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Abstract. In this paper, we propose a new multiphysics finite element method for
a Biot model with secondary consolidation in soil dynamics. To better describe the
multiphysical processes underlying in the original model and propose stable numer-
ical methods to overcome “locking phenomenon” of pressure and displacement, we
reformulate the swelling clay model with secondary consolidation by a new multi-
physics approach, which transforms the fluid-solid coupling problem to a fluid cou-
pled problem. Then, we give the energy law and prior error estimate of the weak
solution. Also, we design a fully discrete time-stepping scheme to use multiphysics
finite element method with P, — P; — P; element pairs for the space variables and back-
ward Euler method for the time variable, and we derive the discrete energy laws and
the optimal convergence order error estimates. Also, we show some numerical exam-
ples to verify the theoretical results and there is no “locking phenomenon”. Finally, we
draw conclusions to summarize the main results of this paper.
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1 Introduction

Biot model with secondary consolidation in soil dynamics plays a very important role
in the construction of civil engineering, such as industrial and civil buildings, roads and
bridges, water conservancy facilities, embankments and ports (cf. [2,3,18,21,30]). Com-
pression deformation of saturated clays is usually based on Terzaghi’s consolidation the-
ory and Biot’s consolidation(cf. [2,26,30]), which are the primary consolidation theories.
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However, secondary consolidation is a process in which the volume of saturated clay de-
creases with time after the completion of primary consolidation, which plays an impor-
tant role in the study of clay. The control equations of Biot model with secondary consoli-
dation are the same as ones of general poroelasticity model. And the general poroelastic-
ity model is widely applied in various fields such as geophysics, biomechanics, chemical
engineering, materials science and so on, one can refer to [2,7,9,13,15,17,22,23,31]. In this
paper, we consider the following Biot model with secondary consolidation (quasi-static
poroelasticity model, cf. [28]):

—A*V(divt);—dive(t)+boVp=F in Qr:=Qx(0,T)CRx(0,T),  (1.1)

(aop—FbodiVT)t—FdiVCf:(,b in Qr, (1.2)
where
0 (T) = e(T) + Bir(e(T)T, e(T)= % (VT+(VT)), (13)
K
=——(Vp—prg). 1.4
Cr (,f( p—rr8) (1.4)

Here Q) C RY(d =1,2,3) denotes a bounded polygonal domain with the boundary 9Q).
T denotes the displacement vector of the solid, p denotes the pressure of the solvent, I
denotes the d xd identity matrix, F is the body force. The permeability tensor K= K(x)
is assumed to be symmetric and uniformly positive definite in the sense that there exists
positive constants K; and K; such that K; || <K(x){-<K|{|? fora.e. x€Q and { €R%.
The fluid viscosity 6, Biot-Willis constant by, secondary consolidation coefficient A* and
the constrained specific storage coefficient ag are all non-negative. In addition, () is
called the (effective) stress tensor. { is the volumetric fluid flux, which is called Darcy’s
law. B and -y are Lamé constants, 7 (T,p):=0(T) —bppl is the total stress tensor. We assume
that p; #0, which is a realistic assumption.

As for Biot model with primary consolidation, Phillips and Wheeler [24] propose and
analyze a continuous-in-time linear poroelasticity model. Feng et al. [11] propose a multi-
physics approach to reformulate the linear poroelasticity model to propose a stable finite
element method. The second consolidation is introduced and developed by Cushman
and Murad [21]. Showalter [28] finds that the term of A*V(divT); has an effect for the
momentum equation (1.1) when A* > 0 just as the effect for the diffusion equation (1.2)
when ag >0. Gaspar [14] introduces a stabilized method for a Biot model with secondary
consolidation by using the finite difference method on staggered grids. Lewis and Schre-
fler [19] use the finite element method to study the Biot model with secondary consol-
idation but not overcome the “locking phenomenon”. In this paper, following the idea
of [11], we reformulate the Biot model with secondary consolidation into a fluid cou-
pled problem. A new breakthrough has been made by introducing new variables which
are very different from ones of [11] (see Remark 2.1), that is, by introducing the auxil-
iary variable g=divT and new variables @ =agp-+bog,d =bop— Bq—A*q;, we reformulate
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the problem (1.1)-(1.2) into a generalized Stokes problem (when B — +00) coupled with
a diffusion problem, so it has some challenge in PDE analysis and numerical analysis.
Also, we give the PDE analysis of the original and reformulated problem, propose a fully
discrete multiphysics finite element method and prove that the proposed method has
an optimal convergence order, which has a built-in mechanism to overcomes the “lock-
ing phenomenon” of pressure and displacement.

The remainder of this paper is organized as follows. In Section 2, we reformulate
the original model based on a new multiphysics approach to a fluid-fluid coupling sys-
tem and give the definition of weak solution to the original model and the reformulated
model. And we give the energy laws and prior error estimates. In Section 3, we pro-
pose and analyze the coupled and decoupled time stepping methods based on the multi-
physics approach and prove that the time-stepping has an optimal convergence order. In
Section 4, we provide some numerical experiments to verify the theoretical results of the
proposed methods. Finally, we draw conclusions to summarize the main results of this

paper.
2 Multiphysics reformulation and PDE analysis

To close the above system, we set the following boundary and initial conditions in this
paper:

o(t,p)n=A"(divt)m+0c(t)n—bopn=F; on dQr=00x(0,T), (2.1)
K

Cf-n:—@(Vp—pfg)n:(pl on JQOr, (2.2)

T=To, P=Ppo on QX{tIO}. (2.3)

In order to reveal the muti-physical processes underlying in the original model and pro-
pose stable numerical methods to overcome “locking phenomenon” of pressure and dis-
placement, we introduce new variables

g=divt, @=aop+bogq, S=bop—Pg—A"q:.

In some engineering literature, Lamé constant <y is also called the shear modulus and
denoted by G, and B:=pB+2G/3 is called the bulk modulus. The terms ,7 and B are
computed from the Young’s modulus E and the Poisson ratio v by the following formulas:

Ev E E

=iy 7"CTaaryy BTaaoan

It is easy to check that

p=x10+x20+A"X19t, G=x10—x30—A" X344, (2.4)
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where
7170 X2= 7/3 X3= 0
b3+ pao’ b3+ pao’ b3+pao’

Then the problem (1.1)-(1.4) can be rewritten as

X1=

—vydive(t)+Vé=F in Qr, (2.5)

x30+divT+A* x3divt; = x10 in Qr, (2.6)
1. . :

a)t—@dlv [K(V(x10+x20+A"x19:) —psg) | =¢ in Qr. (2.7)

The boundary and initial conditions (2.1)-(2.3) can be rewritten as

A (divt)m+o(T)n—bo(x10+x20+A"x19:)n=F; on 0Q7:=00x (0,T), (2.8)

K
—@(V(X15+X2(D+)\*X1Qt)—Pfg)'n=4>1 on 0Qr, (2.9)
T=To, P=7po in Qx{t=0}. (2.10)

Remark 2.1. Since the diffusion process is underlying in the original model, by introduc-
ing the auxiliary variable g and new variables @ and ¢, the original model is reformulated
into a generalized Stokes problem coupled with a diffusion problem. The reformulated
problem also has a significant advantage comparing with the original model because it
will be helpful to design some stable finite element methods( the generalized Stokes prob-
lem can be solved by any stable Stokes solver and the diffusion problem can be solved by
any Lagrange element) to overcome the “locking phenomenon” (see Test 3) when using
the standard Galerkin mixed finite element method to solve the problem (1.1)-(1.2).

The standard function space notations are adopted in this paper, their precise defini-
tions can be found in [4,6,29]. In particular, (-,-) and (-,-) denote respectively the standard
L%(Q) and L?(3Q)) inner products. For any Banach space B, we let B=[B]? and B’ denote
its dual space, and || - [|»(p) is a shorthand notation for ||-[|.»((o,1);8)- We also introduce
the function spaces

L3(Q):={q€*(Q): (3,1)=0}, X:=H'Y(Q).

From [29], it is well known that the following inf-sup condition holds in the space X x
L3(Q):

sup (divv, )

> a0l @l 12(q0) VoecL3(Q), wag>0. (2.11)
vexX HVHHI(Q)

Let
RM:={r=a+bxux: a,b,erRd}
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denote the space of infinitesimal rigid motions. It is well known [4,16,29] that RM is the
kernel of the strain operator ¢, that is, r€ RM if and only if ¢(r) =0. Hence, we have

e(r)=0, divr=0, VreRM. (2.12)

Let L3 (9Q)) and H! (Q)) denote respectively the subspaces of L?(9Q)) and H'(Q)) which
are orthogonal to RM, that is,

H! (Q):={veH'(Q): (v,r) =0, Vrc RM},
L3 (00):={gecL?*(3Q): (g,r)=0,Vrc RM}.
It is well known [8] that there exists a constant ¢; > 0 such that

rmf v+l 20y <cille() 2, YveH (Q). (2.13)

From [11], we know that for each v e H!, (Q) there holds the following inf-sup condition:

sup (divv,¢)

>zx1quHLz<m, VoeLi(Q), ar>0. (2.14)
vert (o IVl (0

Remark 2.2. The reason of introducing the space H! (Q) is that the boundary condition
(2.1) is a pure Neumann condition. If it is replaced by a pure Dirichlet condition or by
a mixed Dirichlet-Neumann condition, there is no need to introduce this space.

For convenience, we assume that F,Fq,¢ and ¢, all are independent of ¢ in the remain-
ing of the paper. We note that all the results of this paper can be easily extended to the
case of time-dependent source functions.

Definition 2.1. Let TocH' (Q), FEL?(Q),F1€L?(0Q)), po€L?(Q),p€L2(Q), and ¢ €L>(3QY).
Assume ag >0 and (F,v)+ (F1,v) =0 for any ve RM. Given T >0, a tuple (T,p) with

TeL®(0,T;H! (QO)),
peL®(0,T;L*(Q))NL*(0,T;H' (D)),
pi,(divt); € L*(0,T;HY(Q)')

is called a weak solution to the problem (1.1)-(1.2) with (2.1)-(2.3), if there hold for almost every
te[0,T]

A ((divT)s, divv) +(e(T),e(v)) + B(divt,divv) — by (p,divv)

= (F,v)+(F,v), VveH'(Q), (2.15)
(( ﬂoP+b0leT)t/§0)"’%(K(VP_Pfg)rvq’)

=(p.9)+{p19), YoeH(Q), (2.16)
7(0) =70, p(0)=po. (2.17)
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Similarly, we can define the weak solution to the problem (2.5)-(2.10) as follows.

Definition 2.2. Let To € H'(Q),F € L2(Q)),F; € L>(3Q), po € L2(Q),¢ € L2(Q), and ¢ €
L%(9Q)). Assume ag >0 and (F,v)+ (F1,v) =0 for any v RM. Given T >0, a 3-tuple (T,5,®)
with
TeLl®(0,T;H' (QO)), s€L(0,T;L*(Q)),
@€eL®(0,T;L*(Q))NH' (0, T;H' (Q)'), q€L®(0,T;L*(Q2)),
peL™(0,T;L*(Q))NL*(0,T;H (QY))

is called a weak solution to the problem (2.5)-(2.10), if there hold for almost every t € [0,T]

v(e(T),e(v)) = (6,divv) = (F,v)+ (F,v), vveHY(Q), (2.18)
x3(6,9)+(divt, @) + A% x3(divty, ) = x1(@, ), VocL?(Q), (2.19)
1 .
<(Dt,ll)) + @ (K (V<X1(5—|—X2a) —|—/\*X1d1VTt) —pfg),VlI))
= (@) +(pr¥), VpeH(Q),  (220)
pi=x10+)2@0+A" x1divTy, qi=x10— X306 — A" x3divTy, (2.21)
C’D(O) =@q:= aop0+b06]0, (2.22)

where qo:=divTy, ug and po are same as in Definition 2.1.

Lemma 2.1. Every weak solution (T,5,0) of the problem (2.18)-(2.22) satisfies the following
energy law:

)42 [ (ive)Edt
1 s * *
+@/0 (K(V(x10+x20+A"q:) —psg), V(X10 +x2@+A"qs) ) dt
—/0 (¢,X15+X2@+/\*Qt)dt—/o (P1,X10+x20+A"q:) dt =] (0) (2.23)
forall s€0,T], where
1 2
]<5):§ {’YHE(T@))HLZ(Q)‘i‘XZ”w(S)”%2(0)+X3“5(5)“%2(Q)
4+ (A*)?x3]|divey(s) H%Z(Q) +A*x3(divTe(s),0(s)) —2(F,7(s)) —2(F1,T(s)>} :
Moreover, there holds
1 .
||¢@t|\L2(o,T,-Hl(Q)/)S@HKV()CNH-XZGH-)L qt) —0r8ll2(q)

H¢llr2) + 1911l 12000) <00 (2.24)
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Proof. We only consider the case of T; € L2(0,T;L?(Q))). Setting v =1; in (2.18), differ-
entiating (2.19) with respect to ¢, taking ¢ =9 and setting ¢ = p = x10+ 20 +A*x1divT;
in (2.20), we have

v(e(t),e(t1)) — (6,divt:) = (F,7¢) 4+ (F1,T4), (2.25)
X3 <(5t,(5) + <diVTt,(5) +/\*X3<diVTtt,(5) =X1 ((Dt,(S) , (226)
(@1, p) +%(K (V(xi0+xe@+A" xadive:) —prg), Vp) = (¢,p) +(¢1,p)- (2.27)

Adding the resulting equations and integrating in f from 0 to s, we get
v X
) e(e(9) 2+ 22 10(5) gy + 22 1506) gy
1 S S
+9—/ (K(VP_Pfg)/VP) dt—/ (sb,p)dt—/ (p1p)dt
rJo 0 0
— (F,T(S)) — <F1,T(S)> +/0 [/\*Xg,(diVTtt,(S) —|—A*X1 <(Dt,diVTt)] dt
v 2 X2 X3
=5 (T (0)) HLz(Qﬁ'j |@(0) H%Z(Q)+7H5(O) 1220
— (F,7(0)) — (F1,7(0)). (2.28)
Using the equality g; = x1@; — x30; — A* x3divTy, we have
A*Xg,(diVTtt,(S) —|—A*X1 ((Dt,diVTt)

:/\*Xg, %(diVTt,(S)—<diVTt,(5t) +A*X1((Dt,diVT,§)

d, . .1
= A3 (divT;,0) +A(divTy X1 @ —X301)
d
=A* X3d <d1VTt,(S)+/\* <diVTt,diVTt+/\*X3diVTtt)
*\2
=1 Xg,; (dlvrt,a)+A*(div-ct,divrt)+%%(dmhdivm. (2.29)
Using (2.29) and (2.28), we get
24 2 X X
Y e(2) 220y + 22 1006 By + 221806 32 0+ A" (livee(5),6(5))

1 s .
i /0 (K(Vp—pyg), Vp)dt— / (¢.p)dt— /0 (¢1,p)dt— (F,2(s))
*\2
—(F1,7( —|—/ )\*Hdlv’l’tH o)dt+ (* % 1€ Hdiv’rt(s)||%2(m

= Z|e(7(0)) [0y + 2 10(0) 22 )+ Z216(0) 2y — (F 7(0)
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*\2
— (B 7(0)) 4273 (dive: (0),6(0)) + 102 v, (0) B (2.30)

which implies that (2.23) holds.
Using (2.20), Cauchy-Schwarz inequality, the trace theorem (cf. [10]), we have

1
(@)= T (K(V(x10+x20+A"q1) —p058), V) + (,9) + (¢, )
1
= o [K(V(x16+x20+A"q1) —pr8) HLZ(Q) IVl

Pl 2y ll¥ 2y + P11 200 1$ 1] 1200
1 *
S @ HK(V(X15+X7_¢O+/\ qt) —Pfg) HLZ(Q) IVl

Pl ¥z )+ ¢l 20 1$1 12 ) (2.31)
Using (2.31), Young inequality and the definition of the H'(Q))'-norm, we see that (2.24)
holds. The proof is complete. O

Taking the similar argument, we can prove that the weak solution of (2.22)-(2.23) sat-
isfies the following energy law, here we omit the details of the proof.

Lemma 2.2. Every weak solution (T,p) of the problem (2.15)-(2.17) satisfies the following energy
law:

. S ) 1 s
E(s)+A" [ (@ ot 5- | (K(Vp—pse), Vp)at

- [(@pat= [ (grp)dt=E() 23
forall s€0,T], where
E(s):= 5 [1]]e(2(9)) P20y +BIdive(s) o o
+a0l| p(s) |22y ~2(FT(s)) —2(Fy,7(s)) | (2.33)
Moreover, there holds
[ (a0p+bodivT)e || 20.7:m1 (00

1
< 6 1KV p—pr8lli2) ¢l 2) ¢z pa) <o (2.34)

Lemma 2.3. Every weak solution (T,5,0,p,q) to the problem (2.22)-(2.23) satisfies the following
energy laws:

Co(t):=(@(-,1),1) = (@0,1) +[(¢, 1) +{p1,1)]t, +>0, (2.35)
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Co(t) = (3(1),1) = (6(-0),1) + =K1Yy (1) — SXRNY (0 4y 15, 1y)

d—+ X3y (d+x37)
+d+X3’Y(_(F’X)_<F1,X>)’ (236)
Cy(t):=(q(-1),1) = x1Ca(t) = x3Cs(t), (2.37)
Cp(t):=(p(-,1),1) = x1Cs(t) +x2Co (1), (2.38)
Ce(t):=(t(-,t)'n,1)=Cy(t). (2.39)

Proof. We first notice that (2.35) follows immediately from taking ¢=1 in (2.20). To prove
(2.36), taking v=xin (2.18) and ¢ =1 in (2.19), and using the identities Vx=1,divx=d,
and ¢(x) =1, we get

v(e(T),1) =(divt,1) =d(5,1)+ (F,x) + (F1,x),
(divt,1)=x1(@,1) —x3(5,1) —A" x3(divT,1).
It is easy to check that

AN x3(01,1) + (d+x37) (6,1) = x17(@,1) — (E,x) — (F1,%). (2.40)

Applying the ordinary differential equation theory to (2.40), we have

ot /1‘;§f3*dt X o 1
(01)=e " g O g Y gy (B A€

_dAxsxay (A X\ xy
— AT (1) (1) KT (1)1 g, 1)

~wt ([ L L Fx) )di+C
X X _ t
v TR [ (- g (B0 g () )€,

which implies that (2.36) holds.

Finally, using g=x1@—x36, p=x10+x2®, (2.35) and (2.36), we see that (2.37) and (2.38)
hold. And (2.39) is an immediate consequence by applying Gauss divergence theorem to
(t(-,t)-n,1) =(divt,1). The proof is complete. O

Using Lemmas 2.1 and 2.2, we have the following stability estimates.

Lemma 2.4. There exist positive constants

Ci=Ci(lIoll @y llpoll 2y 1l 2y 1F1ll 200 191l 20, 1 | 2 002))
Co=Co(CulIVpolliz(a))
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such that

VA(AIVT) el 12 0,;02(0)) + VY NET) o 0,m5020)) + VX2 @] Lo 0,7512(00))

% 1. K .
VXA VTS Lo, mi12(0)) G—fl IVPll2072@) < Cr, (2.41)
. . 1 _1
1Tl=0m2) <C1 1Pl (0,112(00)) < C2 (X22 +X1X3 2>/ (2.42)
) . 1
P20 r200) <Cr o 180200102000 < Coxy (1 +X3 ) : (2.43)

Proof. 1t is easy to check that

d 1
(5 (5)+dt T,

(/\*dlvrt—l—(S A*divT+9). (2.44)

(A*divTy,d)+ (A*divt, A*divTy)

NIHI\JM—\
SRS
Q..|Q_‘

Using (2.30) and (2.44), we get
Tle(v6) 7210y + 22 10(3) () + 211N divee(s) +8(6) 22
——ﬂf&va—mg»van—A<¢mﬁﬁ—%?¢bmderx@»

—(F17(s))+ | A [dives o d

g% X X311y s
= 2 [e(2(0) |72+ 5 1@(0) [ F2(0) + 5 14" dive: (0)+8(0) [
—(F,7(0)) - Flf (0)). (2.45)
Using (2.45), we have

VA (VT el 20,722000)) + VI NET) | 10, 7:2200)) + VA2 @ Lo 0,7:22(00))
+VABIA VT 48| 1 0,1502(00)) I;_;HVPHLZ(O,T;LZ(Q))
< C([|e(x(0)) [l 2 )+ 10(0) 20+ I1div T2 (0) ] 20 + 18(0) 2y
+ 1l 20+ IF1ll 200) 1Pl 2(0) + |1 Hmao)), (2.46)
which implies that (2.41) holds. It’s easy to check that (2.42) holds from (2.41), (2.13) and

the relation p = x16+ 2@ +A*q;. We note that (2.43) follows from (2.41), (2.13), (2.36),
(2.38) and the relation p = x16+ x2@+A*q;. The proof is complete. O
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Theorem 2.1. Suppose that T and pg are sufficiently smooth, then there exist positive constants
Co=Co(Cr IVpollr2(q)), C3=Ca(Cr,Co, [[Toll 2 [P0l 22y ) S14ch that

VA (V)i 20,7020+ VINET 20,0200+ VA2 N @2l 20,7512

K
+v/ X310t 12(0,7;02(00)) + Q—fHVPHLw(o,T,-LZ(Q))

VAV K6l L0, m2 ) AT VAV T s (0,12 (0)) < Co (2.47)
VAR (VT el 20, 70200)) + VANETE) | (0, 71202 T VA2 N @t | o 0,722 00
% 1. K )
FVX A AV T+t L0, m512(02)) 4 9—; IVpelliaor;e2(0)) < Ca, (2.48)

K
et llr2(r )y <4 9; Cs. (2.49)

Proof. To show (2.47), firstly differentiating (2.18) one time with respect to t and setting
v =T;, differentiating (2.19) one time with respect to t and setting ¢ = ¢;, taking = p; =
X10t+ X200 +A* x1divT; in (2.20), we get

Ylle(Te) |2 ) — (divTs,é) =0, (2.50)
X316t 172y + (divTs, 6) +A* x3(div Tae, 61) = x1 (@4,6), (2.51)
Xl(@t,5t)+)c2|\c@t|| +A*X1(cot,d1vrﬁ)

5, K <w—pfg>,wt>7[<¢,p>—<¢1,p>]. =)

Adding (2.50)-(2.52) and integrating in t from 0 to s, we get
/ e (Tt)H oy Hx2l|@ T2 ) X160t T2 ) +A X3 (divTe, &) dt

HVP< ) +/ A x1 (@, divy)dt

= Elle(O)HLz(m(q>,p(s>—p(0>) +{p1p(s)—p(0)). (2.53)

Differentiating (2.18) one time with respect to t and setting v="1, we get

Z rlle(Te) I32(cy) — (81, divTs) =0. (2.54)

Using the equality g; = x1@; — x30; — A* x3divTy and (2.54), we have
/\*X3 (diVTtt,(St) —|—)L*X1 (C’Dt,diVTtt)
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= A*Xg, (diVTtt,ét) +/\* (diVTtt,Xg,(st + diVTt + A*Xg,diVTtt)
= 2X3A* (diVTtt,(st) +/\* (diVTt,diVTt) + <A* )2X3 (diVTt,diVTtt)

A* 2 d ]
L ;waudmtniz(m. (2.55)

—’M*Xs e(@)1T20) HAIdiv| T

Using (2.55) and (2.53), we obtain

[ e By el + 108y + A7 Nliv 3

(A X3 1 4
+’)’/\ X3H (Tt HLZ +T||d1VTt(S)H%Z(Q)‘FEHVP(S)H%} o)

* 2 (/\*)27(3 . K
:’)//\ XSHE(T;&(O)) HL2(Q)+T HleTt(O) H%Z(Q)"‘E HVP(O) H%z(Q)

+ (@, p(s)=p(0)) +(¢1,p(s) - p(0)), (2.56)

which implies that (2.47) holds.
Differentiating (2.19) twice with respect to t and setting ¢ = J;, and differentiating
(2.20) one time with respect to t and setting ¢ = p; = x16: + x2@; in (2.20), we get

d . ‘ .
);3 at |0t ” + (divTy, o) + A" x3(divTi, dr) = x1(@4,0¢), (2.57)
* . X2 K 2 _
X1<(Dtt,(st)+/\ X1 <(Dtt,d1VTtt)+ > dtH(DtH @vatHLZ(Q)_O (258)

Adding (2.54), (2.57) and (2.58), and integrating in t from 0 to s € [0,T], we have

) O a0y 5 1015 gy + 5 105 o g o [ 19pI:0)
+ A x3(divTi, 0) + A" x1 (@4, divTy)
= 2 )e(e) (0) 220y + Z2 1@1(0) () + 221160 (0) 2 (2.59)
Using the equality g = X104 — X301 —A* x3divgs, we have
A x3(divTie, o) + A" x1 (@, divT)

d, .. . ¥ .
= /\*X3 d_ (leTtt,(st) — (leTﬁ,(stt) +A"x1 (C’Dtt,dIVTH)

:/\*X (leTtt,(St) +)L (leTtt/Xl(Dtt_XS(Stt)

(leTtt,(st)—F)\ (leTtt/dIVTtt+/\ X3d1VTttt)

a
3 dt
d

i (divrtt,ét) —|—)\* (diVTtt,diVTtt) -+ (/\ ) A3 i (diVTtt,diVTtt) . (260)

AT 2 dt



Z.Ge and W. He / CSIAM Trans. Appl. Math., x (2024), pp. 1-36 13

It is easy to check that
1d d .. 1d, ., .. .
2 T (5t,5t) d (/\*dIVTtt,(St) -+ E % (/\ leTtt//\ leTtt)
1d
= E d_ (/\ divty +(St,/\ divTy +(St) (2.61)

Using (2.61), (2.60) and (2.59), we get
LA TR i+ L) () By
Ry + A AVTR(S) +0: ) o [ 19m1B

:%||e<n><o>Hizw%uwf(m|\izm)+%|wdwm< )46 (0) 122 (2.62)

which implies that (2.48) holds. (2.49) follows immediately from the following inequality:
1 K
(@1, ) = — - (KVpe, Vi) < = Ve 20 [Vl 12 (0
O b

(2.48) and the definition of the H!(Q))’-norm. The proof is complete. O

Theorem 2.2. Let Toc H!(Q), FEL?(Q),F1€L2(90)), po€L2(Q),p€L*(Q), and ¢1 €L*(3QY).
Suppose ag >0 and (F,v)+ (F1,v) =0 for any v € RM. Then there exists a unique weak solution
to the problem (2.5)-(2.10) in the sense of Definition 2.2. Likewise, there exists a unique weak
solution to the problem (1.1)-(1.2) with (2.1)-(2.3) in the sense of Definition 2.1.

Proof. The existence of weak solution can be easily proved by using the standard Galerkin
method and the compactness argument (cf. [29]). Lemmas 2.1 and 2.2 provide the re-
quired uniform estimates for the Galerkin approximate solutions, since the derivation is
standard, here we omit the details. Next, we prove the uniqueness of the weak solu-
tion of the problem (2.5)-(2.10). Lemma 2.4 and Theorem 2.1 give the priori estimates for
the weak solution. Since Cyp(t) = (@(-,t),1) = (@o,1)+[(¢,1)+ (¢1,1)]. It is easy to check
that @ is unique. We assume that (71,01,01) and (72,02,07) are the different solutions of
the problem (2.18)-(2.22). Using (2.18) and (2.19), we obtain

v(e(T1) —€(T2),8(v)) — (61— 2, divv) =0, VveH!(Q), (2.63)
X3(61—062,¢)+ (divty —divTs, @) +A" x5 ((divt —divTy);, ¢) =0, Ve L2(Q)). (2.64)
Adding (2.63) and (2.64), letting v=T1 — T3, ¢ =91 — 2, we have

Axsy d
2

Using (2.65) and the initial value T, we obtain

le(r) —e(2) [0y +e(T1) —e(2) B2 + 13161 GallBa) =0, (265)

T1="T»y, (31 :(32.
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Since p= 10+ x2@,9 = X1 — x36, SO0 we have

P1=P2, q1=42.

Hence, the solution of the problem (2.18)-(2.22) is unique.

Taking the above similar argument, we can prove the uniqueness of weak solution of
the problem (1.1)-(1.2) with (2.1)-(2.3), here we omit the details of the proof. The proof is
complete. O

3 Fully discrete multiphysics finite element methods

3.1 Formulation of fully discrete multiphysics finite element methods

Let 7; be a quasi-uniform triangulation or rectangular partition of () with maximum
mesh size 1, and Q= Jic7, K. The time interval [0,T] is divided into N equal intervals,
denoted by [t,_1,t4],n=1,2,...,N, and At =T/N, then t, =nAt. In this work, we use
backward Euler method and denote d;0" := (0" —v" 1) / At.

A number of mixed finite element spaces (X, M) can be chosen arbitrarily (see Re-
mark 3.1). For the convenience of numerical analysis, one can choose some stable mixed
finite element space pairs (cf. [5]), that is, X;, C H}(Q)) and M, C L2(Q)) satisfy the inf-sup
condition

divvy,
sup w > ,BQH Pn ”LZ(Q)/ \V/(ph € My, := M;{]L%(Q), ﬁo > 0. (3.1)
viEeX), [va HHl(Q)
A well-known example is the following Taylor-Hood element (cf. [1,5]):
X, = {Vh S Co(ﬁ) : Vh|IC GPz(/C), VK e 7;,},
Mh: {qoh GCO(E) : q)h];C GP](’C), VK:E’E,}

Finite element approximation space Wj, for @ variable can be chosen independently,
any piecewise polynomial space is acceptable provided that W, D M}, the most conve-
nient choice is W, = M,,.

Define

V)= {Vh eXy: (Vh,l'):O, VI'ERM}, (3.2)
it is easy to check that X;,=V; @ RM. It was proved in [12] that there holds the following
inf-sup condition:

divvy,
sup wZﬁl”?hHLz(Q)/ V¢h€M0h, ‘31>0. (3.3)
wevy, 1Vl o)
We also recall the following inverse inequality for polynomial functions [4-6]:
IN@ullizge) <cth Hlgnllragey, YoreP(K), KeT. (3.4)

Now, we propose the fully discrete multiphysics finite element algorithm for the prob-
lem (2.5)-(2.7).
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Algorithm 1: Multiphysics Finite Element Algorithm (MFEA).
1: Compute T) € V), and g € W, by T) =70, p}) = po.
2: Forn=0,1,2,..., do the following two steps.
Step 1: Solve for (7} *,6/ ", @] ™) € V) x M}, x W), such that

A (div’rZ“,divvh) +7(e (TZ+1),€(V;,)) — ((5Z+1,divvh)

=(F,vp)+(F1,v), Vv,EVy, (3.5)
X3 (0 )+ (divey ™ gn) +A"xs (dedivey ™, o)
=x1(@]"%, 1), Von €My, (3.6)

1
(dtCDZJrl,lI)h) + @ <K(V ()(1(52+1 —|—X2(DZ+1 —|—/\*X1dtdiV’L’Z+l) —pfg) ,Vl[)h>

= () +{(P1, 1), V€W, (3.7)
where 6=0,1.
Step 2: Update p} "' and 4" by
P = x10l @ T+ A xadidiv (3.8)
qZ+l :Xla)Z+9 _XS(SZ+1 o A*Xsdtdiv;ll-l-l ) (39)

Remark 3.1. When 6 =0, the problem (3.5)-(3.7) is a decoupled problem (a generalized
Stokes problem and a diffusion problem). And the generalized Stokes problem (3.5)-(3.6)
is not a saddle point problem for the finite constant B so that the finite element spaces
(X3, My,) can be chosen arbitrarily. However, there exists the mesh constraint At = O(h?)
in the numerical analysis. When 6 =1, the problem (3.5)-(3.7) is a coupled problem, and
there does not exist the mesh constraint.

Lemma 3.1. Let {(7},9]},@}}) }n>0 be defined by the (MFEA), then there hold

(@5,1)=Cp(tn) for n=0,1,2,..., (3.10)
($11) = Colta-1+0) = ey AT T T

« ‘“A*f‘?’ (1) 4 x19Ca b 1r0)— (EX)—(Fix)|  for n=1-6,12,..., (3.11)
(T -n,1) =Ce(tp-140) for n=1-0,1,2,.... (3.12)

Proof. Taking i, =11n (3.7), we have

(di@ ™, 1) = (¢,1)+ (1, 1). (3.13)
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Summing (3.13) over n from 0 to ¢ (>0), we get

(@,71,1) = (@0, 1) +[(¢, 1) +{p1,)]trs1=Caltes1), £=0,12,..., (3.14)

which implies that (3.10) holds.
Taking v, =xin (3.5) and ¢, =1in (3.6), we get

v(e(tpth), 1) —d (65 1) = (Fx) + (Fy,x), (3.15)
x3 (671 1) 4 (dive 1) + A% x5 (dedive T 1) = x1Co (Frp)- (3.16)
Substituting (3.15) into (3.16), we have
AN x3 (did) 1) + (xav+d) (6771,1) = x17Co (ture) — (F,x) — (Fy,x). (3.17)
Using (3.17), we get

ar* ar*
(Fa2 ) (@70) =22 (010) +117Caltreo)— (F0)~ (F1 ),

which implies (3.11) holds for all n>1—6.
Using (3.10), (3.11), (3.16) and Gauss divergence theorem, we deduce that (3.12) holds.
The proof is complete. U

Lemma 3.2. Let {(T},0},@]) }n>0 be defined by the (MFEA), then there holds the following
inequality:

Jig +Sys =Ihe for 1>0, 6=0,1, (3.18)
where

1
it =3 | e ) iy Haloh g a4 dcivey 0
+ LR e (2] 1) [ —2 () -2t ),
! At
Sty =0 1 [ eivey o+ 25 () [
n=0

1 At
o (KV P =Ko, Vi) + 2= a1

9f
B gy o+ B i
MW(M)HLZ (@A)~ (oup)
(- G)X(l)ft (Kdy Vo1, v pit)

_ (gt Al (Kd?Vdivt+1, Vprtt) |

O
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Proof. As for the case 6§ =1, we can prove (3.18) by taking the same argument as the
continuous case (PDE analysis, see Lemma 2.1), here we omit the details to save spaces.
Next, we prove the case of § =0. Using (3.5), we can define @, * by

x1(@, ' on) = x3 (0, 1) + (divey, o) +A" x3 (didivTy, @) (3.19)

Setting v, —dﬂ'”“ in (3.5), ¢y, —5”“ in (3.6) and ¢y, = ”+1 in (3.7) after lowing the super-
index from n+1 to n on both 51des of (3.7), we get

(e (T e (A1) — (604 dydiveit ) = (B dyr ) + (Fy,dyr 1), (3.20)

x3(di0) 1,0 + (didive) T + A xs (didive L8 = xa (diw), o)), (3.21)

(diof, i) + %(K(V(M(SZ+X2cDZ+/\*X1dtdivrh) 0r8) Vi)
= (¢ i) +{prppt). (3.22)
Adding (3.20)-(3.21), we have
v(e(t)th)e(dt)th)) +xs(deof T80 +A*X3 (d2divTy ™, onth)

+x1(dioy, @} ) + (dr)), A" x1dg dlv‘t”“) (KV;?”Jrl Korg, Vi)
Of

Xéft (Kdy VoL, vprtl) — XéfAt (Kd2Vdive) 1, vp+1)
(F dt,l.n-‘rl) <F],dtrn+l> ((P p7’l+1) <(,b pn+1>' (323)
Using the equality

diqp = xady @) —dyxa8 T — A2 xadivy !
and (3.23), we have

A xs (didive) o) + (dio) A xadidive )

=N xady (dpdivr) ™60 ) — A x3 (didive), did) ) + (diof A xadydivT) 1)
=N xady (dpdive) ™60 — A x3 (didive), did) 1) + A% xa (dediver) T, dysy )

— A xs(dedive T dio7 ) + (diof, A xadedive) )
=A* ngt (didivT) o)) + A xaAt (didive) T dop )

A (dpdivT) ™ Uxidio] — xads 5”“)

=\* ng (didivT) 67 + A xaAt (didivT) T dop )
+A* (dedivT) ™ o leTn+l—|—A*X3d2d1VTn+l)
=A* ng (dpdiv) ™, o0t + A xaAt (didivT) H dsp )

A (ddive)t didive) ) 4 xs (A dpdiver) T A didivT) ). (3.24)
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Taking v, = dZ'L'”Jrl in (3.5), we get

At (e(dyt) ) e (diT) ) — At (dyo) didivT) ) =0. (3.25)
It is easy to check that
(e ) = 5 e+ el (3.26)

where a can be chosen by =¢(7),d,@ and divT.
Using (3.26), (3.24), (3.25) and (3.23), we get

g 2 YAt X At
(T 2+ 5 e (T ) ey 5

3At

1%

B2 ddivey |2 +X3 dtH/\*dtdlvT”+1+5”+1 120

XzAt X2 dt

e LtcH [N

’Y/\ X3t
2

1
+9f (Kvpn-l-l Kpfg,vpn-l-l)

Xt
K2
(F dtTn+1)+<F1,dtTn+l> (4) pn+l) <‘P1/ n+l>‘ (3‘27)

@k 2y A eedtivey ™ |,

YA x3(At)?
2

(Kd V(Sn+1 vpn-l-l)

+

di|dre(T ”“)HLz + E ez

(s
X1t

0
f
(Kdzvdivt) !, vppth)

Applying the summation operator Aty"},_; to the both sides of (3.27), we see that (3.18)
holds. The proof is complete. O

Lemma 3.3. Let {(T},0},@]) }u>0 be defined by the (MFEA) with 6 =0, then there holds the
following inequality:
]ZJrl l“<]h0 for 1>0, (3.28)

provided that At=O(h?). Here

. ! At
St =at Y A divey Ly g+ e (T ) o
n=0

1 At

ef(KVP”“ Kosg, V) 1) + 2= |[dicop |12 g
X3At X34t ., 2
3 Hd‘SnHHLz 3 S |Adidive +1HL2(Q)

’V”?’ud%"ﬂup — () —(gupi )]



Z.Ge and W. He / CSIAM Trans. Appl. Math., x (2024), pp. 1-36 19

Proof. Using Cauchy-Schwarz inequality and (3.4), we get

X1t
K73
K§X1
- K16
< K2X1
- K19f]’l2
X])L*At
O
XleAt

(Kd V(Sn+1 vpn-l-l)

K 2
Vo= WhHL%Q)jLﬁHvPZHHLZ(O)

n n K n 2
H(Sh+l_5h|‘L2(Q)+ﬁ|‘vph+l”p(0)/ (3.29)

(KVdidivt) ™, Vpi )

A Vdidivey | ) VP 2

K§X1 (At)?

* . 2 K 2
Ky, 122 1A d%d“’TZHULz(oﬁﬁvaZ”HLzm)- (3.30)

To bound the first term on the right-hand side of (3.29), using (3.3), we have

1 (C].iVVhlfsn+l _511)
51’1-1-1 _(Sn < — L :
e h HLZ(Q) = ,Bl Vigvh IVl 2

sup v(e(T =T e(v) fyAtHdS( )
N 181 v,EV) vah||L2(Q)

@) B3D)

Substituting (3.31) into (3.29) and using (3.18), we deduce that (3.28) holds if

K]@fﬁ%hz K]@f}(3l’l2
4yx3K: " 4x3K3

At <min {
The proof is complete. O

3.2 Error estimates

To derive the optimal order error estimates of the fully discrete multiphysics finite ele-

ment method, for any ¢ €L2(Q)), we firstly define L?(Q)-projection operators Q,:L*(Q)) —
Xj, by

(Quen)= (@, ¥n), PnEX], (3.32)

where X¥:= {1y, €C: ¢, | € P (E),VEE T}, k is the degree of piecewise polynomial on K.

Next, for any ¢ € H'(Q)), we define its elliptic projection S, : H! (Q)) — X} by
(KVS,9, Vo) =(KVe, Vo), Ye,cXF, (3.33)
(Snp,1)=(9,1). (3.34)
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Finally, for any v € H!(Q), we define its elliptic projection R;,: H!(Q) — V& by

(e(Ruv),e(wy)) = (e(v),e(wy)), Vw, €V}, (3.35)

where
={v, € CY: vyl €P(K), (v),, 1) =0,Vre RM},

k is the degree of the piecewise polynomial on K. From [4], we know that Q},, S, and R,
satisfy

1Qne—@ll2(0) +HIIV(Qre— @)l 12(0)

<CI @l i) YoeHTH(Q), 0<s<k, (3.36)
[She—@ll12(0) +HIV (S — @) || 120

<CI @l i) YoeHTH(Q), 0<s<k, (3.37)
RV ="l 2(0) +h[V(Riv—v)|[12(02)

<CH |||y, YveHT(Q), 0<s<k (3.38)

To derive the error estimates, we introduce the following notations:
Er=t(t) =Ty, E§=0(ta)—0y, Ep=a@(ty)—wy,
E,=p(ts) —ph, EZZQ(tn)—QZ'

It is easy to check that
El'=x1E}+x2EbL+ A xadydivE?, .
E! = x1Efb — x3E} — A" xadsdiv Ef. :

Also, we denote

Er =T(ta) = Ru(T(tn)) + R (T(tn)) —Tj =: Y7 + Zz,

Ef=0(tn) = Sp(8(tn)) +Su(8(tn)) =6 =:Y§ +Z3,
Efy=@(tn) —Sp(@(tn)) +Sp(@(tn)) — @) =: Y5 +2Z5,
Ep=p(ta) =S (p(tn)) +Si(p(tn)) = ph— Yp+Zp,
Ej =6(tn)—Qu(8(t )+Qh(5(tn ) =6 =F{ +Gj,

Eg:w(tn)—Qh( tn)) +Qp(@(tn)) — wh—F”+Gg,
EZZP(tn)—Qh( (t n))+Qh( (tn)) Ph= Fn+Gn
It is easy to check that
G, =x1G; +x2Gp+A" x1drdivZy,
Zy=X1Z§+X2Zo+ A" x1ddivZy,
G,’; = Z,’; =divZe =x1G},— x3G§ — A" x3ddivZy.
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Lemma 3.4. Let {(T},9],,@}) }n>0 be generated by the (MFEA) and Y}, Z¢,Y},Z}, Y} and Z}),
be defined as above. Then there holds

1
At
&itrary [ > (x| A @ divZ ) e (2 [y + 014G o
n=
G2 )+ 7050 At e (Z) [ )

+ A |didiv Z2 | )+ 2 (KVZZ“,VZZ“)]
1
=EN+AtY [mw(dtP;“,divd%zg“) + (Fy+1 divd, 22

n=0
+A X (R GEY) — (divd, Y+, GE )|
/
+AY [(RZ*G,Z;“)+X1(1—0)At(d%w(tn+1),Gg+1)
X14t
O

+At Zl%)(dtcg“’,ygﬂ — P;;“)
n=

+(1-0)%— (KdtVZj;“,VZZ“)]

At R
—i—AtZ[l 0) Xéf (KdiVdivZg™, V2t = A xs (didivyy 7,Girh) |, (3.40)
n=0

where
Z;+1:Fg+l_y;;l+l+x Gn+l+X Gn+9
1
&1 =2 [71e(ZE) 12y 2| Gl N+l 1A dedliv 2+ G5 o
A" B, (Z8) |12 gy |

1 b1
RZ+1:_E/1L” (S—tn)(ﬂtt(S)dS,

1 tr1

Rn+1:__ 5—
At Jy, (

ty ) diVTtt (s)ds.

Proof. Subtracting (3.5) from (2.22), (3.6) from (2.32), (3.7) from (2.33), respectively, we get
v (e(EXY) e(vy)) — (EFt,divvy) =0, Vv, EV),  (341)

X3 (EE—H,QO;Z) + (diVEz;—H,gOh) —I—A*Xg, (dtdiVEZ;—H,diVVh)
=x1(E5™ n) + A x3 (R divvy) +x1 (1= 0) At (dy@ (tyi1), 1), Vor€My,  (342)
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1 At
(deEis™®, ) + 5= (KVER ™, Vi) (1 - G)Xé (Kd, VE!, Vi)

O f
—(1—9)7‘1A At(KdZd VEITL V) = (R0, py), Vi, €W,  (3.43)
E=0, EY=0, Ej'=0. (3.44)

Using the definitions of the projection operators Qy,Sy,, R, we have
v(e(ZE) e(vy)) — (GEH divyy,) = (FH, divvy,), Vv, EV),  (3.45)

X3 (G5 pn) + (divZEt, gn) +A% xs (didivZE ™ divyy,)
=x1(G5,0,) — (divY? ™, @p) — A" x3 (ddiv Y divy,
o 9 ¢

+A x3 (R, divey ) +x1(1-0) At (di@(tug), on), VoneM, (3.46)
At
(A G5, py) + f(szn+1 Vi) —(1— e)Xéf (KdyVZIH, V)
—(1—9)7‘ 3 At (K&2vdivzitt, vyy,) = (RI,y,), Y, €W, (3.47)

f

Taking v, =d,;Z" "1 in (3.45), ¢, = G""! after applying the difference operator d; to (3.46)
& T ¢ 5 pplymg P
and

Y= Z;+l — F;;l+l _Y;?%H +x1 Gg+l +X2Gg+9+A*X1dtdiVZ¥+l

in (3.47), we have
v(e(ZEY), die(Z2)) — (GFH divd, 22 = (FI 1 divd, Z2 ), (3.48)

x3(diGIHL G + (dedivZEH, GEFY) + A% x5 (didivZE !, GEHY)
=x1(d:G5T, G — (didiv Yy ™, G — A xa (didivYy ™, GEY)

+ A X3 (R G 4+ x1(1—0) At (dr@(tyi1), G, (3.49)
(di G50, 20 ) — (1-0) X;ft (Kd, vz, vzt + % (KVZptt, vzt
_(1_9)X12\;A (Ka2VdivZiH, v 201y = (RI+0, 71 (3.50)
Using (3.48)-(3.50) and (3.26), we obtain
e (22 2 g+ Tt [Py + G
+%dt|]cg“Hiz(m+A*X3(d$divzg+1,cg+1) XZAtHd 65 e

+%dt|ycg+9ui2(m+(dtcg+9,;\*xldtdivz’;+1) —(KVZy, vzt

0f
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= (Fy*Y divd, ZIHY) — (dpdivYZ T, G — A% xs (didiv Yy, GE)

XlAt

+x1(1=0) At (@ (1), G 1) + (1—0) = 0 (KdiVZi™, vzyH)

+(1_9)X1/\ At (deVdiVZ’;H,VZZH) 4 (RZ+9’ZZ+1)
f
+(d: G T = E) 4+ A xs (R, G ). (3.51)

Using the equality
dtGg =x14:Gp — X34t G§ — A*x3d?divZ!

and (3.51), we have

A*xa (didivZEt, G + (4Gl A xadydiv ZEHT)
=N xady (dpdivZEH, GETY) — A x5 (dediv Zy, dy GEHY) + (4, G, A xadydiv ZEH)
=N xadi (dpdivZEH, GETY) — A% x5 (dediv ZE,di GIHY) + A% x5 (dpdiv ZE,d, G
—\* x5 (dpdivZEthdy G + (d G, A xadpdivZETY)
=N xady (dpdivZEH, G + A xa At (didivZE ™ d Gy
+ (A dpdivZEt, xadi Gl — x3d: GE )
=N xad; (dpdivZEH, GI) + A% xs At (didivZE !, d,GE )
+ (At dpdivZEt, didivZE T + A xad2divZET)
= A*xady (didivZEH, GITY) + A xa At (didivZy !, d, Gy
+ (A dpdivZEt didivZE ) + (AdedivZE T A xadidivZE ). (3.52)

Taking v, =d;Z2*! in (3.45), we obtain
v(e(deZit),die(Z2HY)) — (dGEHY divd; i) = (i divdi ZE ). (3.53)
Using (3.52), (3.53) and (3.51), we get

WAt a1y (2 v Ly 112 X3t T
e (ZE ) [z + 5 el e(ZE ) 2y + 55 14:G5 2 0y

+&dt|wdtdwz¢“+<}§“Hiz ’“A 1A a2 divZE | L)

'wcs?» At 'wcs?» (At)?

2
i G”“HLz N (el S

2 2
5[ de(ZE ) [ E e (ZF Dz

Nl s At
+A {]dtdle¥+1HL2(Q) 7‘2 X220
- XSA*At(dtPgﬂ,divd%z;“) - 5 (sz;“,vz;“)

= (Fy*1,divd, ZIHY) — (dediv Y2, G — A% s (didiv Y2+, GIY
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At
X1 (1=0) At (dyd (£ 41), G )+ (1— 9)7%

f
(Kd?vdivZy ™, V2t + (R, 25T

(Kd v zZyt vz

X1/\*At

f
+ (d: G YT = E) 4 A xa (R, G ). (3.54)

+(1-0)

Applying the summation operator AtY",_, to both sides of (3.54), the (3.40) holds. The
proof is complete. 0

Theorem 3.1. Let {(T},,0}/,@]) }n>0 be defined by the (MFEA), then there holds

max [V [e(ZE ) | ) +VARIGE Nl 2 T VAN dediv ZE 4 G2 g

0<n<l
1

2

At Z Hvz"+1 I3 | SCUT)ACo(THR?, (3.55)

provided that At= O (h?) when 0 =0 and At >0 when 0 =1. Here

Cu(T) =Cll@tll 2 ((0,);2() +Cll@etll 20,1y, 2

FCN AV Teell 20,7y, 02)y (3.56)
Co(T) =8¢l 120,712+ CllS N Lo (0,112 )

+ClITl 20,1y +CIIV Tell r2(0,7),m2(00)) - (3.57)

Proof. Using (3.40) and the fact of ZS =0, Zg =0and Z, 1=0, we have

ehrr 2 [ (ol i 221 g e (28 ey a6
[ A GI 32 o)+ rxoA B[ e () [ )
—l—/\*HdtdivzgﬂHLZ(Q)_F@(KVZ;H’VZZH)}

=P+ Dy + D3+ Dy + D5+ D+ D7+ g+ Dy, (358)

where

l
D; = x3A*(At) Z (d¢ Y, divd2 Zith),

Dy = At Z [(FfH, divd, z2 ™) — (divd, YP ™, G,
n=0

!
D3=AtY x1(1-0)At(d2d(t,41),GITY),
n=0
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At ,
q>4_AtZ (1-06) Xéf (Kd,vzZiH,v2iy,

D5 = At Zé) (d:GLYe, Yy —F)t,
n=

[ %
X1A At
Dy = At E 1-0
° nzO( ) 0

; (Kd;vdivzyt, vz,
/
Dy =AtY_ —ANxs(didivyy™,Gith,
n=0

[
Dy = At Z (R, 25+,

n=
Do = At Z/\* (RpH,GHH).

Next, we estimate each term of (3.58). As for the boundness of ®,, 3, P, and Pg, one can
refer to [11], here we omit the details. For ®; and ®7, using Cauchy-Schwarz inequality
and Young inequality, we have

1
d; =3\ (At) Z (diFp, divdzzith)

< x3A*(At)? Z%) Hth(?H I 12(Q) Hdivd%Z¥+1 HLZ(O)
n=

l A%)2
Aty xgudtzfg“|yiz(m+x~°’< 1 ) Hdivde?“Hiz(Q) , (3.59)
n=0
[
Dy =AtY —ANxs3(didivyy ™, Git
n=0

z
<A xsAt) ||didivyy 2o Gyl 12(Q)

n=0
L1 1

<A bt Y | R divYE T + 5 165 ey |- (3.60)
n=0

As for the boundness of @5, using the Cauchy-Schwarz inequality and Young inequal-
ity, we get

[
5 = At Zé) (G0 T =
n=

l
= At Alt (Gl+9 Yl+1 FIIJ—H) _ Z (Gg+9;dtyg+l _th;H-l)

n=1
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[
e T e RPN o [ N e L O
n=

1 X2 Gl+e et pisng2 l n+6
<At AL H HLZ _HYP —5 HLZ(Q) +x2)_ [|Ge HLZ(Q)
n=1

1 2
+ﬁ Z (Hd Fn+1HL2 +Hdty;+1HL2(Q)>] (3.61)

When 6 =0, using Cauchy-Schwarz inequality and Young inequality for ®¢, we get

! *
D =Nt Z W»fAt (Kd?vdivzy ™, vzt
XA K N
<(At) 22 1 2Hd2d Zn+1HL2 HVZZHHB(Q)
X /\* 2K2At ‘ ) K A
<(an? Z K T K, ldtdivZe |2 )+ 45 flAtHVZZ“H |- (3.62)
As for @9, using the fact of
At
HRZ+1H§{1(Q)’< 3/ HleTttH /dt

the Cauchy-Schwarz inequality and Young inequality, we get
At Z/\* Rn+l Gi’l+l)
V0 L (IR i+ 5165 )
At 1 2
A xs Z At |:— ||d1VTtt ||L2 (b trs:H'(Q)) + 1 H G:;‘H HLZ(Q):| . (3.63)

Adding (3.59)-(3.63) and applying the discrete Gronwall inequality (cf. [27]), we have

YeZe ey 221G Wy a0l dedivZE™ + G [

+AtZ Q_;HVZZ+1HL2(Q)

4m 07 (A1)
|@ tH 12(0)) T 3K, H(DttHLZ((O,T);Hl(Q)/)

/\ X3(A)
+ 3 \

) 2
‘leTtt HLZ((O,T),'Hl(Q),) + HFé—H HLZ(Q)
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00 [ 00 1 it

A

2
<C(at)? <H@t|| ((0,T);L2( Q))+H(DttHLZ((O'T)’,H](Q)/)—F||d1VTtt||L2((O’T);H1(Q),)>
+Ch4(H(StH (0,T);H2(Q ))+”(5“200((0,T);H2(Q))+Hdivrt”%2((OrT)?HZ(Q))> (364)

provided that

0:K1B3h* 0;x3h*K
Atgmin{ f 1h1 fX3 1}

4vx3K3 " 4xiK3

when =0, and it holds for all At>0 when 6=1. From (3.64), we deduce that (3.55) holds.
The proof is complete. U

Theorem 3.2. The solution of the (MFEA) satisfies the following error estimates:
max [V (€)Y 2

0<n<N
+xf2H@(fn+1)—@ZHHLz(Qﬁ\/?5\\5<tn+1)—52“\hz(m]

<Cy(T)AMt+Co(T)H?, (3.65)
1
2
< tz —HVp tni1)— sz+1|]‘22(0)> <Ci(T)At+Co(T)h, (3.66)
provided that At= O (h?) when 0 =0 and At >0 when 0 =1. Here

Ci(T)=Cu(T),
Co(T) = CoT) + 16| Lo ((0,1);12(0)) + @ | L2 0,7y 2000)) T | V2l 1 (0,7, 52000 -

Proof. The above estimates follow immediately from an application of the triangle in-
equality on

T(tn) — Ty =Y7 +Z7, 6(ty) =0 =Yl +Z8 =F}+GP,
@(ty) =@ =Yo+ Zg=Fp+Gg,  plta) —ph =Y + 2, =F/+Gj.

and appealing to (3.36)-(3.38) and Theorem 3.1. The proof is complete. O

4 Numerical tests
Test 1. Let O=10,1] x [0,1],

I={(1,x):0<x<
1—'3:{(0,362)1 SXZS].}, 1"4:{(x1,1):0§x1§1},
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and T =1. The source functions are as follows:
F= 72 (sin(7txy ), sin(7x2) )+ (B+) et (sin (7727 ) sin(71x) )
+b0t7TCOS(7‘[X1—|—7TJC2)(1,1)/,
. 2K, .
gb:aos1n(7rx1—|—7'tx2)—|—9—t7r sin(7txq 4 71x7)
f
+bo7t(cos(7xy)+cos(mxz)).

The boundary and initial conditions are

p = tsin(7rx1 4 71x7) on 9Qr,
T = tsin(7txq) on l"]-x(O,T), =13,
Ty = tsin(7rxy) on I'ix(0,T), j=24,

Adivtin+on—bopn=F; on 0Qr,
7(x,0)=0, p(x,0)=0 in Q,

where

Fi(x,t) = A*7t(cos(mmxy) +cos(mxz) ) (1,1) + 7t (cos(7tx1 ), cos(7txz) )
+ Bt (cos(7xy) +cos(mxy)) (1,1) — botsin(7rxq 4+ 7x2) (1,1)".

The exact solution of this problem is
T(x,t) =t (sin(7txy),sin(7x2)),  plx,t) = tsin(7x; +7x2).
As for the convergence order of time discretization, we define

th,At _vh,At/2HL2

Phst= oAt 2 —ghatra]|

where v =17,p. In particular, pj os =2 when the corresponding order of convergence in
time is of O(At), one can refer to [20].

Test 2. The () and T are the same as ones of Test 1. And the source functions are
F=A*¢!(sinxy,sinxy)’ + (B+7)e! (sinxy, sinx,)’
+bot7r(cos(7txy )sin(7xy),sin(7rx; ) cos(7rx2))’,
¢ =apsin(7rxq )sin(7txp) + é—antsin(nxl)sin(nxz)
+boe' (cosxy +cosxy). !
The boundary and initial conditions are

p=tsin(7x;)sin(7xz) on 0Qr,
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11 =e'sinx on I';x(0,T), j=13,
T, =e'sinx, on I;x(0,T), j=24,
Adivtin+on—bopn=F; on 9Qr,

7(x,0)=0, p(x,0)=0 in O,

where

Fi(x,t) =A*(cosxi+cosxy) (n1,n2) e +e' (cosxy,cosxy)’

+ Be' (cosx1 +cosxy) (n1,n2) — botsin(7rxy ) sin (7o) (n1,12) .
The exact solution of this problem is
T(x,t)=e'(sinx;,sinxy)/, p(x,t)=tsin(7rx1)sin(7rxy).

Figs. 1 and 2 show the numerical solution of displacement (Tl)ZH and (1) at the
terminal time T with the parameters of Table 1 of Test 1. Figs. 3 and 4 show the numerical
solution of pressure pZ“ and the arrow plot of the computed displacement TZ“ with
the parameters of Table 1 of Test 1, respectively. Tables 5 and 6, and Figs. 5-8 of Test 2
have similar results as ones of Test 1 for the case of v=0.4, which are consistent with the
theoretical results.

Table 2 displays the spatial errors and convergence rates of displacement 7 and the
pressure p;, in L?(Q)-norm and H!(Q)-norm with the parameters of Table 1 of Test 1.
Table 3 shows the convergence rate of time discretization is 1 when pj, o; 2. The results
are consistent with the theoretical results.

Table 1: Values of parameters.

Parameters Description Values
A* Coefficient of secondary consolidation | 1le-5
v Poisson ratio 0.25
by Biot-Willis constant le-5
E Young’s modulus 25
B Lamé constant 10
K Permeability tensor (1e-3)I
0% Lamé constant 10
ag Constrained specific storage coefficient 0.2

Table 2: Spatial errors and convergence rates (CR) of T and py,.

h Jllt=tullia | CR | lT=Tulln | CR |[lp—=pulliz| CR |[lp=pullm | CR
h=1/4 | 2.6318e-3 7.9301e-2 2.6672e-2 7.3216e-1
h=1/8 | 3.1932e-4 | 3.043 | 1.8635e-2 | 2.0893 | 5.6605e-3 | 2.2363 | 3.5970e-1 | 1.0254
h=1/16| 3.9427e-5 | 3.0177 | 4.5654e-3 |2.0292 | 1.3277e-3 |2.0920 | 1.7857e-1 | 1.0103
h=1/32| 4.9094e-6 | 3.0056 | 1.1336e-3 | 2.0098 | 3.2584e-4 | 2.0267 | 8.9098e-2 | 1.0030
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Figure 1: The numerical displacement (Tq

at the terminal time T with the parameters of
Table 1.
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Figure 3: The numerical pressure pZH at the ter-
minal time T with the parameters of Table 1.
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Figure 5. The numerical displacement (7q)}

at the terminal time T with the parameters of
Table 4.

Figure 2: The numerical displacement (TZ)Z+1

at the terminal time T with the parameters of
Table 1.
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Figure 4: Arrow plot of the computed displace-

ment TZ+1 with the parameters of Table 1.
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Figure 6: The numerical displacement (72)}

at the terminal time T with the parameters of
Table 4.
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Figure 7: The numerical pressure pZH at the ter-
minal time T with the parameters of Table 4.
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Figure 8: Arrow plot of the computed displace-

ment TZH

Table 3: Convergence rates of time discretization of Test 1 with h=1/8.

At IT—=Tulle2 | Pnar | llP—Pulliz | Pnat
At=1/10 | 5.1594e-9 4.5958e-5
At=1/20 | 2.5796e-9 | 2.0001 | 2.3380e-5 | 1.9657
At=1/40 | 1.2898e-9 | 2.0000 | 1.1793e-5 | 1.9825
At=1/80 | 6.4489e-10 | 2.0000 | 5.9228e-6 | 1.9911
Table 4: Values of parameters.

Parameters Description Values
A* Coefficient of secondary consolidation | 1le-5
v Poisson ratio 0.4
bo Biot-Willis constant le-5
E Young’s modulus 28
B Lamé constant 40
K Permeability tensor (le-7)1
0% Lamé constant 10
ag Constrained specific storage coefficient 0.2

Table 5: Spatial errors and convergence rates of Tj, and py,.

with the parameters of Table 4.

[T =Tl

CR

1T =Tl

CR | llp=pulls

CR

[P = palln

CR

h=1/4
h=1/8
h=1/16
h=1/32

3.7346e-4
3.9860e-5
4.5641e-6
5.4456e-7

3.2279
3.1266
3.0672

1.1339e-2
2.4370e-3
5.4843e-4
1.2859e-4

3.5134e-2
7.4862e-3
1.7325e-3
4.2483e-4

2.2181
2.1518
2.0925

2.2306
21114
2.0279

9.2770e-1
4.4705e-1
2.2014e-1
1.0946e-1

1.0532
1.0220
1.0080
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Table 6: Convergence rates of time discretization of Test 2 with h=1/10.

At lT=Tnlli2 | onar | llP—pulliz | onat
At=1/10 | 8.5908e-10 3.5245e-6

At=1/20 | 4.3806e-10 | 1.9611 | 1.7407e-6 | 2.0247
At=1/40 | 2.2122e-10 | 1.9802 | 8.6499¢-7 | 2.0124
At=1/80 | 1.1116e-10 | 1.9900 | 4.3115e-7 | 2.0062

Test 3. This is a benchmark problem, which occurs “locking phenomenon” (cf. [25]).
The domain () and time T are the same as ones of Test 1. The source functions are F=0,
¢ =0, and the boundary and initial conditions are

p=0 on dQ)r,

T =0 on ij(O,T), j:1,3,

=0 on T;x(0,T), j=24,

A divtin+on—bypIn=F;:=(0,bpp)’ on 0Qr,

7(x,0)=0, p(x,0)=0 in O,

where
_ Jsint, when x;€[0.2,0.8)x(0,T),
N 0, otherwise.
Figs. 9-11 show the numerical pressure p'"! of the original model and the reformu-

lated model and the arrow plot of the computed displacement T}/*! corresponding to the

parameters of Table 7 of Test 3, respectively. It is easy to observe that the MFEA has no
“locking phenomenon”.

Figure 9: The numerical pressure pZH at t= Figure 10: The numerical pressure pZH at t=

0.00001 with the parameters of Table 7 of the orig- 0.00001 with the parameters of Table 7 of the re-
inal model. formulated model.
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Figure 11: Arrow plot of the computed displacement 7, at t =0.00001 with the parameters of Table 7 of the
reformulated model.

Table 7: Values of parameters.

Parameters Description Values
A* Coefficient of secondary consolidation | 1le-5
v Poisson ratio 0.4
by Biot-Willis constant 1
E Young’s modulus 2.8e3
B Lamé constant 4e3
K Permeability tensor (1e-8)I
0% Lamé constant le3
ag Constrained specific storage coefficient 0

Test 4. This problem is a real two dimensional footing problem (cf. [14]). The sim-
ulation domain is a 100 by 100 meters block of porous soil, and we denote simulation
domain by Q) =[—50,50] % [0,100],T =0.01s. At the base of this domain the soil is as-
sumed to be fixed while at some centered upper part of the domain a uniform load of
intensity 0y = 104N /m? is applied in a strip of length 40m. The whole domain is assumed
free to drain. The boundary conditions are given as follows:

p=0 on dQ)r,

oy =0, A*(divT);+0y,=—0p on I'1x(0,T),
Oy =0, A*(divT);+0y,=—0p on I'2x(0,T),
=0 on 90\ (T';UTy),

where

_r(n, om _, 0 g(90 dn
ny_2<ax2+8x1>' Uyy_lyax2+ﬁ<8x1+ax2 !



34

and

well.
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I ={(x1,%2) €9Q: |x1| <20, x, =100},
Ty ={(x1,x2) €0Q): |x1|>20, x, =100}

The material properties of the porous medium are given by Table 8. Fig. 12 shows the
values of numerical pressure at the terminal time and there is no pressure oscillation.
From Fig. 13, we observe that the arrows of numerical displacement near the boundaries
match very well with ones on the boundaries, which fits the physical phenomenon very

Table 8: Values of parameters.

Parameters Description Values Unit
A¥ Coefficient of secondary consolidation le-2 -
v Poisson ratio 0.2 -
by Biot-Willis constant 1 -
E Young’s modulus 3ed N/m?
B Lamé constant 8.333¢3 | N/m?
K Permeability tensor (le-15)1 m?
v Lamé constant 1.25e4 | N/m?
ag Constrained specific storage coefficient 2e-8 -
Or Fluid viscosity le-3 Pas
x10° 12
8
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Figure 12: The numerical pressure pZ'H at the ter-
minal time T with the parameters of Table 8 for
the reformulated model.

5 Conclusion
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Figure 13: Arrow plot of the computed displace-
ment TZH with the parameters of Table 8 for the
reformulated model.

In this paper, we propose a new multiphysics finite element method for a Biot model with
secondary consolidation in soil dynamics. To better describe the processes of deformation
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and diffusion underlying in the original model, we introduce new variables g=divt, 0=
aop~+bog and d =bop—pg—A*g; to reformulate the fluid-solid coupling problem to a fluid
coupled problem, the multiphysics approach is different from the introduced variables
in [11]. To the best of our knowledge, it is a completely new method to give the MFEA
for the Biot model with secondary consolidation. The MFEA has an optimal convergence
order and has a built-in mechanism to overcomes the “locking phenomenon” of pressure
and displacement because the generalized Stokes problem (3.5)-(3.6) is not a saddle point
problem for the finite constant B. Thus, the finite element spaces (X}, M},) can be chosen
arbitrarily when the parameter g is finite, and one can choose stable Stokes solver when
the parameter B is large enough or infinite. Also, we show some numerical examples to
verify the theoretical results and the MFEA has no “locking phenomenon” of pressure
and displacement.
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