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PERTURBATION ANALYSIS FOR SOLUTIONS OF
ALGEBRAIC RICCATI EQUATIONS*

Crex CEHUN-BUT (fA2E)
(Peking University, Beijing, China)

Abstract

This paper discusses the conditioming of algebraic Riccati equations, 1i.e. the influenca of
perturbations in data on the positive semi-definite solution. A perturbation bound for {the solution is

given,

Notation. The symble €™ denotes the set of complex m Xn matrices, and
Cr=Cm1, |+|s denotes the spectral norm and the Euclidear vector norm. The
superseript H is for conjugate transpose. A>0 means that matrix A is positive
semi-definite. A(4A) denotes the spectrum of a matrix A, I, denotes the n—th order
identity matrix. Re A denotes the real part of a complex number A,

y 1. Introduction

Algebraic Ricoati equations arise in optimal control applications, The algebraio
Riceati equation for continuous-time systems takes the form

AEX + XA—XNX+K=0, (L1

where A, N, K €T, N9=Nz=0, K=K >0, The positive semi—definite solution
X=X"2=0o0of (1.1) is required.

Let N=BBY¥ and K = C20 be full-rank factorizations of ¥ and K, respectively,
Under the assumption that (4, B) is stabilizable and (0, 4) is detectable, (1.1) is
known to have a unique positive semi—definite solution X, and A-NX is stable.

Definition 1.1. M cC*** i3 said o be Hamilionian if J M J= — M2 where

(0 z,.)
T k= of

Now ocongider the Hamiltonian matrix

- w4 ¥
(2 %) (1.2)

Under the assumption above, the eigenvalues of M have nonzero real part. If

U
( i)is a 2nXn matrix such that M (U1)=(U1)S, where § is stable, U, is
Uﬂ Uﬂ Uﬂ

invertible and X = —U,U1" is the positive semidefinite solution of (1.1),
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The ocondittoning of algebraic Riccati equations, i. e. the influence of
pertux bations in the data on the solution, was studied to some extent in [8], [4]
and [7]. [B] pointed out that it ig still an open problem. |

By using the perturbation theorem of invariant subspaces of a matrix, [7] ob-
tained some useful results, This paper will continue the diseussion on this problem.

- §2. The Separationlof a Stable Matrix

‘In [6] the separation of two matrices is defined &nd danﬂted by sep(A B)
Now we introduce the following definition.
Deﬂmtmn R.1. Let AcC™, The separation of A is the numbaa' sep(4) defined
b
d sep(4) -—mf [IPA—]—AHPH o | (2.1)
]TPII 1 ' ; =
where |« | denotes any consistent norm on C**,
" In particular, when the norm in (2. 1) is taken to be the spectral norm and
Frobenious norm, it is denoted by seps(4) &nd 9e P (A) respmtwely

——ha

Property 1. Let A, X cCr* with X nonsingular. Then
sep(X 14X ? zop(4)
a ) A n(XE)
where (X ) = IIX || | X-1). If X is umtary, then
| sopp(XPAX) =sepp(4), P=2, F.
Property 2. Let 4, ECCr*» Then
8ep(4) — (| B[+ | B%]) <sep(A-+H) <sop(4)+ (llE!I + 1 E7] ).
Prﬂp_erty-'& ~Let A€ T with A(A) = {A;: 4=1,.2, -+-, n}, Then
sopr(A) <2 min [Re?«.;| P=2 F.

Ici<n

On that basis, we will give a further disoussion on the property of the
separation of a gtable matrix. Let 4 & C** be a stable marix with A(4) = {m(4):
t=1,2, «--, n, | Re M(4)|>--=|Re AM(AY1}., If P is Hermitian, write A(P)=
{M(P): i=1, 2, v, m, [M(P) | M (P)[}.

It is easy o prove the following lemma.

Lemma 2.1. Let Hc C* b Hormitian. Then

||H1|ﬂ—ma,xleHm[
zc G
. ; lzls=1
In addition, if the signs of eigenvalues of H are the same, then
|A(H) | =min " Ha|.
Iola=1

By Lemma 2.1, we can estimate a lower bound of the separation of a stable
mairix, B |

Theorem 2.1, Let A€ Cr* be stable,

(1) If 4 is normal, shen




