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Abstraet

Bome results of the authori®4! are used to discuss the sensitivity of zero singular valves and
muliiple singular values of a real matrix analytically dependent on several paruameters.

§ 1. Preliminaries

Let R™** denote the set of real m X n matrices, R"=R"™ and
Sﬁn}{n={ﬂe ﬁﬂ}ﬁn: _A_T____FA}?

in which the superscript T is for transpose. The singular values of a mairix

A € R™" are denoted by o1(4), -, ¢,(4), the eigenvalues of a matrix ACR*™" are
denoted by A;(A4), -+, A.(4), and

o(4) ={o;,(A) o, A(4)={M(4)}}.
‘The symbol | |3 denotes the usual Euelidean vector norm and the spectral norm,
Let p=(p1, -, py)TERY. Suppose that A(p) ER™* is a real matrix—valued
analytio function in some open set CRY, It is well known that for any point
"€/, if 0*>0 ig a simple singular value of A( p*), then there ig a real analytic
function o¢p) >0 defined in some neighbourhood %( ") . of p* such that o (p*) =
o, o(p)Ea(A(p)) YpEH(p*), and one can obtain perturbation expansions of

o (p) at the point p* (see [1], [5]). In such a cage we may define the sensitivity of
the singular value ¢* with respect to the parameter »; by

oo -|(262)_|

Buj if o” is a zero singular value or a multiple singular value of A(g"), then, in
general, there is no real differentiable function o(p)>>0 defined in some
neighbourhood #Z(p")C.¥ of p* satisfying o (p*) =c¢” such that o( pyEo(A(p))
Vp€ Z(p*). This paper will discuss the sensitivity of o* with respect 10 p; in these
cases.

Without logs of generality we may assume that the point p” is the origin of R¥
and p* €. For any real-valued function f(p) defined in %, we shall denote the

right and left partial derivatives of f(p) with respect to »; at the origin,
respectively, by |

S m—
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(LB gy SO 0 0 O=F(0. 2 )
a’ﬁj =0, Py=+0 p;~+0 Pi .
and
(af(P) = lim f(O., oy (0, Pis {0, - 0) _f(o'- i G) : j=11 sor, N.
OP; /9=0,9;=—0  pym—0 Ps

Now we cite a result about partial derivatives of eigenvalues of a real
symmetrio matrix (see [8, Theorems 2.3 and 2.4], and [4, Theorem 2 .1]), on the
basis of which we may discuss the sensitivity of zero singular values and muliiple
singular values.

Theorem 1.1. Lot p={(ps, -, px)TER”, and lot A(p) SR be a real
analyiic function in some neighbourhood & (0) CRY of the origin. Suppose that Ay 18
an eigonvalue of A(0) with multiplicity r1, 4.0., there is a real orthogonal mairio
X € R"™™ such thai

r-or xo xa@x=("" 0 ) gy an

n—r

(in the case of r=1, we rewrite X,=u,). Then

(i) ¢f w=1, there is a real analyiic funciion M (p) defined in some
neighbourhood B, B(0) of the origin such that M(0)—=A2A4, M(p) €EA(A(p)),
Vo E Xy, and one has |

(ami(p) _ml(ag;p) @, j=l N (1.2)

and

PP\ _r(PA(D)
(333;'5’};“ p=0 a;"( p=0 L

T 34-‘1(}"’) Ay :r(_aﬂ(?)
—+- 2&51 ( apj p=ﬂXﬂ(}011 Aﬂ) Xﬂ apk - 4,

§r k=1, <+, N; (1.8)

(i1) if r>>1, there are real—valued functions Ai(p), -+, M(p) defined in some
netghbourhood BB (0) of the origin and two permuiabions w and w of 1, «--, 1 such
thai

jl"':I.(ﬁ) =---=j\,r(ﬂ) =M1, 341(?)! T ?L.,-(P) E%(-A(P)) V.’Pe‘@fh

and ons has .
(ﬂg_;;&)ﬂﬂr py=+0 = Ao (XT ( agil(f : p=0 XI) (1'4)
and
(—3&52(??) ):n=0- m=-—ﬂ= Rt <X¥(%? y:uxi)’ =2~ :7.=1’ vy N (1-5)

We shall prove some formulas for partial derivatives in Section 2 and give
numerical examples in Section 5.



