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Abstract In this paper we study the existence of solutions to the Dirichlet problem

for a class of integro-differential equations of elliptic type by using the weakly continuous
method.
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0. Introduction

The integro-diffferential equations of elliptic type occur in many practical models
in nuclear physics,theory of quantum field and mechanics.

Ugowski [[1] and Tsai Longyi [ 2] considered the following problem

a, () 4 b (x)Dn = F(z,u, K(u)), =z& 2 G B
4| = @(z) - (0. 2)
where K (u) denotes an integral operator,and 2(_R"™ is a bounded region.

Ugowski discussed the existence of (0. 1), (0. 2) by using a successive approxima-
tion. Tsai Longyi discussed the existence of (0. 1), (0. 2) by combining methods of su-
persolution-subsolution and topological degree. Politjukov [ 3] defined a concept con-
cerning e-supersolution and z-subsolution, and discussed parabolic equations by using
this method. '

What we shall discuss is the following problem
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where Au= (D u, |y|=<n—1),R{u) is an integral operator acting on Au,and QCR" is
an arbitrary region.

1. The Existence Theorem of the Weakly
Continuous Operator Equations

Let X be a linear space, X, , X, be the completions of X with respect to the norm
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| = |l yana || « || 2 Fespectively , X with respect to || - | ; be a separable linear
normed space. X be a reflexive Banach space. r,—zx, denotes weak convergence and
I, >zgdenotes strong convergence,

Definition 1.1 A mapping G X, — X' is called weakly continuous if for any T,ad,
Xy sz,—x,, there is

ljm{ﬂ'xl,y} == {G-xi]ﬁﬂ’}i Y y & IE

Theorem 1.2 [Lef G: X, =X be a weakly continuous mappng. If there erists a bounded
open set Q of X,,0E Q, such that
(Gu,u) =0, VY uc aQ EIEX (1. 1)
then Gu=0 has a solution uy it X yamd uy € cofd,
Proof Take {e;} X ,such that it is dense in X,,and denote ﬂf,=3mn{e]ﬂ"1
=
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—

€.} » X, has the same norm as that of X,. Define the mapping A4, . X,
(Au, v} = (Gu,pd, Y u,ve X

It is easy to derive the continuity of 4, from the weak continuity of . By (1. 1) we
have

(A4u,u) = (Gu,u) 20, YVucaon X
Using the acute angle principle [ 47 of the topological degree, there exists u, = Eﬁﬂ 17,
such that (du, 0} =(Gu,,0)=0, Yy veX.

Since {u,} is bounded in Xand X, is reflexive,let,say,u,—u, € X ,hence it fol-

lows that

im (Gu,,0) = (Guy,v) = 0, Y oeE X

e
Because |J X, is dense in X, ,we have

(Guyyv) =0, Yoe€ X,
i €. , Oug=10. Therefore the theorem is proved,

2. The Elliptic Dirichlet Problem

We consider the following problem
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where Au={Du||a|<n—1),R ) is an integral operator acting on Au and QC R" is

any region.
First of all, some comments must be made for the related notations of the
anisotropic Sobolev space. We denote

Wiz = (2 € L") ,p,> 1Dy € L™(0), (el s~ Tor ot
with the norm

lull = > sign z,]Duf,
lal<k
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