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INCOMPLETE SEMIITERATIVE METHODS FOR SOLVING
OPERATOR EQUATIONS IN BANACH SPACE*Y
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Abstract

There are several methods for solving operator equations in a Banach space. The
successive approximation methods require the spectral radius of the iterative operator
be less than 1 for convergence.

In this paper, we try to use the inccmplete semiiterative methods to solve a linear
operator equation in Banach space. Usually the special semiiterative methods are con--
vergent even when the spectral radius of the iterative operator of an operator equation
is greater than 1. |

» §1. Introduction

[ 3

Let X be a complex Banach space. The set of all bounded linear operators from X
into X is denoted by B[X] which is also a Banach space. We consider the linear operator

equation
Az = b, (1.1)

where A € B[X] and b € X is given. If A=! € B[X] then the solution Z = A™*b of equation
(1.1) exists uniquely. To study the successive approximation methods and semiitterative
methods, we rewrite equation (1.1) in a fixed point form

g=T&+ (1.2)

where 7' € B[X] and f € X. -

Let o(T) be the spectrum of T. Then for equation (1.2} and therefore equation (1.1)
there exists an unique solution if and only if 1&7(T). We assume 1€o(T) and apply the
successive approximation methed to solve the foliowing operator equation

# I:TI+f.

The 1terative sequence

i

mm+1—_—T:nm+f=T"‘+lmn+(ZT)f, m>0 zo€X (1.3)
1 =0

converges for any zg € X if and only if the solution of equation (1.2) has a Neumann

eXpansion i
% = (ZT‘) f. (1.4)
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But the Neumann series o
2T
t=0
converges if and only if the spectral radius ra(T) of T satisfies

ro(T) < 1. {1.5)

This is a very strict conditioh for operator T.

We denote by 7 (T') the family of all functions which are analytic on some neighbour-
hood of ¢(T} (the neighbourhood need not be connected, and can depend on the particular
function f € 7(T)). Let T € B[X], f € F(T) and let V be an open subset of C whose
boundary B consists of a finite number of rectifiable Jordan curvers. We assume that B is

oriented. Suppose V D o(T) and V U B is contained in the analytic domain of f. Then the
operator f(T') is defined by equation

1) =5z [ 10 -1y~tan (1.6)
Proposition 119, Let T e B[X] and let f € F(T). Then
f(e(T)) = o(£(T)), (1.7)
and hence
2 ra(T)" = ro(T"), n=12,. .., (1.8)

§2. Incomplete Semiiterative Methods

Given a linear equation Az = b, where A € B{X],b € X, we rewrite Az = b in a fixed
point form

z=Tz+ f, (2.1)

where T € B[X]|,f € X and 1€0(T). Corresponding to the successive approximation
method

Im =Tz, + f, (2.2)
if we define the error vector and the residual vector as
m 1= L= Ty Ty = f— (I = T)z,y, (2.3)
then there holds
em =T €y, T = T™rg. (2.3)

Following Vargel4! we define a sernliterative method (SIM} with respect to iterative method
(2.2) by

i
Yo '= ) Tmiti, m 20, (2.4)
=0
where the infinite lower triangular matrix

I' T00 ]

Tio #11 O

il
&=y ‘?Tfm ?l ﬂ.ﬂ : (2.5)




