,(v).

n—oo
Consequently

B = Inf G/(v) (5.5)

is uniquely achieved, and we denote by o € BV (0, 1) its unique minimizer, i.e.,
B = G, (7). (5.6)

We claim that
A = B. (5.7)

From (4.1), we deduce that G, < G on W'1(0,1), and thus

B = Inf G,(v) < Inf G,(v) < Inf G(v) = A. (5.8)

vEBV veWil veWll1

On the other hand we have by (5.2)

A< G(u) = F(u) + /01 lul>,  vuec WY(0,1). (5.9)
From (5.9) and Step 1 in Section 3 we deduce that

A<F(0)+ /01 0> = G,(v), Vo e BV(0,1), (5.10)

and thus

< 7 — D. .
A< Z)IerllngG (v) =B (5.11)

Combining (5.11) with (5.8) yields A = B.
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As a consequence, if Problem (5.2) admits a minimizer vy € W1(0, 1), then
B < Gr(vo) < G(UQ) = A,

so that, by (5.7), G,(vg) = B, i.e., vp is a minimizer for Problem (5.5). By uniqueness
vp = 0.

The bottom line is that we have replaced Problem (5.2) which need not have a solution
by Problem (5.5) which always admits a unique solution ¢. Therefore ¥ may be viewed as
the generalized solution of Problem (5.2).

Remark 5.1. This concept of generalized solution is quite robust. In particular if (u,) C
WL1(0,1) is a minimizing sequence for (5.2), then u,, — @ as n — oo in L2(0,1). Indeed,
we have

Gr(”n) < G(”n) <A +0(1)/

and a subsequence (uy,, ) converges in L?(0,1) to some i € BV(0, 1) satisfying
B S Gr(ﬂ) - A,

so that G,(i1) = B and by uniqueness i = ¢. Similarly, if we consider as in Remark 2.1,
1 1
Grew) = Felw) + [ uf,  Gaplu) = Fapuw) + [ [uf,
1
Gae(t) = Fye(u) + /0 uf?,

their unique minimizers also converge in L?(0, 1) to . This is an easy consequence of the
fact that C*([0,1]) is dense in W'1(0,1).
It turns out that the minimizer o of (5.5) has a remarkable property:

Theorem 5.1. The minimizer ¢ of (5.5) is a constant K; on each interval (a;,a;41),i =0,1,-- -,k
with the convention that ag = 0 and ax, = 1.
Moreover
|Ki| <1/laig1 —ail,  V¥i=0,1,--- k. (5.12)

The main ingredient in the proof of Theorem 5.1 is the following result taken from [3,
Theorem 3] with roots in [6, Theorem 3.16].

Lemma 5.1. Fix &, B, L € R and consider the minimization problem
L L
X = Inf{/ 1| —|—/ lu|?>;u € BV(0,L), u(0) = x and u(L) = /3} : (5.13)
0 0
A minimizer exists if and only if
a=p with |a|=|p| <1/L, (5.14)

and in this case the unique minimizer in (5.13) is the constant function « = p.
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Proof. For the convenience of the reader we review briefly the argument from [3]. Set

L L
H(u) =/ Iu’|+/ ul?, uec WH(o,L), (5.15a)
0 0
u(0) =w u(L) =B, (5.15b)
and forv € BV(0,L),
H,(v) = Infliminf H(0,), (5.16)

n—o0

where the Inf in (5.16) is taken over all sequences (v,) C W'(0,L) such that v, — v in
L%(0,L),v,(0) = « and v, (L) = B.
From Lemmas 3.1 and 3.2 we know that

L L
Hr(v):/o \z/|+/0 02 +[0(0) — & + [o(L) — B, Vo€ BV(O,L).  (517)
Moreover,
X = grgllgr‘}Hr(v). (5.18)

Problem (5.13) usually admits no minimizer, while Problem (5.18) always admits a unique
minimizer denoted V € BV(0,L). If (by chance!) Problem (5.13) admits a minimizer
U € BV(0,L), then U = V. On the other hand, if we happen to know that the minimizer
V of (5.18) satisfies V(0) = a« and V(L) = B then V is a minimizer for (5.13).

To summarize, the existence of a minimizer for (5.13) boils down to the question
whether V satisfies V(0) = « and V(L) = B. We are thus led to study the properties
of V. It is convenient to distinguish two cases:

Case1: o < 0. Case2: aff > 0.

In Case 1 we have V = 0 and we conclude that our original Problem (5.13) admits a
solution only if « = B = 0; in this case U = 0 is the minimizer of (5.13).
In Case 2 we may assume, without loss of generality, that

0<a<B.
The heart of the matter is the surprising fact that V is a constant function (see the proof

of Lemma 5.1 in [3]). In order to identify the constant we compute H, given by (5.17) on
the constant function v = ¢; this yields

H,(t) = Lt* + |t —a| + |t — B

An easy inspection shows that rtn>i(r)1Hr(t) isachieved att =1/Lifa > 1/L and att = « if
a<1/L. - O
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Proof of Theorem 5.1. We apply Lemma 5.1 on each interval (a;,4;41) with L = a;1 — a;,
a« = 0(a; +0) and B = 7(a;1 —0). Clearly o restricted to (a;,a;11) (and shifted) is a
minimizer for (5.13). Otherwise we could find a function w € BV (a;,a;,1) such that

it ai+1 Bit1 it
[l [l < [ [ P,
aj; a; a; aj;
w(a; +0) =0(a; +0),  w(ait1 —0) =0(ai41—0).
Then the function @ € BV (0, 1) defined by
_— {w on (a;,a;41),

o on(0,1)\ (a;,a;11),

would satisfy G,(@) < G,(?), which is imposible since 7 is a minimizer for G, on BV (0, 1).
We deduce from Lemma 5.1 that 3 = K; on (a;,4;41), for some constant K; satisfying
(5.12). O

As an immediate consequence of Theorem 5.1 we have now an explicit finite-dimensional
convex minimization problem which governs Problem (5.5):

Corollary 5.1. The unique minimizer 0 of (5.5) is given by

k
0= ZKi]]'(”i/ﬂHl) (5.19)
i=0

and the constants K; are obtained by minimizing

k-1 k k
Y(K) =Y |Kiy1 — Kil + Y o(dist (fi, ;) + Y KF (ai1 — a;) (5.20)
i=0 i=1 i=0
over K = (Ko, - - - ,Ky) € R¥1, where J; denotes the interval [min(K;_1, K;), max(K;_1, K;)].

Finally we return to Problem (5.1) and derive some necessary conditions for the exis-
tence of a minimizer.

Corollary 5.2. Assume that Problem (5.1) admits a minimizer il € wil (0,1), then necessarily

_ 1 k£
i=K=-—— 3 21
Moreover we must have
Ifi—Rl <1, Vi=1,---,k, (5.22a)
(aiy1 —a;)|K| <1, Vi=0,1,---,k (5.22b)

so that in particular
K| <k+1. (5.23)
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Proof of Corollary 5.2. Since 1 is also a minimizer for (5.5) we know by Theorem 5.1 that iz
is constant on each interval (a;,4;,1). On the other hand # € W'(0,1), and thus
#i=K on (0,1),
for some constant K. To identify K we write that
G(K) < G(t), Vi€ R,
ie., . .
Y K—fiP+IRP <} [t fiP +£,  VtER,
i=1 i=1
which implies (5.21). Next we recall that, by (5.7),
G(i1) = G,(1).
Going back to (5.1) and (5.4) we see that
F(i1) = F(11),
which implies (5.22a) by (4.2). Finally (5.22b) comes from (5.12). O

Remark 5.2. In view of Corollary 5.2 it is easy to construct examples where Problem (5.2)
admits no minimizer. Take for example k = 2 and f3, f, such that [2f; — f»| > 3.

6 Further directions of research

6.1) Try to adapt results from the previous sections to the following situations:
6.1.a) Let y be a probability measure on [0,1] and let

1 1
Fu) = [+ [ ju—fPdp,  weWM(0,1),
0 0

where f is a given (smooth) function on [0, 1].
6.1b) Let

1 k
Fu) = [ A+ P) 2+ Y lua) — £ ue WH(0,D),
0 i=1
where (4;) and (f;) are as in Section 1.

6.2) Investigate the following minimization problem:

k 1 1
Inf {Z lu(a;) — il u € W (0,1), / lu'| < A, (resp. / (Ju'| + |uf?) < A) } ,
i=1 0 0
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where A > 0 is given.
6.3) Let T be a smooth curve in a domain Q) C IR? and let

F(u) :/Q|Vu|+/r|u—f|d(7, ue Wh(Q),

where f is a given (smooth) function on I'. Study the minimization of F.
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