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Abstract Using Bargmann’s transformation and some basic results of theory of ana-
Iytic functions with several complex variables, we have disscussed two classes of LPDOs in
this paper. We prove that each operator of one class of them is surjective both from & to
5" and from L'to L®, but not injective, and each operator of another class is injective
from & to &7 but not surjective. And in the latter case,the necessary and suffcient con-
ditions for the corresponding equations to be solvable in S are given.
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0. Introduction

Let P(z,D.) be a linear partial differential operator with polynomial coefficients,
“and let & be the space of temperate distributions on R", we consider the eguation
. P{z,D)u= f e (0. 1D
If (0. 1) has a solution #€ & for given f& 5 ,we call (0. 1) solvable in &. P(z,
D,) will be called a solvable operator if P(z,D.) is a mapping from & onto itself.
The problem on solvability in & was paid great attention to long ago. Hormander
-and Lojasiewicz first proved the existence of fundamental solutions in & for equations
with constant coefficients respectively in [ 1] and [ 2]. Since then,several mathemati-
cians have simplified or improved the proofs(see[3],[4] and [51).
| It may be worth to point out that the problems on the local solvability and the hy-
- poellipticity of left (right) invariant differential operators on nilpotent Lie groups, by
‘means of their unitary representations, can be reduced to ones on solvability and u-
‘niqueness of solutions of (0. 1) in & ,as be shown in some recent works (see Section2
- and Section 4 of Chapter 2 in [ 6]). Therefore it seems to be reasonable that study of
solvability and uniqueness in &7 will be paid much attention to. Just because of this
‘background , we made a systematic study on the problem for a class of LPDOs in [7]. In
this paper,other two classes of LPDOs are discussed. We find that each operator of the
first class is s_urje{:th"e: both from & to & and from L® to L*,but not injective. And
‘each operator of another class is injective from %7 into &, but not surjective. In the
latter case,the necestary and sufficient conditions for the corresponding equations to be
solvable in & are given.
The main tools used in this paper are Bargmann’ transformation and some basic
results of theory of analytic functions with several complex variables.
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1. A Class of Unsolvable Operators

and

rl?:. Ll }-t I||'.r:'-l:.:| i i=== l:-f_:t'l sty R I:'-—: ,Ir"'-

where [, is the set of nonnegative integers and If;_-—'-rfd__ b e o
Let

B(z,3,) = 8(B) = > 5,F° (1. 1)

|al=m

with complex constants b,

It is clear that 5{E) is a linear partial differential operator whose coefficients are
polynomials of x with the principal part of constant coefficient. We shall prove that &
(E) is not solvable in &' and give necessary and sufficient conditions for the equation

b E)u = f, f e & (1.2
to have a solution in 5.
-
Since the Fourier transformation makes B(E) be turned into L (i}'“'b{,E" which

o] =i
is still of the same kind as b( E) ,it is no use for solving our problem. Therefore we shall

introduce the following Bargmann transformation instead of the Fourier transforma-
tion.

Let 3 be the space of holomorphic functions on C". For given real number k,set

: 1/2 :
3 = f:fez%,lflsulfr:z}lﬂc.w 1ﬁ|2?—**dﬂ33‘] G ‘x"}

where du{z) =n"%e " d*z with d*z—= ]___[d.ﬁjd?;rj,whf:re z=£&+ . Put 377 ={J3" and
je=1 2T
37" =3\
k
Let

A(z,x) = rr_"“ﬂxﬂ[_ é{zz L) 4 2. "::|, VYzEeChe C R

: ;
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where 2= ZF? and z = 1— 2 12T
=1 i=l

Define the Bargmann transformation 7.5 (R")—37" ag follows .
I ‘[EI{I}A(E-I:F&I. fE & (1. 28
H =

where the integration is formal,the real meaning is that the distribution f acts on A(z,
*» ). In view of [8&],7 produces the following topological isomorphic;
S SRS o andis bl =88 Sand LS 3 1. 43
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