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Abstract

We present a decoupled, linearly implicit numerical scheme with energy stability and

mass conservation for solving the coupled Cahn-Hilliard system. The time-discretization is

done by leap-frog method with the scalar auxiliary variable (SAV) approach. It only needs

to solve three linear equations at each time step, where each unknown variable can be

solved independently. It is shown that the semi-discrete scheme has second-order accuracy

in the temporal direction. Such convergence results are proved by a rigorous analysis of

the boundedness of the numerical solution and the error estimates at different time-level.

Numerical examples are presented to further confirm the validity of the methods.
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1. Introduction

In this paper, we consider the coupled Cahn-Hilliard system

∂u

∂t
= Mu∆

(

− ǫ2u∆u+ f(u, v)
)

, (1.1a)

∂v

∂t
= Mv

[

∆
(

− ǫ2v∆v + g(u, v)
)

− σ(v − v̄)
]

(1.1b)

in Ω× (0, T ] with periodic boundary conditions and following initial conditions:

u(x, 0) = u0(x), v(x, 0) = v0(x), (1.2)

where Ω is a smooth bounded domain in R
d (d = 1, 2, 3), Mu and Mv are the mobility constants

that control the speed of u and v move. ǫu and ǫv represent the interfacial width between

macrophases (described by u) and microphases (described by v). σ is related to the connectivity
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between the two components of the copolymer. v̄ =
∫

Ω
vdx/|Ω| is the mass ratio between two

polymers. f(u, v) = u3−u+αv+βv2 and g(u, v) = v3− v+αu+2βuv are the first variational

derivative of the double welled potential

W (u, v) =
1

4
(u2 − 1)2 +

1

4
(v2 − 1)2 + αuv + βuv2,

where α and β are two coupling parameters. The coupled Cahn-Hilliard system was proposed

to study the phase transition of the mixture of a homopolymer and a copolymer [2, 3]. And it

has been widely used in the study of physics and materials.

Theoretical analysis for the coupled Cahn-Hilliard system has been well done recently. Here

we refer interested readers to [7,8,21] for the existence, uniqueness and regularity of solutions,

weak formulation and the well-posedness of the system, and global existence and decay estimates

to the system. It is noticed that system (1.1) has two distinguishing features. For one thing,

taking the inner product of (1.1a) and (1.1b) with 1, we have

d

dt

∫

Ω

udx =
d

dt

∫

Ω

vdx = 0.

This indicates that the phase variable’s mass are conserved. For another thing, taking the inner

product of (1.1a) and (1.1b) with −(−∆)−1ut and −(−∆)−1vt, respectively, we can obtain the

energy dissipation law

d

dt
E(u, v) =

∫

Ω

[

δE(u, v)

δu
ut +

δE(u, v)

δv
vt

]

dx = − 1

Mu
‖ut‖2−1 −

1

Mv
‖vt‖2−1 ≤ 0 (1.3)

with the energy defined by

E(u, v) =

∫

Ω

ǫ2u
2
|∇u|2 + ǫ2v

2
|∇v|2 +W (u, v)dx+

σ

2
‖(v − v̄)‖2

−1, (1.4)

where ‖ · ‖−1 is the norm defined in H−1
per .

In the past several decades, many efforts have been done to develop energy-stable schemes

for the coupled Cahn-Hilliard system. Typical ways include the convex splitting approach

[9, 10], the stabilized approach [17, 22, 29], the Lagrange multiplier approach [4, 5, 12], the in-

variant energy quadratization approach [32, 33, 36], the scalar auxiliary variable (SAV) ap-

proach [1,11,14,18,25,26,28], the relaxation approach [13,15,16] and so on [6,23,27,34,35,37].

Generally speaking, a class of couple system was obtained by using the usual time-discretization

with the mentioned approaches. For example, Yang and Kim [31] proposed a coupled scheme

by using the Lagrange multiplier approach and the second-order backward difference formula

(BDF2) method. Li et al. [24] presented a linearized implicit and coupled scheme by using the

Crank-Nicolson-type method and a nonlinearly stabilized splitting approach. Li and Mei [20]

developed a family of coupled schemes by using the BDF2 method and the SAV approach. The

coupled schemes required some additional decoupled or iterative methods to get the numerical

approximations.

In recent years, there are some decoupled schemes for solving the coupled Cahn-Hilliard

system. In [19], a linearly implicit scheme was constructed by using an extension of the typical

invariant energy quadratization approach with the Crank-Nicolson method, BDF1 method, and

BDF2 method, respectively. In [30], a linearly implicit scheme was constructed by using BDF2

method and an efficient variant of the SAV approach and the energy relaxation technique.

However, these references have no convergence results of the decoupled schemes.
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This paper aims to present an effective structure-preserving scheme and its error estimates

for the coupled Cahn-Hilliard system. Firstly, the coupled Cahn-Hilliard system is rewritten

as an equivalent system by using the SAV approach. Secondly, the resulting system is approxi-

mated by using leap-frog method and stabilized approach for time discretization. A decoupled

and semi-discrete scheme is obtained by carefully choosing the intermediate average variable in

the leap-frog scheme. The semi-discrete scheme is proved to be unconditionally energy-stable

and mass-conserving. Moreover, it is shown to be second-order accuracy in the temporal di-

rection. Such convergence results are proved by rigorous error estimates and boundedness of

the numerical solution at different time-level. Finally, several numerical examples are given to

confirm the theoretical results.

The rest of the paper is organized as follows. In Section 2, we propose the semi-discrete

scheme and prove the mass conservation and energy stability of the scheme. In Section 3, we

give the error estimate of the semi-discrete scheme. In Section 4, some numerical examples are

provided to validate the effectiveness of the scheme.

2. Numerical Scheme

In this section, we present the Leap-Frog-SAV scheme for solving system (1.1) and demon-

strate that the scheme is unconditionally energy-stable and mass-conserving.

Firstly, we introduce some notations and definitions. Denote the space Lp(Ω) by Lp in short.

The Sobolev spaces Hs will also be used. The space Lp(0, T ;V ) represents the Lp space on the

interval (0, T ) with values in the function space V . We use ‖ · ‖V to denote the norm in the

space V , and the L2 norm without a subscript. For any two functions u, v ∈ L2(Ω), we denote

the L2(Ω) inner production and norm by

〈u, v〉 =
∫

Ω

u(x)v(x)dx, ‖u‖2 = 〈u, u〉.

Define the spaces

L2
0(Ω) = {v ∈ L2(Ω)|〈v, 1〉 = 0},

L2
per(Ω) = {v ∈ L2(Ω)|v is periodic on ∂Ω},

Hs
per(Ω) = {v ∈ Hs(Ω)|v is periodic on ∂Ω}.

Denote by H−s
per(Ω) the dual space of Hs

per(Ω). Suppose f, g ∈ L2
0(Ω), we define

vf := (−∆)−1f ∈ H2(Ω) ∩ L2
0(Ω)

is the unique solution to the periodic boundary value problem −∆vf = f in Ω. And in this

case, we denote the inner product and norm in H−1
per by

〈f, g〉−1 = 〈∇vf ,∇vg〉, ‖f‖−1 =
√

〈f, f〉−1.

And via integration by parts, we have

〈f, g〉−1 = 〈(−∆)−1f, g〉 = 〈(−∆)−1g, f〉 = 〈g, f〉−1.

Denote the unit operator by I, which means If = f .
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2.1. Leap-Frog-SAV scheme

Introduce the scalar auxiliary variable r(t) =
√

E1(u, v) + C0, where C0 > 0 is a constant

such that E1(u, v) + C0 > 0 and

E1(u, v) :=

∫

Ω

W (u, v)− 1

2
S1u

2 − 1

2
S2v

2dx.

Here S1 and S2 are stabilization parameters. The system (1.1) can be rewritten as follows:

∂u

∂t
= Mu∆

(

− ǫ2u∆u+ S1u+
r(t)

√

E1(u, v) + C0

f̃(u, v)

)

, (2.1a)

∂v

∂t
= Mv

[

∆

(

− ǫ2v∆v + S2v +
r(t)

√

E1(u, v) + C0

g̃(u, v)

)

− σ(v − v̄)

]

, (2.1b)

rt =
1

2
√

E1(u, v) + C0

[

〈f̃(u, v), ut〉+ 〈g̃(u, v), vt〉
]

, (2.1c)

where f̃ = f(u, v) − S1u, g̃ = g(u, v) − S2v. Next, we use leap-frog method to construct the

time-discrete scheme for system (2.1).

For a positive integer N , let τ = T/N be the temporal stepsize, and tn = nτ , n =

0, 1, 2, . . . , N , be the temporal grid points in [0, T ]. Define Qτ = {tn|0 ≤ n ≤ N}. Denote

Un, V n, Rn be the semi-discrete numerical approximations for u(·, tn), v(·, tn), and r(tn), re-

spectively. Denote

V̄ n =
1

|Ω|

∫

Ω

V ndx.

Let

F (u, v) =
f̃(u, v)

√

E1(u, v) + C0

, G(u, v) =
g̃(u, v)

√

E1(u, v) + C0

.

Then, we have the Leap-Frog-SAV scheme as follows:


























































Un+1−Un−1

2τ
=Mu

[

− ǫ2u∆
2U

n+1+Un−1

2
+S1∆

Un+1+Un−1

2
+Rn∆F (Un, V n)

]

, (2.2a)

V n+1−V n−1

2τ
=Mv

[

− ǫ2v∆
2V

n+1+V n−1

2
+S2∆

V n+1+V n−1

2
+Rn∆G(Un, V n)

−σ

(

V n+1 + V n−1

2
− V̄ n+1 + V̄ n−1

2

)]

, (2.2b)

Rn+1−Rn−1

2τ
=

1

2

[〈

F (Un, V n),
Un+1−Un−1

2τ

〉

+

〈

G(Un, V n),
V n+1−V n−1

2τ

〉]

, (2.2c)

where n = 1, 2, . . . , N − 1, and U1, V 1, R1 is solved by


















U1 = U0 + τMu

[

− ǫ2u∆
2U1 + S1∆U1 +R0∆F (U0, V 0)

]

, (2.3a)

V 1 = V 0 + τMv

[

− ǫ2v∆
2V 1 + S2∆V 1 +R0∆G(U0, V 0)− σ(V 1 − V̄ 1)

]

, (2.3b)

R1 = R0 +
1

2

[

〈F (U0, V 0), U1 − U0〉+ 〈G(U0, V 0), V 1 − V 0〉
]

, (2.3c)

where U0 = u(·, 0), V 0 = v(·, 0), r0 =
√

E1(u(·, 0), v(·, 0)) + C0.

In fact, the value of V̄ n is equal to v̄(·, 0) because of the mass conservation, which will be

proved later. And the scheme (2.2) can be efficiently implemented as follows:
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• Compute U1, V 1 and R1 by solving Eqs. (2.3).

• For 1 ≤ n ≤ N , we obtain Un+1 and V n+1 from scheme (2.2a)-(2.2b) by solving equations

of the form

PuU
n+1 = QuU

n−1 + 2τMu∆F (Un, V n)Rn,

PvV
n+1 = QvV

n−1 + 2τMv∆G(Un, V n)Rn + 2τMvσv̄
0,

where

Pu =
[

I + τMu

(

ǫ2u∆
2 − S1∆

)]

, Pv =
[

I + τMv

(

ǫ2v∆
2 − S2∆+ σI

)]

,

Qu =
[

I − τMu

(

ǫ2u∆
2 − S1∆

)]

, Qv =
[

I − τMv

(

ǫ2v∆
2 − S2∆+ σI

)]

.

• With Un+1 and V n+1 known, compute Rn+1 by solving Eq. (2.2c).

2.2. Mass conservation and energy stability

In this subsection, we will give the proof of the mass conservation and energy stability of

the proposed scheme.

Theorem 2.1. Suppose that Un, Rn are the numerical solutions of scheme (2.2). Then, for

1 ≤ n ≤ N , we have
∫

Ω

Undx =

∫

Ω

U0dx,

∫

Ω

V ndx =

∫

Ω

V 0dx, En
C ≤ En−1

C ,

where

E0
C =

ǫ2u
2
‖∇U0‖2+ ǫ2v

2
‖∇V 0‖2+ S1

2
‖U0‖2 + S2

2
‖V 0‖2+ σ

2
‖V 0−V̄ 0‖2

−1 + |R0|2,

En
C =

ǫ2u
4

(

‖∇Un‖2+‖∇Un−1‖2
)

+
ǫ2v
4

(

‖∇V n‖2+‖∇V n−1‖2
)

+
S1

4

(

‖Un‖2+‖Un−1‖2
)

+
S2

4

(

‖V n‖2+‖V n−1‖2
)

+
σ

4

(

‖V n−V̄ n‖2
−1+‖V n−1−V̄ n−1‖2

−1

)

+RnRn−1.

Proof. Taking the inner product of (2.3a) and (2.3b) with 1, it holds that

〈U1, 1〉=〈U0, 1〉+τMu

〈

∆(−ǫ2u∆U1+S1U
1+R0F (U0, V 0)), 1

〉

= 〈U0, 1〉,
〈V 1, 1〉=〈V 0, 1〉+τMv

〈

∆(−ǫ2v∆V 1+S2V
1+R0G(U0, V 0)), 1

〉

− τMvσ〈V 1−V̄ 1, 1〉=〈V 0, 1〉,

where we use the boundary conditions and

〈V 1 − V̄ 1, 1〉 =
∫

Ω

V 1 − V̄ 1dx =

∫

Ω

V 1dx− |Ω|V̄ 1 = 0.

Taking the inner products of (2.2a) and (2.2b) with 1, we have

〈Un+1 − Un−1, 1〉 = τMu

〈

∆
[(

− ǫ2u∆+ S1I
)

(Un+1 + Un−1) + 2RnF (Un, V n)
]

, 1
〉

= 0,

〈V n+1 − V n−1, 1〉 = τMv

〈

∆
[(

− ǫ2v∆+ S2I
)

(V n+1 + V n−1) + 2RnG(Un, V n)
]

, 1
〉

− τMvσ
[

〈V n+1 − V̄ n+1, 1〉+ 〈V n−1 − V̄ n−1, 1〉
]

= −τMvσ

[
∫

Ω

V n+1dx− |Ω|V̄ n+1 +

∫

Ω

V n−1dx − |Ω|V̄ n−1

]

= 0.
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Then, we have the mass conservation of the scheme in the sense that
∫

Ω

Un+1dx =

∫

Ω

Undx = · · · =
∫

Ω

U1dx =

∫

Ω

U0dx,

∫

Ω

V n+1dx =

∫

Ω

V ndx = · · · =
∫

Ω

V 1dx =

∫

Ω

V 0dx.

Next, we consider the discrete energy dissipation law of the scheme. Taking the inner

products of (2.3a) and (2.3b) with −(−∆)−1(U1 − U0)/Muτ and −(−∆)−1(V 1 − V 0)/Mvτ ,

respectively, and adding them together, we have

− 1

Muτ
‖U1 − U0‖2

−1 −
1

Mvτ
‖V 1 − V 0‖2

−1

= ǫ2u〈∇U1,∇(U1 − U0)〉+ ǫ2v〈∇V 1,∇(V 1 − V 0)〉
+ S1〈U1, U1 − U0〉+ S2〈V 1, V 1 − V 0〉
+R0〈F (U0, V 0), U1 − U0〉+R0〈G(U0, V 0), V 1 − V 0〉
+ σ〈(−∆)−1(V 1 − V̄ 1), V 1 − V 0〉. (2.4)

Noting that
∫

Ω V 1 − V̄ 1dx = 0, i.e. V 1 − V̄ 1 ∈ L2
0(Ω), we have 〈(−∆)−1(V 1 − V̄ 1), 1〉 = 0.

Then, it holds that
〈

(−∆)−1(V 1 − V̄ 1), V 1 − V 0
〉

=
〈

(−∆)−1(V 1 − V̄ 1), V 1 − V 0
〉

+ (V̄ 1 − V̄ 0)
〈

(−∆)−1(V 1 − V̄ 1), 1
〉

=
〈

(−∆)−1(V 1 − V̄ 1), (V 1 − V̄ 1)− (V 0 − V̄ 0)
〉

=
1

2

[

‖V 1 − V̄ 1‖2
−1 − ‖V 0 − V̄ 0‖2

−1 + ‖(V 1 − V̄ 1)− (V 0 − V̄ 0)‖2
−1

]

.

Multiplying 2R0 on both sides of (2.3c), we have

2
(

R1R0 − |R0|2
)

= R0〈F (U0, V 0), U1 − U0〉+R0〈G(U0, V 0), V 1 − V 0〉.

Taking them into (2.4), we obtain

2(E1
C − E0

C) =
ǫ2u
2

(

‖∇U1‖2 − ‖∇U0‖2
)

+
ǫ2v
2

(

‖∇V 1‖2 − ‖∇V 0‖2
)

+
S1

2

(

‖U1‖2 − ‖U0‖2
)

+
S2

2

(

‖V 1‖2 − ‖V 0‖2
)

+
σ

2

(

‖V 1 − V̄ 1‖2
−1 − ‖V 0 − V̄ 0‖2

−1

)

+R1R0 − |R0|2

≤ − 1

Muτ
‖U1 − U0‖2

−1 −
1

Mvτ
‖V 1 − V 0‖2

−1 ≤ 0.

Similarly, for n ≥ 1, taking the inner products of (2.2a) and (2.2b) with −(−∆)−1(Un+1 −
Un−1)/Mu and −(−∆)−1(V n+1−V n−1)/Mv, respectively, and adding them together, we obtain

− 1

2Muτ
‖Un+1 − Un−1‖2

−1 −
1

2Mvτ
‖V n+1 − V n−1‖2

−1

=
ǫ2u
2

(

‖∇Un+1‖2 − ‖∇Un−1‖2
)

+
ǫ2v
2

(

‖∇V n+1‖2 − ‖∇V n−1‖2
)

+
S1

2

(

‖Un+1‖2 − ‖Un−1‖2
)

+
S2

2

(

‖V n+1‖2 − ‖V n−1‖2
)

+Rn〈F (Un, V n), Un+1 − Un−1〉+Rn〈G(Un, V n), V n+1 − V n−1〉

+
σ

2
‖V n+1 − V̄ n+1‖2

−1 − ‖V n−1 − V̄ n−1‖2
−1,
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where we use

〈

(−∆)−1
[

(V n+1 + V n−1)− (V̄ n+1 + V̄ n−1)
]

, V n+1 − V n−1
〉

= ‖V n+1 − V̄ n+1‖2
−1 − ‖V n−1 − V̄ n−1‖2

−1.

Multiplying 4τRn on both sides of (2.2c), we have

2Rn+1Rn − 2RnRn−1

= Rn〈F (Un, V n), Un+1 − Un−1〉+Rn〈G(Un, V n), V n+1 − V n−1〉.

Then, we obtain

2
(

En+1
C − En

C

)

=
ǫ2u
2

(

‖∇Un+1‖2 − ‖∇Un−1‖2
)

+
ǫ2v
2

(

‖∇V n+1‖2 − ‖∇V n−1‖2
)

+
S1

2

(

‖Un+1‖2 − ‖Un−1‖2
)

+
S2

2

(

‖V n+1‖2 − ‖V n−1‖2
)

+
σ

2

(

‖V n+1 − V̄ n+1‖2
−1 − ‖V n−1 − V̄ n−1‖2

−1

)

+ 2Rn+1Rn − 2RnRn−1

= − 1

2Muτ
‖Un+1 − Un−1‖2

−1 −
1

2Mvτ
‖V n+1 − V n−1‖2

−1 ≤ 0,

which implies that En+1
C ≤ En

C . This completes the proof. �

3. Error Estimate

In this section, we present the error estimate of the Leap-Frog-SAV scheme. Denote

un = u(·, tn), vn = v(·, tn), v̄n =
1

|Ω|

∫

Ω

vndx, rn = r(tn).

Considering Eq. (2.1) at t = tn, n = 1, 2, . . . , N − 1, we have


























































un+1 − un−1

2τ
= Mu

[

− ǫ2u∆
2u

n+1+un−1

2
+S1∆

un+1+un−1

2
+rn∆F (un, vn)

]

+ρn1 , (3.1a)

vn+1 − vn−1

2τ
= Mv

[

− ǫ2v∆
2 v

n+1 + vn−1

2
+ S2∆

vn+1 + vn−1

2
+ rn∆G(un, vn)

−σ

(

vn+1 + vn−1

2
− v̄n+1 + v̄n−1

2

)]

+ ρn2 , (3.1b)

rn+1 − rn−1

2τ
=

1

2

[〈

F (un, vn),
un+1−un−1

2τ

〉

+
〈

G(un, vn),
vn+1−vn−1

2τ

〉]

+ρn3 . (3.1c)

And for t = 0, we have


















u1 = u0 + τMu

[

− ǫ2u∆
2u1 + S1∆u1 + r0∆F (u0, u0)

]

+ ρ01, (3.2a)

v1 = v0 + τMv

[

− ǫ2v∆
2v1 + S2∆v1 + r0∆G(u0, v0)− σ(v1 − v̄1)

]

+ ρ02, (3.2b)

r1 = r0 +
1

2

[

〈F (u0, v0), u1 − u0〉+ 〈G(u0, v0), v1 − v0〉
]

+ ρ03. (3.2c)

The truncation errors ρni , i = 1, 2, 3, are as follows:

ρ01 = u1 − u0 − τ∂tu
0 + τMuǫ

2
u∆

2(u1 − u0)− τMuS1∆(u1 − u0)
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=

∫ τ

0

(τ − s)utt(·, s) + τMu

(

ǫ2u∆
2ut(·, s)− S1∆ut(·, s)

)

ds, (3.3)

ρ02 = v1 − v0 − τ∂tv
0 + τMvǫ

2
v∆

2(v1 − v0)− τMvS2∆(v1 − v0)− τMvσ(v
1 − v0)

=

∫ τ

0

(τ − s)vtt(·, s) + τMv

(

ǫ2v∆
2vt(·, s)− S2∆vt(·, s)− σvt(·, s)

)

ds, (3.4)

ρ03 = r1 − r0 − τ∂tr
0 =

∫ τ

0

(τ − s)rtt(s)ds, (3.5)

ρn1 =
un+1 − un−1

2τ
− ∂tu

n −Mu

(

− ǫ2u∆
2 + S1∆

)

(

un+1 + un−1

2
− un

)

=

∫ tn

tn−1

1

4τ
(s− tn−1)

2uttt(·, s) +
Mu

2
(s− tn−1)

(

ǫ2u∆
2utt(·, s)− S1∆utt(·, s)

)

ds

+

∫ tn+1

tn

1

4τ
(s− tn+1)

2uttt(·, s)−
Mu

2
(s− tn+1)

(

ǫ2u∆
2utt(·, s)− S1∆utt(·, s)

)

ds, (3.6)

ρn2 =
vn+1 − vn−1

2τ
− ∂tv

n −Mv

(

− ǫ2v∆
2 + S2∆− σI

)

(

vn+1 + vn−1

2
− vn

)

−Mvσ

(

v̄n+1 + v̄n−1

2
− v̄n

)

=

∫ tn

tn−1

1

4τ
(s− tn−1)

2vttt(·, s)

+
Mv

2
(s− tn−1)

(

(ǫ2v∆
2 − S2∆)vtt(·, s) + σvtt(·, s)− σv̄tt(·, s)

)

ds

+

∫ tn+1

tn

1

4τ
(s− tn+1)

2vttt(·, s)

− Mv

2
(s− tn+1)

((

ǫ2v∆
2 − S2∆

)

vtt(·, s) + σvtt(·, s)− σv̄tt(·, s)
)

ds, (3.7)

ρn3 =
rn+1 − rn−1

2τ
− ∂tr

n

− 1

2

[〈

F (un, vn),
un+1 − un−1

2τ
− ∂tu

n

〉

+

〈

G(un, vn),
vn+1 − vn−1

2τ
− ∂tv

n

〉]

=
1

4τ

[
∫ tn

tn−1

(s− tn−1)
2rttt(s)ds+

∫ tn+1

tn

(s− tn+1)
2rttt(s)ds

]

− 1

8τ

〈

F (un, vn),

∫ tn

tn−1

(s− tn−1)
2uttt(·, s)ds+

∫ tn+1

tn

(s− tn+1)
2uttt(·, s)ds

〉

− 1

8τ

〈

G(un, vn),

∫ tn

tn−1

(s− tn−1)
2vttt(·, s)ds+

∫ tn+1

tn

(s− tn+1)
2vttt(·, s)ds

〉

, (3.8)

where I refers to the identity operator, i.e. Iv = v, v ∈ V .

Denote that enu = un − Un, env = vn − V n, enr = rn − Rn. The following lemma is essential

for the error estimate.

Lemma 3.1 (Discrete Grönwall Inequality). Let τ, B and ak, bk, ck, γk (k > 0) be non-

negative numbers such that

an + τ
n
∑

k=0

bk ≤ τ
n
∑

k=0

γkak + τ
n
∑

k=0

ck +B for n ≥ 0.
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Suppose that τγk < 1 for all k, and set σk = (1 − τγk)
−1. Then,

an + τ

n
∑

k=0

bk ≤
(

τ

n
∑

k=0

ck +B

)

exp

(

τ

n
∑

k=0

γkσk

)

.

Assumption 3.1. Assume that exact solutions of the coupled Cahn-Hilliard system (1.1)-(1.2)

exist and satisfy

u, v ∈ L∞(0, T ;W 1,∞) ∩ L∞(0, T ;H2), ut, vt ∈ L∞(0, T ;L2) ∩ L2(0, T ;H5),

utt ∈ L2(0, T ;H3), vtt ∈ L2(0, T ;H3) ∩ L2(0, T ;H−1),

uttt, vttt ∈ L2(0, T ;L2) ∩ L2(0, T ;H−1).

And we denote that M = max{‖un‖H2 , ‖∇un‖L∞ , ‖vn‖H2 , ‖∇vn‖L∞ , ‖un
t ‖, ‖vnt ‖, |rn|}.

Theorem 3.1. Suppose that Assumption 3.1 holds, then, there exists a constant τ0 such that,

when τ ≤ τ0, it holds for all 0 ≤ n ≤ N ,

max
{

‖Un‖H2 , ‖V n‖H2

}

≤ M + 1, (3.9)

max
{

‖enu‖H1 , ‖env‖H1 , |enr |
}

≤ Cτ2, (3.10)

where M and C are constants independent on temporal step size τ .

Proof. We complete the proof by applying the mathematical induction to n.

Step 1. The results (3.9)-(3.10) with n = 0 is valid since e0u = e0v = e0r = 0. As for n = 1,

subtracting (2.3) from (3.2), we have











e1u = τMu

[

− ǫ2u∆
2e1u + S1∆e1u

]

+ ρ01, (3.11a)

e1v = τMv

[

− ǫ2v∆
2e1v + S2∆e1v − σe1v

]

+ ρ02, (3.11b)

e1r = ρ03. (3.11c)

Taking the inner products with e1u −∆e1u and e1v −∆e1v of (3.11a) and (3.11b), respectively, we

have

∥

∥e1u
∥

∥

2

H1 + τMuS1

∥

∥∇e1u
∥

∥

2
+ τMu

(

ǫ2u + S1

)
∥

∥∆e1u
∥

∥

2
+ τMuǫ

2
u

∥

∥∇∆e1u
∥

∥

2

=
〈

ρ01, e
1
u

〉

+
〈

∇ρ01,∇e1u
〉

≤ 1

2

∥

∥ρ01
∥

∥

2

H1 +
1

2

∥

∥e1u
∥

∥

2

H1 ,

(1 + τMvσ)
∥

∥e1v
∥

∥

2

H1 + τMvS2

∥

∥∇e1v
∥

∥

2
+ τMv

(

ǫ2v + S2

)∥

∥∆e1v
∥

∥

2
+ τMvǫ

2
v

∥

∥∇∆e1v
∥

∥

2

=
〈

ρ02, e
1
v

〉

+
〈

∇ρ02,∇e1v
〉

≤ 1

2

∥

∥ρ02
∥

∥

2

H1 +
1

2

∥

∥e1v
∥

∥

2

H1 .

From (3.3)-(3.5) we know that there exists a constant C independent of τ such that

∥

∥ρ01
∥

∥

H1 ≤ τ

∫ τ

0

‖utt‖H1 +Mu

(

ǫ2u
∥

∥∆2ut

∥

∥

H1 + S1‖∆ut‖H1

)

ds ≤ Cτ2,

∥

∥ρ02
∥

∥

H1 ≤ τ

∫ τ

0

‖vtt‖H1 +Mv

(

ǫ2v
∥

∥∆2vt
∥

∥

H1 + S2‖∆vt‖H1 + σ‖vt‖H1

)

ds ≤ Cτ2,

∣

∣ρ03
∣

∣ ≤ τ

∫ τ

0

|rtt|ds ≤ Cτ2.
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Then, we have

∥

∥e1u
∥

∥

2

H1 + 2τMu

(

ǫ2u + S1

)∥

∥∆e1u
∥

∥

2 ≤ C2τ4, (3.12)
∥

∥e1v
∥

∥

2

H1 + 2τMv

(

ǫ2v + S2

)∥

∥∆e1v
∥

∥

2 ≤ C2τ4. (3.13)

Combining with
∣

∣e1r
∣

∣ =
∣

∣ρ03
∣

∣ ≤ Cτ2, (3.14)

we have (3.10) holds for n = 1. And

‖U1‖H2 ≤ ‖u1‖H2 +
∥

∥e1u
∥

∥

H1 +
∥

∥∆e1u
∥

∥ ≤ M + Cτ2 +
C

√

2Mu(ǫ2u + S1)
τ

3
2 ≤ M + 1,

‖V 1‖H2 ≤ ‖v1‖H2 +
∥

∥e1v
∥

∥

H1 +
∥

∥∆e1v
∥

∥ ≤ M + Cτ2 +
C

√

2Mv(ǫ2v + S2)
τ

3
2 ≤ M + 1,

where we set

τ ≤ τ1 := min

{

1√
2C

,
3
√

2Mu(ǫ2u + S1)

(2C)2/3
,

3
√

2Mv(ǫ2v + S2)

(2C)2/3

}

.

Then, (3.9) holds for n = 1.

Step 2. Assuming that (3.9)-(3.10) hold for any n≤m (1≤m≤N), and noting that H2 →֒ L∞

in Ω ⊆ R
d (d ≤ 3), we deduce that

‖un‖L∞ , ‖Un‖L∞ , ‖vn‖L∞ , ‖V n‖L∞ ≤ CΩ(M + 1), 0 ≤ n ≤ m, (3.15)

where CΩ is a constant independent on τ . Therefore, we have the boundedness of the related

functions. Denote that

M1 = max
{

‖f̃(um, vm)‖, ‖g̃(um, vm)‖, ‖f̃(Um, Vm)‖, ‖g̃(Um, V m)‖,
‖∇f̃(um, vm)‖, ‖∇g̃(um, vm)‖, ‖∇f̃(Um, V m)‖, ‖∇g̃(Um, V m)‖,
‖F (Um, V m)‖, ‖G(Um, V m)‖, ‖∇F (Um, V m)‖, ‖∇G(Um, Vm)‖

}

.

Then, we have

W (um, vm)−W (Um, V m)

=
1

4

[

(um)2 − 1
]

− 1

4

[

(Um)2 − 1
]

+
1

4

[

(vm)2 − 1
]

− 1

4

[

(V m)2 − 1
]

+ αumvm − αUmV m + βum(vm)2 − βUm(V m)2

=
1

4

[

(um)2 + (Um)2 − 2
]

(um + Um)emu + αvmemu + αUmemv + β(vm)2emu

+
1

4

[

(vm)2 + (V m)2 − 2
]

(vm + V m)emv + βU1(vm + V m)emv ,

which implies that

∣

∣E1(u
m, vm)− E1(U

m, V m)
∣

∣ ≤
∫

Ω

|W (um, vm)−W (Um, V m)|dx

≤ C1

(∥

∥emu
∥

∥+
∥

∥emv
∥

∥

)

, (3.16)
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where C1 is a constant dependent on α, β,M , and Ω. Then, we can obtain
∣

∣

∣

∣

∣

1
√

E1(um, vm) + C0

− 1
√

E1(Um, V m) + C0

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

√

E1(Um, V m) + C0 −
√

E1(um, vm) + C0
√

(

E1(um, vm) + C0

)(

E1(Um, V m) + C0

)

∣

∣

∣

∣

∣

∣

≤ 1

C0

∣

∣

∣

∣

∣

E1(U
m, Vm)− E1(u

m, vm)
√

E1(um, vm) + C0+
√

E1(Um, Vm) + C0

∣

∣

∣

∣

∣

≤ 1

2C0

√
C0

∣

∣E1(u
m, vm)− E1(U

m, V m)
∣

∣

≤ C1

2C0

√
C0

(∥

∥emu
∥

∥+
∥

∥emv
∥

∥

)

,

∥

∥f̃(um, vm)− f̃(Um, Vm)
∥

∥

≤
∥

∥

[

(um)2 + umUm + (Um)2−1− S1

]

emu
∥

∥+
∥

∥αemv + β(vm + V m)emv
∥

∥

≤ C2

(∥

∥emu
∥

∥+
∥

∥emv
∥

∥

)

,

∥

∥∇f̃(um, vm)−∇f̃(Um, V m)
∥

∥

≤
∥

∥

∥

∥

∇um

(

∂f̃

∂u

∣

∣

∣

(um,vm)
− ∂f̃

∂u

∣

∣

∣

(Um,V m)

)∥

∥

∥

∥

+

∥

∥

∥

∥

∇emu
∂f̃

∂u

∣

∣

∣

(Um,V m)

∥

∥

∥

∥

+

∥

∥

∥

∥

∇vm
(

∂f̃

∂v

∣

∣

∣

(um,vm)
− ∂f̃

∂v

∣

∣

∣

(Um,V m)

)∥

∥

∥

∥

+

∥

∥

∥

∥

∇emv
∂f̃

∂v

∣

∣

∣

(Um,V m)

∥

∥

∥

∥

≤ ‖∇um‖L∞

∥

∥3(um + Um)emu
∥

∥+
∥

∥

[

3(Um)2 − 1− S1

]

∇emu
∥

∥

+ ‖∇vm‖L∞

∥

∥2βemv
∥

∥+
∥

∥[α+ 2βV m]∇emu
∥

∥

≤ C2

(∥

∥emu
∥

∥

H1 +
∥

∥emv
∥

∥

H1

)

,

where C2 = max{6CΩM(M + 1), 3C2
Ω(M + 1)2 + 1 + S1, α+ 2βCΩ(M + 1)}. Now, we have

‖F (um, vm)− F (Um, V m)‖

=

∥

∥

∥

∥

∥

f̃(um, vm)
√

E1(um, vm) + C0

− f̃(Um, V m)
√

E1(Um, V m) + C0

∥

∥

∥

∥

∥

≤
∥

∥

∥

∥

∥

f̃(um, vm)

[

1
√

E1(um, vm) + C0

− 1
√

E1(Um, V m) + C0

]∥

∥

∥

∥

∥

+

∥

∥

∥

∥

∥

1
√

E1(Um, V m) + C0

[

f̃(um, vm)− f̃(Um, V m)
]

∥

∥

∥

∥

∥

≤
(

C1M1

2C0

√
C0

+
C2√
C0

)

(∥

∥emu
∥

∥+
∥

∥emv
∥

∥

)

=: M21

(∥

∥emu
∥

∥+
∥

∥emv
∥

∥

)

,

‖∇F (um, vm)−∇F (Um, V m)‖

=

∥

∥

∥

∥

∥

∇f̃(um, vm)
√

E1(um, vm) + C0

− ∇f̃(Um, Vm)
√

E1(Um, V m) + C0

∥

∥

∥

∥

∥
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≤
∥

∥

∥

∥

∥

∇f̃(um, vm)

[

1
√

E1(um, vm) + C0

− 1
√

E1(Um, V m) + C0

]
∥

∥

∥

∥

∥

+

∥

∥

∥

∥

∥

[

∇f̃(um, vm)−∇f̃(Um, V m)
] 1
√

E1(Um, V m) + C0

∥

∥

∥

∥

∥

≤ M21

(∥

∥emu
∥

∥

H1 +
∥

∥emv
∥

∥

H1

)

.

Similarly, we can find a constant M22 > 0, such that

‖G(um, vm)−G(Um, V m)‖ ≤ M22

(∥

∥emu
∥

∥+
∥

∥emv
∥

∥

)

,

‖∇G(um, vm)−∇G(Um, Vm)‖ ≤ M22

(
∥

∥emu
∥

∥

H1 +
∥

∥emv
∥

∥

H1

)

.

Let M2 = 2(M21 +M22)
2, we have

‖F (um, vm)− F (Um, V m)‖2 + ‖G(um, vm)−G(Um, V m)‖2

≤ M2

(

∥

∥emu
∥

∥

2
+
∥

∥emv
∥

∥

2
)

, (3.17)

∥

∥∇
(

F (um, vm)− F (Um, V m)
)
∥

∥

2
+
∥

∥∇
(

G(um, vm)−G(Um, V m)
)
∥

∥

2

≤ M2

(

∥

∥emu
∥

∥

2

H1 +
∥

∥emv
∥

∥

2

H1

)

. (3.18)

Subtracting (2.2) from (3.1) with n = m, we have



































































em+1
u −em−1

u =− τMuǫ
2
u∆

2
(

em+1
u + em−1

u

)

+ τMuS1∆
(

em+1
u + em−1

u

)

+2τMu

[

rm∆F (um, vm)−Rm∆F (Um, V m)
]

+ 2τρm1 , (3.19a)

em+1
v −em−1

v =− τMvǫ
2
v∆

2
(

em+1
v + em−1

v

)

+ τMvS2∆
(

em+1
v + em−1

v

)

−τMvσ
(

em+1
v + em−1

v

)

+2τMv

[

rm∆G(um, vm)−Rm∆G(Um, V m)
]

+ 2τρm2 , (3.19b)

em+1
r −em−1

r =
1

2

[

〈F (um, vm), um+1 − um−1〉 − 〈F (Um, V m), Um+1 − Um−1〉
]

+
1

2

[

〈G(um, vm), vm+1−vm−1〉−〈G(Um, Vm), V m+1−V m−1〉
]

+2τρm3 , (3.19c)

where ρmi , i = 1, 2, 3, are defined in (3.6)-(3.8). Taking the inner products of (3.19a) and (3.19b)

with (em+1
u + em−1

u ) − ∆(em+1
u + em−1

u ) and (em+1
v + em−1

v ) − ∆(em+1
v + em−1

v ), respectively,

multiplying 2em+1
r on both sides of (3.19c), and adding up them together, we obtain

∥

∥em+1
u

∥

∥

2

H1 −
∥

∥em−1
u

∥

∥

2

H1 +
∥

∥em+1
v

∥

∥

2

H1 −
∥

∥em−1
v

∥

∥

2

H1 +
∣

∣em+1
r

∣

∣

2 −
∣

∣em−1
r

∣

∣

2
+
∣

∣em+1
r − em−1

r

∣

∣

2

+ τMvσ
∥

∥em+1
v +em−1

v

∥

∥

2
+τMuS1

∥

∥∇
(

em+1
u +em−1

u

)∥

∥

2
+τMv(S2 + σ)

∥

∥∇
(

em+1
v +em−1

v

)∥

∥

2

+ τMu

(

S1 + ǫ2u
)∥

∥∆
(

em+1
u + em−1

u

)∥

∥

2
+ τMv

(

S2 + ǫ2v
)∥

∥∆
(

em+1
v + em−1

v

)∥

∥

2

+ τMuǫ
2
u

∥

∥∇∆
(

em+1
u + em−1

u

)
∥

∥

2
+ τMvǫ

2
v

∥

∥∇∆
(

em+1
v + em−1

v

)
∥

∥

2

= 2τMu

〈

rm∆F (um, vm)−Rm∆F (Um, V m),
(

em+1
u + em−1

u

)

−∆
(

em+1
u + em−1

u

)〉

+ 2τMv

〈

rm∆G(um, vm)−Rm∆G(Um, Vm),
(

em+1
v + em−1

v

)

−∆
(

em+1
v + em−1

v

)〉

+ em+1
r

[

〈F (um, vm), um+1 − um−1〉 − 〈F (Um, V m), Um+1 − Um−1〉
]

+ em+1
r

[

〈G(um, vm), vm+1 − vm−1〉 − 〈G(Um, Vm), V m+1 − V m−1〉
]
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+ 2τ
〈

ρm1 ,
(

em+1
u + em−1

u

)

−∆
(

em+1
u + em−1

u

)〉

+ 2τ
〈

ρm2 ,
(

em+1
v + em−1

v

)

−∆
(

em+1
v + em−1

v

)〉

+ 4τρm3 em+1
r

=: A1 +A2 +A3 +A4 +A5 +A6 +A7. (3.20)

Noting that we have estimates in (3.15)-(3.18), and using Cauchy inequality and the inequality

ab ≤ θa2 + b2/(4θ), each term at the right hand of (3.20) can be estimated step by step.

A1 = 2τMu

〈

rm∆
[

F (um, vm)− F (Um, V m)
]

,
(

em+1
u + em−1

u

)

−∆
(

em+1
u + em−1

u

)〉

+ 2τMu

〈

emr ∆F (Um, Vm),
(

em+1
u + em−1

u

)

−∆
(

em+1
u + em−1

u

)〉

= −2τMu

〈

rm∇
[

F (um, vm)− F (Um, V m)
]

,∇
(

em+1
u + em−1

u

)〉

+ 2τMu

〈

rm∇
[

F (um, vm)− F (Um, V m)
]

,∇∆
(

em+1
u + em−1

u

)〉

− 2τMu

〈

emr ∇F (Um, Vm),∇
(

em+1
u + em−1

u

)〉

+ 2τMu

〈

emr ∇F (Um, Vm),∇∆
(

em+1
u + em−1

u

)〉

≤ 2τMu

(

1

2θ11
|rm|2‖∇F (um, vm)−∇F (Um, V m)‖2 + θ11

2

∥

∥∇
(

em+1
u + em−1

u

)∥

∥

2
)

+ 2τMu

(

1

2θ21
|rm|2‖∇F (um, vm)−∇F (Um, V m)‖2 + θ21

2

∥

∥∇∆
(

em+1
u + em−1

u

)
∥

∥

2
)

+ 2τMu

(

1

2θ12
‖∇F (Um, V m)‖2

∣

∣emr
∣

∣

2
+

θ12
2

∥

∥∇
(

em+1
u + em−1

u

)∥

∥

2
)

+ 2τMu

(

1

2θ22
‖∇F (Um, V m)‖2

∣

∣emr
∣

∣

2
+

θ22
2

∥

∥∇∆
(

em+1
u + em−1

u

)
∥

∥

2
)

≤ τ(θ21 + θ22)Mu

∥

∥∇∆
(

em+1
u + em−1

u

)∥

∥

2
+ τ(θ11 + θ12)Mu

∥

∥∇
(

em+1
u + em−1

u

)∥

∥

2

+ τ

(

1

θ11
+

1

θ21

)

MuM
2M2

(
∥

∥emu
∥

∥

H1 +
∥

∥emu
∥

∥

H1

)

+ τ

(

1

θ12
+

1

θ22

)

MuM
2
1

∣

∣emr
∣

∣

2
, (3.21)

A2 = 2τMv

〈

rm∆
[

G(um, vm)−G(Um, V m)
]

,
(

em+1
v + em−1

v

)

−∆
(

em+1
v + em−1

v

)〉

+ 2τMv

〈

emr ∆G(Um, V m),
(

em+1
v + em−1

v

)

−∆
(

em+1
v + em−1

v

)〉

≤ τ(η21 + η22)Mv

∥

∥∇∆
(

em+1
v + em−1

v

)∥

∥

2
+ τ(η11 + η12)Mv

∥

∥∇
(

em+1
v + em−1

v

)∥

∥

2

+ τ

(

1

η11
+

1

η21

)

MvM
2M2

(

∥

∥emu
∥

∥

2

H1 +
∥

∥emv
∥

∥

2

H1

)

+ τ

(

1

η12
+

1

η22

)

MvM
2
1

∣

∣emr
∣

∣

2
. (3.22)

As for

A3 = em+1
r 〈F (um, vm)− F (Um, Vm), um+1 − um−1〉

+ em+1
r

〈

F (Um, Vm), em+1
u − em−1

u

〉

:= A31 +A32, (3.23)

A4 = em+1
r 〈G(um, vm)−G(Um, V m), vm+1 − vm−1〉

+ em+1
r

〈

G(Um, V m), em+1
v − em−1

v

〉

:= A41 +A42, (3.24)

we have

A31 ≤ 2τ

(

1

2

∥

∥um
t

∥

∥

2∣
∣em+1

r

∣

∣

2
+

1

2
‖F (um, vm)− F (Um, V m)‖2

)

≤ τM2
∣

∣em+1
r

∣

∣

2
+ τM2

(

∥

∥emu
∥

∥

2
+
∥

∥emv
∥

∥

2
)

, (3.25)

A41 ≤ τM2
∣

∣em+1
r

∣

∣

2
+ τM2

(

∥

∥emu
∥

∥

2
+
∥

∥emv
∥

∥

2
)

. (3.26)
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And using (3.19a) and (3.19b), we have

A32 = τMue
m+1
r

〈

F (Um, V m),−ǫ2u∆
2
(

em+1
u + em−1

u

)

+ S1∆
(

em+1
u + em−1

u

)〉

+ 2τMue
m+1
r 〈F (Um, Vm), rm∆F (um, vm)−Rm∆F (Um, V m)〉

+ 2τem+1
r 〈F (Um, V m), ρm1 〉

≤ τMu

〈

em+1
r ∇F (Um, V m), ǫ2u∇∆

(

em+1
u + em−1

u

)

− S1∇
(

em+1
u + em−1

u

)〉

− 2τMu

〈

em+1
r ∇F (Um, V m), rm

[

∇F (um, vm)−∇F (Um, V m)
]〉

− 2τMu

〈

em+1
r ∇F (Um, V m), emr ∇F (Um, Vm)

〉

+ 2τ
〈

em+1
r F (Um, Vm), ρm1

〉

≤ τMuǫ
2
u

(

1

4θ23
‖∇F (Um, V m)‖2

∣

∣em+1
r

∣

∣

2
+ θ23

∥

∥∇∆
(

em+1
u + em−1

u

)∥

∥

2
)

+ τMuS1

(

1

4θ13
‖∇F (Um, V m)‖2

∣

∣em+1
r

∣

∣

2
+ θ13

∥

∥∇
(

em+1
u + em−1

u

)
∥

∥

2
)

+ 2τMu

(

1

2
‖∇F (Um, V m)‖2

∣

∣em+1
r

∣

∣

2
+

1

2
|rm|2‖∇F (um, vm)−∇F (Um, V m)‖2

)

+ 2τMu

(

1

2
‖∇F (Um, V m)‖2

∣

∣em+1
r

∣

∣

2
+

1

2
‖∇F (Um, V m)‖2

∣

∣emr
∣

∣

2
)

+ 2τ

(

1

2
‖∇F (Um, V m)‖2

∣

∣em+1
r

∣

∣

2
+

1

2

∥

∥ρm1
∥

∥

2

−1

)

= τ

[(

1

4θ13
S1 +

1

4θ23
ǫ2u + 2

)

Mu + 1

]

‖∇F (Um, V m)‖2
∣

∣em+1
r

∣

∣

2

+ τMu‖∇F (Um, V m)‖2
∣

∣emr
∣

∣

2

+ τθ13MuS1

∥

∥∇
(

em+1
u + em−1

u

)
∥

∥

2
+ τθ23Muǫ

2
u

∥

∥∇∆
(

em+1
u + em−1

u

)
∥

∥

2

+ τMu|rm|2‖∇F (um, vm)−∇F (Um, V m)‖2 + τ
∥

∥ρm1
∥

∥

2

−1

≤ τ

[(

1

4θ13
S1 +

1

4θ23
ǫ2u + 2

)

Mu + 1

]

M2
1

∣

∣em+1
r

∣

∣

2
+ τMuM

2
1

∣

∣emr
∣

∣

2

+ τθ13MuS1

∥

∥∇
(

em+1
u + em−1

u

)∥

∥

2
+ τθ23Muǫ

2
u

∥

∥∇∆
(

em+1
u + em−1

u

)∥

∥

2

+ τMuM
2M2

(∥

∥emu
∥

∥

2

H1 +
∥

∥emv
∥

∥

2

H1

)

+ τ
∥

∥ρm1
∥

∥

2

−1
, (3.27)

A42 = τMve
m+1
r

〈

G(Um, Vm),−ǫ2v∆
2
(

em+1
v + em−1

v

)

+ S2∆
(

em+1
v + em−1

v

)〉

+ 2τMve
m+1
r 〈G(Um, V m), rm∆G(um, vm)−Rm∆G(Um, Vm)〉

− τMvσe
m+1
r

〈

G(Um, V m),
(

em+1
v + em−1

v

)〉

+ 2τem+1
r

〈

G(Um, V m), ρm2
〉

≤ τ

[(

1

4η13
S2 +

1

4η23
ǫ2v + 2

)

Mv + 1

]

‖∇G(Um, V m)‖2
∣

∣em+1
r

∣

∣

2

+ τMv‖∇G(Um, V m)‖2
∣

∣emr
∣

∣

2

+ τη13MvS2

∥

∥∇
(

em+1
v + em−1

v

)
∥

∥

2
+ τη23Mvǫ

2
v

∥

∥∇∆
(

em+1
v + em−1

v

)
∥

∥

2

+ τMv|rm|2‖∇G(um, vm)−∇G(Um, Vm)‖2 + τ
∥

∥ρm2
∥

∥

2

−1

+ τMvσ

(

1

2
‖G(Um, V m)‖2

∣

∣em+1
r

∣

∣

2
+

1

2

∥

∥em+1
v + em−1

v

∥

∥

2
)

≤ τ

[(

1

4η13
S2 +

1

4η23
ǫ2v + 2+

1

2
σ

)

Mv + 1

]

M2
1

∣

∣em+1
r

∣

∣

2
+ τMvM

2
1

∣

∣emr
∣

∣

2
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+
τ

2
Mvσ

∥

∥em+1
v + em−1

v

∥

∥

2

+ τη13MvS2

∥

∥∇
(

em+1
v + em−1

v

)
∥

∥

2
+ τη23Mvǫ

2
v

∥

∥∇∆
(

em+1
v + em−1

v

)
∥

∥

2

+ τMvM
2M2

(∥

∥emu
∥

∥

2

H1 +
∥

∥emv
∥

∥

2

H1

)

+ τ
∥

∥ρm2
∥

∥

2

−1
. (3.28)

Substituting (3.25)-(3.28) into (3.23)-(3.24), we obtain

A3 ≤ τ

{[(

1

4θ13
S1 +

1

4θ23
ǫ2u + 2

)

Mu + 1

]

M2
1 +M2

}

∣

∣em+1
r

∣

∣

2
+ τMuM

2
1

∣

∣emr
∣

∣

2

+ τθ13MuS1

∥

∥∇
(

em+1
u + em−1

u

)∥

∥

2
+ τθ23Muǫ

2
u

∥

∥∇∆
(

em+1
u + em−1

u

)∥

∥

2

+ τ
(

MuM
2 + 1

)

M2

(
∥

∥emu
∥

∥

2

H1 +
∥

∥emv
∥

∥

2

H1

)

+ τ
∥

∥ρm1
∥

∥

2

−1
, (3.29)

A4 ≤ τ

{[(

1

4η13
S2 +

1

4η23
ǫ2v + 2 +

1

2
σ

)

Mv + 1

]

M2
1 +M2

}

∣

∣em+1
r

∣

∣

2
+ τMvM

2
1

∣

∣emr
∣

∣

2

+
τ

2
Mvσ

∥

∥em+1
v + em−1

v

∥

∥

2
+ τη13MvS2

∥

∥∇
(

em+1
v + em−1

v

)∥

∥

2
+ τ
∥

∥ρm2
∥

∥

2

−1

+ τη23Mvǫ
2
v

∥

∥∇∆
(

em+1
v + em−1

v

)
∥

∥

2
+ τ
(

MvM
2 + 1

)

M2

(

∥

∥emu
∥

∥

2

H1 +
∥

∥emv
∥

∥

2

H1

)

. (3.30)

Besides, we have

A5 = 2τ
〈

ρm1 ,
(

em+1
u + em−1

u

)

−∆
(

em+1
u + em−1

u

)〉

≤ τ

(

1

θ14
+

1

θ24

)

∥

∥ρm1
∥

∥

2

−1
+θ14τ

∥

∥∇
(

em+1
u +em−1

u

)∥

∥

2
+θ24τ

∥

∥∇∆
(

em+1
u +em−1

u

)∥

∥

2
, (3.31)

A6 = 2τ
〈

ρm2 ,
(

em+1
v + em−1

v

)

−∆
(

em+1
v + em−1

v

)〉

≤ τ

(

1

η14
+

1

η24

)

∥

∥ρm2
∥

∥

2

−1
+η14τ

∥

∥∇
(

em+1
v +em−1

v

)∥

∥

2
+η24τ

∥

∥∇∆
(

em+1
v +em−1

v

)∥

∥

2
, (3.32)

A7 ≤ 4τ

(

1

2

∣

∣ρm3
∣

∣

2
+

1

2

∣

∣em+1
r

∣

∣

2
)

= 2τ
(
∣

∣ρm3
∣

∣

2
+
∣

∣em+1
r

∣

∣

2)
. (3.33)

Then, we let parameters θij and ηij , i = 1, 2, j = 1, 2, 3, 4, satisfy

(θ11 + θ12 + θ13S1)Mu + θ14 = MuS1, (η11 + η12 + η13S2)Mv + η14 = Mv(S2 + σ),

(θ21 + θ22 + θ23ǫ
2
u)Mu + θ24 = Muǫ

2
u, (η21 + η22 + η23ǫ

2
v)Mv + η24 = Mvǫ

2
v.

Substituting (3.21)-(3.33) into (3.20), we have

∥

∥em+1
u

∥

∥

2

H1 −
∥

∥em−1
u

∥

∥

2

H1 +
∥

∥em+1
v

∥

∥

2

H1 −
∥

∥em−1
v

∥

∥

2

H1 +
∣

∣em+1
r

∣

∣

2 −
∣

∣em−1
r

∣

∣

2

+ τMu

(

S1 + ǫ2u
)∥

∥∆
(

em+1
u + em−1

u

)∥

∥

2
+ τMv

(

S2 + ǫ2v
)∥

∥∆
(

em+1
v + em−1

v

)∥

∥

2

≤ τ

{[(

1

4θ13
S1 +

1

4θ23
ǫ2u + 2

)

Mu

+

(

1

4η13
S2 +

1

4η23
ǫ2v +

1

2
σ + 2

)

Mv + 2

]

M2
1 + 2(M2 + 1)

}

∣

∣em+1
r

∣

∣

2

+ τM2
1

[(

1

θ12
+

1

θ22
+1

)

Mu+

(

1

η12
+

1

η22
+1

)

Mv

]

∣

∣emr
∣

∣

2
+τ

(

1

θ14
+

1

θ24
+1

)

∥

∥ρm1
∥

∥

2

−1

+ τM2

{[(

1

θ11
+

1

θ21
+ 1

)

Mu +

(

1

η11
+

1

η21
+ 1

)

Mv

]

M2 + 2

}

(

∥

∥emu
∥

∥

2

H1 +
∥

∥emv
∥

∥

2

H1

)
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+ τ

(

1

η14
+

1

η24
+ 1

)

∥

∥ρm2
∥

∥

2

−1
+ 2τ

∣

∣ρm3
∣

∣

2

≤ C3τ
(

∥

∥emu
∥

∥

2

H1 +
∥

∥emv
∥

∥

2

H1 +
∣

∣emr
∣

∣

2
+
∣

∣em+1
r

∣

∣

2
)

+ C4τ
(

∥

∥ρm1
∥

∥

2

−1
+
∥

∥ρm2
∥

∥

2

−1
+
∣

∣ρm3
∣

∣

2
)

,

where C3 takes the maximum value of the coefficients in front of |em+1
r |2, |emr |2, ‖emu ‖2H1 +

‖emv ‖2H1 , and

C4 = max

{(

1

θ14
+

1

θ24
+ 1

)

,

(

1

η14
+

1

η24
+ 1

)

, 2

}

.

Let

Gm =
∥

∥em+1
u

∥

∥

2

H1 +
∥

∥emu
∥

∥

2

H1 +
∥

∥em+1
v

∥

∥

2

H1 +
∥

∥emv
∥

∥

2

H1 +
∣

∣em+1
r

∣

∣

2
+
∣

∣emr
∣

∣

2
.

Replacing m with k, and summing k from 1 to m, we obtain

Gm + τ

m
∑

k=1

[

Mu

(

S1 + ǫ2u
)∥

∥∆
(

ek+1
u + ek−1

u

)∥

∥

2
+Mv

(

S2 + ǫ2v
)∥

∥∆
(

ek+1
v + ek−1

v

)∥

∥

2]

≤ G0 + C3τ

m
∑

k=1

Gk + C4τ

m
∑

k=1

(

∥

∥ρk1
∥

∥

2

−1
+
∥

∥ρk2
∥

∥

2

−1
+
∣

∣ρk3
∣

∣

2
)

. (3.34)

According to (3.6)-(3.8), we know that there exists constants Ki, i = 1, 2, 3, such that

∥

∥ρn1
∥

∥

2

−1
≤ K1τ

3

(
∫ tn+1

tn−1

‖uttt‖2−1 + ‖utt‖2H3 + ‖utt‖2H1ds

)

,

∥

∥ρn2
∥

∥

2

−1
≤ K2τ

3

(
∫ tn+1

tn−1

‖vttt‖2−1 + ‖vtt‖2H3 + ‖vtt‖2H1 + ‖vtt‖2−1ds

)

,

∣

∣ρn3
∣

∣

2 ≤ K3τ
3

(
∫ tn+1

tn−1

|rttt|2 + ‖uttt‖2 + ‖vttt‖2ds
)

.

Combining with Assumption 3.1, there exists a constant C5 such that

∥

∥ρn1
∥

∥

2

−1
+
∥

∥ρn2
∥

∥

2

−1
+
∣

∣ρn3
∣

∣

2 ≤ C5τ
4.

Besides, from (3.12)-(3.14), we have

G0 =
∥

∥e1u
∥

∥

2

H1 +
∥

∥e1v
∥

∥

2

H1 +
∣

∣e1r
∣

∣

2 ≤
(

C2
1

C0
+ 2

)

M2τ4.

Applying the discrete Grönwall inequality in Lemma 3.1 to (3.34). Then, for

τ ≤ τ2 = min

{

1

C3
, τ1

}

,

we have

Gm + τ
m
∑

k=1

[

Mu

(

S1 + ǫ2u
)∥

∥∆
(

ek+1
u + ek−1

u

)∥

∥

2
+Mv

(

S2 + ǫ2v
)∥

∥∆
(

ek+2
v + ekv

)∥

∥

2
]

≤ exp
{

C3T (1− C3τ)
−1
}

[

C4τ

m
∑

k=0

(
∥

∥(−∆)−
1
2 ρk1
∥

∥

2
+
∥

∥(−∆)−
1
2 ρk2
∥

∥

2
+
∣

∣ρk3
∣

∣

2)
+G0

]

≤ exp
{

C3T (1− C3τ)
−1
}

[

C4C5T +

(

C2
1

C0
+ 2

)

M2

]

τ4 ≤ C2τ4, (3.35)
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where

C2 = max

{

e
C3T

1−C3

[

C4C5T +

(

C2
1

C0
+ 2

)

M2

]

, M2,
C2

1M
2

C0

}

.

It implies that
∥

∥em+1
u

∥

∥

2

H1 +
∥

∥em+1
v

∥

∥

2

H1 +
∣

∣em+1
r

∣

∣

2 ≤ Gm ≤ C2τ4.

And the results (3.10) hold for n = m+1. Thus, by the mathematical induction, we have (3.10)

holds for all n ≥ 0.

Step 3. According to (3.35), we have

m
∑

k=1

[

Mu

(

S1 + ǫ2u
)
∥

∥∆
(

ek+1
u + ek−1

u

)
∥

∥

2
+Mv

(

S2 + ǫ2v
)
∥

∥∆
(

ek+1
v + ek−1

v

)
∥

∥

2
]

≤ C2τ3.

It implies that
∥

∥∆
(

em+1
u + em−1

u

)∥

∥,
∥

∥∆
(

ek+1
v + ek−1

v

)∥

∥ ≤ C6τ
3
2 ,

where

C6 = max

{

C
√

Mu(S1 + ǫ2u)
,

C
√

Mv(S2 + ǫ2v)

}

.

Then, we have
∥

∥∆em+1
u

∥

∥ ≤
∥

∥∆
(

em+1
u + em−1

u

)∥

∥+
∥

∥∆
(

em−1
u + em−3

u

)∥

∥+ · · · ≤ C6(m+ 1)τ
3
2 ≤ C6T

√
τ ,

‖∆Um+1‖ ≤ ‖∆um+1‖+
∥

∥∆em+1
u

∥

∥ ≤ M + C6T
√
τ .

It follows that when τ ≤ τ0 = min{1/(4(C6T )
2), τ2},

‖Um+1‖H2 ≤ ‖um+1‖H2 +
∥

∥em+1
u

∥

∥

H1 +
∥

∥∆em+1
u

∥

∥ ≤ M + 1.

Similarly, we can obtain ‖V m+1‖H2 ≤ M + 1, which implies that (3.9) holds for all n ≥ 0 and

we finish the proof. �

4. Numerical Examples

In this section, we present some numerical examples to test the convergence order, mass

conservation and energy stability. The spatial discretization is done by Fourier spectral method.

All computations are performed by using the software Matlab. In numerical experiments, the

convergence orders are calculated by

order = log2

(

err(2τ)

err(τ)

)

,

where err(τ) is the numerical error computed with step size τ .

4.1. Convergence test

Consider the following problem in Ω× [0, T ]:






















∂u

∂t
= Mu∆

(

− ǫ2u∆u+ f(u, v)
)

+ f1,

∂v

∂t
= Mv

[

∆
(

− ǫ2v∆v + g(u, v)
)

− σ(v − v̄)
]

+ g1,

u(x, y, 0) = v(x, y, 0) = 0.25 sin(x) sin(y) + 0.1

(4.1)
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with periodic boundary conditions, where Ω = [−3π, π]× [−3π, π], T = 0.05,Mu = 1,Mv = 1,

α = 2, β = 3, σ = 50, f1 and g1 are chosen such that the problem has an exact solution

u = v = 0.25 sin(x) sin(y) cos(t) + 0.1.

Here we use Fourier spectral method with 32× 32 nodes in the spatial direction and Leap-

Frog-SAV scheme in the temporal direction to solve the problem. The stability parameters in

the scheme are set as S1 = S2 = C0 = 5. To test the temporal convergence orders, the problem

is solved with different time step sizes τ = T/N , N = 4, 8, 16, 32, 64, 128. Besides, to test the

stability of the scheme, the problem with ǫ2u = ǫ2v = 0.1 and ǫ2u = ǫ2v = 0.01 are both solved.

Table 4.1 shows numerical results in the case of ǫ2u = ǫ2v = 0.1, including the maximum

numerical errors of u and v at time T , temporal convergence orders, and computational time.

Table 4.2 shows numerical results in the case of ǫ2u = ǫ2v = 0.01. From the results, we can see

that the problem in both cases can be solved well by the Leap-Frog-SAV scheme. And we can

see from the tables that the convergence order in the temporal direction of the Leap-Frog-SAV

scheme is of 2. It is the same as the analysis results in Section 3. Besides, the computational

time required for calculation is very short, which implies that our decoupled scheme only needs

a little computational cost. Fig. 4.1 shows the efficiency curves of maximum numerical errors

at T versus computational time, where the convergence orders can be seen intuitively.

Table 4.1: Numerical errors, convergence orders in the temporal direction, and computational time for

problem (4.1) with ǫ2u = ǫ2v = 0.1.

N Error of u Order of u Error of v Order of v Computational time

4 3.87e-08 * 2.27e-07 * 5.12e-02

8 9.84e-09 1.97 5.68e-08 2.00 6.51e-02

16 2.48e-09 1.99 1.42e-08 2.00 1.21e-01

32 6.23e-10 1.99 3.56e-09 2.00 2.34e-01

64 1.56e-10 2.00 8.90e-10 2.00 4.97e-01

128 3.91e-11 2.00 2.23e-10 2.00 9.40e-01

Table 4.2: Numerical errors, convergence orders in the temporal direction, and computational time for

problem (4.1) with ǫ2u = ǫ2v = 0.01.

N Error of u Order of u Error of v Order of v Computational time

4 3.69e-08 * 2.26e-07 * 5.35e-02

8 9.43e-09 1.97 5.68e-08 1.99 7.12e-01

16 2.38e-09 1.99 1.42e-08 2.00 1.27e-01

32 5.98e-10 1.99 3.56e-09 2.00 2.66e-01

64 1.50e-10 2.00 8.90e-10 2.00 5.31e-01

128 3.76e-11 2.00 2.22e-10 2.00 9.87e-01

4.2. Test on energy stability and mass conservation

Consider the original system (1.1)-(1.2) in Ω × (0, T ), where we set Ω = [0, 1] × [0, 1],

ǫu = ǫv = 0.05,Mu = 1,Mv = 0.05, α = 0.01, β = −0.9, σ = 100. We investigated the energy
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(a) (b)

Fig. 4.1. The maximum numerical errors with N = 4, 8, 16, 32, 64, 128 for problem (4.1) with

(a) ǫ2u = ǫ2v = 0.1 and (b) ǫ2u = ǫ2v = 0.01.

stability, mass conservation, and phase transition behaviors of the copolymer and homopolymer

mixtures in this subsection with two smooth initial data. The problem is solved by Fourier

spectral method with 64 × 64 nodes for the spatial discretization and Leap-Frog-SAV scheme

with S1 = S2 = C0 = 10 in the temporal direction. Here we define the error of mass as

error of mass(t) = |mφ(t)−mφ(0)|,

where mφ(t) denotes the mass of φ at time t (with φ = u or v).

Firstly, we choose the initial functions as

u0 = sin
(

2x(x− 1)y(y − 1)
)

, v0 = cos
(

10(x− y)
)

x(x − 1)y(y − 1). (4.2)

Fig. 4.2 shows the errors of mass of u and v with τ = 1e − 4. From the figure we can see that

the errors of mass of u and v are both in a very small magnitude, indicating that the scheme

is mass-conserving. Fig. 4.3 displays the discrete energy with τ = 1e-4, 5e-5, 1e-5, and 5e-6. It

can be seen clearly from the figure that the scheme follows the discrete energy dissipation law.

Furthermore, we display the discrete energy with S1 = S2 = 0 (without stability parameters),

we can see that the numerical solutions blow up. These numerical results corroborate that the

stabilization terms can improve the stability of the numerical scheme.

Besides, we present the phase evolution of phase variables u and v at t = 0, 0.2, 0.3, 0.8, 50

in Fig. 4.4. From the results, we can see that there is a macro-phase separation between

homopolymer and copolymer (described by u), and a micro-phase separation of the diblock

copolymer (described by v) occurs inside the separated domain. The results are the same as

the numerical results in [20]. It verifies the effectiveness of our scheme.

Secondly, we choose another two initial functions as

u0 = sin
(

2x(x − 1)y(y − 1)
)

, v0 = cos
(

40(x− y)
)

x(x− 1)y(y − 1) (4.3)

to verify the energy stability and mass conservation of the scheme. The discrete energy with

τ = 1e-4, 5e-5, 1e-5, and 5e-6 are displayed in Fig. 4.6. And the errors of mass of u and v

with τ = 1e-4 are shown in Fig. 4.5. Those results also imply that the Leap-Frog-SAV scheme

is energy-stable and mass-conserving. In Fig. 4.7, we present more results about the phase

evolution of phase variables u and v at t = 0, 0.3, 0.8, 37, 50. As can be seen from figures, the

phase field separation occurs in a short time and gradually stabilizes. The results are the same

as the numerical results in [20]. And they confirm the effectiveness of the scheme.



20 D. ZHAO, D.F. LI, Y.B. TANG AND J.M. WEN

(a) (b)

Fig. 4.2. The error of mass of u (a) and the error of mass of v (b) with τ = 1e-4 for the problem with

initial data (4.2).

Fig. 4.3. The discrete energy with τ = 1e-4, 5e-5, 1e-5, 5e-6 for the problem with initial data (4.2).

Fig. 4.4. Evolution of u (top) and v (bottom) with τ = 1e-04 for the problem with initial data (4.2).

From left to right: t = 0, 0.2, 0.3, 0.8, 50.
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(a) (b)

Fig. 4.5. The error of mass of u (a) and the error of mass of v (b) with τ = 1e-4 for the problem with

initial data (4.3).

Fig. 4.6. The energy curves with τ = 1e-4, 5e-5, 1e-5, 5e-6 for solving the problem with initial data (4.3).

Fig. 4.7. Evolution of u (top) and v (bottom) with τ = 1e − 04 for solving the problem with initial

data (4.3). From left to right: t = 0, 0.3, 0.8, 37, 50.
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5. Conclusions

In this paper, we present a linearly implicit scheme for solving coupled Cahn-Hilliard system

by using leap-frog method and the scalar auxiliary variable approach. The scheme is decoupled,

unconditionally energy-stable and mass-conserving. It is shown that the scheme has second-

order temporal accuracy. The error estimate and the boundedness of the numerical solution

are given by using the mathematical induction method. Numerical experiments are presented

to confirm the theoretical results.
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