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- Abstract

One-dimensional polynomial interpalation does not guarantes the convergency and the stability
dnring numerical computation.  For two (or nmltiy—dimensional interpolation, difficalties are wmuch
more raising. J'here are many fundamental problems, which are laft open.

In this paper, we begin with the discussion of réproducing kernel in two variables. With its help
we deduce a two-dimensional interpolation formmula. According to this formula, the process of
interpolation will converge uniformly, whenever the knot system is thickened in finitely. We have
also proven that the exror function will decrease monotonically in the sense of CoSoxes norm when the
rumber of knot poinis is inereased.

In our formula, knot points may be chosen arbitrarily without any request of regularity about
their arrangement. 'We also do not impose any restriction on the number of knot points. For the case
of multi-dimensional interpolation, these features may be important and assential.

§ 1. The W Space and Reproducing Kernel
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" 8. Definition.

Ru(M) R (¢, ) = B(E)-Ru(n), ©, €€ [6,0],9, 7€ [0, dl,

Ro(6) = gm0 o ehE+a—a=b) +oh(Ig—sl+a=D)], (1)

y(n)=2shé )-[ch(n+y—o-—d)+°h(ln y|+o—-d)]

Evidently Re, €W, R,y (£, 1) =Ry(s, y). It is ea.sy to verify that R, (£, n) is a
reproducing kernel in W gpace.

Proof. For any u€W,
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Using the reproducing property of one-dimensional kernel R,(£)™, we have
[ uRu© +uBO K ~u(a, m), | ()
[[ (@Re() + 5 () B (@) 1) 3 =l (o, ). @
So, - |
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Apgain, by the reprbdﬁcing property of B,(n), we get

(%(+), Bey(+))=ulw, ¥)..

It is also very easy to verify that R,(£, #) holds many properties that R.(&)

possesses, For instance, R.(£, n) satisfies Lipschitz condition and is positively
bounded both above and belowm.

§ 2. Formula of Interpolation

Yot E=[a, bl X [0, d], and let [M,;}? be n distinct knots of interpolatmn on H
with M ™ (mh yi) Dﬁﬂﬂ'ﬁﬁ -RH (M’) Rlﬂ (gl ‘7): M= (é.: 71)

Puat .
$u(M) = Ru, (M), k=1, 2, -, n. (6)
By the reproducing property of By (M), it follows tha'b
; (u(M); (M) =u(Hy), w€EW,h=1,2,- * b,

Evldently {Pp(M)}} forms a linearly independent Eya‘lie:m in W Using Gram-
Bchmidt process, we can geb the orthonormal system {$.(M )}"' |

HAD=DBup (M), k=120 (@
In order to describe the degree of thickness of the knot system, we introduce a



