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CANONICAL BOUNDARY ELEMENT METHOD
FOR PLANE ELASTICITY PROBLEMS*
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(Compiting Center, Academia Sinica, Beijing, China)

.A.ljstraﬂt

In this paper, we apply the canonical boundary reduction, suggested by Feng Kangll, 1o the
plane elasticity problems, find the expressions of canonical integral equations and Poisson integral
formulas in some typical domains. We also give the mumerical method for solving these equations
together with their convergence and error estimates. Gouplmg wﬂ;h classical finite element method,
this methed can be applied to other domains. -

) Introduction

The plane elas'l;{ﬂity problems include the plane siress problem and plane strain
problem. They have an unified mathematical formulation™.

Taking displacements u; (@1, @2) and ug(@;, @) in directions z; and @; as basio
unknown functions, we can give the expressions of strain &y, 4, j=1, 2, and stress
oy, 4, j=1, 2. Consider the equilibrium equations with iraction boundary condition

(A+2w) grad div 4— u rot rot #=0, in Q,
2 1
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where Q is a domain with smooth boundary I”, A and wx are Lame coefficients, (n,,ng)
are the outward normal direction cosines on I'. Let

V(Q)=H(Q)%

ﬁ={v6 V(.Q) v=|: o ]J C1, Ca, E’EGR}:
Ca—+C3%1

where H1(Q) is the Sobolev space, then the bounda.ry value problem (1) is equivalent
to the variational problem

{ Find g€V (Q2) such that

D(u, ©)=F(v), VeV (@), 2

where

D@, v) = [[ 3 oy @) su(v)dp

1

-=J‘J 24 i..fél gy (W) sy () + lg 81 (W) 8xx ('v)] dp,

P (v) =_[Pg-v ds.
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D(u, ©) is a somi-positive definite gymmetric bilinear form, and D(p, ©) =0 if and
only if ¢,(v) =0, 4, j=1, 2, and if and only if vEZ.
The sufficient and’ necessary condition for having solution of the variational
problem (2) ig
Fv)=0, yoc4.
Thus we obtain the congistency condition of boundary traction as follows

'L gids=0, i=1, 2

(3)
J’P (B1ga— ot ) ds =0,

From now on we always assume that (3) ig satisfied.
Let V@)=V (Q2)/%,
F@W)=F@w), vcv,
D(uw, v)=D(u, v), ucwu, vEr,
we consider the variational problem (2) in the guotient space V' (Q), i.e.
5 { Find &' €V (Q2) such that
* D', v)=F @), vvo cV Q).
Using the Korn’s inequality™ we have
Proposition 1. D'(v’, v) Zafv'|3., YO EV(Q),
where « is & positive congtant.
Then by Lax-Milgram Lemma we obtain immediately

Proposition 2. The variational problem (4) has one and only one solution,
and the solution depends on given traction continuously.,

(4)

1. Canonical Boundary Reduction

Take the plane Cariesian coordinates. Define a Jiff erential operator I and a
differential boundary operator 8 as follows:
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where a=2A+2u, b=y, then the boundary value problem (1) can be written ag

We have Green’s formula

{

Lu=0,
Bu=g,

in £,
on .

” v Lu dp=jp v-Buds—D(u, v)

&

(6)

(7)



